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KIRCHHOFF SYSTEMS INVOLVING FRACTIONAL
p-LAPLACIAN AND SINGULAR NONLINEARITY

MOUNA KRATOU

ABSTRACT. In this work we consider the fractional Kirchhoff equations with
singular nonlinearity,

M(/RZN Mdmdy) (—A)pu
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1—
= Xa(z)|ul?%u + 27ac(:c)|u\7a\fu\lfﬁ, in Q,
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where 2 is a bounded domain in RN with smooth boundary, N > ps, s € (0,1),

0<a<1,0<B<1,2-a-B<p<pl<q<pi ps= s isthe

fractional Sobolev exponent, A, u are two parameters, a,b,c € C(2) are non-
negative weight functions, M(t) = k 4 1t9~! with k > 0,1, > 1, and (=4A);
is the fractional p-laplacian operator. We prove the existence of multiple non-
negative solutions by studying the nature of the Nehari manifold with respect

to the parameters A and p.

1. INTRODUCTION

Let 2 be a bounded domain in RY with smooth boundary 99, N > ps, s € (0,1),
and pi = NIX ’; ~. The purpose of this work is to study the existence of multiple
solutions for the following Kirchhoff equations with fractional p-Laplacian operator

and singular nonlinearity,
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M(/R Mdmdy)(—A);v

2N ‘l‘ — y|N+Sp
-8B

1
2—a—p
u=v=0, inRYV\Q,

(1.1)

= ub(@)[v|" %0 + c(@)|ul~ |77, inQ,

Where()<oa<1,0<5<1,270175<p§pt9<q<pf§,pf§:N%pS

is the fractional Sobolev exponent, A,y are two parameters, a,b,c € C(f) are

non-negative weight functions with compact support in €, M(t) = k + [t?~! with
k>0,0,0>1, and (—A)f7 is the fractional p-Laplacian operator defined as

V(e — 2l Juz) = uly)P~*(u(w) ~ u(y))
( A)p ( ) 22\0 ]RN\BE |I*y‘N+SP

dy, zeRV.

Problems of this type describe diffusion processes in heterogeneous or com-
plex medium (anomalous diffusion) caused by random displacements executed by
jumpers that able to walk to neighboring and nearby sites and also excursions to
remote sites by way of Lévy flights. They also can be used in modeling turbulence,
chaotic dynamics, plasma physics and financial dynamics for more details see [11, 5]
and references therein.

Recently, a great deal of attention has been focused on studying this kind of non-
local problems. We refer the readers to [17, 18, 19, 20} 2] for Kirchhoff problems
involving the laplace operator and a singular term. For fractional Kirchhoff prob-
lem involving a singular term of type =7 has been studied in [I0], by combining
variational methods with an appropriate truncation argument. For further details
on the fractional system, we refer the interested readers to [22] [32].

Problem without a Kirchhoff coefficient has been studied extensively in
recent years. In the case of the problem involving the fractional p-laplace exis-
tence results via Morse theory has been treated in lannizzotto-Liu-Perera-Squassina
[16]. The critical case is treated in Perera-Squassina-Yang [23] with additional new
abstract result based on a pseudo-index related to the Zs-cohomological index.
These restrictions are used to prove the existence of a range of the validity of the
Palais-Smale condition. Note that, in this work, the bifurcation and multiplicity
results is obtained for some restrictions on the parameter A. Moreover, by Nehari
manifold and fibering maps the multiplicity of solutions has been investigated in
[3, 17, 1T, 12, 28, B0]. In particular, in [3], the authors considered the problem

2a
—A)Su = Mu|9%u + ——[u|*2uv]®, inQ
(=A)ju |9 %u - B|u| ulv]”, in Q,
258
—A)sv = plo|T %0 + ——|u|*v[* 20, inQ,
(=A)yv = plv]" v " ﬂ|u| [v]P~%v, in

u=v=0, inRV\Q,

where ) is a bounded domain in R™ with smooth boundary 992, N > sp, s €
(0,1), p < a+p < p*, pi = Nl\i};p is the fractional Sobolev exponent, A, u are
two parameters. The authors considered the associated Nehari manifold using the
fibering maps and showed the existence of solutions when the pair of parameters
(X, p) satisfies certain conditions.

In the local setting (s = 1), problem without a Kirchhoff coefficient has an

extensive literature. We refer the reader to the monographs of Ghergu-Radulescu
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[13] for a more general presentation of these results and to the survey article of
Crandall-Rabinowitz-Tartar [6]. After this, many authors have considered the prob-
lem above for laplacian, p-Laplacian, N-Laplacian operators, using the technique
used in [6] or a combination of this approach with the Nehari’s and Perron’s meth-
ods. Among the references we like to mention [4} 8, 14l [15] 26, 29, [24].

Motivated by above results, we show the existence and multiplicity of nontrivial,
non-negative solutions of the singular fractional p-Kirchhoff system . To state
our result, we introduce some notation. Let

I

be the Gagliardo seminorm of a measurable function u : R?Y — R. Let
WP(RNY) = {u € LP(RN) : [u]s, < oo}

be the usual fractional Sobolev space endowed with the norm

1/p
lealsip 2= (Iullf o + (02, )
We denote Q@ = R*V \ (RV\ Q) x (RV \ ©2)) and define the space
X = {u:RY — R Lebesgue measurable : u\q € L?(Q) and

|u(z) — uy)l?

o |z—ylNtep

ju(e) ~u)l AV
A ey e

Through this paper we consider the space X to be the completion of the space
C§°(9) in X, which is can be defined with the norm

) = P 1 N

lulxo = (| 55—

dxdy < oo}

with the norm

It is readily seen that (Xo,|.||) is a uniformly convex Banach space and that the
embedding Xy < L9(Q) is continuous for all 1 < ¢ < p¥, and compact for all
1 < g < pk. We define the best constant S of the embedding as

= inf{lul, :u € Xo,|u Z; =1} (1.2)

The dual space of (Xo, || - ||) is denoted by (X*,||.||«), and (-,-) denotes the usual
duality between Xy and X*. When r+1’ € (p, p*), then, for any u € Xy, we obtain

Ly < Slullx,- (1.3)

Let E = Xy x Xy be the Cartesian product of two Hilbert spaces, which is a
reflexive Banach space endowed with the norm

o) = ( dexdy-i- dedy)l/p. (1.4)

lx — y|NFps o lr—y/Ntps

[l

Definition 1.1. We say that (u,v) € E is a weak solution of problem (1.1)) if
u,v > 0 in €2, one has

) ju(e) ~ u) P () ~u@)(Gl) - 6w) ,

|z — y| N
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+ M(|U||X0)/Q |’U($) B U(:U)‘p_g(v(x) _ U(:U))W(@ B ’(/}(y)) dr dy

|z —y| NP

_ -2 -2 l-«a —a, 1-8
_/Q()\a(x)|u|‘1 ug + pb(x)|v|? v¢)dx+72_a_6/ﬂc(a:)u v Py dr

1—
+ ﬁ /Q c(x)u' v Py d.
for all (¢,¢) € E.
We give below the precise statements of results that we will prove.

Theorem 1.2. Let s € (0,1), N > sp and Q be a bounded domain in R™. If
0<a<l,0<pf<],2—a—-B<p<pl<q<ps, then, there exists a number
hy = (LHOF B Byet 20 B g e T e,
llcllock(a — p) k(2—a—-p5-p)
such that for 0 < (M|allsc)7 7 4 (1]|blloc) 77 < Ag, problem (L.1) has at least two

nontrivial positive solutions.

The rest of this article is organized as follows. Section [2]is devoted to proof some
lemmas in preparation for the proof of our main result. While, existence of two
solutions, Theorem will be presented in Sections [3] and [4]

2. NEHARI MANIFOLD AND FIBERING MAP ANALYSIS

In this section, we collect some basic results on a Nehari manifold and we give
the analysis of the fibering maps.
Associated to problem (1.1)) we define the functional E) , : E — R given by

k l
By (u,v) = = ||(u,0)||P + — || (u, v)||??
Al v) = Zli(w )l + 5 (o)

1

~ [ Ca@ult + bt o) da
qJa

1

_ +\l—a(, +\1-58

27067/3/{2@(33)(@4 Yo (Y18 g
As usual, 7t = max{r,0} and = = max{—r,0} for € R. Notice that E) , is not

a C' functional in E, and hence classical variational methods are not applicable.
Notice that (u,v) is a weak solution of problem 7 then u,v > 0 in Q and satisfy
the equation
| Cuy 0) |7+ 1] (s, 0) [P — A/ a(z)|ul? dz
@ (2.1)
- ,u/ b(x)|v|?dx — / c(@)u)' =P dz = 0.
Q Q

One can easily verify that the energy functional E ,(u,v) is not bounded below
on the space E. But we will show that Ey ,(u,v) is bounded below on the Nehari
manifold defined below, and we will extract solutions by minimizing the functional
on suitable subsets. The Nehari manifold is defined as

N = {(w0) € BA{O.0F 2w o)l? + 5w o) = A [ afalul s

—,u/ﬂb(x)|v|qdm—/Qc(x)|u|1_0‘|v|1_5dx:0}.
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We note that NV , contains every solution of problem (L.1).
Now as we know that the Nehari manifold is closely related to the behavior of
the functions ®,, , : t = E ,(tu,tv) for ¢ > 0 defined by

ktP , o 1 . .
oo (t) = — Il )" + —ll(w, )" = — | (Aa(@)[ul? + pb(z)[v]?) dz
p p q Ja

t?—a—ﬂ
- m/ﬂC(w)\UIl‘“\vll‘ﬁ dz,

which gives

O, () = kP (u, 0)||P + 170 (u, 0) [P0 — 29 / (Aa()[ul? + pb()[v]7) da

—tl_“_ﬁ/ c(x)\u|1_“\v|1_’3 dz,
Q

(2.2)
and
o) () = (p— V"2 [|(u, v) [P + 1(pf — 1)t** 2| (u, v) ||

~(g— 1y /Q (M) ul? + ub()v]7) dx (23)

C(-a- ﬁ)t—a—ﬂ/ (@)l |07 da.
Q

Such maps are called fibering maps and were introduced by Dréabek and Pohozaev
in [9].
By Hélder’s inequality and Sobolev inequalities, one has

/ (a(@)|ul? + ub(z)o]7) dz
Q

Pi—q
<1907 (Alalloliully + pllbll v

q
29

Pi—4 g
< [0 75 57 (Mlalloollull* + pllbllso[l0]1) (24)
<o STy (Allallm)ﬁ+ullb\\m)ﬁ) " (lull® + [lof9)

< €177 575 ((lalloo) 77 + (ullblloc) ) 7 i, 0)]

and using Young’s and Sobolev inequalities, we obtain

[ el o
Q

1—« o 1-06 o

_2—«a
< llellooS

75 _ _
o (O8] o

Lemma 2.1. Let (u,v) € E\{(0,0)}. Then (tu,tv) € Ny, if and only if @, ,(t) =
0.

Proof. The result is a consequence of the fact that

(I);“)(t) = <E£\,,u(u7 U)’ (ua U»
= Kt~ |(w, ) [ + 1707 (u, 0) [P
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- tq71</ Aa(z)|u|?dx — / wub(z)|v|? dz)
Q Q
- tlfo‘fﬁ/ c(z)Jul' )t Pdz =0
Q
if and only if (tu,tv) € Ny . O

From lemma @ we have that the elements in N, , correspond to station-
ary points of the maps @, ,(tu,tv) and in particular, (u,v) € Ny, if and only
if @, (1) = 0. Hence, it is natural to split Ny , into three parts corresponding to
local minima, local maxima and points of inflection ®,, ,(t) defined as follows:

Ny = {(w,0) € Nay - @7 (1) > 0}
= {(tu,tv) € E\ {0,0} : @, ,(t) =0,®; ,(t) > 0},
o = (u,0) € Ny @ (1) <0}
= {(tu,tv) € £\ {0,0} : @, (t) = 0, P;(t) <0},
N = A{(u,0) € Ny @7, (1) = 0}
= {(tu,tv) € E\ {0,0} : @, ,(t) =0,®; ,(t) = 0}.
Our first result is as follows.

Lemma 2.2. If (u,v) is a minimizer of Ex, on Ny, such that (u,v) ¢ NY .
Then, (u,v) is a critical point for Ey ,.

For a proof of the above lemma see [31].
Lemma 2.3. E, , is coercive and bounded below on N .

Proof. Since (u,v) € N ,, then using (2-1)) and the embedding of X, in L>~*~#(Q),
we obtain

1 1 1

NP 41— — =) || (u,v)|*?

Dl o)lP + 1o = Dl o)l

1 1
_— = 7)/ (@) u|t =) 7P da.
2—a—=F q’'Ja

Ey i (u,v) = k(

SRR

—~

Then by (2.5]), we obtain

1 1 1
Expu(u,v) 2 k‘(; - 5)||(u7v)||” + U= = =)ll(u, )P
1 1 _2-a-8 o
~(gma=g ~ PlelleoS™ T N w) P,
Since 2 —a — 3 < p < pb, it follows that Ej , is coercive and bounded below on
N,,.. This completes the proof. O

Lemma 2.4. For each (u,v) € Ny, (respectively J\/’;“) with w,v > 0, and all
(¢,0) € Ni with (¢,) > 0, there exist € > 0 and a continuous function h =
h(r) > 0 such that for all r € R with |r| < & we have h(0) =1 and h(r)(u+rd,v +
) € Ny, (respectively N;u)

Proof. We introduce the function f: R x R — R defined by
ft,r) = ktPTotB=2) (u + ro, v + rh)|P 4+ PP FP=2| (u + 1o, v + rip)||P?
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(g tatf2)prtetss /Q (M) (u+ 1) + pb(x)(v + rp)7) der

- / c(x)(u+rd) (v + rp) Pda.
Q
Hence,
fult,r) = k(p+a+ B =073 (ut rg, v+ ) ||P
HUpl +a+ B = 2P (w ot rg, v+ )P

— patath=2 /Q (Aa(@)(u+re)? + pb(z)(v + rp)?) da.

Then, f; is continuous on R x R. Now, since (u,v) € Ny, C Ny, we have
f(1,0) =0, and

Fe(1,0) = k(p+a+ 8 = 2)[|(w,0) [P + U(pd + & + 5 = 2)||(u, 0) |

—(g+a+p-2) /Q (Aa(z)u? + pb(z)v?) dx < 0.

Therefore, applying the implicit function theorem to the function f at the point
(1,0) we obtain a ¢ > 0 and a positive continuous function h = h(r) > 0, r € R,
|r| < & satisfying h(0) = 1 and h(r)(u + r¢,v 4+ 19) € Ny, for all r € R, |r| < 4.
Hence, taking € > 0 possibly smaller enough (¢ < ), we obtain

h(r)(u+ro,v+1y) €Ny ,, VreR, |rf<e.
The case (u,v) € N, ;r ,, may be obtained in the same way. This completes the
proof. O
Lemma 2.5. There exists
P *_g\ ——P_ o
AO = (7q+a+ﬁ_ 2)p+a+ﬁ72( 2 - @ _6 —4 |Q|282§ ) piqSPioHrBEQ’
lellock(q — p) k2—a-p5-p)
such that for 0 < (A|allee) 77 + (l|bllec) 77 < Ag the following holds:
(1) If [ (Aa(@)|u]? + pb(x)[v|7) dz > 0, then, there exist a unique T; > 0 and
unique tg < 1; < t1 such that
(I)u,v (tO) = q)u,v (tl)a
P, ,(to) <0 < @y, ,(t);

that is, (tou,tov) € Nj’“, (tyu,t1v) € ./\/'):# and

E u(tou, tov) = Ogi<nt1 E\ i (tu, tv),

By (tiu,tiv) = gz% E\ ,(tu, tv).

(2) If [, (Aa(@)|u]? + pb(z)|v|?) dz < 0, then there exist a unique T; > 0 such
that (Tyu, Tiv) € ./\/')\_,M and Ey ,(Tyu, Tiv) = maxy>o By, (tu, tv).

Proof. (1) [, (Aa(@)|u]? + pb(z)|v|?) dz > 0, We introduce the function v, :
Rt — R define by

Yu,o(t) = Kt (u, 0) |7 + 187079 (u, ) |7 *fz’“”’q/ c(@)|ul'~ o] =7 da.
Q
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Note that (tu,tv) € Ny, if and only if

Vuo®) = [ (alw)lul? + pb(@)lol?) da.
Now, the first derivative of the function % is
W) = K(p — Q)07 (u, ) [ + (90 — @)Ut~ () |
—@-a— gt /Q (@)l o' da
=170 (k(p = @)t (, )II? + (0 — @)1t (u,v) |
—(2-a-ﬁ-qn—a—ﬁ+2]chmﬂuw—ahql—ﬁdx)

It is clear that 1, ,(t) = —o0 as t — co. Moreover, using (2.6), it is simple to see
that lim,_,o+ ¢y, ,(t) > 0 and limy o 9, ,,(t) < 0. That is there exists 7T; > 0 such
that 1y, ,(t) is increasing on (0, T), decreasing on (73, 00) and 4, ,(T7) = 0. So,

(2.6)

— 60— 2—a—f— —« —
Yuw(T1) = KTF~ ) (u, 0)|? + 117 (u, 0) [P0 = T2 777 q/QC(x)lull o'~ da.

where Tj is the solution of

k(p — @)t?|| (u, 0)|[” + (p8 — @)1t | (u, 0) |

2.7
~@—a=p-gr " [ @l ds =0, 27
Q
Then, using (2.7, we obtain
(2—a— B —q) f,c@)|ul' o] ? dey srrbas
Ty := <T. 2.8
o= o — Q) (w )P ) Lo (28)

From inequality (28], we can find a constant C' = C(p, ¢, «, 3) > 0 such that
Vu,o(Th) > Yu,0(To)
> KT o) = T3 [ clafult ol da
¢ atatB—2

a+p q+a+p—2\ 5 [|(u, v) [|> 7
k(q+a+6—2)< k(g —2) )

q—2

( o cla)|ult=olo'=8 da) PFe

2—gq

2:2—:“ _4q _2 2 \ 2 q
—19177 874 ((Wlallo) ™7 + (ullblloe) ™7 ) 7w, w)]1* > 0
if and only if

2 2
(Mlalloc)®=7 + (pbll o) ==

k(g —2) —arE (qta+ -2  Boi\—aEg assa, g
79 2% S a+p 2—q :A
(Fewierr)  Crarg ) 0

Then, there exists exactly two points ty < T; and t; > T; with

Bo(to) = / (M) |ul? + pb(e) [0]7) dz = ¢, o (t1).
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Also, ), ,(to) > 0 and ¥, ,(t1) < 0. That is, (tou,tov) € N;N and (tju,tiv) €
Ny .- Since

B0 = 19 (000) = [ Gale)ul? + pbla)ol?) ).

Thus, @/, ,(t) < 0 for all t € [0,t9) and @, ,(¢t) > O for all ¢ € (tp,t1). Hence
Eku(tou tov) = ming<i<¢, Ex p(tu,tv). In the same way, @, ,(t) > 0 for all t €
(to,tl) (I)uv( ) = 0 and @;7v(t) < 0 forall t € (t1, ) that is E)\7u(tlu,t11]) =
gr;aXE,\ M(tu tv).

2) [, (Ma(@)|u]? + pb(z)|v]?) dz < 0. So ty.(t) = —oo as t — oo. Therefore,
for all (A, p) there exists 7) > 0 such that (Tju, Tiv) € Ny, and E ,(Tiu, Tiv) =
maxe>o E . (tu, tv). O

As a consequence of Lemma, we have the following result.

Lemma 2.6. There exists
Ay = <q+a+672)p+a’%< 2—a—f3—
lellock(g — p) k2—o—p— p)
such that for 0 < (A|allee) 77 + (l[bllec) 77 < Ao, we have Nf# #0 and NY |, =
{0}

Proof. Firstly, using Lemma we conclude that N fu are non-empty for all (A, i)

p
T p—q 4 2-a—B
Sp+a+ﬁ—2,

with 0 < (Allallec) 77 + (ulbllsc)7 7 < Ag. Now, we proceed by contradiction to
prove that Y, = {0} for all (A, z2) with 0 < (Aflalloc) 77 + (u]|b]loc) 77 < Ao. Let
(u,v) € ijﬂ. Then, we have two cases.

Case 1 (u,v) € Ny, and [, (Aa(z)|u|? + pb(x)[v|?) dz = 0. Using (2.2) and (2.3)
with ¢ = 1, it follows that

(p = Dkl (w, o) + Upo = Dl (u, )| = (1 = a = B) /Q c(@)|ul' o]~ do

= (p+a+B—2)k|(u,v)|P +1(ph + o+ B — 2)||(u,v) ||’ >0
which is a contradiction.

Case 2 Let (u,v) € Ny, and [, (Aa(z)|u]? + pb(z)[v|?) dz = 0. Using (2.2) and
with ¢t = 1, it follows that

(p — @)kl 0) |7 + LB — ) 0) | (2.9)

~a+a+8) [ =l de, (2.10)

2 a— B — pkll(u, )P + 12— a — B — ph) | (u,v)]|"
—(2-a-f-q) / (Aa(@)lul? + pb(z)|v]?) da

Now, we define Jy , : Ny , — R by

2—a—fB-—p —B—pb
mk“(uv)ﬂp W

= [ (a)ul? + pba)fof) da
Q

(2.11)

Iap(u,v) = | (u, 0)| P
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Hence, from (2.11)), Jy ,(u,v) =0 for all (u,v) € NRH. Moreover,

2—a—f—
Tau:0) 2 5= L Lh )P = [ (a(o)lul? + pb(o)]ol") da
2—a—p—p
> p
> ookl )l
=10 57 (llalloo) ™3 + (ullll )77 ) 7 i (wv)]?
2—a—-fB—-p _
> ()l (5o gkl )l

pg =i

— 10157 78 ((Mlalloo) 77 + (ullbl )77 ) 7).

Then, using (2.5) and (2.9)), we obtain

1 __2-a-B _ k‘(p — q) ~pTatp—z
u,v)|| > —— 8 PotaFE ( — L . 2.12
J(w0)] > (5=a—5=0) (212
By (2.12)) we obtain
J)\,M(UJ))
2—a-B-p - k(p—q) 7=
o b (k0 - 55w ) (=0 )

pg

7158 (o) + allblloe)7) 7 ).

Y

This implies that for 0 < (Al|allec) 77 + (ul[blloe) 77 < Ag, we have Jy . (u,v) > 0,
for all (u,v) € NY ,, which is a contradiction. The proof is complete. O

By Lemmasand for 0 < (Allallec) 77 4 (1]|blloc) 77 < Ag, we can write
N =Ny, UN;, and define

+ . — .
cy ,= inf  Ey,(uv), ¢ ,= inf E\,(u,0).
A v A 7
(u,v)e./\f;:u Y H (u,v)e./\/’;u ’

3. EXISTENCE OF A MINIMIZER ON N

In this section, we will show that the minimum of E) , is achieved in /\/';“#. Also,
we show that this minimizer is also a solution of problem (|L.1]).

Lemma 3.1. If 0 < (Alalloc) 77 + (u]|bllec) 77 < Ao, then for all (u,v) € Ny,
¢ <0 )
A .

Proof. Let (uf,vg) € N/{"H, then we have <I>’(/ 4 +)(1) > 0 which from (2.1]) gives
4 U Vo

[ ol o < L=y =Dy ). @
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Hence, using (2.1)) with (3.1]), we have

By (u,v) < k(}j - é)H(u,v)Il” + upie - gwu,v)np@
1 1
- (T — =) [ c@)|ul" o] " da
<[k(21—1)—5( ql/Q Ll VIR T .
P p ¢ 2—a-8 q2—a—p—g¢g"""
L1 11 Upf—q) w v |[PP
g =2~ s~ e ol

Thus, by (3.2), we obtain

Bxulu,v) <= (k(q _pzz;pjaajﬁﬁ) = | (w, v)||?
llg—p)lp+a+B-2) y
pq(2 — a — B) [ (u, v)]] ) < 0.
n

Therefore, ¢y , < 0 follows from the definition c; .- This completes the proof. [

Ap
Theorem 3.2. If 0 < (A|lalloc)7 7 4 (1]|blloc) 77 < Ao, then there exists (ug,vd)
in N;u satisfying By ,(ud,vg) = inf(u,v)ej\/f“ Ex . (u,v).

Proof. Since E) ,, is bounded below on Ny ,, and so is on N, j .- Then, there exists
{(u},v})} CNY, asequence such that

ni»-n

Exu(ubvf)y— inf By ,(u,v) asn — oo.
(u,v)EN;r’”

Since E} , is coercive, {uy,,v,} is bounded in E. Then there exists a subsequence,
still denoted by (u;,v;F) and (uf,vg) € E such that, as n — oo,

n»-'n

uf — ua', v — va' weakly in Xy,

+

n

—ug, v — v strongly in L"(Q) for 1 <r < p,

u n

wl = ud, v = ol ae in Q.

By Vitali’s theorem (see [25, pp. 133]), we claim that

lim a(x)|u;t|1_adx:/a(m)|uar\1_“dx. (3.3)
Q

n—oo Q

Indeed, we only need to prove that { [, a(z)|u}|'~*dz,n € N} is equi-absolutely-
continuous. Note that {u,} is bounded, by the Sobolev embedding theorem, so
there exists a constant C' > 0 such that |u,|,» < C' < oo. Moreover, by Hélder
inequality we have

/ a(z)u'*dz < [|aflo / ' dz < [lafloc |2
Q Q

From ({3.4), for every € > 0, setting

# 1-a
: |ulps . (3.4)

*

Ps
5= ( 3 ) PE+y—1
[allocCT ’
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when A C Q with meas(A) < §, we have
pita-—1 phta—1
/ a(x)|ut P %dx < ||a|\oo||u||]13:a(measA) T < lal|oCTY T <.
A s
Thus, our claim is true. Similarly,

lim [ b(x)v} P Pde = / b(z)|vg | Pda. (3.5)
Q

n— oo Q
On the other hand, by [2] there exists I € L"(RY) such that
luf (z)] < U(z), |vf(x)] <l(z), ask— oo

for 1 <r < p%. Therefore by the Dominated convergence Theorem,
/ (Al 9+ plof|9) de — / (Alug |* + plogd |9) dz.
Q Q

Moreover, by Lemma there exists ty such that (toug 7tovsr ) EN ; L Now, we
shall prove that u} — uar strongly in Xg, v,;7 — v0+ strongly in Xy. Suppose
otherwise, then
+ .+ < liminf ™. o) || .
lesd o)l < limin |Gt o)

On the other hand, since (u,},v,}) € ./\/';#,

one has
lim &' t
n—oo ui,vi( 0)

. -1 0—1 0
= tim (k5 () 7 + 180 )

- tg—l/ﬂ (Aa@)[uf |7 + pb(@)|o})|7) dz — ty " /Q (@) [0 vyt ' da)
_ 0—
> Kt (ug, o) IIP + 185" | (ud s o) [P
7 [ Qa@a 17+ o) I7) do
Q
— t(lfafﬁ/ c(x)ud * v PP de = @;g o (to) = 0.
. :

So, @ , . (to) > 0 for n large enough. Moreover, (u;},v,}) € /\/’;fu, and we can see
for all n that @ . . (¢) <0 for ¢t € (0,t) and ® , (1) =0. Thus we must have
to > 1. Moreover @+ +(1) is decreasing for ¢ € (0,t0) and that is
By (toud  tovd) < Ex ,(ud,vd) = lim Ey ,(ul,vf) = inf  Ey,(u,v
W0 10t) < B ) = Jin Balot o) = nd B )
which gives a contradiction. Thus, u,} — uar strongly in X, v;} — vy strongly in
Xo and By ,(ug,v) = inf, ,yenr+ E ,.(u,v). The proof of is complete. O
’ SH

4. EXISTENCE OF A MINIMIZER ON N, L

In this section, we shall show the existence of a solution to problem (1.1} by
proving the existence of minimizer of Ey , on N u

Lemma 4.1. If 0 < (Al|a]oe)7 7 + (1]|bllos) 77 < Aq, then for all (u,v) € N/{fu,
¢y, > do for some dog = do(a, B,p,q,a,b, A, 11, |Q2]) > 0.
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Proof. Let (uq,vy ) € Ny ,, then we have ®”_ (1) < 0 which from (2.1]) gives

0 %Yo
a1 k(p —q) Ll(pf — q)
1—a),|1-8 P po
c(x)|u v de > —————||(u, v)||P + ————||(u, v . (4.1
G el )+ g o ). (@)
Therefore using (2.5, we obtain
1 __2-a-p k(p —q) —pTatEs
, —— S pptatp-2) (7> . 4.2
(w0} > s (S (42)
Hence, using (2.4]) and (4.2]), one has
1 1 1 1 Pi—a

By u(u,v) > k(p m)”(u,v)llp - (g - mﬂm n

1 1 1 1 ps
— q - - p—q _ (_ _ - P
=m0l [~ e w070 = (= 5 =) 19
% S5 ((Alalloe) ™5 + (ullbl)77) ]
1 1 r—a) pP—q p+g¢1f372
q - - > I A S
> N[k - 5—a=5) 5" (o= 5=)
1 1 Bt g - 2\
~ (5o ST ((llalle) T + (ullbll)?*7) 7 ]

Thus, if 0 < (Allallos) 77 + (1]|bllec) 77 < Ao, then Ex pu(u,v) > dy for all (u,v) €
N;,“ for some dy = dy (e, 8,p,q,a,b, A, 1, |Q]) > 0. Therefore ¢y > do follows from
the definition ¢y . This completes the proof. O

Theorem 4.2. If 0 < (A|alloo) 77 + (11]|blloc) 77 < Ao, then there exists (ug ,vy)
in Ny, satisfying Ex . (ug v ) = inf(u,v)eN;M Ex i (u,v).

Proof. Since E) , is bounded below on N , and so on N;M. Then, there exists
{(uy,v;)} C Ny, a sequence such that

Ey,(u,,v,)— inf  E),(u,v) asn— oo.
(u,’U)EN)\_’H

Since E) ,, is coercive, {(un,vy)} is bounded in E. Then there exists a subsequence,
still denoted by (u,, , v, ) and (ug ,v, ) € E such that, as n — oo,
ul — g, v, —v; weakly in Xo,
u, — ug, v, — v, strongly in L"(Q) for 1 <r < pj,
u, —uy, v, —v, ae. in Q.

Moreover, as in Lemma [3.2] we have

lim / |u;|1*”‘dm:/ lug |*~*dx,

lim/|v;|1_6alac:/|va|1_6alx7

[ at@tetle + bl s [ (a(luf 7+ pbie)of 1) da.
Q Q
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Moreover, by Lemma there exists ¢; such that (tyug,tivy ) € Ny ,. Now, we
prove that u, — u, strongly in Xy, v;; — v, strongly in X,. Suppose otherwise,
then

g eIl < liminf || (i, 07) | -

Thus, since (u,,,v,, ) € Ny

e Expltug  tvg) < By u(ug,vg ), for all ¢ > 0 we have

Exu(tiug, tivg) < lim By (fiuy, oy ) < T By (ug, 0,) = €5,

which gives a contradiction. Thus, u,, — u, strongly in Xy, v,, — v, strongly in
Xo and E) ,(ug,vp ) = inf(u DN E) ,.(u,v). The proof is complete. |
’ N

Proof of Theorem[I.3. Let us start by proving the existence of non-negative solu-
tions. First, by Theorems there exist (ug,vg) € N, (ug,vg) € Ny,
satisfying

By, (ud vd) = inf  Ey,(u,v),
w(ug,vg) (wo)eN, (1, v)
Ey ,(ug,vg ) = inf  Ey ,(u,v).
(g s vg) (w)eN T, u(u,v)

Moreover, since Ey ,(ul,vd) = Ex . (lug], [vg]) and (Jug |, |vd]) € NIM. Similarly

we have B (ug,vy) = Exu(|ug |, [vg |) and (Jug [, vy |) € Ny . so we may assume

(uf,vE) > 0. By Lemma (uf,vE) are the nontrivial non-negatives solutions

of problem (1.1]). Finally, it remain to show that the solutions found in Theorems
are distinct. Since N):# ﬁ./\/;:“ =0, then (uF,vT) are distinct. The proof
of complete. 0O
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