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ON PERIODIC LINEAR NEUTRAL DELAY
DIFFERENTIAL AND DIFFERENCE EQUATIONS

CHRISTOS G. PHILOS, IOANNIS K. PURNARAS

ABSTRACT. This article concerns the behavior of the solutions to periodic
linear neutral delay differential equations as well as to periodic linear neutral
delay difference equations. Some new results are obtained via two appropriate
distinct roots of the corresponding (so called) characteristic equation.

1. INTRODUCTION

Motivated by the old but very interesting asymptotic and stability results for
delay differential equations due to Driver [6l [7] and to Driver, Sasser and Slater
[9], a number of articles has been published during the last few years, which are
concerned with the asymptotic behavior (and, more general, the behavior) and the
stability for delay differential equations, neutral delay differential equations and
(neutral or non-neutral) integrodifferential equations with unbounded delay as well
as for delay difference equations (with discrete or continuous variable), neutral delay
difference equations and (neutral or non-neutral) Volterra difference equations with
infinite delay. See [I} [4, 5] [0, 111 [T6], 17, 18, 19, 20], [22]-[34], [38]; for some related
results, see [2] [8 2] 3], 2T, 36} B7].

Recently, the authors [30] obtained some results concerning the behavior of the
solutions to autonomous linear delay differential equations as well as to autonomous
linear neutral delay differential equations; these results are essentially motivated by
a result due to Driver [0 Theorem 2]. In [3I], the authors continued the work in
[30] to a wide class of autonomous linear neutral delay differential equations (and,
especially, delay differential equations) with infinitely many distributed type delays.
The authors’ paper [28] contains the discrete analogues of the results given in [30]
for autonomous linear delay difference equations as well as for autonomous linear
neutral delay difference equations; a result of the same type for autonomous linear
delay difference equations with continuous variable is also contained in [28]. The
study in [28, 30} [31] was continued by the authors in [33] to linear neutral integrod-
ifferential equations with unbounded delay, and, especially, to linear (non-neutral)
integrodifferential equations with unbounded delay; the discrete analogues of the
results in [33] for linear neutral (and, especially, non-neutral) Volterra difference
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equations with infinite delay have been presented by the authors in [34]. It must
be noted that the results in [28] B0, 3], B3 [34] are obtained via two distinct roots
of the corresponding characteristic equation.

A further continuation of the study in [28] 30, BT) B3] 34] was, very recently,
presented by the authors in [35]; the paper [35] contains some results on the behavior
of the solutions to periodic linear delay differential equations as well as to periodic
linear delay difference equations, which are derived by the use of two (appropriate)
distinct roots of the corresponding (so called) characteristic equation.

It is the subject of this paper to present a study analogous to the one in [35] for
the behavior of the solutions to periodic linear neutral delay differential equations
as well as to periodic linear neutral delay difference equations. Section 2 is devoted
to the case of differential equations, and Section 3 is concerned with the case of
difference equations. It is remarkable that an application of the main results of the
present work to the special case of (non-neutral) periodic linear delay differential
equations or to the special case of (non-neutral) periodic linear delay difference
equations leads to the main results of the previous authors’ paper [35], under some
additional hypotheses; but, these (additional) hypotheses are not needed for the
main results in [35] to hold. So, although the differential and difference equations
treated in [35] can be considered as special cases of the ones studied in this paper,
the main results in [35] cannot be obtained as corollaries of those given here.

Finally, we note that some considerable difficulty arises in the attempt to extend
the results of this paper to the more general case of periodic linear neutral delay
differential equations with several delays (such as those studied by the authors in
[23]) as well as of periodic linear neutral delay difference equations with several
delays (such as the ones treated by the authors in [29]).

2. ON THE BEHAVIOR OF THE SOLUTIONS TO PERIODIC LINEAR NEUTRAL DELAY
DIFFERENTIAL EQUATIONS

This section is concerned with the behavior of the solutions of the linear neutral
delay differential equation

[2(t) + cx(t — o)) = a(t)x(t) + b(t)x(t — T), (2.1)
where c¢ is a real number, a and b are continuous real-valued functions on the interval
[0,00), and o and T are positive real numbers. The function b is assumed to be not
identically zero on [0,00). Moreover, it will be supposed that the coefficients a and

b are periodic functions with a common period T > 0 and that there exist positive
integers ¢ and m such that

o=0T and 7T=mT.
Consider the positive real number
r = max{o, 7}.

As usual, a continuous real-valued function z defined on the interval [—r, 00) is
said to be a solution of the neutral delay differential equation (2.1]) if the function
x(t) + cx(t — o) is continuously differentiable for ¢ > 0 and x satisfies (2.1)) for all
t>0.

Together with the neutral delay differential equation ([2.1)), it is customary to
specify an initial condition of the form

x(t) = ¢(t) for —r <t <0, (2.2)
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where the initial function ¢ is a given continuous real-valued function on the interval
[—r,0].

Equations and constitute an initial value problem (IVP, for short). It
is well-known (see, for example, Diekmann et al. [3], Hale [I4], or Hale and Verduyn
Lunel [I5]) that there exists a unique solution x of the neutral delay differential
equation which satisfies the initial condition (2.2)); this unique solution x will
be called the solution of the initial value problem (2.1)), or, more briefly, the

solution of the IVP (12.1)), (2.2).

Throughout this section, we shall use the notation

1 [T 1 [T
At B2 .
- /0 a(t)dt and = /0 b(t)dt

We note that A and B are real constants. Also, it must be noted that B # 0 in the
case where the coefficient b is assumed to be of one sign on the interval [0, c0).

Along with the neutral delay differential equation , one associates the equa-
tion

M1 +ce ) = A4 Be ™™, (2.3)
which will be called the characteristic equation of (see the authors’ paper
[23)). _

In the sequel, by a and b we shall denote the T-periodic extensions of the coeffi-
cients a and b, respectively, on the interval [—r, c0). Moreover, for any real number
A, by fx we will denote the continuous real-valued function defined on the interval
[—7, 00) as follows

fa(t) =alt) +b(t)e ™ for t > —r.

Theorem below has been proved by the authors in [23] for more general
periodic linear neutral delay differential equations with several delays. This theo-
rem is closely related to the main result (Theorem below) of this section and
constitutes a fundamental asymptotic result for the solutions of the neutral delay
differential equation . In order to state Theorem we introduce the notation

~ 1 [T
B:?/O |b(t)]|dt.

Clearly, Bisa positive constant. It is obvious that |B| < B. Moreover, we note

that |B| = B in the case where the coefficient b is assumed to be of constant sign
on the interval [0, 00).

Theorem 2.1. Let \g be a real root of the characteristic equation (2.3)), and set
Prg = 1+ ce Ao (2.4)

and

~ 1 [T

Fu=7 [ lhola
Assume that the root Ao has the property

|C|(‘p/\o‘ + ﬁ/\oa)e_AUU —+ |p)\0|§7'€_>\07— < |p>\0|' (25)

Define
Yag = (1 — Ago)e 27 4 Bre o7, (2.6)
(Note that Property (2.5)) guarantees that py, > 0 and 1+ v, > 0.)
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Then the solution x of the IVP (| , @ satisfies

ol o} 5O e
where
L (@) = 6(0) + e{ (o)
1

0
— e 0O 3 Fro(8)0(s) exp[

Pro /fA" du] ds} (2.8)

0~
+e_’\°T/_ b(s)¢p(s) exp[ ™ /on du] ds.

In the main result (Theorem ﬂ 2.4 below) of this section, it is supposed that ¢ <0
and that b is nonpositive on the interval [07 00). The hypothesis that b is nonpositive
on [0,00) together with the assumptions that b is not identically zero on [0, c0)
and that b is a T-periodic function imply that the constant B is always negative.
Furthermore, we notice that Theorem is obtained by the use of two real roots g
and A1, Ao # A1, of the characteristic equation ; for the root A\ it is assumed
that px, # 0 and

P, [a(t) +b(t)e 7] <0 for t >0, (2.9)
where py, s defined by (2.4). Under these assumptions for the real root Ay, we

obviously have

1
— [a(t) +b(t)e 7] <0 fort >0,

Pro
1 [T N
— [ p)dt| e 7S <
T/o (t)dt| e <0,

which gives

+

% /OT a(t)dt

1
Pxo
1 —AoT
—(A+ Be™"°7) <0.
Pxo
So, by and the fact that \g is a root of , it follows immediately that the
root \g is always nonpositive.
After the above observations, we give a lemma (Lemma below) concerning
the real roots of the characteristic equation . This lemma is a special case of
a more general lemma due to the authors [30].

ie.,

Lemma 2.2. Suppose that ¢ <0 and B < 0.
(1) Let Ay be a nonpositive real root of the characteristic equation (2.3)), and let
Ya, be defined by (2.6)). Then

14795 >0
if (2.3) has another real Toot less than \g, and
1+ Tro < 0

if (2.3) has another nonpositive real Toot greater than Ag.

(H) If A= 0, then A =0 is not a root of the characteristic equation .

(III) Assume that A = 0 and that ¢ > —1. Then the characteristic equation
has no positive real Toots.
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(1V) Assume that A+ B <0 and ¢+ Bt > —1. Then the characteristic equation
(2.3) has no positive real roots.
(V) Assume that A+ B <0, Ar <1, and

(1 — Ar)ce= (A=) 4 Bre~A=97m > 1.
Then: (i) A = A — L is not a root of the characteristic equation [2.3). (ii) In the
interval (A—1,0], [2:3) has a unique root. (iii) In the interval (—oo, A— 1), ([2.3)
has a unique root.
As we have previously noted, in Theorem [2.4] (the main result of this section) we
use two suitable distinct real roots of the characteristic equation (2.3). We will give

here a lemma (Lemma below), which plays a crucial role in proving Theorem
although this lemma is rather technical.

Lemma 2.3. Let \g and A1, \g # A1, be two real roots of the characteristic equation

(2.3) with pr, # 0 and px, # 0, where py, is defined by (2.4) and px, is defined in
an analogous way, i.e.,

pr, =1+ ce M7, (2.10)
Then, for each t > 0, we have

1= —ce ™7 + ce0o L t Iro(s) exp {/t [f/\()(U) - f’\l(u)} du} o

Pro Jt—o Pro Py

Proof. First of all, we will establish some equalities needed below. It is obvious
that

(2.11)

Fro®) = fr(t) = b(t) (72T —e™™7)  for t > —r. (2.12)

Also, in view of (2.4]) and (2.10]), we have
Pro — Pa = C (e —e M%), (2.13)
Furthermore, the T-periodicity of the coefficients @ and b implies that the functions

fro, and fy, are also T-periodic. So, by taking into account the fact that 7 = mT,
we obtain for ¢ > 0,

/;T Fro(u)du = /OT Fro(uw)du
_ [i /O f,\o(u)du] r
_ % /0 ! fAO(u)du]T

{ ;/OTa(u)du

1 T
f/ b(u)du| e 7 b 7
0
= (A+ Be 7).

Thus, because of (2.4]) and the fact that Ay is a root of (2.3)), it follows that
1
Pro

7)\00’

+

t
/ Fao(w)du = NoT  for every ¢ > 0. (2.14)
t—7
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In a similar way, by using (2.10]) and the fact that A; is also a root of (2.3)), we can
see that
1 t
Px1 Jt—r

Moreover, by taking again into account the fact that the function f), is T-periodic,
for any positive integer v, we get

1 vT

— u)du
o N

vT
/ Fro(w)du =
0
T
%/0 Fro (w)du

= (A4 Be T)(vT).

Hence, as p), is given by (2.4) and \g is a root of (2.3]), we have
1 vT

fa, (w)du = A\y7 for every ¢ > 0. (2.15)

(vT)

(vT)

Howdu=v(XT) (¥=1,2,...). (2.16)
Pro

In a similar manner, by taking into account the fact that f, is a T-periodic function
and using (2.10]) and the fact that Ay is also a root of (2.3), one can verify that

vT
Pi /0 Hy@du=v(MT) (¥=12,...). (2.17)

Now7 let us fix a point ¢ > 0. We will show that, for this fixed point ¢, equality

) holds true
By using and -, we obtain

/ff“)exp{/s Dt B
e L T A e e KR

e [ =it { [[[500 - B0 oo}
e—Wie_W/ttT {(PAO —Pxr) “)C;;@ + X [fAO(S) - fAl(S)} } X

0 Pro P

X exp {/t {ho W _ f)‘l(u)} du} ds
s Pro Px1
7)\00 _ ,—Ai0 t
= Ce AoT _Z AT / on eXp {/ |:f)\po/\(U) - f)\pl)\(U)] du} ds
1 " he(s)  huls) Thew)  fa(u)
’ f”/ 5B e [ [ B2 - B e
But, by (2.14)) and ( -7 we have

[ B 2
ol [ B
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e 522

1 t t
— 4w [ Fo (u)du —

Ao Jt—T Pxy Ji—r

x (U)du]

— _1 _"_e)\oT—A]T — _1 _’_e(Ao—A])T.

[ s -5

e*AOU
Fro(s) (2.18)

t—T1

X exp {/S [fi:f?) - f;iu)] du} ds — ej\OT P -

Furthermore, in view of (2.10)), equality (2.11]) becomes
1t t
pa, = ce~ N7 Fro(8) exp{/ [f%(“) _ f,\l(u)} du} ds

Pro Ji—o PXo P

Hence, by using (2.18), we see that (2.11)) can equivalently be written as follows
1 t t
0= ce 07— Fao () exp {/ {f/\‘)(u) - f/\l(u)} du} ds

Pro Jt—o Pro Py

—Xoo __ =10 1 t t
_ e_/\OTce,)\Oq— e*,\lT C— f/\o (S) exp {/ |:f)\0 (U) - f)\l(u)} du} ds.
€ —¢€ Pro Jt—r s Pro P

It is clear that this equality holds if
—>\00' t
— / f/\o eXp / f)\o (u) _ f)\1 (u) du b ds
emN0T —em M7 s Pxo Pxy

—XoT t
- [ e { [ [T B

or, equivalently,

o | e { [ [ 20 B g,
~ i [ e { [ [2 - g g

So, the proof of the lemma can be accomplished by proving that (2.19) holds. It
suffices to show that

e L e A T
1 t T .
= W/T Pxa(s) QXP{/S [@fj‘) B f?ff)} d“}ds

So, it holds

—e Mo ] ¢

=-Cc—
e*)\o‘r . e*)\l‘f' p)\()

(2.19)

(2.20)
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o [ Ineew {/ [f?ff e )] d“} *
1 ¢ The)  fr(u
:w/tTf,\o(s)exp{/s [ TOA(O)_ Tof )]du}ds.

Next, we will establish ([2.20) - By taking into account the fact that the functions
fao and fx, are T-periodic and that o = ¢T and using (2.16)) and (2.17] -, we obtain

JUNIRA
—Z/ A O
S pemaeimen{ [ B0 S
“Sfmeen [ [0

o [ A e
:é /;T fAO(s)exp{[pio / :H)T Fo () — pil / i(i_l)Tf/\l(u)du]
I e
—é | fAO(s)exp{lp/\O [T a2 | (i_l)TfM(u)du]
=3[ Al (1= 00 = = DT

o[ [ A e
- z] JL oo { [ (5= T] acf
e[
e e [ s { [ B2 o

This proves ([2.20)).

and

(2.21)
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Finally, by taking into account the fact that fy, and f), are T-periodic functions
and that 7 = mT and using again and , we can follow the same
procedure to show that is also satisfied.

The proof of the lemma is now complete. O

Now, we are in a position to present the main result of this section, i.e., the
following theorem.

Theorem 2.4. Suppose that ¢ < 0 and that b is nonpositive on the interval [0, 00).
Let Mg be a real root of the characteristic equation (2.3) with py, # 0 and satisfying

(2.9), where py, is defined by (2.4), and assume that
1+ o 7£ Oa
where 7y, is defined by (2.6). Let also A1, A1 # Ao, be another real root of (2.3))

with px, # 0, where py, is defined by (2.10)).
Then the solution x of the IVP (2.1), (2.2)) satisfies
1 t
|t
A1 JO

) Ly, (¢) I
Ui(Mo, A3 ¢) < {l‘(t) - mexp L’Ao/o f/\o(u)du] }GXP {—
< Us(Xg, A1;6)  forallt >0,

where Ly, (¢) is defined by (2.8), and

U1(>\07)\1§¢):_£Iéitn§0<{¢(t) le:M on/f“ dU]}

Al/o f,\l(u)du]>a

Ua(0a i) = mas ({00 - 2D exp |1 /OthO(U)dU]}X

—r<t<0 L4+, Po

con -1 [ )

Note: The constant B is negative and the root Ay is mecessarily nonpositive;
hence, by Part (1) of Lemma we always have 1+, # 0 if A1 is also nonpositive.

X exp [—

It is remarkable that the double inequality in the conclusion of the above theorem
can equivalently be written as follows

U1 (Mo, At: ) exp {/Ot {w - fAm(m] du}
<uz exp{ / Frolu } ‘M

< Uz(Aoy A1 9) exp{/0 [f’\pl)\() — JC/\/;))\(W] du} for t > 0.

Hence, if the roots Ag and A; of the characteristic equation (2.3]) are such that

[ ),
0 Pxo Py

lim
t—o0o
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then the solution x of the IVP (2.1)), (2.2) satisfies (2.7]). Furthermore, we see that
the double inequality in the conclusion of Theorem [2.4]is equivalent to

t
U1(Xo, A1; ¢) exp [Pil/o fxl(u)du} +1Lj:%0 [PAO/ Fao(u du}

< x(t)
[rom] 28 [ [ o]

Proof of Theorem[2.]} Let x be the solution of the IVP (2.1)), 7 and consider
the function y defined by

< U2(A07)\17¢ €xXp |:

for t > 0.

y(t) = z(t) exp [— /Ot Fro (u)du] for t > —r.

Pro
Furthermore, let us define

() = y(t) - 2o

fort > —r
T+7

As it has been shown by the authors [23] (for more general periodic linear neutral
delay differential equations with several delays), the fact that x satisfies (2.1) for
t > 0 is equivalent to the fact that z satisfies

z(t) + ce™ N (t—o)
2.22
ce” M7 — / ro(s ds — _’\°T/ b ds fort>0. ( )

(Note that in [23] we have py, > 0, but it suffices to have py, # 0.)
Next, we introduce the function

w(t) = =(¢) exp {/Ot {JCAPA(“) _ hm(“)} du} for t > —r.

By using this function, we can immediately see that (2.22]) takes the equivalent
form

w(t) + ce 2wt — o) exp {/t; [f*(“) - M] du}

Pxo Pxi

e L T (s exp {/t {f”“) - f”“)} du} ds (2.23)

Pro Jt—o Po Py

e [ b(s)w(s) exp ) I for t > 0.
o Homren{ [[{E0 - 5] )

In view of the fact that the coefficients a and b are T-periodic functions, it follows
that the functions fy, and f, are also T-periodic. So, by taking into account the
fact that o = ¢T and followmg the same procedure as in proving and (| -
(in the proof of Lemma [2.3)), we can show that

1 t
P / o (w)du = oo for t >0
Ao Jt—o
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and ,
1
fr, (w)du = o fort > 0.
Px1 Jt—o
Consequently,
t
€xp {/ [f/\(’(u) - f’\l(u)] du} = e(Po=M)o for every ¢ > 0.
t—o Pro P

By using this fact, we see that (2.23)) can equivalently be written as follows
w(t) 4+ ce M 7w(t — o)

- ce—%”i /t; Fro(s)w(s) exp {/t {w - W} d“} ds (2.24)

—e N7 b(s)w(s)exp Do) S du 3 ds for t > 0.
- pmren{ [[{E0- 5] )

Combining the definitions of the functions y, z and w, we have

w) = {o - 2D e [ L | T (e fesp [ t (]

for t > —r. Thus, by taking into account the initial condition and the defini-
tions of the constants Uy (Ao, A1; @) and Ua(Ag, A1; @), we can immediately conclude
that the double inequality in the conclusion of our theorem can be written in the
equivalent form

min w(s) <w(t) < max w(s) forall¢>0.
—r<s<0 —r<s<0

What we have to prove is that the last double inequality is valid. We will confine
our attention in establishing that

w(t) > rréin<0w(s) for every t > 0. (2.25)

In a similar way, one can show that

w(t) < max Ow(s) for every ¢ > 0.

—r<s<

It remains to prove (2.25). For this purpose, let us consider an arbitrary real
number K with K < min_,<s<ow(s). Then we obviously have

w(t) > K for —r<t<0. (2.26)
We claim that
w(t) > K forallt > 0. (2.27)
Otherwise, in view of , there exists a point ty > 0 so that
w(t) > K for —r<t<ty, and w(ty) =K. (2.28)

We notice that it is supposed that ¢ < 0. Also, we observe that, as py, # 0, the
hypothesis (2.9) can be written in the form p%on (t) <0 for t > 0. So, since the
0

function f, is T-periodic and r is a multiple of the period T, we always have
1
Pro
Furthermore, since the function b is T-periodic and 7 = mT, the assumption that b

fao(t) <0 for every t > —r.

is not identically zero on [0, c0) means that b is not identically zero on the interval
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[to — T,t0), while the hypothesis that b is nonpositive on [0,00) means that b is
nonpositive on [tg — 7,tg). Hence, the function bis nonpositive, but not identically
zero, on the interval [tg — 7,t). We also have b(tg) < 0. Now, by using and
taking into account the above observations, from we obtain

K = w(ty) = —ce M%w(ty — o)

Teeor - [_a Fro (5)(s) exp {/t {fAO W _ fA(“)} du} s

Po Pro P

>1((—mha+az%”]' ’ fM@ﬁmp{lm{ﬂWW)—fhun}m%ds

Pro Jto—0o Pro P

v s {[ [0 )

Thus, using for t = tg, we arrive at the contradiction K > K. This contra-
diction establishes our claim, i.e., holds. Since @ is satisfied for all real
numbers K such that K’ < min_, <4< w(s), it follows that @ is always fulfilled.

The proof of the theorem is complete. O

Before closing this section, we will consider two special cases, namely the non-
neutral case and the autonomous case.
Consider, first, the periodic linear (non-neutral) delay differential equation

Z'(t) = a(t)z(t) + b(t)x(t — 7). (2.29)
Equation (2.29) can be obtained (as a special case) from (2.1) by taking ¢ =0 and

o =7. As it concerns the (non-neutral) delay differential equation ([2.29)), we have
the number 7 in place of r. The characteristic equation of (2.29)) is

A=A+ Be V. (2.30)

By applying Theorem to the (non-neutral) delay differential equation , we
are led to [35, Theorem 2.3] in the previous authors’ paper, under the additional
hypotheses that the root Ao of the characteristic equation is such that a(t) +
b(t)e=™ < 0 for t > 0 (and so )¢ is always nonpositive) and that Ao satisfies
1+ Bre 7 £ 0. (Note that we always have 1+ Bre=07 = 0 if the other root \;
of is also nonpositive.) But, these (additional) hypotheses are not needed
for [35, Theorem 2.3] to hold. Hence, [35, Theorem 2.3] cannot be obtained as a
corollary from Theorem the main result of this section.
Next, let us consider the autonomous linear neutral delay differential equation

[2(t) + ca(t — o)) = ax(t) + ba(t — 7), (2.31)

where ¢, a and b # 0 are real numbers, and o and T are positive real constants. The
characteristic equation of (2.31]) is the following one

M1+ ce ) =a+be . (2.32)

The constant coefficients a and b of the autonomous neutral delay differential equa-
tion can be considered as T-periodic functions, for any real number 7 > 0.
We observe that the hypothesis that the root Ay of the characteristic equation
satisfies is equivalent to the hypothesis that \g is nonpositive. After
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these observations, it is not difficult to apply Theorem [2.4]to the special case of the
autonomous linear neutral delay differential equation . The result obtained
by such an application is a special case of a more general result given by the au-
thors in [30] (for autonomous linear neutral delay differential equations with several
delays), under the assumption that there exist T > 0 and positive integers £ and
m with 0 = 0T and 7 = mT, and the hypothesis that the roots Ao and Ay of the
characteristic equation satisfy 1+ ce % £ 0 and 1 + ce ™1 # 0. Note
that these restrictions are not necessary for the special case of the more general
result in [30] to be valid. Such restrictions are not imposed in the corresponding
result in [30] concerning more general autonomous linear neutral delay differential
equations.

3. ON THE BEHAVIOR OF THE SOLUTIONS TO PERIODIC LINEAR NEUTRAL DELAY
DIFFERENCE EQUATIONS

This section is devoted to the study of the behavior of the solutions of the linear
neutral delay difference equation

A(xy + cxps) = a(n)x, + b(n)xp—r, (3.1)

where ¢ is a real number, (a(n))p>0 and (b(n)),>o are sequences of real numbers,
and o and T are positive integers. It is supposed that the sequence (b(n))p>o is not
identically zero. Moreover, it will be assumed that the coefficients (a(n))p>o0 and
(b(n))n>0 are periodic sequences with a common period T (where T is a positive
integer) and that there exist positive integers £ and m such that

oc=/{0T and 7=mT.

Let us consider the positive integer r defined by
r = max{o,7}.

A solution of the neutral delay difference equation is a sequence of real
numbers (x,),>_r, which satisfies for all n > 0.

With the neutral delay difference equation , one associates an initial condi-
tion of the form

Ty =¢, forn=-—r ... 0, (3.2)
where the initial values ¢, (n = —r,...,0) are given real numbers. For convenience,
we will use the notation ¢ = (¢,,)0__,..

Equations and constitute an initial value problem (IVP, for short).
It is clear that there exists exactly one solution (z,)n,>_, of the neutral delay
difference equation which satisfies the initial condition ; we shall call this
unique solution (xy,)n>_r the solution of the initial value problem ({3.1] , or,
more briefly, the solution of the IVP ( , -)

With the neutral delay difference equatlon (3.1), we associate the equation
A1+ e )] = H [14 A~ +a(k) + b(k)A7] ; (3.3)
k=0

this equation will be called the characteristic equation of (see the authors’
paper [29]).

Now, we shall introduce certain notation, which will be used throughout this
section without any further mention.
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By (a(n))n>—r and (g(n))nz_r we will denote the T-periodic extensions of the
coefficients (a(n))n>0 and (b(n))n>o0, respectively. (Clearly, r is a multiple of the
period T'.)

We consider positive roots A of the characteristic equation with the follow-
ing property:

14+cA77 #0. (3.4)
We immediately observe that a positive root A of with the property

satisfies
T-1

1
T — 1 - - —T 5
A ll{ + T (k) + bR %
Furthermore, for any positive root A of the characteristic equation (3.3 with
the property (3.4), by (hx(n)),~_, we shall denote the sequence of real numbers
defined as follows B

ha(n) =1+ [@(n) +b(n)A™"] forn > —r.

1+cA@
Since the sequences (a(n)),>o and (b(n)),>o are T-periodic, it follows immedi-
ately that, for each positive root A\ of with the property , the sequence
(ha(n)),,>_, is also T-periodic.

By the use of the above notation, we have

T-1
AT =TT hatk)
k=0

for each positive root A of the characteristic equation with the property .
This fact will be used quite frequently in the sequel without any specific mention.

We will make use of positive roots A of the characteristic equation with the
property and the additional property: If T > 1, then

ha(k) =1+ (k) +b(E)A"T] >0 (k=1,....,T—1).  (3.5)

14+ch=°
(It must be noted that (3.5 holds by itself when T' = 1.)

The following simple result will be kept in mind in what follows:

If X is a positive root of the characteristic equation with the properties
and , then

hxa(n) >0 for alln > —r.

This result has been established by the authors in [29] for the case of more
general periodic linear neutral delay difference equations with several delays. Note
that in [29] we have used positive roots A of the characteristic equation with
the property

14+eA77>0 (3.6)
in place of the property (3.4) considered here. But, the above result remains valid
with instead of

Let us introduce another notation. If A is a positive root of the characteristic
equation (3.3) with the properties (3.4) and (3.5), then (Hx(n)),>_, will stand for

the sequence of positive real numbers defined by

n—1
“ohy(k forn >0
H)\(n) = ki()l )\( ) 1 B
[TT,2,, ha(k)] forn=—r,...,0.
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Note that, here and in the sequel, we use the usual convention ]_[,::10 =1.

A Dbasic asymptotic criterion for the solutions of the neutral delay difference
equation (3.1]) is the following theorem, which is closely related to the main result
(Theorem [3.3] below) of this section.

Theorem 3.1. Let A\g be a positive root of the characteristic equation (3.3|) with
the properties (3.4) and 1) with \g instead of A, and the following property:

ﬂAU:C,\ga{1_i{1 il ”jt/\ Zh)\g (3.8)

s=0
(Note that Property (3.7) guarantees that 1+ (B, > 0.)
Then the solution (xn)n>—r of the IVP (3.1), (3.2)) satisfies

Ln _ M)\O (gb)

le|A;° + gfz h s)| < 1. (3.7)

Set

R H ) T 1+ By (39)
where
-1 —1
My, (@) :¢o+c{¢g P> ) LT_[ f%(/s)] @}
o ) - (3.10)
257 Y lH m(@] b(s)6:s.
s=—7 Lk=s+1

The above theorem has been established in the authors’ paper [29] for more
general periodic linear neutral delay difference equations with several delays. Note
that in [29] we have assumed that the positive root A\ of the characteristic equation
has the property with A\ instead of A\, while in Theoremit is supposed
that A\¢ has the property with Ao instead of A. But, if A\g has the properties
(3.4) and with Ao instead of ), then makes sense and it implies that
le|Ag 7 < 1, which gives 14 ¢A;? > 0, i.e., A9 has always the property with
Ao instead of .

The main result of this section, i.e., Theorem [3.3] below, is derived via two
suitable distinct positive roots of the characteristic equation . Before stating
and proving Theorem we give a lemma (Lemma below), which is rather
technical, but it is crucial in proving Theorem

Lemma 3.2. Let A\g and A1, Ao # A1, be two positive roots of the characteristic

equation (3.3) with the properties (3.4) and (3.5) with Ao instead of A as well as
(3.4) and (3.5) with A1 instead of A\, respectively. Then, for each n > 0, we have

[ oy ha, ()
L=—cA7+cr7 > [ ]HhA N
s=n—o 1
-7 Z

Hh,\o (k)
s=n— ’Th)\o h)\l k

(3.11)
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Proof. Set py, =1+ cAy? and py, =1+ cA]?. We immediately see that
g [ (n) = 1] = pir, [, () = 1] = B(n) (AgT = A7) forn>—r.  (3.12)
Also, it is obvious that
ag — ki, =c(Ag7 = A77) . (3.13)

Furthermore, we note that the sequences (hy,(n))n>—r and (hy, (n))n>_, are T-
periodic. Thus, by taking into account the fact that 7 = mT, we obtain for n > 0

n—1 T—1 m
IT 7o) =T hro (R lH hi, (k ] (D)™ =27 = .
k=0

k=n—7
That is,
H hx, (k) = Ay for every n > 0. (3.14)
Similarly, we have o
II 7 (k) =A]  for every n > 0. (3.15)
k=n—7

Moreover, for any positive integer v, we get

vT—1 v

T-1
I 7ok = [H h,\o(k)] =(\)" ="
k=0 k=0

Consequently,

vT—1

IT 2re(B) = X" (v =1,2,...). (3.16)
Analogously, we find

vT—1

IT oan(B) =X" (w=12,...). (3.17)

Now, let us consider an arbitrary but fixed integer n > 0. We shall show that,
for this fixed integer n, equality (3.11]) is fulfilled.
We take into account ( and ([3.13) to obtain

n—1
=T _ \—T hko(k)
Y )\ TS;TM (o =% )Ighh(k)
hig (k)
A )\ N—T _ \—T S;T h)\o {Iu)\() [hAo (S) - 1} My h>\1 } H h)\? k
e ) T U = ) g 8) = 1 i, g (8) =B, ()] ¢
0 s=n—T 0
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hix, (K
]Hw

—1

_/\“A;"”
N /\ITZ[ h

s=n—T1 AO
n—1
1 B, hAO (k)
R Pl e all i)
But, using and (3.15] -, we have

n—1

B, ( hao(k) % hag (k) " By (k)
Z [ ) } H h): k) _( h,\o s) H h}\? k) H h;l)(k)

S=n—T1 S=n—T h>\1( s) k=s k=s
n—1 n—1 n—1
- X | I e - T
s=n—71 Lk=s+1 h>\1 k=s h)\l (k)

k=n—T1

- k‘nTh)\O():l )\:71 ()\0>
kn7’h>\1() )\ At

Note that we have used the usual convention that Hz_l = 1. Hence, it holds

S=n—T k
- ) (3.18)
)\0 A7 h, (k
N /\_ —A s:zn:—-r |: hixo (s :| H h’)\1 AT
Next, we observe that (3.11) can equivalently be written as follows
n—1
_ hio (k) _ ho (k)
:C)\ o 0 _ T 0 .
o ’ sznz—a |: :| H k s—;r h)‘o ];[s h)‘l (k)
So, in view of (3.18]), equality (3.11]) is equivalent to
n—1
_ ho (k)
0=c\? o
0 S:;U |: h/\o S)] H h>\1 k
_ — n—1 n—1
D PdE D Vi 1 hx, (k)
-\ 76707 ]; |:]_ — :| 0 .
TN AT s:En:_T hx, (5) /cll[s hx, (k)

The above equality is satisfied if

AT s 1155 hay (k)
Ao . A7 2 {1 - th)] 11 ha, (k)

S=Nn—o
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B )\7_7— n—1 - 1 n—1 h,\o(k)
- Aafiv 2 [1 m(s)} H hx, (k)

S=n—T

i.e., if the following equality holds,

EJDE-2006/110

(3.19)

In the rest of the proof, we will establish (3.19). To this end, it is sufficient to prove

that
1 n—1 |:1 - 1 :| n—1 h)\o (k)
_ (2 7 = h)\o(s) = h)\l (k)
1 ( 1) s=n—o k=s
B 1 ’il [1 1 ] S b ()
B T h hx, (k
/\0 _ >\O S - /\1
1-— (A—l) s=n—-T ( ) k=s ( )
and

— 1
1-— (i—;’) s=n—T

(3.20)

(3.21)

To prove ((3.20]) and (3.21]), we shall take into account the fact that the sequences
(hag ())n>—r and (hy, (n))n>—_, are T-periodic and that ¢ = ¢T and 7 = mT and

we will use equalities (3.16) and (3.17). We confine ourselves to showing (3.20).
Equality (3.21]) can be established by an analogous procedure. We obtain

n—1

> ) U o

S=n—o

i=1s=n—-T k=s—(i—1)T k=s
Rk SN } oo P () T g ()
i=1s=n—-T - h)‘o (S) 2;i7(i71)T h>‘1 (k) k=s h)\l (k)
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{ n-—1 (i—1)T—-1 n—1
_ o 1 k=0 h/\o(k) hAo(k)
B ; ZT [1 hxo(s)} G HT- 11%( ) 1;[ h, ()

i=1 s=n— k
¢ n—1 (i—1)T n
;s—nZ—T[l hxo : }i(l 1)THh,\ EZ
\ (i-1)T7] n-1 1 n—1 o, (k)
) [Z 6 ] P el 1wy
- (%)H = . 1755 oy (k)
- N_ZT[ B hM(s)} ,E o (F)
A1

115 hag (k)
B 1- (%)T S:;T [1 - h,\o(s)} kl;[s ho, (k)

So, we have proved that (3.20]) holds.
The proof of our lemma is complete. O

Now, we proceed to establish the main result of this section, i.e., Theorem
below.

Theorem 3.3. Suppose that ¢ < 0 and that (b( ))n>0 @S nonpositive Let Ao be a

positive root of the characteristic equation (3.3) with the properties (3.4) and (| .
with Ao instead of A and such that

(1+eXg7) [a(n) +b(n)A;T] <0 forn >0, (3.22)

and assume that 1+ By, # 0, where By, is defined by (3.8). Let also A1, A1 # Ao,
be another positive root of (3.3) with the properties (3.4) and (3.5) with A instead
of A.
Then the solution (zy)n>—r of the IVP (3.1)), (3.2) satisfies
1 My, (9)
Vi(ho, A 2, — 2o
( 0 1¢) H)\l( )[ 1+ﬁ)\0

where My, () is defined by (3.10)), and

. o . 1 M)\o(¢)
V1(>\Oa >\17 ¢) - n:lzli,r.l..,o { I{)\1 (n) |:¢n - 1+ ﬂ)\o H)\o (n):| } 5

Va(Xo, A\1;0) = n:@%}.(..,o { H)\l(n) [qﬁn - ]1\4—1):0;(1)) Hy, (n)] } :

Let Ao be a positive oot of the characteristic equation (3.3)) with the proper-
ties (3.4) and (3.5) with Ao instead of A\, and such that 3.221 holds. Then we
immediately see that (3.22]) can equivalently be written as follows

H,, (nﬂ <Va(hoM:d) for alln >0,

T s B A7 SO0 forn 2 —r.

Hence, inequality (3.22)) is equivalent to
hxa,(n) <1 forn>—r. (3.23)

Furthermore, it follows easily that the root Ay is always less than or equal to 1.
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It must be noted that the double inequality in the conclusion of Theorem [3.3]is
equivalent to

HAl (n) Ln MAO (¢) ) H)\l (n)
Hy,(n) < Hy,(n) 14 B, < ‘/2()\0,/\1,¢)H>\0(n) for n > 0.

Thus, (3.9) is satisfied if the roots Ag and A; of (3.3) are such that

lim Hy(n) =00
n—oo H)\1 (TL)

Vi(Ao, A1; )

Moreover, we notice that another equivalent form of the double inequality in the
conclusion of Theorem [3.9]is the following one

Vi M) i, () + T2y, ()
<z,
< Va(Ao, A1 9) Hy, (n) + Jl\/j%gf)HAo(n) for n > 0.

Proof of Theorem[3.3. Consider the solution (z,,)n>—_r of the IVP (3.1), (3.2)), and

set
Tn

= forn > —r.
H>\0 (’I’L) h

Yn

Define
M
znzyn—M for n > —r.
L+ B,
It has been shown by the authors [29] (for more general periodic linear neutral delay
difference equations with several delays) that (x,,),>_, satisfies (3.1]) for n > 0 if
and only if (zy,),>_, satisfies

n—1 1

n—1
—0 —0 —T 1 7
Zn €Ay T Zn—e = CAg j [1 i (5)] Zs — Ap g (o) b(s)zs (3.24)

for n > 0. Note that in [29] it is assumed that Ay has the property (3.6) with Ag
51

s=n—T

instead of A, but it is sufficient to suppose that Ag has the property (3.4) with Ag
instead of \.
Next, we define

w, = Hy, (n)
H, (n)
Then we see that (3.24) reduces to the equivalent equation
—o H>\1 (Tl — O-)/Hkl (TL)
0 Wn—o
H)\o(n - U)/H)\o (TL)

e S [ L] Ea)/ )
—NT 2 [1 hAO(S)} Hy, (n)/Hy,(s) ° (3.25)

2z, forn > —r.

Wy, + €A

S=n—o

—r 1 5 Hy(n)/Hx(s)
- Z hAO(s)b(s) H,\l(n)/HAl(s)ws for n > 0.
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By taking into account the fact that the sequence (hy,(n))
that o = T, we obtain for n > 0

> 18 T-periodic and

[T:25 "t hag (k)

i >
Hy,(n—o0) _ [Hg “Lhiag (k) a] ifn>o
Hy,(n) P C) T
0 NERDWOR fo<n<o
if n >
[H; éhxo(k)][l'[" o— 1h%o(k)rl’ iIn-=>o
m fo<n<gco

Tl hag (k>] [ITiZ0 hoxg (B)]

ne -1

1 -1 o—1
hixg (k)] = [H hixg <k>]
—0 k=0
- T-1 —¢
k=0

Il
lﬁ
ﬂ
|—l

;"
I—I

_ ()\g' — )\0 LT )\ao'
That is,
H)\o (n — O’) _
—=0 2 =)\? foralln>0. 3.26
H)\o (n) 0 B ( )

In a similar way, by using the fact that the sequence (hy,(n)),~_, is T-periodic
and that o = ¢T, we find B

H)\l (n O’) —
—— 2 = )\7? foralln>0. 3.27
H)\l (n) ! B ( )

Furthermore, for any integers n and s with n >0 and —r < s <n —1, we get

1o hag (F)
Hyo (1) _ ) Thizghag ()
Hy,(s) M, if —r<s<o0
[szs hko(k)]
1_[2;3 hko(k)
— ) TZshag(k)’
T e ()] [TRZ v (B)] i =7 <5 <0

fo<s<n-1
fo<s<n-1

So, we have

HAO(”)
7f||h k) forn>0and —r<s<n-—1. 3.28

Similarly,

H/\l((n)) = Hhh(k) forn>0and —r<s<n-1 (3:29)
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In view of (3.26]), (3.27)), (3.28)) and (3.29)), equation (3.25)) is written in the following
equivalent form

n—1
ho (k)
Wn A Wng = AT D { N HH hik]

s=n—o 0

-\ Z h>\0 [H hx, (K ]ws for n > 0.

By the definitions of (yn)n>—r, (Zn)nZ—r and (wn)nz_r, it follows immediately that
1 l: M)\o ((rb)

Ty —
H)\l (TL) 1+ ﬁ)\o

Thus, in view of initial condition (3.2)) and because of the definition of Vi (Ag, A1; ¢)
and V2(Xo, A1; @), we see that what we have to prove is that (w,),>_, satisfies

(3.30)

Wy, = Hy, (n)] forn > —r.

min w; <w, < max ws foralln>0.
s=-r,...,0 s=-r,...,0

We will restrict ourselves to showing the left hand part of the above double in-

equality. The right hand part of this double inequality can be established by an
analogous procedure. So, it remains to prove that

wy > min o Ws for every n > 0. (3.31)

S=—1,...,

To prove (3.31)), it suffices to show that, for any real number K with K <
ming—_, . ows, it holds

wy, > K for all n > 0. (3.32)
Let us consider an arbitrary real number K with K < ming—_, . ows. Then
wp, > K forn=-r... 0. (3.33)

Assume, for the sake of contradiction, that (3.32)) is not valid. Then, because of
(3.33]), there exists an integer ng > 0 so that

wp,>K forn=-r....ng—1, and w,, < K. (3.34)
We notice that we have supposed that ¢ < 0. Also, it follows from (3.23)) that

1-— <0 foralln>—r.

h>\o (n)

Furthermore, as the coefficient sequence (b(n))n>o is T-periodic and 7 = mT,
the assumption that (b(n)),>o is not identically zero means that (b(n))r,! _ is
not identically zero, and the hypothesis that (b(n)),>o is nonpositive means that
(b(n))z(’:_nt_T is nonpositive. Hence, (b(n))zc’:_nt_T is nonpositive, but not identically
zero. Now, by using (3.34]) and taking into account the above observations, from

(3.30) we obtain

K > wy,
no—l no 1
_ —a o h, (k)
= —CA] "Wny—o + €Ay S_HZ_G[ ] [H X 1
’I‘Lofl 1 - nofl h (kj)
—\7 b Ao X
2 TG ()l 117, <k>]
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no—1 no—1 h)\ ]f
> K {—CAl_U + C)\(TG Z |: h>\ :| H h/\o k
0 1

s=ng—o

no—1 no—1

B (
3 e T
s=ng—T h)‘o h>‘1
So, we can use (3.11) for n = ng to arrive at the contradiction K > K. This
contradiction implies that (3.32)) holds true. We have thus proved that (3.31) is
always satisfied.
The proof of the theorem is complete. O

Before closing this section and ending the paper, let us concentrate on the fol-
lowing two special cases.
Consider the special case of the periodic linear (non-neutral) delay difference
equation
Az, = a(n)z, + b(n)z,_r. (3.35)
This equation can be obtained (as a particular case) from by taking ¢ = 0
and considering the delay o to be chosen arbitrarily so that o < 7 (for example,
o can be chosen to be equal to 7). In the case considered, we have the integer T
instead of r. As it concerns the (non-neutral) delay difference equation , the
characteristic equation becomes
T—1
AT =TT [1+a(k) + b(k)A™7] . (3.36)
k=0
We observe that holds by itself, for any positive root A of the characteristic
equation . Moreover, it is not difficult to see that, if A is a positive root of the
characteristic equation with the property , then every positive root A* of
) with A* > X\ has also the property (3.5) with A\* instead of A, provided that
(b(n))n>0 is nonposmve An application of Theorem - to the (non—neutral) delay
difference equation (3.35)) leads to [35, Theorem 3.4] in the authors’ paper, under
the additional assumptwns that the root Ao of the characteristic equation
satisfies a(n) +b(n)A\g " < 0 forn > 0 (Which implies that \g is always less than or
equal to 1) and that 1+ Ay ZS 0 Tny (5) b(s) # 0. These additional assumptions

are not necessary for the validity of [35 Theorem 3.4]. Thus, [35, Theorem 3.4] is
not a corollary of the main result of this section, i.e., Theorem [3.3}
Finally, let us consider the special case of the autonomous linear neutral delay

difference equation

Az, + ctp—o) = axp + bTp_r, (3.37)
where ¢, a and b # 0 are real constants, and o and T are positive integers. The
constant coefficients a and b of can be considered as T-periodic sequences of
real numbers with 7" = 1. The assumption that there exist positive integers ¢ and
m such that ¢ = ¢T and 7 = mT holds by itself. The characteristic equation of
B37) is

A=D1 (1+ecA7)=a+b\". (3.38)
We can immediately see that the hypothesis that the root Ay of the characteristic
equation is such that holds is equivalent to the hypothesis that Ag < 1.
By applying Theorem [3.3]to the special case of the autonomous linear neutral delay
difference equation , we can easily be led to a particular case of a more general
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result obtained by the authors in [2§] (for autonomous linear neutral delay difference
equations with several delays), under the restriction that the roots Ao and \1 of the
characteristic equation are such that 1 +cAg” # 0 and 1 +cA77 # 0. It
must be noted that this restriction can be removed; indeed, the corresponding more
general result in [28] holds without such a restriction.
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