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ABSTRACT. Using minimization arguments we establish the existence of a com-
plex solution to the magnetic Schrodinger equation

—(V+iA@)?u+u=f(u>u inRY,

where N > 3, A:-RN — R¥ is the magnetic potential and f satisfies some
critical growth assumptions. First we obtain bounds from a real Pohozaev
manifold. Then relate them to Sobolev imbedding constants and to the least
energy level associated with the real equation in absence of the magnetic field
(i.e., with A(z) = 0). We also apply the Lions Concentration Compactness
Principle to the modula of the minimizing sequences involved.

1. INTRODUCTION

The aim of this article is to study the magnetic Schrédinger equation
—(V+iA@)?u+u = f(u*u inRY, (L.1)

where w:RY — C, N > 3, i is the imaginary unit, A = (A4y,..., Ax):RY — R¥ is
the magnetic (or vector) potential and the nonlinear term f:RT — R is a regular
function satisfying suitable assumptions and having critical growth at infinity with
critical Sobolev exponent 2* = % for N > 3. In the recent literature, magnetic
Schrédinger equations have been studied in the critical case from different points
of view but in few papers which we recall here in the following.

Esteban and Lions [I1] (1989), found solutions to

(—=iV + A(2))?u + M = |u|*u  in R3

with A € R by solving constrained minimization problems with Concentration-
Compactness methods. Arioli and Szulkin [3] (2003), found non-trivial solutions
to

(—iV + A(x))?u+ V(z)u = [u[* 2u in RV,
with A and V locally Lebesgue measurable by means of constrained minimiza-
tion and Concentration-Compactness arguments under suitable assumptions on the
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spectrum of the operator (—iV + A(z))?+ V. Chabrowski-Szulkin [8] (2005) proved
the existence of a non trivial solution to

(=iV + A(2)?u+ V(z)u = Q(z)u|* 2u in RV,

when the electric potential V' changes sign by a min-max type argument based on
a topological linking. Certain regularity properties of solutions for a rather general
class of equations involving the operator (—iV + A(x))? are also established. Barile,
Cingolani, Secchi [4] (2006) established existence results by abstract perturbation
techniques to

(iV + eA(z)u + eV (z)u = [u)* 2u in RV,

where ¢ € (0,e9), @ € [1,2], N > 4 and the potentials A and V are bounded
continuous and Lebesgue measurable. Han [I2] (2006) showed the existence of a
non-trivial complex solution to

(—=iV + A(2))?u — V(z)u = [u[* 2u in RV,

with N > 3, have been established by a Mountain Pass Theorem under suitable
assumptions on the integrability and the behaviour of the magnetic potential A
and the electric potential V. Wang [2I] (2008) established existence results for a
nontrivial solution to

(—iV + A(2))?u + AV (2)u = K(z)|ul> "2u  in RV,

lim wu(z)=0
|z| =00

with N > 3, by means of Linking Theorem applied twice when A > 0, the mag-
netic potential A € L2 _(RY), the electric potential V() is sign-changing, K ()
is positive bounded and continuous and V, K satisfying suitable local assumptions.
Liang and Zhang [I5] (2011) studied standing waves solutions 9 (z,t) = e~ # u(z),
(t,z) eERx RN N >3, to

Loy R . 2 2" -2 2

ihgr = =5~ (V+id(@))" + W(2)y — K(2)[9]" 7" — h(z, [¥7),
thus establishing the existence of at least one solution and, for any m € N, the
existence of at least m pairs of solutions under suitable assumptions. Ding and Liu
[10] (2013) proved then existence and have also described concentration phenomena
of (ground states) solutions to

(—ieV + A@@)*u + V(z)u = W(x)(g(jul) + Ju* "H)u n RY

in the semiclassical limit (i.e. as e — 0) when A € CH(RY , RVM)NL® (RN, RN), V, W
are positive and satisfy proper boundedness assumptions and g(|u|)u is superlinear
and subcritical. Liang and Song [14] (2014) treated

—e2(V +iA(2)?u+ V(z)u = [ul* 2u+ h(z, |u>)u  in RY

where N > 3 and V(z) is a nonnegative potential by establishing for € > 0 suffi-
ciently small the existence of both one solution and m pairs of solutions for every
m € N by means of Lions’ second Concentration-Compactness method and Con-
centration Compactness principle at infinity in order to recover a (PS). condition.
Alves and Figueiredo [I] (2014) studied the multiplicity of nontrivial solutions to

(—iV — A(x))?u = plu)2u+ [u/* 2u in Q,
u=0 in 09,
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yhere Q is a smooth bounded domain of RY with N > 4, A is continuous on
Q, 2 < g < 2* thus relating the number of solutions with the topology of Q by
Ljusternik-Schnirelmann theory. Tang and Wang [24] (2015) studied

—(V +iA@)?u+ (Ma(z) — &)u = |[u/* "'u in RN

with & > 0 and the electric potential can be negative in some domain; specifically,

by variational and Nehari methods they have established the existence of a least

energy solution u) which localizes at the bottom of the potential well as A\ — 4o0.
Throughout this article, we use the following assumptions:

(A1) A€ L2 _(RY,RY) and there exists 79 € RY such that A is continuous at
Zoj;

(A2) A(%) =oA(z) for every z € RN and for every o > 0;

(A3) A€ L2, (RN RV);

(A4) f e CY(R*,R) and lim, o+ f(s) = 0;

(A5) 0 < limsup,_, . f(s)/s* ~2/2 <1,

(A6) f(s)s — F(s) >0 for every s € R with s > 0 where F(s) = fos f@) dt;

(A7)

there exist A > 0 and ¢ € (2,2*) such that
fls) > As(4=2/2 for every s € R with s > 0.

A typical example of a function satisfying conditions (A1)—(A3) is A(x) = A/|z|,
where A is a constant vector.

Note that by hypothesis (A2), the magnetic potential A is homogeneous of degree
—1. This hypothesis is just used in Section 4 when we show that the limit of
minimizing sequence is a nontrivial complex solution of Problem

We shall prove the following result in the case N > 3. For the definition of
the Sobolev embeddings constants S and c4 which appear in the next theorem see
Section 2

Theorem 1.1. Suppose that N > 3 and (A1)—(A7) hold. Then, there exists \* >
0 such that for all A > X\* problem (L.1) admits a nontrivial complex solution.
Precisely, the constant is

% _ [o(2=N)/2 0—N/2 2N (N—2)/2] @=2)/2 (4-9)/2
A _[2 STVEN (=) =272
From our point of view, the main contributions of this article are as follows:

(1) Inspired by recent results obtained by Alves, Souto and Montenegro [2] (see
also Zhang and Zou [23]) for equation when A(z) = 0, we aim to establish the
existence of a complex solution to the magnetic equation by means of Con-
centration Compactness Principle of Lions [I8] [19] in the case N > 3. Concerning
the case N = 2, we mention the paper by Barile and Figueiredo [5].
(2) Since we do not know the Pohozaev identity associated with the problem (P),
we use Pohozaev’s identity of real problem, causing a modification in the arguments
that can be found in [2] (see also Zhang and Zou [23]).

Remark 1.2. Condition (A5) can be replaced by

f(s)

s——+00
with p > 0 or more in general by

f(s)

0 < lim sup m

s— 400

< +o0.
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For simplicity but without loosing in generality, we assume (A5) thus studying the
case p = 1.

Remark 1.3. From (A4) and (A5), for any € > 0 there exists C; > 0 such that
|f(s)] <e+Cels|®=2/2 forall s >0

and by integration
|F(s)] <e|s|+ C:|s|*/? forall s >0,

where C. = (2C.)/2*.

Remark 1.4. From hypothesis (A7), by integration we obtain

2
F(s) > =)|s|7”? for every s € R with s > 0.
q

This article is organized as follows. In Section [2] we fix notation and variational
tools. In Section [3] we establish some preliminary results which will be useful in
Section [ for proving Theorem

2. NOTATION AND VARIATIONAL TOOLS

To introduce the variational structure of the problem, we set
HL(RY,C) = {ue L*R",C): / IV qul?dz < +o0}
RN

with Vau = (V+iA(x))u. The space H}(RY,C) is an Hilbert space endowed with
the scalar product

(u,v)A:Re/ (Vau-Vav+ud) do for any u,v € H(RY,C)
RN

where Re and the bar denote the real part of a complex number and the complex
conjugation respectively. The norm induced by this inner product is

1/2
4 = (/RN(WAUP +luf)dr) " forue HY(RY,C)

and C§°(RY,C) is dense in H}(RY, C) with respect to the norm || - |4 (see [11
Section 2] and [I6, Theorem 7.22]). We denote by H ;' (RY,C) the dual space of
HY(RY C). Recall that for every u € H(R™,C) one has

/ \VAu\dez/ |Vu|2dx—|—/ |A(x)\2|u|2dx—2Re/ Vu - iA(x)udr.
RN RN RN

RN
Since there is no relation between H} (RY,C) and H'(RY, C); that is, H}(RY,C) ¢
HYRY R) and HY(RY,C) ¢ HY{(RY,C), we will frequently use in this paper the
following diamagnetic inequality (see [16], Theorem 7.21])
|V|u|(z)| < |Vau(z)| for almost every z € RV . (2.1)
This implies that, if v € HL(RY C) then |u| € HY(RY,R). Therefore, u €
LP(RN,C) for any p € [2,27].
By adapting standard variational arguments exploited in existing literature and

by exploiting radial assumptions it is not difficult to prove that there exists ¢ a
solution to

— (V+iA@)*¢+ ¢ =19]"?¢ RN, ¢ € HY(R",C). (2.2)
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Note that if I, is the functional associated with problem then I,(¢) = ca,
where

ca = inf max I (y(¢)) >0,

Y€l A t€[0,1]
Pa={y€C(0,1], H} aa(RY,C)) : 7(0) = 0 and I, (v(1)) < 0},
2= U, 2.3
Jolfy = [ lolda (23)
2
oI5 = -=5ea (2.4)

Moreover, we consider the space

DY*(RN,C) = {ue L* (RY,C) : /

|V qul’dx < +o00},
RN

which is the closure of C§°(RY,C) with respect to the norm

1/2
lullprzgn ¢y = (/ |VAu|2d$) for u € DY*(RY, C)
A ’ RN

corresponding to the inner product
(u,v)Dkz(RN c) =Re Vau-Vavdr foru,ve DXQ(]RN,(C).
. -

Recall that DY* (RN, C) — L2 (RN, C). Tt is also useful to define
DY?(RY,R) = {u € L* (RV,R) : / |Vuldz < o0}
RN
which is the closure of C§°(RY,R) with respect to the norm

1/2
ullpr2 @y gy = (/ |Vu|2dx> for u € DV3(RY,R)
RN

corresponding to the inner product
(u, V) pr2@wy gy = Vu-Vodz for u,v € DV2(RY,R).
RN

Recall that DV2(RN,R) — L? (RN, R) and we denote by Sy > 0 the best constant
of Sobolev embedding D"?(RY,R) «— L?" (RY,R); that is,

.N2/27
S()(/ |ul? d:c) < / |Vu|>dz for all u € DV?(RYN | R).
RN RN

If S denotes the best constant of the imbedding D}L{2 (RY,C) — L* (RN, C), that
is,
fRN |V au|?dx
weD?(®N ) ([Jpn [uf?"dx)?/2”
we have that S = Sy, for details see [3| Theorem 1.1].
The energy functional I4:H}(RY,C) — R associated with (1.1]) is defined as

1 1
Ia(u) = §||u||?4 ~3 /RN F(|lu|?)dz for u e HY(RYN, C).

S:
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Under assumptions (A4), (A5) (see in particular Remark [1.3] and a direct appli-
cation of [20, Theorem 1.22]), we obtain I, € C'(H4(RY,C),R) with Gateaux
differential

Ig(u)v:Re/ (Vau-Vav+uv)dz — Re f(u?)uvda

RN RN

for all u,v € H}(RY,C), and its critical points are the weak solutions to (T.1).
We denote by H} .,.q(RY,C) and H],,(RY,R) the subspaces of H}(R",C) and

rad

HY(RN,R) formed by the radial functions, that is
Hi,rad(RN,(C) ={uec HY(RY,C) : u(x) = u(|z|) for z € RV},
H! RN R)={uec H'RY R) : u(z) = u(|z|) for z € RV}.

Now, for finding a nontrivial complex solution to (|1.1)) let
1
DA:inf{f/ |VaulPdz :u€ My} (2.5)
2 RN
where
Mo = {ue HY(RY,C)\ {0} : / G(u)de =1} with N >3
RN

with g(u) = f(Jul*)u — v and G(u) = § (F(|u|?) — [u|?) for u € H}(RY,C). Here-
after, we can denote by

Dy= inf T
A=, T

where for simplicity of notation

1
Ta(u) = 5/ |V qul?dz for u € HY{(RY,C).
RN
Moreover, we set
J(u) = G(u)dx = %/ (F(Ju]?) — [u]*) dz  for u € H}(RY,C),
RN RN

J (u)v = Re/ g(u)vde = Re/ (f(lul)u —w)vdr for u,v € Hy(RY,C).
RN RN

Lemma 2.1. Suppose (A1), (A4), (A5), (A7) hold. Then, the functional I4 has a
mountain pass geometry, that is

(i) 1a(0) =0,
(i1) there exist po,dp > O such that Ta(u) > &y for all u € HY(RYN,C) with
[ulla = po;

(iii) there exists ug € HL (RN, C) such that ||ug|la > po and Ia(ug) <O0.

Proof. (i) follows easily by Remark (ii) By exploiting Remark again and
Sobolev embeddings, for any € > 0 there exists C. > 0 such that

Ta(u) = gl - / F(juf?) de

1
zfuunA—;/ w dx—fc/ u?" da
1

2 51- lullZ = Celull -
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If we take ||ulla = p and choose € > 0 and p > 0 small enough, we obtain (i) is
satisfied for suitable pg, dg > 0.
(iii) Let vg € HL (RN, C) \ {0} arbitrary and ¢ > 0. By Remark it is

1 1
Ta(two) < = 2| lvo|% — f)\tq/ |u|? dx.
2 q RN

Since ¢ > 2, we obtain I4(tvg) — —oo as t — +oo thus, taken ug = tvy for ¢
sufficiently large (iii) is proved. (I

Therefore, we can define the following minimax value or mountain pass level of
I A, i.e.

ba= inf Jnax, Ia(y(t)) > 0,

where
La={y€C([0,1, Hy(RY,C)) : 7(0) = 0 and L4(y(1)) < 0}.
At this point, it is useful to consider the real scalar problem
—Au+u=f(ju>)u inRY
o -
u € H (RY,R)

with f:R*T — R satisfying assumptions (A4), (A5)-(A7) when N > 3. Here below
we give a brief description of the results which we will exploit in next sections and
which have been established in Alves, Souto and Montenegro [2] by using the ideas
in Berestycki and Lions [6], Coleman, Glazer and Martin [9] and in Jeanjean and
Tanaka [13]. The functional Iy € C1(H'(RY R),R) associated with is

1 1
Io(u) = =||ul]® — f/ F(|lu|*)dz for u € H'(RY,R),
2 2 Jpn
where
1/2 N
]| = (/ (V> +u)dz) " forue H'(RV,R).
RN
The authors investigated the existence of a ground state solution to (2.6)), which

means a solution to u € HY(RM R) such that In(u) < Iy(v) for every nontrivial
solution v € H(RM R) of (2.6). Denoting

mo = inf{Ip(u) : uis a nontrivial solution to (2.6])}
and taking into consideration the set of non-zero critical point of Iy, namely
Sigmay = {u € H'(RN,R)\ {0} : [j(u) = 0},

it follows that
mo = inf Io(’u)

ueXo
Let
1
Do = inf Ty(u) with To(u):f/ |Vu|?de  for u € H'(RY,R)
ueMo 2 RN

and the C! manifold

Mo = {uec H'[RY,R)\ {0} : /RN G(u)dz =1} with N > 3.
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It has been taken into account the Pohozaev identity manifold

Po = {ue H' (R",R)\ {0} : %/w |Vu|*dz = N/RN G(u)dz}

={ue H'RY,R)\ {0} : (N — 2)/ |Vul|?dz = N/ (F(Jul?) = |ul?) dz}.
RN RN
and pg = inf,ep, Io(u). Since Iy has a mountain pass geometry, we define

— inf Io(7(t
0= inf max o(F(1)),

where
Ty = {7 € C(0,1], H'R",R)) : 5(0) = 0 and Io(F(1)) < 0}.
In [2] the authors showed that Dy is attained in H!, ,(RY,R) and the following

least energy characterizations holds

1 /N-2
mozbozpozﬁ(w

so that (2.6 has a nontrivial ground state solution.
These existence results have been established without assuming two widely used
conditions, that is the monotonicity condition

f(s%)s

YN @2D)N2 it N > 3;

is increasing in (0, +00)

and the Ambrosetti-Rabinowitz condition: there exists a constant 6 > 2 such that
0 < OF(s%) < f(s%)s*> for any s € R\ {0}.

Therefore, the paper [2] complements the results obtained in the subcritical case
by Jeanjean and Tanaka [I3] and improves previous results established under the
two previous conditions. Furthermore, we stress that assumption (A7) ensures that
there exists s > 0 such that G(s) > 0, which is a necessary condition for the
existence of a solution to since it allows to exploit Pohozaev’s identity then
Pohozaev identity manifold Py as done by Berestycki and Lions in [6, Proposition
1].
As in [2] which we follow, from the moment we extend the existence of a solution
to to the magnetic case (A(z) # 0), we also improve previous results obtained
under the two previous conditions in absence of a magnetic field. Moreover, we
complement all the papers in literature treating equation in the subcritical
case.

3. PRELIMINARY RESULTS

Here we establish some preliminary results which will be used for proving The-
orem [[.T]in Section H

Lemma 3.1. Under hypothesis (Al), (A4), (A5)—(AT), the following assertions
hold:

(a) My is not empty;
(b) My is a C* manifold.
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Proof. (a) By remarks [1.3] and for u # 0 one has J(tu) < 0 if t > 0 is small
and J(tu) — 400 if t — +00. Hence, J(ty)=1, for some ¢y > 0.

(b) By the definitions of J and J’ given in Section [2} for every u € M4 we have
= [ (FQu)uf - fuP) da
RN
= [ PP = F(uP) det [ (F Q) = 1aP) do.

RN
By (A6) and J(u) = 1, it follows that
J (w)u > / (F(Ju]?) = [u]?) dz = 2/ Gu)dr=2>0
RN RN
for all u € M 4. Then, J'(u)u # 0 for any u € M 4. O

Lemma 3.2. Let assumptions (A1)—(AG6) be satisfied. Then, any minimizing se-
quence {u,} for D4 is bounded in HY(RN,C). The same assertion holds in par-
ticular in H) .,q(RY,C).

Proof. Taken {u,} a minimizing sequence for D4 in H}(RY C), we obtain

1
5/ |V atin|?dz — Da  asn — +oo
RN

and

RN
It follows that

/ |VAun|2dJ; < C for all n € N and for some constant C > 0 (3.1)
RN

and
Fllun|?) do = 2+/ 2
RN RN

By Remark with € = % we obtain

1 — "
2+/ |, |2da < f/ |un|2dx+01/2/ [un|* da.

Then, by (3.1)), for every n € N,

1 ) — - Ci)s / 5 \2/2
- Pde<C L2 da < ( \V nd) <C.
2/sz|u| T = 1/2/RN|U| 513_52*/2 RN|AU\ x <

Consequently, {u, } is bounded in L?(RY, C) and this implies that {u, } is bounded
in H} (RN, C). Without any difficulty, these arguments work also in H} .,.4(RY,C).
O

Clearly, by Sobolev imbeddings we obtain any minimizing sequence {u,,} for D4
is bounded also in L™(RY,C) for every m € [2,2*]. Tt is useful to establish some
lemmas involving the level Dy associated with (2.6) and the min-max level by of
Iy.

Lemma 3.3. Under assumptions (A1), (A4)—-(A7), it holds
1 N—2)(N*2)/2

vy (2D0)"* < ba.
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Proof. First let us prove that, by diamagnetic inequality (2.1), we have by < ba,
where by and b4 are respectively the min-max levels for the functionals Iy and 14,
that is

by = %éllfo tré}g’)i Iy(7(t)) and ba = 'YIGI%fA tren[g,}%] T4(v(1)).

To do this, we take an arbitrary v € I'4. Then, since y(t) € H4(RY C) for every
t € [0,1], by diamagnetic inequality (2.1]) we obtain |y(t)| € H'(RY,R) and

[ 90DRar < [ 19t s

which implies

To(ly(®)]) < La((2)) (32)
for any t € [0,1]. Therefore,
Jax, Io(ly(®)]) < Jax. L4(7(1)). (3.3)

Now, since v € C ([0,1], H;(RY,C)) we obtain |y| € C ([0,1], H'(R",R)); more-
over, v(0) = 0 implies |y(0)] = 0 and by Ta(v(1)) < 0 and (3.2) we obtain
I(Jy(1)]) < 0. Consequently, |y| € T'g which easily gives

bo < To(Iv(1)]).
0 < max o([v(®)])

Now, taking the infimum over all v € I'4 by (3.3 we conclude by < b4. Therefore,
to obtain the claim, it is sufficient to prove that

1 /N —2\(N=-2)/2

N( 2N )

By exploiting the results obtained in [2] (see Section [2]) we know in particular that
1 /N —2\(N=2)/2
— (== 2D, )N/?
N( 2N ) (2Do)

For the reader’s convenience, we sketch here the proof of py < by. Indeed, from

[13], for each 7 € T'y with

Lo = {7 €C([0,1], H'(RY,R)) : 7(0) = 0 and Ip(7(1)) < 0}
it results ([0, 1]) N Py # 0. Then, there exists ¢y € [0, 1] such that F(ty) € Py. So

po < I(F(to)) < Jnax I(0(1))

(2D0)N/? < by.

= po = bo.

implies py < by. Consequently, since by < by we obtain the result. O
Lemma 3.4. Suppose (A1), (A4)—(A6) hold. Then the number D4 given in (2.5)
is positive, namely, D4 > 0.

Proof. By definition D4 > 0. Suppose, by contradiction, that Dy = 0. If {u,}
is a minimizing sequence for Dy = 0 in H}(RY C), from (A3), without loss of
generality, we can suppose that {u,} is a minimizing sequence for D4 = 0 in
H}Lrad(RN,(C). Then

1
f/ |VAun|2dx—>0 as n — +o0o
RN

and
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Then, by Remark [I.3]it follows that

2+/hM%:/jﬂmﬁwga/mﬁm+@/\%Vm
RN RN RN RN

so we obtain

2+(175)/ |u \zdx<6/ Jun|? dx < Ce (/ |V au \de)Q*/Q
. n =~ Le BN n = g27/2 N Aln

By choosing ¢ = % we obtain

*

C /2
2 < 12 (/ |VAun|2d:v> —0asn— +o0
RN

- §2%/2
which is an absurd. ]

Remark 3.5. Assume (Al), (A4)-(A6) hold. By Ekeland Variational Principle
stated in [22] Theorem 8.5], we can suppose that the minimizing sequence {u,} C
My to Dy is a Palais-Smale sequence, namely, there exists a Lagrange multipliers
sequence {\,} C R such that

1
f/ |V aun|?dz — Dy as n — +oo,

2 Jan

Th(un) — M J (up) — 0in Hy (RN, C) as n — +oo,

where we recall that, for simplicity of notation, in Section [2| we set Ta(u) =
3 Jan [V au|?dz for any u € H; (RN, C).

Lemma 3.6. Let (A1), (A4)—(AG6) be satisfied. Then, the sequence {\,} of La-
grange multipliers (see Remark is bounded from above and

0 < liminf A\, < limsup A, < Dy4.

n—-+00 n—-+oo
Proof. Since Ty (un) — ApJ' (uy) — 0 in Hy' (RN, C) as n — +o00, we obtain
Tl (un)tn, — A" (U )i,

:/ |VAun|2d:v—)\nRe/ g(up)a, dx
RN RN

:/ |VAun|2da:—)\n/ (f(unl®)|unl?® = [unl?) dz = on(1).
RN RN

This is equivalent to
[ Vawalde =2 [ (F(n P = F(un) da
RN RN
+ /\n/ (F(|un|2) - |un|2) dzx + 0, (1).
RN
By (A6) we obtain
/‘WMﬁsz (Fjun[?) — [unl?) dz + 0n(1)
RN RN

= 2/\n/ G(un) dx 4 0, (1) = 2X, 4 0,(1).
]RN
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Then, from Remark [3.5]

1
lim sup A,, < flimsup/ |V At |?dz = D4
2 -

n—-+oo n—-+oo

and the right-hand inequality in the thesis follows.

Now, we prove that liminf,, . . A, > 0. First observe that, by Remark
Sobolev imbeddings and the boundedness of the minimizing sequence {u,,} stated
in Lemma [3:2] we obtain

7l < [ (1P funf? + ) o

= / (e + Diunf? + Celun[*") dz < C.
RN

Then, we conclude that
2T A (up) = T (up)tn = ApJ’ (un )y + 0, (1)

and 274 (up,) — 2D 4 > 0 where the positivity of D 4 has been established in Lemma
B4 O

As observed in the following remark, to study the compactness of a minimizing
sequence {u,} to Dy, it is sufficient to consider the sequence {|u,|} of the modula
of u,. So we can exploit the diamagnetic inequality and apply to {|u,|} the
Concentration-Compactness technique of Lions [I8] which is based on a measure
representation.

Remark 3.7. If a sequence {u,, } is bounded in H} (R, C), then by diamagnetic in-
equality the sequence {|u,|} of its modula is bounded in H*(R™ R). Then, by
Lions Concentration Compactness principle [I7, Lemma 1.2], there are a countable
index set A, nonnegative finite measures p and v and families {p;}, {v;} C (0, +00)
and {z;} C RY such that

() IV]un|[* = 1> |V|ul]® + 3,cp 0a i (weak™ sense of measures);
() unl® = v =|u[* + 3,4 00,1 (weak* sense of measures)
(J33) pi = Sl/f/z* for every i € A.
where |u| is the weak limit of |u,| and d,, are Dirac measures at x;. This remark

can be employed in the next lemma.
Lemma 3.8. Suppose that (A1), (A4)—(A6) are satisfied. If v; > 0 for some index
i, then
S\ N/2
vz (g;)

Proof. Let {u,} be a minimizing sequence to D4 which we know it is bounded by
Lemma Let ¢ € C5°(RY,[0,1]) be such that

. 1 ifxEBl(O)
‘p(x){o it 2 € RN\ By(0)

and |Ve(z)| < 2 for every z € RY. Then, we can consider

r — X;
)

Pezi(T) = 50( -
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for e > 0 and x; a singular point of the measures ), dz, i and ) ;. y 95,1 whose
existence is ensured in Remark by Lions Concentration Compactness Principle.
Clearly, ¢. ., € CS°(RY,[0,1]) satisfies

() 1 if z € Be(ay)
e,x; \T) =
Pesas 0 ifzeRN \BQE(LL'Z‘)

and Ve -, (x)] < 2/¢ for every x € RY. Since {u,¢¢ z, } is bounded in H}(RY,C),
by Remark [3.5 we obtain

TA(U’")(U'R@&%{,) = AnJ’(Un)(un‘Ps,xi) + 0, (1);
that is,

Re Vaun .mdx
- (3.4)
= )\n Re /RN (f(|u’ﬂ|2)|u’ﬂ|2 - |u”|2) Pe,z; dx + On(l)

Since ¢ ., takes real values and by direct calculations,

vA(”n‘pe,m) = VAunQOa,mi +WV¢€,11 .
Then we can write the term on the left-hand side in (3.4)) as

Re V aun, .mdx
RN

= Re V Aty - (VAungpeymi + WVQDE,;“) dx (3.5)
RN

= /RN |V atn|*@c 2, dz + Re /RN Up V AUy * Ve o, dT.
Now, observe that
Re(@nV atn) = |un|V]uy]. (3.6)
Indeed,
Re(@,V aun) = Re (U, (Vu, +iA(x)uy))
= Re (w0, Vu, + iA(2)|u,|*) = Re(u, Vu,)

= |un| Re (ﬂ—"Vun) = |un|V]un|.

||

By substituting (3.6) in (3.5) and by replacing in turn (3.6 in (3.4) we obtain by

diamagnetic inequality

/N |v|un||2@€,zi dx + /N [un|V|tn| - Vo 2, dx
R R (3.7)

<A /RN F(un)®)|un > @e 2, dz + A /]RN [Un|? P z; dT + 0,,(1).
Note that by (A4), there exists § > 0 such that
[f(s)] <1, forall0<s<od.
From (A5), there exists K > 0 such that
If(s)] <[s|® =272 forall s > K.
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Moreover, for s € [4, k], we obtain
|f(s)] < Ky, for some K; > 0.
Then
1f(s)| < (14 K1)+ |s|@ =272 for every s > 0.
In particular,
F(lunP)|unl? < (1 + K1)|un|? + |un)?,  for every n € N.
Therefore, by it follows that

/ 1V 2o 0, i+ / | Vftn] - Ve o,
RN RN

< /\n((2 + Kl)/ |un|2§08,zi dx + / ‘un‘r(pa,zi dﬂl‘) + On(l)'
RN RN
Now, we prove that

lim sup lim sup/ [un|V|tn| - Ve z, dz = 0. (3.8)
e—0 n—+oo JRN
Indeed, by Hélder’s inequality,
lim sup (/ [Un |V |tn| - Ve o, d:c)
RN

n—-+oo

< lim sup (/ IV |un | |tn| |V@e,a dx)
n—-+4oo RN

1/2 1/2
<timsup ([ (FlunlPdr) ([ fun Ve Po)
n—-+4o00 RN RN

1/2
< Cq limsup </ |Un|2|V<Pa,mi zdx)
RN

n—-+o00
1/2
2dx>

([ v,

where Cy = sup,, ( [p~ |V|un||2dx)1/2. By using Holder’s inequality again it follows

that
. 2/2*
/ |U|2‘V<P€,ri *da < (/ |u 2 dx) (/ Ve,
RN Bac(z4) RN
* 2/2~
< C'N</ |u 2 da:)
Bac ()

with Cy > 0 a suitable constant depending on N. Letting ¢ — 0 we obtain (3.8))

is satisfied. Now, since u,, — u in L (RY) it easily follows

N dm) N

lim sup lim sup/ [t |*0c 2, dv =0
RN

e—0 n—+oo

which together with the assertion

limsup A, < Dy,

n—-+4oo
in Lemma allow us to have p; < Dy v;. By Remark (jij) we have Suiz/z* <
;. Then

Sl/f/2 < Dyy;
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and v; > (i)N/? This completes the proof. (I

Da
Lemma 3.9. Suppose that (A1), (A4)—(A6) are satisfied. If v; > 0 for some index
i, then Dy > 272/N§g.

Proof. From 0 < ¢, 5, <1, it follows that

*

. ) . 2% /2
/ Iun‘2 Pe,z; dr < / |un|2 de < S72 /2(/ |VAun|2dl‘)
RN RN RN

Passing to the limit as n — +o00, we have

v < S22 (2D ) 2.

NJ2
From Lemma since v; > (D—SA> , it follows that D4 > 272/NS; thus com-
pleting the proof. (I

Now, let us recall the next result relating the constants D4 and Dy.
Lemma 3.10. Under assumptions (Al), (A4)—-(A6), we have D4 = Dy.

Proof. We follows the arguments used in [3] [11], and for the sake of completeness,
we give here the details of the proof. By diamagnetic inequality (2.1) we obtain

Dog/ (19} + [uf?) dxg/ (¥ aul? + [uf?) de,
RN RN

which implies Dy < D 4.

Now, we show the reversed inequality Dy < Dy also holds. Taking ¢ > 0
an arbitrarily small constant, we consider p. € C>®(RM R) whose supp(p.) is
a (compact) neighborhood of 2y € RY (for simplicity, we can assume z, = 0)
satisfying

G(pe)dr =1 and / |Vpe|?de < Do +¢.
RN RN
We can define a function u, = eX=0(®p_ with y,,(z) = A(z) - x. Since p. €
HY (RN R), for a direct calculation, we obtain u. € H}(RY,C) and

G(ue)dx = G(eX=0@ ) dx:
RN RN
1 ' )
2 [ (RO ) @) o
2 Jan

%/}RN (F(|(‘05‘2) - ‘(Pa|2) dz

= G(pe)dx = 1.
RN

Now, by the continuity assumption in (A1) we obtain |A(x) + A(z0)|? < ¢ in the
supp(g.), if we suppose [|¢.||2 = o(€), we deduce

Di < / IV a2 = / Voo 2de + / A2) + A(zo) Pl |2de
RN RN RN
< Doy + o(e)
which completes the proof. O
From Lemmas [3.9) and we obtain easily the next result.
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Lemma 3.11. Let (A1), (A4)—(A6) be satisfied. If v; > 0 for some index i, then
Dy > Dy >272/Ng.

Lemma 3.12. Suppose (A1), (A4)—(AT) be satisfied. If

ON \(N—2)/21(a=2)/2
(2—=N)/2 g—N/2 (¢—2)/2
A> [2 s N(r_ 2) } =272, (3.9)
then
1 /N —2\(N-2)/2
Il (N72)/2 N/2
ba < N( IN ) 2 ST

Proof. Take ¢ € H}x,rad(RN,(C) a solution of (2.2). From the definition by =
infer, max;ep,11 La(v(t)), (2.3), (2.4) and (A7), it follows that

2¢  ca
-2 \2/(a-2)°
By using the lower bound on A assumed in hypothesis (3.9) we obtain
1 /N —2\(N=2)/2
[ e 2(N—2)/2 N/Q-
<5 () S
This completes the. O

12 14
ba < maxI,(ty) < r{?é({i - )\E}CAq

Lemma 3.13. Assume (A1)—(AT) are satisfied. If (3.9)) holds, namely

_ _ ON \(N-2)/21(a=2)/2 (5 s
A > [2(2 N)/2g N/2N<N_2) } C(X )/

then the weak limit u of any minimizing sequence {u,} to D4 is nontrivial.

)

Proof. Let {u,} be a minimizing sequence to D4. Then Lemma states {u,}
is bounded in H} .,q(RY,C). Then {|u,|} is bounded in H} ,,4(R™,R) and there
exists u € H4(RY, C) such that |u,| — |u|in H}(RY,R). Suppose by contradiction
that |u| = 0. By Remark (jj) based on Lions Concentration Compactness
principle we obtain

lun|?” — dv = Z d:,v; (in the weak™ sense of measures). (3.10)

Since {|u,|} C H!, (RN, R), by [6 Radial Lemma A.II] there exist a radius R =
R(N) > 0 and a constant C'= C(N) > 0 both independent of n such that

[un ()] < C\C€|7(N71)/2 for |x| > R,
or equivalently
lun(r)] < Cr~N=Y/2 for r > R.

Then the sequence {|u,|} is bounded in L (B%(0),R) for every R > 0 or equiva-
lently there exists a constant M > 0 such that

|unll L= (B, 0)r) < M for every n € N. (3.11)

This implies {|u,|} converges strongly to 0 in L™ (B%(0),R) for all m > 2 and for
any R > 0. We prove that also v, = 0. If on the contrary v;, > 0, by Lemma [3.17]
we obtain Dy > D4 > 272/N 8. Since by Lemma

1 N72)(N—2)/2

Naw) e
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we obtain

i (N — 2)(]\7*2)/22(1\[_2)/251\,/2 <ba.

N\ 2N
But this last inequality contradicts Lemma [3.12] Then there is no v; > 0 for every
i € A. Consequently, by (3.10)),

lun|>” = 0 (in the weak® sense of measures),

hence
/ lun|?> @dz — 0, for every ¢ € C°(RV,C).
RN
This implies
u, — 0 in L} (RY,C). (3.12)

Using the same argument, we have
u, — 0 in L* (B%(0),C) for any R > 0,

which together with (3.12) implies u,, — 0 in L?" (RY,C).
Now, we can follow again the arguments used in Lemma Indeed, since
{un} C My implies
1= [ Glun)de= 7/ (F(Jun[?) — [un]?) dz,
RN 2 Jr~v
by Remark [I.3] it follows that

2+/ |un|2dx:/ F(|un|2)dx§5/ |un|2dx+05/ | da
RN RN RN RN

2+ (11— 6)/ | |2da < CE/ lun|?” da.
RN RN

By choosing € = 1/2 we obtain

SO

2< 01/2/ lun|? dz — 0 asn — +oo
RN
which is an absurd. Thus, we can conclude that u # 0. (]

4. PROOF OF THEOREM [I.1]

Under the assumptions in Theorem we show that D 4 is attained by u, where
u is the non trivial weak limit of the minimizing sequence {u,} to D4. Indeed,
since {uy,} is bounded by Lemma we have u, — uin Hj ,4(R",C) and being
the weak limit « not trivial thanks to Lemma we deduce that

1

1
Ta(u) = 7/ |V aul?dx < liminff/ |V atp|*dz = Dy4. (4.1)
2 RN n—-+00 2 RN

Now, by Lemmas and we obtain that v; = 0 for every i. It remains
to prove that u € M. To do this, first observe that the uniform decay at infinity
of {un} C H 10q (RN, C) together with (A4) imply the existence of a radius R > 0
such that
|tn|? — F(lun|?) >0 for any n € N and in R \ Bp

where By denotes the ball of radius R centered in 0. Since u, — u in L?’ (Bgr,C),
from [0, Theorem 4.9, Section 4], up to a subsequence, u,, — w a.e. in Bg and
there exists v € L? (Bg) such that |u,(z)| < v(z) a.e. in Br. Moreover we have
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F(lun(z)[?) = F(lu(z)[?) a.e. and, by Remark [1.3] in correspondence of any & > 0
we obtain the existence of C, > 0 such that
|F(Junl*)| < elun|® + Celun*” < efo]? + Celo*

for all n € N. By the arbitrariness of € and the Dominated Convergence Theorem,
we obtain
/ Fllun?) dz — | F(luf?) da.
Br Br

Now, since

1 2 1 2 1 2 2

= F(lup|?)dx = = |tn |* dx + = (Junl® = F(lun|?)) dz + 1,
2 Br 2 Br 2 RN\BR

taking into account the above considerations, the properties of limit inferior with
respect to the sum of sequences and Fatou’s Lemma we infer that

1 1
/ F(|ul?) dx > f/ |u?| dz + f/ (Jul® = F(|ul*)) dz +1;
Br 2 Br 2 RN\Bgr
that is, [,x G(u)dz > 1. If we prove that also that
G(u)dx <1, (4.2)

RN
then we obtain u € M4 and T4 (u) = D4, or equivalently,

1
Ta(u) = Dy = min {7/ |V qul?dzx : uw € HY(RY,C)\ {0}, / G(u)dx = 1}.

2 RN RN

To show (4.2)), suppose by contradiction that
G(u)dz > 1.
]RN
We define h:[0,1] — R by
1
h(t) = G(tu) dr = f/ (F(tu]®) — [tu]?) dz  for every t € [0,1].
RN 2 Jr~

Now we show that h(t) < 0 for ¢ close to 0. Indeed, by Remark we obtain

0
1
f/ (F(2[uf?) - 2|uf?) do
2 Jan
1 — o x 1
f/ <6t2|u\2+05t2 |u|? ) dx—f/ 2 |u*dx
2 RN 2 RN
1

— o * 1
= _C.t* / lul? dx — = t3(1 — 6)/ lul?dz.
2 RN 2 RN

Choosing £ > 0 sufficiently small, e.g. ¢ < 1, we obtain A(t) < 0 for ¢ > 0 small
enough. Clearly, h(1) = [;n G(u)dx > 1. Then, by the continuity of h, there exists
to € (0,1) such that h(tg) = 1 which gives

h(t) =

IN

G(tou) dx =1 < tgu € M.
]RN

Consequently, by (4.1),
2

t
Da < Ta(tou) = 50/N |V aul?dx = t3Ta(u) < t3Da < Da
R
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which is absurd. Thus, T4(u) = D4 and u € M y4; that is,

Dy = f/ IV aulde,  J(u / Glu) dz = f/ (F(ul) - [uf) de = 1.
2 Jan
By Lagrange Multipliers Theorem, there exists a multiplier § € R such that
T (u) = 0J"(u);
in particular, for every v € H} .,.4(RY,C) we obtain T/ (u)v = 6.J'(u)v, namely
Re VAu~VAvdm:9Re/ (f(ul)u — ) vdz. (4.3)
RN RN
By adapting the arguments in Berestycki and Lions [6], we are able to prove that 6 >
0. Indeed, first remark that 6 # 0; if not, namely if § = 0 we would have 7% (u) = 0
and in particular [ |[Vaul*dz = 0. Therefore, u = 0 which is impossible.

Specifically, it results that § > 0. Indeed, suppose by contradiction that 6 < 0.
Moreover, observe that J'(u) # 0; otherwise,

J (u)v = Re/RN (f(ul)u—u)vdz =0

would imply f(|u|*)u —u = 0 then F(|u|?) — |u|> = 0 which leads to a contradiction
with J(u) =
Now let us consider a test function w such that

J'(uw)w = Re/RN (f(ul)u — v)wdz > 0.

Since J(u + ew) = J(u) + eJ'(u)w and
Ta(u+ew) 2 Ta(u)+ebJ (u)w fore — 0 and 6 <0,

it is possible to choose € > 0 small enough so that v = u + cw satisfies J(v) >
J(u)=1and Ta(v) < Ta(u) = Da. Now, by a scale change v, (z) = v(z/0), there
exists 0 < o < 1 such that

Hem) =5 [ (Flloe) = o) do = oV 3(0) =

and, thanks to assumption (A2) we obtain
1

B /N |V ave2de = oV 72Ty (v) < Dy
R

which is absurd. Then, § > 0. Then u in H}Lrad(]RN,(C) satisfies (in the weak
sense)

Ta(vy) =

—Aau=0(f(Jul*)u—u). (4.4)
Now, we aim to prove that by exploiting a suitable change of variable the re-scaled
u, say ug, satisfies

Re Vaug - Vavdr = Re/ (f(Juol®)uo — ug) vda (4.5)
RN RN
namely, up satisfies (in the weak sense)
— Aqug +ug = f(‘UQ|2)u6u (4.6)

so that ug is a solution to (1.1)). Indeed, since

Re Vau-Vavdr = Re Vu-Vvdz + Re Vu - ’LA( Judx
RN RN RN
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+ Re/ iA(x)u - Vodr + Re/ tA(z)u - tA(x)v de,
RN R

N

by substituting u(z) = ug(v8z) (that is, ue(z) = u (ﬁ)) in (£3) and by exploiting
the change of variable y = v/fz, we obtain

Re | VOV,u0(0) ~\/§Vyv(\z/%)( \/g)N dy
4 Re /RN Va9 ) - 14( )0 () (\/g)
+ VB Re /RN iA(%)ua(y) M@vyu(%)ww
+Re/RN iA(%)ue(y) -m(\%)o(\%)(\%w dy

= 60 Re /RN (f(|u9(y)|2)u9(y) - ue(y))v(%)

d

Ny
1

d 4.7
v Y (4.7)

SO

If we simplify 1/(v/6)" and put in evidence 6, it follows that
o1 Y o1 y Y
Re/RN (90 + 1A Juolw) - (T + i A() )25 d
=Re [ (f(uo(s) Pyunto) = o) o( ) .

By assumption (A2), and since %A(%) = A(y) for every y € RV, we have

Re | Vauo(s) - Vav( ) dy = Re [ ((uolo) Ppuoty) = uo(w) o( )

thus we can conclude ug satisfies (4.6]).
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