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AN EXISTENCE RESULT FOR ELLIPTIC PROBLEMS WITH
SINGULAR CRITICAL GROWTH

YASMINA NASRI

ABSTRACT. We prove the existence of nontrivial solutions for the singular
critical problem

u *_
fAuf,uW =Af(2)u+u? 71

with Dirichlet boundary conditions. Here the domain is a smooth bounded
subset of RV, N > 3, and 2* = 28 which is the critical Sobolev exponent.

1. INTRODUCTION
This paper concerns the semilinear elliptic problem

—AU—H#Z)\f(x)u—i—uQ*_l in Q
uw>0 in (1.1)

u=0 on 0f,

where Q is a smooth bounded domain in RN, N > 3 with 0 € Q; X and pu are
positive parameters with 0 < p < i := (£52)2, i is the best constant in the Hardy
inequality, 2* = 2N is the critical Sobolev exponent and f is a positive measurable
function which Wlll be specified later.

In recent years, many people have paid much attention to the existence of non-
trivial solutions for singular problems we cite [4, [5l [7, 8] and the references cited
therein.

For f(x) =1, Jannelli [7] obtained the following results:

If0<u<pm-—1, then has at least one solution u € H}(2) for all 0 < X <
A1(p) where Aj(pu) is the first eigenvalue of the operator (—A — B |2) in H}(Q).

If i — 1 < u < 7, then (1.1) has at least one solution u € H}(Q) for all p* < A <
A1(p) where

f [Ve(z)?
* : Q |E|2(7
T emita) [ L@l
HL(Q
pEH(Q) fQ [z]2o dx

and 0 = /I + VI — [t
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Ifz—1<p<pmand Q= B(0,R) then (I.1) has no solution for A < p*.

If A < 0 and Q2 is star shaped then has no nontrivial solutions using
Pohozaev-type identity.

For the quasi-linear form of the problem has been studied by [5] for p =10
and f(z) = ﬁ where 0 < ¢ < p. The purpose of the present paper is to extend
(partially) the results obtained by [7] to the case where f can be singular.

This paper is organized as follows. In section 2, we recall some preliminaries
results. In section 3, we give the proof of our theorem using mountain pass Theorem.

2. NOTATION AND PRELIMINARIES

We make use the following notation:

LP(Q), 1 < p < o0, denote Lebesgue spaces, the norm LP is denoted by || - ||, for
L<p<oo;

D2(RY) denotes the closure space of C§°(RY) with respect the norm ||-[| p1.2 gy :

(fRN |Vu|2dx)1/2;

B,-(0) is the ball centred at 0 with radius r;
C, (1, Cy will denote various positive constants;
On H{(2) we use the norm

u? 1/2
s = ([ (V= npyie) "

By Hardy’s inequality [6], this norm is equivalent to the usual norm of H}(Q). Let

F={f:Q—R": Ili‘m0|x|2f(x) =0 with f € L3 (Q\{0}};

for 0 < B < 2, we set
.7:27[,:{fe]-':0<Ili‘m0|$|ﬁf($)<oo}'

Now, we recall the following results.

Lemma 2.1 ([]). Let 0 < p <= (82)2, A e RT, f € F. Then the eigenvalue
problem
—Au — u# =Af(z)u inQ
u=0 ondf

admits a nontrivial weak solutions in H&(Q) corresponding to A € ()\/’3 (f))l?;l where
0 <AL < AZ(S) S XU(S) < - — +oc.

Lemma 2.2 ([]). Let Q be a bounded domain in RN and f € F. Then the
embedding HE (Q) — L*(Q, f dx) is compact.
Lemma 2.3 ([4]). Let 2} = %, if f € Fap, 0 < B < 2; then the embedding
HY(Q) — LY(Q, fdx) is (i) continuous for all 2 < q < 2%, (ii) compact for 2 < q <
2.

Now, we give some examples of function f € F having lower order singularity
than |z|~2 at the origin:

(a) Any bounded function.
(b) In a small neighbourhood of 0, f is |z|= for 0 < 3 < 2.
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(c) f(x) = |z|7?/|log|z|| in a small neighbourhood of 0.

Definition 2.4. Let c € R, E be a Banach space and I € C'(E,R). We say that I
satisfies the Palais-Smale condition at the level ¢, for short (PS),, if every sequence
(Un)n in E such that I(u,) — cand I'(u,) — 0 as n — +oo in E’ (dual of E), has
a convergent subsequence in F.

Definition 2.5. A function u in H(Q) is said to be a weak solution of (1.1)) if u
satisfies

/ (VUVU - u% — A (x)uvdx — u2*711})dm =0 forallve H}(RQ).
o

It is well known that the nontrivial solutions of (1.1)) are equivalent to the non
zero critical points of the energy functional

1 x
— [ |u* da.

1 I u? A
Iap(u) = A |Vul?dx — 5 /Q de ~3 ), f(z)ulde — > /.,

Define the constant

2
Jen [VulPde — p fon ﬁﬁdx.

11
ue D12 (RV)\{0} (four uf2)**

Sy =

It is known that S, is achieved by the family of functions

C.
 (elal VI Jalo/VE)VE

where C. = (4eN (i — ) /(N = 2)), 0 = i+ VE— pand o' = /i — VI~ i,
see [§] for the details.
Note that u} satisfies

*

U .
—Au — MW = |u|* ?u forue Dl’Q(RN)\{O}'

Hence, we have
luzll?, = [luzl3- = (SN2,

Let 0 < ¢(x) < 1 be a function in C5°(€2) defined as

o) = {1 if |z] < R

0 if || > 2R,

where Bap (0) C €. Set

e (2.1)

ue = ¢(x)ul and v, = Tola:
€

so that [[v.])3: = 1.
In the present paper we prove the following result.

Theorem 2.6. Let f € Fopand 0 < 8 < 2. If0 < pu < - (#)2 and
0< A< /\}L(f), then (1.1) has at least one positive solution.
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3. PROOF OF THE MAIN THEOREM

First, we establish some lemmas.

Lemma 3.1. Assume that f € Fo 3 and 0 < X < X, (f). Then Jx,, satisfies (PS).
for all ¢ < (S,)N/?/N.

Proof. Let (uy), be a sequence such that

Iau(un) — ¢ and J§ ,(un) — 0 in [Hg(Q)) as n — +oo. (3.1)
We remark that
2 .
205 p(un) — <J/’\7M(un),un> =(1- 2—*)HunH§* < 2c+o(1), (3.2)

combining (3.1)) and (3.2]) we show that (u,) is bounded in H}(€2).
From Lemmas 2.2|and [2.3] and the reflexivity of Hg (£2) we extract a subsequence,
still denoted u,, such that
U, —u weakly in Hg ()
u, —u in L"(Q)if 1 <r<2%,
u, — u almost everywhere, (3.3)
Unp

e N weakly in L*(Q),
x x

U, — u strongly in L*(Q, fdz).
From (3.3) we deduce that
<J,'\7#(u), p)=0 forall pe H& (Q), (3.4)

hence u is a solution of (|L.1)).
Denote vy, := up, — u, then the Brezis-Lieb lemma [2] implies

IVunl3 = Va3 + Vol + o(1);
Junll3 = [l + lenll3 + o(1); 5s)
u? / u? v2
—dx = —dm—i—/ —Ldx 4 o(1).
/Q || o |z[? a |z[?
Using (3.1)), (3.5) and lemma we obtain
1 1 .
Tr) + 3ol = o o3 = e+ (D), (36)

and
2 4 o(1).

ullf, = [lull3- + /\/Qf(f)UQdI —[lvallf + llon
From ([3.4) it follows that
lvallf; = loall3- = o(1).
We may therefore assume that
o
2*

||vn||i —a and |v,]53- — a,
by the definition of S),, we have

Sullon

%* < ”UnH;Qu

in the limit we have
Sﬂaz/2 <a,
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it follows that either a = 0 or a > (S,)"/2.
If a > (S,,)V/? passing in the limit in (3.6) we obtain

1
Iap(u) + —a=c

N
using the assumption ¢ < %(S#)N/z, we find
Iapu(w) <O0. (3.7)

On the other hand, from (3.4)) we obtain
1 .
Tau(w) = Sllul3. >0,
which is a contradiction with (3.7). Then u,, — u strongly in Hg(£2). O

Lemma 3.2. Assume that f € Fap then 1/ There exist a, 6 > 0 such that
Jau(w) > a for all w € HY(Q) such that [ull, = 6 for all 0 < X < AL
2/Jxu(v) <0 for all v € H}(Q) such that ||v]|, > 4.
Proof. Using the definition of S, and the fact that 0 < A < Ai(f), we obtain
1 A 1
> 5 (= m)llulll = 5oa—a
5 Aﬁ(f)) AR
So for § > 0 sufficiently small there exists o > 0 such that
Iap(u) > o for |ull, = 0.

Tnu(w) Jully -

For t > 0,
t? 9 ) 2 o
Taplt) = G (1l = [ paplds) - 5 ulfaa,

as t — 4oo we have Jy ,(tu) — —oco. Then there exists v € Hg(£2) such that
Irpu(v) <0 for v, > 0. O

Lemma 3.3. Assume that 0 <A < A,(f) and 0 < p < i — (%)2 Then
1
sup Jx\,u(tUE) < N(SM)N/2
0<t<o0o

provided € > 0 is a small enough.

Proof. Consider the functions
t2 9 9 t
9(0) = Inultne) = el = | flap2ar) = 5

where v, is the extremal function defined in (2.1). Note that lim;_ 4., g(t) = —00
and g(t) > 0 when t is close to 0. So that sup,~q g(t) is attained for some ¢, > 0.
From

o*

o*
2%

0=d@d=%W%M—AAfww%@—ﬁ“W%

we have

le

1
[locl = [ rtayezas] .
Thus,

) = (el [ farizas)™
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Then as in [7] (see also [3]), we have the following estimates:

N—2

2 N
/(|Vvs|2dx7u%2)dx:5,f +Ce 7
Q ||

since f € Fap, there exist 7 > 0 and C1,Cy > 0 such that K;|z|# < f(z) <
Ks|x|7% on Bg (0). Thus

_VE (9 _ VB (9 2
C eV 2 mg/ﬂf(x)v?dwﬁC’gwm@ A ifu<ﬁ—(7ﬂ)2;

2
o2 2 N-2 ) _2-4,
Cie = |loge| < | fla)olde < Coe™= |loge| if p=p— (=)
Q
Consequently,
N _ ~
b} + 025 e P el - (2,
9= L g2 — W (28) = (2=8)2
~S7 +Ce 2 —Cre2viw if < m— (522
Therefore, for € > 0 sufficiently small and ¢ < — (%)2 we get

1
Jau(t —gN/2,
sup (tve) < <5,

O
Proof of Theorem[2.6 From Lemmas and 3.3} J , satisfies all assumptions

of mountain pass Theorem [I], then c is a critical value i.e. there exists u € Hg ()
such that J}  (u) = 0 and Jy ,(u) = ¢ > 0. Since Jy ,(u) = Jyu(|u]) = ¢, thus
problem (1.1) admits a positive solution. O
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