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FIRST ORDER LINEAR ORDINARY DIFFERENTIAL
EQUATIONS IN ASSOCIATIVE ALGEBRAS

GORDON ERLEBACHER & GARRRET E. SOBCZYK

ABSTRACT. In this paper, we study the linear differential equation

dzx =
= ; a; ()b (t) + f(t)

in an associative but non-commutative algebra A, where the b;(t) form a set
of commuting A-valued functions expressed in a time-independent spectral
basis consisting of mutually annihilating idempotents and nilpotents. Explicit
new closed solutions are derived, and examples are presented to illustrate the
theory.

1. INTRODUCTION

One of the basic differential equations has the form

dx
pr =a(t)z + f(¢), (1.1)

which is linear and of first order. A method of solutior} is to write the fundamental
solution (also called integrating factor) as ju,(t) = elo 44" 5o that the equation
can be rewritten equivalently as

d(pg ')

-1
= t
pn pa  f(2),
with pq(0) = 1. For zp = x(0), this method yields the unique solution
t
o) = a0+ a(®) [ 102 () (s (12)
The main objective of this paper is to study the differential equation
dx -
==Y ailabi(t) + £(1) (13)
i=1

with initial condition x(0) = x¢ in the general setting of an associative but non-
commutative algebra A. Here the b;(¢) form a set of commuting A-valued functions
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expressed in a time-independent spectral basis consisting of mutually annihilating
idempotents and nilpotents. Thus, our algebra A could be the matrix algebra M.,
of real or complex n x n matrices, or a Clifford geometric algebra such as the
quaternion algebra H.

Whereas some of the special cases of this differential equation are well-known,
for example, for A = M,,, (when by =1,b; =0,47 > 1 and a = a(t)A for a constant
matrix A, [6, p.189,193]), we believe that the more general forms of this equation
are new and have potentially many applications. Different forms of (1.3) are used
in control theory for motion planning for autonomous vehicles [11], in problems of
vibration, in column structures under periodic axial loading [12] or the equation of
motion for the classical Euler top in n-dimensional space [8]. The generalization
and extension of our methods into other areas also appears promising. Possible
areas where our methods might apply include the calculation of dichotomies for
impulsive equations [9], and in generalizations of the noncommutative operational
calculus developed in [3].

To motivate the utility of our approach, we consider the solution of the 2 x 2
matrix differential equation

dx
—~ = AXB 1.4
o (1.4)

(4 -2 (M0
A‘(a 1)’ B_(o /\2)’

and \; # Ao. For reference, A has eigenvalues 1 and 2.
A standard approach to solving (1.4) is to first multiply it out,

d (z11 w12 _g(Fn w2 (A 0

dt \T21 T2 To1  T22 0 A
_ 4 -2 )\1$11 /\23312
S \3 =1 \Mimar Aswao

(AT — 201 4dowia — 2X0x00
 \BAiz — Mo 3oz — 1hoxan )

with

It is not possible to transform this result into an equivalent 2 x 2 linear equation
of the form

dX

—=CX

dt
where C € Ms. On the other hand, equating each matrix element separately, we
have four equations in four unknowns. We find that

11 AMx11 — 201221
d |z | _ | 4hem12 — 2X0w2
dt | T21 3Aiz1 — Iz |
22 3Aaz12 — 1222
or in matrix/vector form,
d- .
X -cX
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where
40 0 —=2)\ 0

0 4X 0 —2Xo
321 0 -1 0

0 3\ 0 Ao

C = =BT ® A. (1.5)

and X is a column vector formed from the four elements of X. We have used ®
to denote the Kronecker tensor product [6, p.256]. See also [1, p. 123], [2], and [4,
p.245].

The solution to this equation is well-known,

X =% X(0) (1.6)

Although we have an explicit solution, it came at the price of transforming a 2 x 2
system into a 4 x 1 system of equations. Although this has not changed the number
of variables, it has had the unfortunate consequence of taking an intrinsic object
X and separating out its individual components. It would be better to find an ex-
pression for the 2 x 2 matrix X directly as a function of the intrinsic (or invariant)
algebraic properties of the matrices A and B, rather than on representations that
depend on the choice of a coordinate system used to construct A and B. Further-
more, when elements of more general algebras are used in lieu of matrices, working
with the equivalent matrix representation of these elements (when they exist) often
results in a loss of the geometric and algebraic information used to construct the
original differential equation.

Based on the techniques described in this paper, we can immediately write down
the solution

X(t) = (eAltPAJ + 62)‘1tPA,2)X(0)PB,1 + (eAthA,l + 62)‘2tPA,2)X(0)PB,2, (1.7)
where we have used the spectral decompositions
A=pa1+2pa2, B=Mpp1+XpB2
of the matrices A and B in terms of their spectral bases
pa1 =2 —A, par=A-1I

and

B — X1, _B—-\1I

)\1_)\27 pB,Q_)\2_>\17

and where I,,, is the m x m identity matrix. Although the solutions (1.6) and
(1.7) are equivalent, the latter expression shows the dependence of the solution on
intrinsic properties of the matrices A and B. In many cases, matrices that appear
in differential equations have geometric or physical significance; therefore, solutions
can be more easily interpreted if expressed in terms of these matrices and their
properties.

The solutions we seek are expressed by exploiting certain algebraic properties
of invariants constructed from the equation elements. Well-known examples of
invariants of a matrix are its eigenvalues, its trace, and its determinant. In many
cases, matrix elements depend on the basis used to define it. A rotation of the basis
functions changes the elements of the matrix, but not the invariants. If the solution
to a general linear differential equation is basis-independent, it becomes easier to
analyze. For example, a discussion of stability involves eigenvalues. Rather than

pPB1 =
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study the stability of the 4 x 4 matrix C, it is more sensible to relate the stability
directly to the eigenvalues of the 2 x 2 matrices A and B.

2. SPECTRAL BASIS

A spectral basis in the associative algebra A is an ordered set

S=p @ - G b @ o grTh) (2.1)
of idempotents and nilpotents of A that generate a commutative subalgebra S of
A and satisfy the following basic rules [10]

Pt +pr =1,

pjpi = pipj = Oijp; for i, 5 =1,...,7,

g™ =0 but ¢ #£0,

qiPi = Piq; = 6ijqi-

The spectral basis S is made up of the ordered sub-blocks

Si=mi @ ... ¢

so that
S=(S1 ... S)
In writing the last equality, we are expressing the spectral basis in terms of the or-
dered sub-blocks S;. We stress that the sets are ordered, because we will be treating
them as row matrices of polynomials on which matrix operations are defined.
Note that
span(S) = span(Sy) @ - - - @ span(S,)

where span(S;) is the subspace of A spanned by the elements of S;. The dimension
of the spectral basis S is m = >_._, m;, and determines a commutative subalgebra
S of A. Of course, any element b € S is a linear combination of the elements in S,

r mj—1

b= Z Z ﬂiyqu? ﬂi,j e C (22)

i=1 j=0

where we have adopted the convention that ¢) = p;. In terms of the block decom-
position of S,

bST = (b1 ... b)) ST
where b; = p;b = (ﬂi,O ﬁi,mi—l) S;T. If a spectral algebra S has only one
block § = 51 = (1 q .. qm’l), we say that S is a simple spectral algebra. A

simple element of A has a simple spectral basis.
To take advantage of the direct sum structure, we note that

bS] = B;SI = (Biolm, + Ni)SI (2.3)

where the matrix B; formed from scalar components of b is defined by the upper
triangular Toeplitz matrix

Bio Bix - Bimi—1
0 Bio - Bimi—2
Bi=|... .. ...

0 ... 0  fBio
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and where NV; is a strictly upper triangular Toeplitz matrix. We can now write

bS"=(B1 ... B,)S=> (Biolm, + NS} (2.5)
i=1
Pre-multiplying bS” by E,, = (Em1 . E7n,‘) recovers b:
b=EnbS" = Ep B;iS] (2.6)
i=1
where m = Y7 m;, and Ep,, = (1 0 ... 0) .

Using (2.5), any analytic function f(b) is compiltable in a finite number of op-
erations (addition and multiplication in .4). We find that

JO)ST = (F(B) o f(B)ST =3 f(Biolm + NS (27)

With N? = I,,,,, f(b) has the Taylor series-like expansion

m;—1

FBiom, +Ni) = Y [V (Bi0) N/ (2.8)
§=0
around (3; o, with normalized derivatives
1 &/
F9(Bio) = 7 dad f(@)]e=p.0 (2.9)

fori=1,...,7and j =0,...,m; — 1. We can then substitute (2.8) and (2.9) into
(2.7) to get

r m;—1

=33 f9Bio)N ST (2.10)

i=1 j5=0

Multiplying both sides of this equation on the left by the contraction operator E,,,
we find

r m;—1

FO)=3"3" f9Bi0)Em, N/ ST (2.11)

i=1 j=0
For example, consider the expansion of e’ in the spectral basis S. Applying (2.11),
where f(z) = e®, we immediately conclude that

mlfl

e 72 Pio Z EmlNJST (2.12)

We will have use for special cases of this formula in Section 5.

2.1. Minimal Polynomial. Every element b € A generates a commutative subal-
gebra A of A consisting of linear combinations of powers of the element b. We can
take as the standard basis of this algebra the ordered set D = (1 b ... bm_l);
thus any element ¢ € A, can be expressed in the form

m—1
c=Y_ Bt =D{c}} (2.13)
=0
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where {c}p = (60 .. ﬂm,l) p are the complex scalar components of the element
c € A, with respect to the basis D and §; € C. When the context is unambiguous,
we will drop the subscript indicating the basis.

The minimal polynomial of the element b is the unique monic polynomial

r

() = [J (@ — 2™ (2.14)

i=1

of minimal degree with the property that ¢(b) = 0. We will always assume that the
distinct roots x; of the minimal polynomial are complex numbers, which guarantees
that the primitive factors of the minimal polynomial will all be of the form (z —
x;)™i. The minimal polynomial uniquely determines the spectral decomposition of
the element b,

T

b= (v +a)pi

i=1
for distinct x; € C, where p; = p;(b) and ¢; = ¢;(b), i = 1,...,r, are polynomials in
b of degree less than m, and where the algebra 4, = S[10].

3. KRONECKER TENSOR PRODUCTS

In this section, we review some of the properties of tensor products in preparation
for some of the manipulations that will follow. Following [6, p.256], and [1, p.123],
[4, pp. 239-297], the tensor product of two matrices A € M,, ,(A) and B €
My, o (A) satisfy

[ ]
(A® B) = (aij) ® (brt) := ((as;)br) (3.1)
(Note that some authors multiply matrix B by the elements a;; of A.)

(A® B)(C ® D) = (AC) ® (BD) (3.2)

assuming that the matrix multiplications AB and C'D are well defined.

A®B=(A®Ip)(I11® B) (3.3)
where A and B are square matrices, and [, Ip are the identity matrices
with the same dimensions as A and B respectively.

e Multiplication by an element z € A:
2(A® B) = (zA)® B
(A® B)x = A® (Bzx)
e Associativity:
(A B) C=A® (B® () (3.4)

Transposition:
(A2 B)T = AT @ BT (3.5)

Both of these matrices and their elements are non-commutative in general.
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4. LINEAR SUPERPOSITION

When working with linear operators, the principle of linear superposition is a
powerful tool for problem simplification. We apply this principle to solve the linear
differential equation

% = S atiabt) + £ (1)

where the time-dependent b;’s form a commutative set that can be expanded in
terms of a set of time-independent commutative spectral basis elements,

bi(t) = S:0}T = > S s (b} (42)

j=1
fOf bi,j = pi,jbi S A,

ij—1
Sij = (Pm‘ Gij - Gy ) ;
and the time-dependent coefficients

{bi} = (Bijo®) .. Bijm;—1(t)),

where §; ;1 € Cfor¢ =1,...,nand j = 1,...,r;. The commutativity of b; and
by, implies the commutativity of the subspaces S; and Sj. Furthermore, p; jp;r =
Di,jPi k05 k-

To simplify the problem, we seek to replace (4.1) by the new equation

n

dy

i > eit)ydi(t) + g(t) (4.3)
i=1

where the d; are now simple elements of A, and ¢;,g € A. Using (4.2) and the

commutativity of matrices of scalars with elements of A, it follows that

bi(t)pigy = Y Sijpiidbii Y PGy = i) Sigidbigi s (4.4)
j=1
where p(jy = p1,j, - - - Pn,j,- The second equality is based on p(jypi ; = p(;)0;.j;-
Next, multiplying (4.1) to the right by p(;y, and using (2.13), (4.2) and (4.4)
gives

dzxp) < T
= Z ai(t):vp(j)bi,ji + fp(j) (45)
=1

Equation (4.5) is of type (4.3) with y = xp(;), ¢; = a4, d; = b 5,, and g(t) = f(t)p(j)-
Note that a;(t) need not have a simple spectral basis and remains a general time-
dependent element of A. z(;) = xp(;) represents the solution to (4.1) projected onto
the subspace spanned by S(;) = ®i_, span(S; ;). The full solution is constructed
by linear superposition of 1 ry ...7, elemental solutions xp(j):

71 Tn
2(t) =D apgy =Y > TPLj - Pnj, (4.6)
(4)

J1=1 Jn=1
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Several comments are in order. Since each b; is expanded in its own fixed basis,
one cannot assume that S;, and S;; are orthogonal to each other when ¢ # j.
When orthogonality S; ; with respect to ¢ is not satisfied, the solutions xp;) are
not mutually orthogonal, nor are they necessarily linearly independent.

Additional simplifications are possible if the a; are also expanded in a time-
independent spectral basis S,;, independent from the spectral basis of the b;. Let

Sq
a; = Sai{a:}" = Z{ai’j}p“i’js‘i’f

j=i

in correspondence with (4.2), Se;; = (qgm qu’jl), and

Pa(k) = Pal ki - - - Pan,k,, along with the convention qgi’j = Pai ;- Pre-multiply (4.5)
by Da(k),

Pa(k)TPG)

% = @ik Pa()TPG)bi g, + Pa(e) SDG) (4.7)
i=1

which is of the form (4.3) with y = p,u)zp(;), and where both d; = a;, and

¢; = b;j, are simple elements of A. The full solution to (4.1) is simply a linear

superposition of elemental solutions p,(x)zp(j):

T=D > Par )
() (k)
In the sections that follow, we consider only the solution of the differential equa-
tion (4.3).

5. FUNDAMENTAL SOLUTION

The solution & = p,(t)zo to the linear homogeneous equation

d

d—j =a(t)x

with initial conditions zg = z(0), a(t) and = € A, is the basic building block for
all solutions to the equations considered in this paper. The fundamental solution
1q(t) is formally assumed to satisfy the property

W — oty (5.1)
with the initial condition p4(0) = 1.

The fundamental solution has been discussed by many authors in different con-
texts. In [12], the fundamental solution is studied under the condition that a(t)
is periodic. In [7], the fundamental solution determines the controllability and ob-
servability of the system. In [5], the author studies the fundamental solution in
terms of what he calls “expansions that grow on trees.” We show in this paper
how, under certain conditions and assumptions, the fundamental solution leads to
a family of solutions that can be expressed in closed form.

By convention, the identity element e of A is represented by 1, and we assume
that the left and right inverses of a € A (if they exist) are equal. Under these
conditions, ¢! ! = ¢ = 1. A subscript is attached to the generalized
integrating factor p, to reflect the A-valued function a(t) that it is associated with.

a = aa
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The equation satisfied by an assumed inverse ! is determined by differentiating
pa(t)=1(t) = 1 with respect to t. One finds
du;t _ _ _
7 = e = (—pgtapa)ig (5.2)

Using the definition of y,, we derive an implicit relation for p !:

pa(8) = g, (1) -
In the event that p,(t) and a(t) commute, p, and its inverse are simply related by

-1
trg (1) = pi—a(t).
The fundamental solution p,(t) can be found directly through Picard iteration,
generated by successive integrations of (5.1) with respect to t. We find

f1a () _1+/Ota(51)d51+/0t /O a(s1)a(ss)dsydss

t S1 S92
+ / / / a(s1)a(s2)a(ss)dsidsadss + ...
o Jo Jo

expressed as an infinite series of iterated integrals. Similarly, successive integration
of (5.2) leads to

UEEY) s )dss + / t / " a(s2)a(s)dsidss

t S1 S2
— / / / a(s3)a(s2)a(s1)dsidsadss + . ...
o Jo Jo

When a does not depend on time, a and p, commute and y, and p, ! reduce to
the exponential forms

(5.3)

(5.4)

7=0

- = (—1)aith

pat (=3 CLa o (56)
=

If a(t1) and a(t2) commute for all ¢; and to,
,ua(t) — ejot a(s)ds (57)

and pq(t)a(s) = a(s)ue(t). This condition is automatically satisfied for any time-
dependent simple element of A whose spectral basis is independent of time.

We now wish to study the conditions under which p,44(t) can be expressed in
terms of p, and py, for time dependent A-valued functions a(t), b(¢). This is easily
accomplished by expressing the solution to

% = (a+Db)x (5.8)
in two different ways. From the leftmost equality, we obtain

T = lg+bT0 (5.9)
Alternatively, substituting x = 4z into (5.8), we find, with the help of (5.1) that

d d
d—j = apaz + ua£ = (a+b)paz, (5.10)
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which simplifies to
dz

,uaa
Equation (5.11) has the solution z = o= by, 20 which, in terms of © = .z, is

=blgz. (5.11)

T = faft, -1y, T - (5.12)

Equating the two alternative expressions for x(t) given by (5.9) and (5.12), we
conclude, for general a(t) and b(t) € A, that

Hatb = Hally 1y, - (5.13)

Explicit solutions for p, and ;! are difficult to derive from (5.3) and (5.4) for
two reasons. First, the series has an infinite number of terms. Second, it is not
possible, in general, to derive explicit closed formulas for the integrals of general
time-dependent functions that take their values in .A. However, when a(t) has

an expansion in a constant spectral basis S = (Sl ST), then p, is easily
expressed as a finite series of integrals with integrands in C.
Let

a(t) = > {ai}s,SIpi =Y Em, (i o(t)Im, + Ni())S{ pi,
i=1 1=1

m;—1
%

be the spectral expansion (see (2.11)) of a, where S; = (1
(2.12) it follows that

) pi. From

Yo = Z elo 041',0(5)dSEmiefot Ni(s)ds gTy.
i=1

Since the last integral on the right is the exponential function of a strictly upper
triangular Toeplitz matrix, it can be written as the finite sum

mifl .
elo Ni(s)ds Z ;'[/Ot Ni(s)dsr.
j=0 -

6. SOLUTION TO dz/dt = a(t)xb(t) + f(t)
Let a(t) € A be an arbitrary time-dependent function of ¢, and b(t) € S for the

simple spectral basis S = (1 q ... qm’l). Thus,
m—1
b(t) = Bi(0)g’ = {b}S” (6.1)
§=0
where Gy(t),...,Bm-1(t) are the time-dependent scalar components of b in the

spectral basis S. Multiplying (6.1) on the right by S”, we find that bST = BST,
where B € M,,, is given by (2.4) after removal of the i subscript.

We are concerned with deriving the general solution to the inhomogeneous equa-
tion

d
% =azxb+ f (6.2)
with initial condition z(0) = z9. Multiplying (6.2) on the right by ST, we find that

T
dus = azbST + fST = BaxST + fST.
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A major simplification occurs when B is decomposed into the sum of a diagonal
matrix [Byl,, and a nilpotent matrix N, B = (yI,, + N. One must therefore solve
dxST

dt

where we have defined £ = Bya and K = aN in anticipation of the next section.

We first compute the solution 2757 to the homogeneous equation (setting f = 0
in (6.3)), followed by an application of the method of undetermined constants. From
(5.12), the homogeneous solution is

xyST = pppraeST (6.4)

= (L+K)zST + fsT (6.3)

where I' = 11" Kpz € M, (A). The solution cannot be simplified further, because
in general, pu,sa # apr.

To apply the method of underdetermined constants, we replace zy by an unknown
element z(t) € A and substitute the modified homogeneous solution iz purz(t)ST
back into (6.3), which leads to

dxST
dt

= (L+K)zST + MMF%ST =(L+K)zST + f8T (6.5)
or

ST = g (1)S”
with particular solution

ST = [ oz (6)1(6)5Tds (6.6)
0

Combining the homogeneous and particular solutions leads to the general solution

w(t)S" = e (e (B)20S” + [ (B (1) / ue (g (5)f(s)ds] ST (6.7)

The solution to (6.2) is found by pre-multiplication of (6.7) by E,,, with the result

w(t) = Bmpre (t)pr (8)20ST + B, {uc(t)ur(t)/o pr (g (5) f(s)ds| ST (6.8)

Our method of solution brings about a major simplification. The scalar time-
dependent matrix N(t) € M,,(C) is a strictly upper triangular Toeplitz nilpotent
matrix, while ps € A. Therefore, T is a strictly upper triangular Toeplitz nilpotent
m X m matrix with elements in A and the property I'(¢1)T'(t2) = I'(¢2)I'(¢1) remains
true for all £; and t3. As a consequence, ur is a finite sum of m iterated integrals.

7. SOLUTION TO dz/dt =), a;xb; + f

We now extend the methodology of the previous two sections to solve the linear
inhomogeneous equation

dx

i A(t)zBT () + f(t) (7.1)
in A with 2(0) = z¢. A= (a1 . an) and B = (b1 . bn) are row vectors of
time-dependent elements in A that satisfy the commutativity relations b;(t)b;(t) =
b;(t)b;(t) for all time. As explained in Sections 2 and 4, we only consider simple
spectral bases S; and use the principle of linear superposition to reconstruct the full
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solution. The b;(t) remain mutually commutative if they are expressed as a time-
dependent linear combination of time-invariant commuting simple spectral bases
S;. Therefore, each b; has an expansion of the form

mifl

bi(t) = Z bik (t)q) (7.2)
k=0

where ¢; is nilpotent with multiplicity index m;.
Recall from (2.3), that

bi(t)S] = BiS] = (biolm; + Ni)S{ (7.3)
where B; is an upper triangular Toepliz matrix (see (2.4)). We proceed by defining
S=5®  -®8,, and ST=S8T®... .o

Note that b;ST = B;ST, where we have defined

Bi:Im1®"'®Bi®"'®Imn~

As a general notational device, the bar over a symbol indexed by i represents
a tensor product of identity matrices, with the i*" matrix replaced by the symbol,
itself of dimension mn; xm;. Therefore, with the help of (3.2), we find that 2 BT ST =
xBTST = BTzST, where
B= (31 Bn).
Multiplying (7.1) on the right by ST, we obtain
d _
d—fST — AzBTST 4+ £ST = ABT2ST + f57. (7.4)
Following the strategy of the previous section, slot ¢ in B; is decomposed into the
sum of a diagonal and a nilpotent matrix, so that
Bz’ = bi,OI_mi + Nz

The following definitions will make (7.4) formally identical to (6.5) in the previous
section:

i=1

L= boitilm, =1In Y boiai=InL

i=1 i=1

where M = mims...m, and £ = Z?:l bo;a;. With the preceding definitions,
(7.4) becomes

dzST S
“"”df = (£ +K)zST + f57, (7.6)
which has the homogeneous solution (f = 0)
euST = pgpreoS’, (7.7)

where T' = ,uEllaug € Mjr(A). The general solution to (7.6) is immediately found
to be

2(t) = Barpig (e (02087 + Bxgpiz (H)pe(t) / = (s)uz () ()8 ds.  (7.8)
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Recall that I" is defined by
n
[ = E s,
i=1

where T'; = uzlai]\_/}ug € Mps(A). Let us now compute an explicit representation
for pg, defined recursively by

pe =1+ [ Tue(s)ds =1+ [ Tuts)u()ds

At the next iteration level,

e =1+ zn: /O t s Ly (s1) (1 + Z /O N dsal, (s2)pup (s2) ) (7.9)

i1=1 io=1
n t B n n t s1 B B
=1+ Z / dslril (31) + Z Z / dSl/ d82 Fil(sl)l“i2(32)uf(52)
ir=1"0 i1=1ig=1"0 0

(7.10)

The k! iterated integral takes the form

n n t s1 Sk—1 ko~
(k) :ZZ/O dsl/o /0 dSkHFij(Sj)v (7.11)
i1 ik J=1

so that pup = Z;ozo Z(®) | where, by convention, Z(®) = 1. A similar development
yields p=" =322 ((=1)FF® with 7 =1, and

n n t S1 Sn 1 _
j(k) _ ZZ/O d81/0 dsz.../o dSn,—1 Hrij(sj')a
i in j=k

8. EXAMPLES

Example 1. We work out in detail the case n = 2 and m; = 2 with the elements

a; and b; functions of time. The equation to solve is
dx
E = al(t)xbl (t) + az(t)l'bg(t), (81)

where by = (1,1,0(t)p1,1 + B1,1,1(t)q11 + Bi2,0t)p12 + Br2,1(t)q 2,
by = Ba1,0(t)p21 + B2,1,1(t)g21 + B22,0(t)p2.2 + B22,1(t)g2,2, and x(0) = x¢. As
explained in Section 4, the principle of linear superposition allows us to solve first

d—f = a1xc1 + asxcs
where
€1 =7v,0+71,191, €2 ="72,01+ 72,192, (8.2)
are simple elements of A. Define £ = a;71,0 + a272,0, the direct product

= (a)e (@)

of spectral bases, and the direct product

Ey=FE0E=(1 0o 0)=(1 0 0 0)
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of row vectors. The solution is (see (7.8), (7.9),(7.11))

2 t 2 2 t $1 ~ B
x(t) = E4/J£ (1 + Z/ dsq fl(sl) + Z Z / dsy / dss Fil (Sl)riz (SQ))J}OST
— Jo 0 0

i1=1iz=1

(8.3)

The first term of (8.3) is clearly Ty = Eyur(t)x0ST = pc(t)zo. The second term
in (8.3) is

2 t
Ty = Eypr(t) Z/ ds1 T;(s1)moS™
i=170
The matrix I'; has the form
0 ¢
Li=G (0 %) = GiJo (8.4)

where (; = uzlai’ymug € A and J; is a nilpotent matrix of degree 2. It is straight-
forward to derive
E4f1xOST = Cl(EQJQ X EQJQ)(.%QS,{ ® SZT) = Cll'oql
Similarly, E,T120S7 = Cax0gs.
With these definitions,

¢
T = Ma(t)/o dsy (C2(s1)z0g2 + Ci(s1)20q1)

The structure of the third term, T3, of (8.3) is easily determined from (8.4) and
the properties of tensor products. Recalling that I';(s1)I;(s2) = 0, we find

2 2 t s1 B _
T3 = Z Z ﬂ[(f)/é dsl/o dSQ E4F7;1 (Sl)FiQ(Sg)iC(]ST

11=11i2=1
t S1
= pe(t) / ds, / dsa (G (51)Cals2) + Ca(s1)C1 (52)) 201z -
0 0

Returning to the original variables, we obtain the solution to our simplified original
equation (8.1), with b’s defined by (8.2),

t
x(t) =pc(t)xo + Hﬁ(t)/ dsy ([MZlGQ’Yz,stlIo(JQ + [Nzla171,1ﬂ£]51xOQ1)
0

t S1
+Mz:(f)/ dsi / dsa ([leafh,wdsl[M21a272,1uﬁ]52
0 0

+ [uglawz,mdsl[u21a171,1l~tc]m)xoq1q2 (85)

Expressions within square brackets are evaluated at the value indicated by their
subscript.

As explained in Section 4, in order to solve the original equation (8.1), it is first
multiplied on the right by p1 ;p2 ; to get the projected equations

dxl-j
dt

= a12i; (1,00 + B1,i,101,4) + aoxij (52,50 + B2,5,192,5) (8.6)
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where x;; = xp1 ;p2 ;. Each of these equations has a solution given by (8.5). Thus,
t
zij(t) = pe,, (Dzoprapz,; + pe,, (t)/ ds1 ([MZ}J. azf2,j,10c,;]5,T0p1,i42,5
0
+ [,U/Ziljal/gl,i,l/ffﬁij]sl1’0q1,ip2,j>
t S1
+ pc,, (t)/ dsy / dss ([,UZlJ a1B1i10L5]s [/JZlJ a2(32,4,11L:;] s
0 0
+ g, a2B21he,,]s: [NZ}J.alﬁl,j,waij]m)xom,i(h,j
where £;; = (1,5,0a1 + B2,j,0a2. The full solution to (8.6) is

2(0) =35 iy (t). (8.7)

i=1j=1

In the special case when b; and b, are expressed in the same constant spectral basis
S = {p1,q1,p2, g2}, the explicit full solution (8.7) simplifies to

z(t) = Z 24 (1)

= MLy, (t)mopl + HLo, (t)xOPQ

' (8.8)
+ Nﬁn(t)/ dsy [pg) (a2B2,1,1 + a1B1,1,1) ke s Toda
0
t
—1
+ Ly, (t)/ dsi [piz,, (a2B221 + a1081,2,1) 1L, s, Toge,
0
where L;; (t) = b1’¢’0a1 + bg’i’oag.
If a; and 3, ; are independent of time, (8.5) reduces to
t
x(t) =e“tzo + eﬁt/ ds e (a1y1 1€5 woq1 + e agye,1€5 0g0)
0
t S1
+ e[,t/ dSl / d82 (e_ﬁ‘“'yl,laleﬁ(sl_‘92)72,1(126“2 (89)
0 0

_Lv L e, — £1
+ e E51yy 1a9e 1752y jase éz)ﬂfoqwz,

where we have used iz = e£t = e(@70+a2920)t g gyt = ¢4t = e (@n0taziz0)t
When a; and az commute, the solution (8.9) simplifies further,

x(t) = e“lag + tett (a171,1%0q1 + a272,170G2) + t2eu’y1,wz,1a1a2moq1q2. (8.10)
Finally, if ;0 = 1 and 7;1 = 0, and a; and ay do not commute, we obtain
z(t) = e (8.11)
where L(t) = (a1 + a2)t, as the solution to

dz

i (a1 + ag)x

as expected.
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Example 2. In this example, we consider the matrix differential equation

dX
o A1X B + Ay X By (8.12)
where X is a 3 x 3 matrix,
-1 1 0 2 0 1
Bi=|10 -1 0|, Bs=1(0 2 0},
0 0o -1 0 0 2

and A; = Bf, Ay = Bg. It is easily checked that B; and By commute, and so do
A; and Ay. The matrices B; and By can be written in the form

By =—-I3+Q1, By=2I3+Q2

where the nilpotents Q1 and )2 are uniquely determined and both have index
of nilpotency 2. Note also that @1Q2 = 0. The solution to (8.12) is given by
substituting these quantities into (8.10):

X(t) = ¢ (X(0) + HA1 X (0)Q1 + A4:X(0)Q2)). (8.13)

C11 C12 (13
€ = C21 C22 Co3 anda note a
Let X (0 , and note that
€31 (€32 (33

5 0 0
L=—-A+24,=|-1 5 0| =5L,+0Q
2 0 5
0O 0 0
where @ = | =1 0 0] and Q% = 0. From (2.12), it follows that e“* = 5 (I3 +
2 0 0
Qt) and the solution (8.13) takes the explicit form
X (t) = e’x
c11 c12 — c11t c13 + 2c11t
co1 — et caa + (c11 — 12 — c21)t + i t? o3 + (—c13 + 2c21)t — 2112

c31 4+ 2c11t cza+ (2012 — e31)t — 2e11t? 3z + (c11 + 2¢13 + 2c31)t + degq

Example 3: Quaternions. We solve the differential equation % = azb + f(t)
where a,b € H¢, the algebra of quaternions over the complex numbers. Any

quaternion a € He can be written in the form
a=ap+a

where a = aji + asj + ask is the complex vector part of the quaternion, a; € C
are complex scalars, and i, j, k are the basis elements of the associative quaternion
algebra satisfying the famous defining relations

i’ =j"=k*>=ijk=-1
We solve the above equation under the assumptions that a(t) is a general time-
dependent quaternion-valued function, and b(t) is a time-dependent quaternion-
valued function of any of the three possible spectral types:
(1) b(t) = bo(t)
(II) b(t) = b1 (t)p1 + ba(t)p2
(L) b(t) = bo(£) + by (t)g
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where bo(t), b1 (t), ba(t) are complex scalar valued functions of the real parameter t.
For type I, we find immediately that the solution is
zu(t) = finga ()20,
for the homogeneous part, and

2(t) = pga(t) 10 + / t iy ()]

for the full solution.
For type II, we find by superposition of the solutions of type I, that

x(t) = piya(t)Top1 + fosa(t)Tope,

for the homogeneous part, and

2 t
i) = 3 palt) o0 + | ko))

for the full solution.
For type III, we have, using the results from Section 6,

2p(t) = Bapipgapir (705",

for the homogeneous part, and
t
o) = Bapiorre®) oo + [ i (s)uih(5)£(5)ds] 5"
for the full solution, T' = ~Js, v(t) = Mb_olaaﬂboabl € He,
0 1
2= o)

is a nilpotent of index 2 and S = (1 q).
Next we derive the explicit representation of the solution for type III in terms
of elementary operations in A. Since I'> = 0, we have

pr(t) = <12 + Jo /Ot ds 7(5))

t
prt(t) = <Iz - J2/ ds 7(5)) (8.14)
0
The homogeneous solution can be written as
t
o (®) = a(®) (0 + [ dsa(s)oaa
0

while the non-homogenous part, xyg =  — xy has a more complex form.
We derive the non-homogeneous part in stages:

oxt = Eaptoga(t)ls <1 b dsv(s)) < /O s i () (s) f(s)> ST

Similarly,

= Eapiga(t) I </Ot Mfl(S)Mb_UZ(S)f(S)dS) ST
+ B Joptngalt) </Ot dsv(s)) (/Ot ds fgubola(s)f(s)) ST (8.15)
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ere J2 = 0 was used to eliminate some terms. Substituting (8.14) into (8.15),
find after simplification,

o (®) = tna0) [ ds ik (5)£(6)

—%méw@mmﬂwqu (.16)
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