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MULTIPLICITY OF HIGH ENERGY SOLUTIONS FOR
FRACTIONAL SCHRODINGER-POISSON SYSTEMS WITH
CRITICAL FREQUENCY

SIQI QU, XIAOMING HE

ABSTRACT. In this article we study the fractional Schrédinger-Poisson system
2 (=A)Su+ V(z)u = plu|> Bu, z€R3,
(-2)°¢ = [ul*~!, @ eR,
where s € (1/2,1), € > 0 is a parameter, 2% = 6/(3 —2s) is the critical Sobolev

3
exponent, V € L32s (R3) is a nonnegative function which may be zero in some
region of R3. By means of variational methods, we present the number of high
energy bound states with the topology of the zero set of V' for small €.

1. INTRODUCTION

In the past decades, the nonlinear Schrédinger-Poisson system
~Au+V(z)u+ K(z)pu = f(r,u), xcR>

~A¢p = K(z)u?, z€R3, (1)

has been the interesting object for many researcher. As a model describing the
interaction of a charge particle with an electromagnetic field, it arises in mathe-
matical physics context [B], and is usually known as Schrodinger-Poisson system.
In the pioneering paper [5], Benci and Fortunato studied the eigenvalue problem
for in bounded domain Q C R3? by using the variational methods. After
that, the existence and multiplicity of solutions for Schrédinger-Poisson system
under variant assumptions on V, K and f, had been widely investigated by
numerous authors and there have developed many effective methods to deal with
equations or systems with nonlocal terms, we refer the interested readers to see
[T, 2, [8, 24, 29, [37, B8] and the references therein.
For the Schrodinger-Poisson system with a nonlocal critical term

—Au+V(z)u — K(2)o|ulPu= f(z,u), ze&R3

g = K@), ©eR, (12

Liu [23] obtained the existence of positive solutions by using mountain pass theorem
and the concentration-compactness principle. Li and He [25] studied the existence

2020 Mathematics Subject Classification. 35B35, 35B40, 35K57, 35Q92, 92C17.

Key words and phrases. Fractional Schrédinger-Poisson system; high energy solution;
critical Sobolev exponent.

(©2022. This work is licensed under a CC BY 4.0 license.

Submitted March 11, 2022. Published July 5, 2022.

1



2 S. QU, X. HE EJDE-2022/47

and multiplicity of positive solutions for by using the variational methods. Az-
zollini, d’Avenia, Vaira [3] studied the existence and nonexistence results of positive
and sign-changing solutions for on bounded domains. Li, Li and Shi [19] 20]
considered positive solutions to the another Schrodinger-Poisson-type systems with
critically growing nonlocal term

—Au+bu + gdlulPu = f(u), x¢€R3,
~A¢=|u’, zeR3
and obtained the existence of positive solutions to . Guo [I5] obtained two
positive bound state solutions of with b =0,q¢ = —1, f(u) = \Q(z)|u[P~2u, a
sublinear term, by decomposition the Nehari manifold and fine estimates.

In the setting of the fractional Laplacian, system (L.1]), or becomes the
fractional Schrodinger-Poisson type system. It is a fundamental equation in frac-
tional quantum mechanics in the study of particles on stochastic fields modeled by
Lévy processes [7, [I7, [I8]. By using a perturbation approach, Zhang, do O and
Squassina [33] considered the existence and the asymptotical behaviors of positive
solutions to the fractional Schrédinger-Poisson system

(=A)u+ V(z)u+ K(z)pu = f(x,u), = €R3,
(-A)'gp = K(z)u?, 2z € R

(1.3)

(1.4)

with V(x) = 0 and K(z) = A > 0, a parameter, and a general subcritical or crit-
ical nonlinearity f. Teng [3I] analyzed the existence of ground state solutions of
with K(z) = 1 and f(z,u) = plu? u + |u|? ~2u,q € (2,2}), by combining
Pohozaev-Nehari manifold, arguments of Brezis-Nirenberg type, the monotonicity
trick and global compactness Lemma. Murcia and Siciliano [27] studied the semi-
classical state of the system

2 (=A)u+V(x)u+ K(z)pu = f(u), zcRY,

(—A)Y2p = yu?, xRV,
and established the multiplicity of positive solutions that concentrate on the min-
ima of V(x) as € — 0 by the Ljusternik-Schnirelmann category theory. Liu and
Zhang [22] studied multiplicity and concentration of solutions of (1.5) when the

nonlinearity f is critical growth. Recently, Yang, Yu and Zhao [32] considered the
fractional Schrodinger-Poisson system with critical exponent

eB(=AYu+V(z)u+ ou= f(u) + [u/*>2u, zecR3
2 (-A)p =u?, zeR3,

(1.5)

(1.6)

where f(u) = Au[P~2u,\ > 0, ‘Lz—ift < p < 2%, and the potential V satisfies the

following hypotheses introduced by del Pino and Felmer [11]:
(A1) V € C(R3 R) and inf,cps V(z) > 0.
(A2) There exists a bounded open set A C R? such that

Vb::irAfV<%1}\nV and M={zxelA:V(z)=V}#0.

Using penalization techniques and concentration-compactness principle, the authors
obtained a positive ground state solution for € > 0 small, and they showed that these
ground state solutions concentrate around a local minimum of V as € — 0. Later,
Ambrosio [4] obtained the multiplicity and concentration of positive solutions to
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by the penalization techniques and Ljusternik-Schnirelmann theory. Recently,
Chen, Li and Peng [I0] obtained multiple higher e nergy solutions of by a
global compactness lemma and Lusternik-Schnirelman theory, where f(u) = 0. For
more related results for (L.6]), we refer to [14} 34] and references therein.

In the fractional scenario, takes the form

(—A)u+V(x)u — K(x)plu> 3u = f(x,u), xR,

(—A)*¢ = K(a)[u[*~", zeR
and we note that there are only two papers that deals with fractional Schrodinger-
Poisson system with nonlocal critical term after a bibliography review. Feng [12]
proved the existence of mountain pass type solution of (1.7 and extended the main

results of [23] to the fractional Lapalcian case. He [16] considered the fractional
Schrodinger-Poisson system with doubly critical exponents

(=A)’u+V(x)u — ¢lu L2204 f(u), zeR3,
(=A)%¢ = [uf*~!, xR,

and proved the existence of a mountain pass solution by employing the concentration-
compactness principle and mountain pass theorem.

The novelty of and is that the second equation is nonlocal critical
growth and driven by nonlocal operators, which make the study of problem
and more interesting and challenging. As we observed that, the previous
results on the existence and multiplicity of solutions for systems and ,
were mainly focused on the existence of ground state solutions under the condition
(A1). The multiplicity of semiclassical states for with both critical frequency
(V(z) > 0,%# 0,7 € R?) and critical growth has not been considered before. The
purpose of this paper is to fill this gap. Concretely speaking, we study the fractional
Schrodinger-Poisson system

(=AY u+V(z)u= ¢lul*>u, zeR,
(=A)%0 = [uf*~!, xR,
where the potential V' (x) satisfies the assumption

(A3) V e L= (R3),V(z) > 0 on R3, and the set M = {z € R3: V(z) = 0} is
nonempty and bounded.

(1.7)

28y = |u

(1.8)

(1.9)

Recall that, if Y is a closed subset of a topological space X, the Lusternik-
Schnirelmann category catx (Y) is the least number of closed and contractible sets
in X, which cover Y. For any fixed 7 > 0. Denote M, = {x € R : dist(z, M) < 7}.
Now, we state our main results.

Theorem 1.1. Let (A3) be satisfied. Then, for any T > 0, there exist e, > 0
such that for any € € (0,e;), then system (1.9) has at least catpr, (M) high energy
semiclassical states in D*2(R3).

The proof of Theorem is of variational. From the technical point of view, the
appearance of the double non-localities from nonlocal critical convolution term and
the nonlocal operator in system make the bounded (PS) sequences could not
converge. It is difficult for us to check the (P.S). condition since the nodal solutions
of do not possess the double energy characteristics, as we known the double
energy property plays a key role in proving the main result in [10,[34]. To overcome
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these difficulties, we shall employ some idea from [13] and establish a new global
compactness lemma in the fractional case, and some estimates become more subtle
and delicate to be established. We shall construct two barycenter functions, and
use Ljusternik-Schnirelmann category theory to obtain the desired results. As far
as we know, the multiplicity of high energy solutions for system has not been
studied in the literature.

This article is organized as follows: In Section 2 we give some preliminary results.
In Section 3, we introduce the limit problem and prove some useful lemmas. In
Section 4, we give a global compactness lemma which describes the behavior of
Palais-Smale sequences, and we regain the compactness if the functional energy
lies in a suitable interval. In Section 5, we first define two barycenter functions
and present some estimations; after these preparations, we complete the proof of
Theorem by means of the Ljusternik-Schnirelmann category theory.

2. PRELIMINARIES

We recall that the fractional Sobolev space D*?2(IR?) is defined as

D*?(R%) = {u e L* (R%) : / [(=A)%?u?dz < oo},
R3

with the norm [26] 28]

2
2. S/2 24 )| dx dy.
P = [ 1-a)upds = [ HE=E ddy

The embedding D*?(R?) — L% (R?) is continuous and there exists a best constant
S > 0 such that -
—A)* Pu|*dx
S= _inf Jea |(=2) l/z*. : (2.1)
weD=2RONOL (oo uf2da) ™
From the Lax-Milgram theorem, we have that, for given u € D%2(R?), there
exists a unique solution ¢ = ¢,, € D*?(R3) satisfying (—A)*¢,, = |u|? ! in a weak
sense. The function ¢, is represented by

u(y)

o o -y

pu(z) = Cs dy, = €R3

where Cy = m7227251(3 — 25)(I'(s)) !, see [16, 2] for instance. Then function ¢,
has the following properties.
Lemma 2.1. For each u € D*2(R3), the function ¢, has the following properties:
(i) ¢ou = 0% 1, for all § > 0.
(ii) For each u € D*%(R3), one has ||¢,| < S~ 1/2\u|2 ! and

. (2;-1)/2%
/ Gulu*"tdr < 571/2</ |u 2-*dx>
R3 R3

(iii) Ifu, — u in DS2(R3), and u, — u a.e. in R®, then ¢, — ¢, in D>%(R3);
and ¢un - ¢un7u - ¢u — 0 in DS’Q(RS),
(iv) If up, — u in D*>23(R®), and u, — u a.e. in R3, then

/Rsmn —/Ryun,u\un—u —/Rsm

2(2 -1

| <S5~

Zldr —» 0, (2.2)
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and

2r -3 2:—3(

¢un |un Up — (bunfu‘un —u Un — 'LL) - ¢u|u 2:_3“4 - 07 (23)

in (D*2(R3))*, where (D*2(R3))* is the dual space of D*?(R3).

Proof. Ttem (i) is obvious from the definition of ¢,,.
(ii) For each u € D*?(R?), we can deduce that

/ (—A), 2 = / bulul®~tdx
R3 R3

x (25-1)/25 « 1/2
< ( |u 2Sdaj) (/ |¢u|23da:> (2.4)
R3 R3
x (25-1)/25
<s2( [ i) bul,
R3
and so
" (25-1)/2¢ .
foul < 5772( [ Juf*ao) = 5
R3
Therefore,
. .o\ (25-D/28 .
[ oulu e <572 [ jupia) bull < 57 uf23 0,
R3 R3
(iif) From the Sobolev embedding, one has u,, — u € L% (R3). Then |u,|* ' —
23
lu|?~1 in LZ-1(R3). Using Brezis-Lieb lemma [6], we have that
2
[ |27 = fup —uf> ™ = |u|? 7 = 0 in LZTE-T(RY). (2.5)

Therefore, for any v € D*?(R?) — L% (R?), we obtain

(qﬁun,v):/ [t 2:71vdx%/ |u
R3 R3

which reveals that ¢, — ¢, in D%?(R3). Since for every w € D%?(R3).

(G = b = Suall = | [l = o 571 = )

2T -1 |vn

% vdr = (u,v),

-1

s

271

_|u

< |w|2;\|un 25 /(25 —1)»

then ¢, — du, —u — ¢u — 0 in D*2(R3), which implies the assertion.
(iv) Set v, = u, — u, then v, — 0 in D*?(R3) — L% (R%) and v,, — 0 a.e. in
R3. By item (iii) we have ¢,, — 0 in D*?(R3). Since u, — u a.e. in R?, and

25
u, — u € L% (R?), we infer that |u, 2= in L2 -1(R%), and so, (2.5)
holds. Consequently, by the weak convergence of {u,} and Hoélder inequality, as
n — 00, we obtain

/ Ou, [Un 2«tflda:—/ d)vn|vn|2:71dx—/ ¢u|u|2:71dx
R3 R3 R3

= / [d)“n - ¢Un - ¢u]|un 2:71dx +/ ¢'Un[|un Z-l |
R3 R3

+/ Gu, U 23*1dz+/ Oulltn 21
R3 R3

2:71 — |’lL

27 —1

%Y de

Up — U

2 dx — 0,

,‘u
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which implies (2.2)). To prove (2.3)), we have by item (iii) that ¢,, — ¢, in D*?(R3),
which yields ¢,,, — ¢, in L* (R?). On the other hand, by virtue of u, — u a.e. in

R3 and
o< ([ o,
R3

/ | Bu i
]R3

From [36, Proposition 5.4.7], we see that

*
25—2

A
2:dm> = (/ |un|2;dac) Tz < C.
R3

208y,

2* -3 234, b, [0 ]2 S0n — 0

Pu,, [Uun|™ P un = ulu
2% .
in L?7-7(R3). Hence, for any ¢ € D*%(R3), we have
[ 6 lunl? 5 = Gl = a2 = e > [ Gulu o,
R3 R3
and (2.3]) follows. O

Lemma 2.2. If N >3, and V(€ L3 (RN), then the functional

H(u) = / V (x)u’da
RN
is weakly continuous in D*2(RYN).

Proof. Tt is similar to the proof of [35] Lemma 2.13], we sketch it here for conve-
nience. The functional H is well defined by the Sobolev space and Holder inequal-
ities. Assume that u, — u weakly in D%?(R"). Since the Sobolev embedding
D*2(RN) «— L2 (RY) is continuous, we have u,, — u weakly in L2 (RY), and so,
u?2 — u? weakly in L%%(RN). Note that V € L2s (RV) = (L%%(RN))*, thus,
/ V(z)ulde — V(z)uldx asn — oo,
RN RN

which implies the conclusion. O

Finally, we recall that the Hardy-Littlewood-Sobolev inequality.

Proposition 2.3 ([21]). Lett,r > 1 and 0 < a <n with 1/t +a/n+1/r=2,f €
LY(R™) and h € L"(R™). There exists a sharp constant C(t,n,a,r) independent of
f, h such that

/ F@MY) 40 gy < (6, 00 )\ flal s (2.6)
ren [T —Y|*

Ift:r:%, then

C(t,N,a,r) = C(N,a) = n/? L'z -3%) {11:((]%)) }*H%.

In this case there is equality in (2.6) if and only if f = (constant)h and

2N—«
2

h(z) = A(Y* + |z — al*)”
for some A€ C,0#~€R and a € RV.



EJDE-2022/47 FRACTIONAL SCHRODINGER-POISSON SYSTEMS 7

3. LIMIT PROBLEM

To study (1.9, we need to introduce the limit equation. First, we introduce the
system
(—A)u = guf* P, =R,
(A6 = [u~!, @R
It is well known that the best embedding constant S is achieved at the function
[30]:

(3.1)

SS/(ZS)F 3\ 22
V) = e b= (G ) F
(1 ) w3/
and U(x) is a ground state solution of the equation
(=A)*u = |u*72u, zeR> (3.2)

Moreover, by the invariance of scaling and translation, we known that the function

Us o (x) =072 U

T — 2o
)
solves (3.2), and satisfies

1Us 2017 = 1Us, 57 = S (3.3)

The following observation is useful in the energy estimation of the functionals below.
Lemma 3.1. Assume that u, ¢ are positive solutions of , then

u(z) = ¢(x) = Us ., (x)  for some zg € R, and & > 0.
Proof. Let u and ¢ be a pair of positive solution to . Then we have

(—A)*(u—¢) = (¢ —w)u|* 2, = € R®.

Multiplying this equation by u — ¢, and integrating by part, we obtain

[1Care - od [ o =o

R3 R3

Whence, we can conclude u = ¢. Furthermore, u satisfies (3.1)), and the conclusion
follows. O

The functional of (|1.9) is

I(u) = ? s [(—A)*/?u|?dz + % /R?» V(z)u?de — ﬁ /]R3 buul> ~tdx,
and introduce the limit equation of as
e2(—A)u = glu/*Pu, zeR?,
(—A)p=u*"", zeR.

whose energy functional is denoted by

2s
€ 1
_ - —A s/2 2d . 7/ .
el =5 /Rs'( R ToT vl S
- 3-2s .
By Lemma it is easy to see that u =&~ 7 Us 4, is the ground state of (3.4) and

(3.4)

2:71df£

3+2s 34+2s
€2 €2
Jo(u) = —A)*2Us 4. |2d —7/ Us.s
(u) 2 R3 |( ) 57 0| xz 2(2: _ 1) R3 ¢U5,m0‘ 67 0

Ly
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342s 1 1 3
= 2 ([ — — )92
c (2 2(2: — 1))
2s 3425 3
= e 2 2s
3+ 2s

For each £ > 0, we define the Nehari manifolds of I., J. as follows
N. = {u € D**(R*\{0} : I’ (u)u = 0},
N2 = {u e DRIN\{0} : JL(u)u = O},

me = inf I.(u), m:= inf J.(u).
u€ENe u€ENg®
Lemma 3.2. Let (A3) hold. Then m. = 315235¥S%'

Proof. For any u € N, by Lemma [2.1] we have
g2¢ [(—A)*2u|?dz < 528/ |(—A)S/2u\2dm+/ V(2z)u?dx
R3 R3 R3

*_ _ 2(2%—1
:/qusu\uﬁs Yo < 57 ul3 Y (3.5)

1

. 21—
<$7E( [ |(=8) )
R3
which implies that
[ ouluaPi e =l + [ Vienlde > [ > F5E 3
Hence,
1
25 4 9 25 9
= s 1% d 3.7
g+ s [ Vet (37)
25 s+2s 3
> =5 g5
- 3+255 5%,

which implies that
2s 3+2s 3
1> 2 2s
3+ 2s

: 8-2s : . .
Now, consider v,(z) = ¢ 7 w(r — 2z,) € N2°, where w is a positive solution of

(3.1) centered at zero, and z, € R? satisfies |z,| — oo. Let t,, > 0 be such that
tnv, € Ne. Using v, — 0 in D*2(R3), and Lemma we have

/ V(z)vide — 0.
R3

Me >

Then ¢, — 1. Hence,

2 3425
Me < L(tava) = L(va) + 0a(1) = Jo(va) + 0a(1) = +52Se¥s% +on(1),
which implies that m. = % M2 got 0

Lemma 3.3. Let (A3) hold. Then m. = m2° holds, and mc is not attained.
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Proof. For u € D*2(R"), we define the function

7(t)
= (IL(tu), tu)
. « 3.8
=t 25/| S/2u|2da:—|—t2/ V(x)uZda:—tQ(QS*l)/ bulul? (3:8)
R3 R3
= at? — bt?%a.s,
where
a:/ (€2|(=A)2u)? + V(2)u?)da, b:/ bululZ~1dz.
R3 R3

It is easy to see that there exist unique t(u) > 0 and s(u) > 0 such that t(u)u €
Ne,s(u)u € N°, and

I (t(uw)u) = max I (tu), Je(s(u)u) = max Je (tu).

For any u € N,
Moo < Too(s(u)u)

% 2, 1 2 |5 (w) [P 1
< SlsulP + 5 [ vt~ EEE S [l 69
2 2 Jes 202t —
= I.(s(uw)u) < I(u),
which implies that
m < me. (3.10)

Assume that w is a positive solution of (3.4) centered at origin, {z,} C RY satisfy-
ing |zp| = 00 as n — oo, wy(z) = 5¥w(x — zp) and t, = t(wy,). It is clear that
wy, — 0 in D*2(RY), and by Lemma one has

/ V(z)widz — 0. (3.11)
R3

Now, we have that

Teltaon) = S5 ol + oa() = TR [ (3.12)
Noting that w, € N2° and t,w, € N., we obtain
£2%|Jwy||? = / b, dz, (3.13)
RS
2582 |wn ||* + 2 /R . V(z)w?de = ¢3~D Ydz. (3.14)
By and we have
2542572 _ 1) |lw, |12 = / V(z)wde = o,(1), (3.15)

which means that ¢, — 1 as n — oco. By (3.12 -, we see that limy, o0 I:(u,) = m°.
Therefore, we obtain m., < m2°, and so m. = mg°.

Next, we prove that m. cannot be achieved. Suppose by contradiction that,
there exists some u € N, such that I.(w) = m. = mZ°. Then, from s(u)u € N2°

we have

mZz < J-(s(u)u)
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e n 1 ~~12 ~2r
2 2 JrN — 1
= I(s(u)u)
< I(u) =m.
We infer that

V(x)|s(@)ul*de =0, s(@) =1=u=0 on R*\M.
RN
Hence, u € N2°, J. (1) = mg. Thus, by Lemma U(z)=c"7" Us o (x) >0,V €
R3, for some & > 0, zo € R?, which leads to a contradicts to @(x) = 0 on R\ M. O

Corollary 3.4. Assume that {u,} is a Palais-Smale sequence of I. constrained
on Ng, then {u,} is a Palais-Smale sequence of I.. If u is a critical point of I,
constrained on N, then u must be a critical point of I..

Proof. Let {u,} be a Palais-Smale sequence of I. constrained on N, then there
exists A\, € R such that

on(1) = I(un) = AnQL(un),
where Q. (u) = I.(u)u. Note that {u,} is bounded in D*?2(R?). Thus, one has
on(1) = I (tn)un = An Qe (tn)tin = =An QL (un )un,
On the other hand, since 2% > 2, then by , we derive that
QL (un)un

= 2¢% |(—A)s/2un|2dx + 2/ V(z)udr — 2(2F — 1)/ bu, [tn|® " Lda
RS RS
2(2 —27) / Du, un\Q
< [2(2 - 200 8% <.
(3.16)

Thus, A, — 0 as n — oo. Moreover, by the boundedness of {u,}, we assert that
{QL(un)} is bounded. Hence, I.(u,) — 0 as n — oo. If u is a critical point of I,
constrained on N, then there exists A € R such that I’(u) = AQL(u). Therefore,

0= Qs(u) = I (u)u — AQ~(u)u.
By the same calculation as for , one finds that
2€ 3
QL(wu < 22— 2))]e”

Sz,
Thus, A =0, and then, I’(u) = 0. O

4. GLOBAL COMPACTNESS

The following global compactness lemma plays a key role in proving the com-
pactness of the (PS) sequences.

Lemma 4.1. Under condition (A3), for each € > 0, suppose that {u,} C D*?(R3)
is a Palais-Smale sequence of I, at level c. Then, replacing u,, if necessary, with a
subsequence, there ezist a number k € N, sequences of points z1,... 2% € R3 and

rn
ol
radii v}, ..., % such that:
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1) ud =u, —u® in D2(R3);
2) wh = (uw Tt —wiTh) ;= in DS2(RY), j=1,2,...k;
k .
3) llunll* = 3250 112
& ,
(4) Le(un) = Ic(u®) + 325 Je(w),
as n — oo where u® is a solution of (1.9) and w/,1 < j < k, are the nontrivial
solutions of (3.4). Moreover, we agree that in the case k = 0 the above holds without
ul.

Sz o
1

n

Proof. Note that {u,} is a (PS). sequence for I.; then, we can prove that {u,} is
bounded in D*2?(R3). Without loss of generality, we may assume that u, — ug in
D*2(R3) as n — 00, u, — up a.e. in R3. Moreover, I’(u") = 0. In fact, for any
¢ € Cg°(R?), we obtain

I (up)p = £2° / (=AY 2 (—A)2pdz + [ V(z)unpds — / bu |un|Z 20
R3 R3 R3

From Lemma we can see that ¢, — ¢,0 in D*?(R3) and so ¢,, — ¢, in
L% (R?). Therefore,

/3((;5% — ¢uo)|u0|2:*3u0g0 — 0 asn— oco. (4.1)
R

Since u,, — u a.e. in R? and by Hélder inequality, we obtain

*

[ o (P, = 500 5
R3
2: 2% (2% —2) 2% 2% (21 —2) (42)
e (e TN N < P N B el
and 50 ¢y, (Jun|? u, — [u°]?3u) — 0 in L"’ifil(R?’), and thus
/ O, ( — |l %30 pde — 0 as n — oo, (4.3)
R3
which together with (4.1 implies
/ Gu, [Un | Pupp dz —>/ buou’|Bupdr  as n — oco. (4.4)
R3 R3
By (4.4) and the weak convergence of u,, — u° in D%2(R?), we have
I'(u)p = lim Il(un)p =0, Yo € C3°(R?). (4.5)
n—o0

Therefore, I'(u%) = 0 and u is a critical point of I. by density of C§°(R3) in
D*2(R?). Let
vl (z) = up(x) — u’(z).
By Brezis-Lieb Lemma [6] and Lemma [2.1] (iv), one can easily obtain
lvall® = lupl® = [[u®l* + 0a (1),
IE(’U}L) = Ie(“vlz) I (u®) 4 on (1),
I(vy) = IZ(up) = IL(u°) + 0n(1).
Note that v} — 0 in D*?2(R3). Then, by Lemma

V(2)|vndz = 0,(1), | V(2)vapde = on(1)]l,
R3 R3

(
(
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for each p € D*2(R3). Therefore,
Js(”vll) = IE(”%) +0n(1) = I (upn) — I-(u) + 0n(1),
Jé(vrlz) = Ié(vrlz) +0n(1) = 0, (1).

If v} — 0 in D%2(R3), then the proof is complete. If v} - 0 in D*2(R?), then
there exists ( > 0 such that

(4.9)

J.(v}) > ¢>o0. (4.10)
We assert that there exist two sequences {r,} C RT and {y,} C R? such that

gn = (vl)"'n;yn - g 7é O’ in DS72<R3)’ (411)

n

3—2s

where (v)),, 4. =702 vE(r,x +y,). In fact, by ([£.9) we have
S
R3

2s
1\ 1
Js(vn) - 3+ 2s /R3 ¢U}1|vn

%z 4 0,(1), (4.12)

%1z 4 0,(1). (4.13)

From (4.10), Lemma [2.1fii) and the boundedness of {u,}, we derive that

0<dy <ol < Dy, (4.14)

for some dyi, D7 > 0. We introductive a Lévy concentration function

Qn(r) = sup/ |v,1L
2€R3 J B,.(2)

6
Since Q,(0) = 0 and Q,(c0) > d;**, we can assume that there exist sequences
{r,} C R* and {y,} C R3 such that

sup/ v} 2de:/ v}
z€R?® J B, () Br,, (yn)

0<b<min{ai®, (520)77 )

We define g,, = (v}l)rmyn, without loss of generality, we may suppose that g, — g¢
in D*2(R3), and g,, — g a.e. in R, Direct calculations show that

sup / g (@)% do = / (g ()% i = / vl
z€R3 J By (z) B;(0) By, (Yn)

lvall® = llgnll®,  lvn 2% (4.16)

2% 1 1
/ (bgn |gn T idr = / ¢“}L |’Un
R3 R3

Based on the above two properties, we have

Je(gn) = Je(vy) = Je(up) = J=(u”) + 0, (1), (4.18)
JL(gn) = JL(v}) = on(1). (4.19)

2 dx.

%de = b,

where

Ldr=b,  (4.15)

2% = |gn

g (4.17)
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If g =0, then g, — 0 in L% (R3?). Assume that ¢ € C5°(R?) satisfying suppy C
By (y*) for some y* € R?, and Vz/;(:c)| < C for z € R®. Note that

2
[4gnll® = // il |a:— |3J£23) i) du dy
// (9(2) = 90 )W @)9n(®) = V*W)9n®)) 40 (a20)
R6

|£C _ |3+2s

//RG |x7 ||23+2(S )gn(y) de dy.

By a direct computation, we have

// [z |x7 y||+ D90 10 a1
2
//Re |x_y|3l23 n(Z )d:vdy>1/2 (4.21)

|9 (x (y)|*ga(2) 1/2
n®) g d) .
//RG Ix— ISHS T
We next show that

Y(x Y)|2g (x Y)|2g2(y
//RS' |x_ |3+28 d dy—//RS |x_ |3+25 ()dxdyzon(l).

In fact, we have

|9 (@ y) g5 (x)
//RS Ix—yl?’“s e dy
2
N B C
Bi(y*) J B1(y*) |1: - y\

Y (x) — () [*gn (=)
2 dx d
+ /Bly)/B(y) |x— |3+2s T ay

[V (y+0(x —y)) |z — ?J|2
< gfl r)dx dy 4.22
/Bl<y*> @) Bi(y*) |z — y[3*2s 422
1

+C gi(x)dx/ ——dy
B1(y*) B¢ (y*) |z — y[3+2s

) 2 7,,2 ) oo T'2
< Cl/ gn(:c)dz/ errC’/ gn(x)dx/ —5dr
Bi(y) o Tt Bi(y) o

SC'Q/ g2 (x)dz — 0
Bi(y*)

as n — 0o, in view of g, — 0 in L2 (R?), where 6 = 6(y) € (0,1). Similarly, we
have

(v) 1?92 (y)
//]RG |3: — y|3+25 drdy — 0, asn — oo. (4.23)
By (4.20] M*Ev we have
o = [ @O0 = W00 4, 1,1, (420
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Furthermore, based on the above results and Proposition [2:3] we have

528S|w9n %z < EQSngnnz

_ 2 a2
_ o2 // (90 () = gn W) W*(@2)9n(2) = V* W) W) 00 1o 1)
- |z — y|3+2s
N / Bgulgn[* M2 dz + 0,(1)
3
) o
< 5290 |gn 1(/ ‘gn %1 Q)de) +0n(1)
3#;;28
*6250 |gn (/ |g |3 25 3+2s |g ¢|%+2sdx) +On(1)
6s—3
3—2s 6
s -1 3 *
<250, |gn 2 (/ |9 gn | dm) (/ |gn|2sdx> + on(1)
B1(y*)
< e¥C,Dyb° + 0,(1)

1 S
< 552( S‘wgnbj + On(l)a

which implies that g,, — 0 in LIZEC(R?’ ), contradicting with . Therefore, g # 0.
By (4.9) and the weakly sequential continuity of I., we know J!(g) = 0, hence
the sequences {gn},{r}},{ys} are the wanted sequences. By iteration, we obtain
sequences v = u/~1 —u/71 j > 2 and the re-scaled functions uj, = (vﬁb) jgn W

in D*2(R?), where v/ is a nontrivial solution to (3.4). Furthermore, by (4.6] . [@9)
and ([4.18]), we obtain
[ 1% = o 117 = ud 7 1 = e =+ on (1) = .

=t (4.25)
= Jlunl® =D lu'l* + on(1),
1=0

Jg(uzl) = Ja(vi) = Ja(ufl_l) — J.(whH + on(l)=...
i1 : 4.26
= I.(uy) — I.(u") — Z Je(ub). ( )

Moreover, as

0= Ju(uyud = | = [ gl
R

> &2 ud|? — 5~ 35 (427
> [l [?[e2 — S (Jlu? %)% 72,

we have
]| > 72 57,

and the iteration must terminate at some index k > 0. [l

Corollary 4.2. Let {u,} be a (PS). sequence for I. with c € (m., 2%7715). Then
for each e > 0, {u,} is relatively compact in D%%(R3).
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Proof. From Lemma[4.1] it follows that there exist a number k € N, a solution u°
of (1.9) and solutions u',...,u* of (3.4), such that

k

k
”un”2 - Z ||uj||2§ I (un) — IE(UO) + Z Je(u?).
j=0

j=1
By Lemma [3.3] if u® # 0, then I(u®) > m.. On the other hand, for each nontrivial
solution u’ of (3.4)), if w’ is positive or negative, we have that

2s 34325521
= £ s = M.
3+ 2s ¢

Jo(u?)

If w/ changes its sign, then, from the proof of [13, Proposition 3.2], we have for all
tr,t= >0,

Je(t () )T (8 () 7)< ()
Fixing t*,t~ > 0 such that J.(t*(u?)*)(t*(vw/)*) = 0, it follows that

2s 3+2s

J.(tF (w)T) > 2§55
(WD) 2 3755
which implies that
' 6s—3 28 3+2s 3 65—3
J(u) > 27 T2 S2%2 =9 4s .
W) 2 3425 e
Since ¢ € (m., Q%m‘g)7 we must have k = 0, and so u,, — u® in D*?(R3). O

5. PROOF OF THEOREM [L.1]

In this section, we are devoted to showing the multiplicity of high energy semi-
classical states. For small 7 > 0, we may choose p = p(7) > 0 such that M, C

B,(0). Let
x if |z < p,
= 5.1

(@) hﬁﬁm>ﬂ 6.1

We define 3: N. — R3 and v : N. — R* by
1
Blu) = ﬁ/ X(@)|(=A)*?ul*dz,
c=2 S2s Jr3

—# ) — B(u)|(—= S/2u2.’L‘
10 = =y [ @) = Bl (~8)ufde.

It is easy to see that for any Us . € D*?2(R?), there exists a unique t5_, in (0, +00)
such that

Bs.(z) :=tg.e + Us(x) € N.. (5.2)
We also introduce the set
A =A(p,61,01) = {(z,0) eR®* xR : |z| < p/2,61 < § < Ja}. (5.3)

A direct computation yields that, for any fixed z € R3,

/ V(x)U(;Q’Z(a:)dm —0 asd—0.
R3
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Then, for each ¢ > 0 and any fixed z € R3, we see that lims_,o ts,. = 1. Hence, for
every € > 0, there exist 61 = d;(¢) and Jo = da(e) with §; < 2 and 61,02 — 0 as
e — 0, such that

3425 2s
sup{l-(s-) : (2,0) €A} <% (3 +2s

S35 4 h(e)), (5.4)
where h(e) — 0 as e — 0.
Lemma 5.1. lims_,o v(®5,.) = 0 uniformly for |z| < p/2.

Proof. For 0 < 2§ < p, by t5. =1+ 05(1), we have
1

Y(®s.2) = 5z L IX(x) = B(®s,.)[(—A)*/?Us .| *dx + 05(1)
1
= [ ) - BI85
525 JR3\Be(z)
1
* S= /B ) IX(@) — B(®s.2)|(—A)2Us . |*dx + 05(1)
S g z
=1+ 1+ 05(1).
Note that
1
D= [ ) - B (-2 o
S35 JR3\Be(0)
<Cp [(=A)2Uso|?dx — 0
R3\ B¢ (0)
as 0 — 0.

For I, we have

B(®s5.) = Bl Usz) + 0s(1)

1
= o5 [ @2V (@) de +05(1)
2s JR3
§3+2s (5'5)
S [ 2) Sl (-2 00 P + o)
2s R3
=z + o0s(1).

Consequently,

S, < / (@) — x| (~A)/2Us P
Be(2)
4 / X(2) — B(®s.2)||(—A)*/2Us . Pdx
Be(z)
< 2/ |l‘—Z||(—A)S/QU§’Z|2d.T+2§S%
Be(2)

+/ Ix(z) — z||(fA)5/2U57Z|2dx +os(l) < 455% + 0s(1).
Be(z2)

where we have used [9, Lemma 2], which says
X(x) = x(2) <20z — 2|+ 26, x € Be(z).
Since £ > 0 is arbitrary, we have lims_,o v(®s,,) = 0, uniformly for |z| < p/2. O
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‘We now define a set NE C N. by
2s
3+ 2s

~ 2 s s
N€:{u€ E:ﬁtzsgg't’z S%<Ig(u)<€¥<

(B(w).7(w)) € A},

where A is given by (5.3)). According to Lemma we can modify d1(g) and dz2(¢)
such that N, # ) for ¢ > 0 small.

S35 4 h(s)),

Lemma 5.2. lim.,osup, 5. dist(8(u), M) =0, for any 7 > 0.

Proof. Let u,, € ]\75n be such that

dist(B(un), M7) = sup dist(B(u), Mr) + on(1),
u€Ne,,

and assume that €, — 0. It suffices to find a sequence z, € M, such that

B(un) = zn + 0n(1). (5.6)
3-2s
Since u, € N., , by (3.6) we see that ||[u,|2 > e, 2 S2=. Hence,
2s 342s 3
n?® Sz
3+ 235
2s 4
< s 2
2s 2s
< s " 2 V4 2d
< 3350 ™+ 555 /R (@)unde (5:7)
1
= I, (un) — m-@n (Un)tn
3+42s 2s 3
<en” (grga5% +hiew)
Setting wy, := £-T u,, we have from (5.7) that
2
wa|? = ——= 8%  and 5;28/ V(z)wide -0 asn— oco. (5.8)
3 + 28 R3

Using u,, € N, again, we have

|(7A)S/2wn\2dx+€;25/ V(z)w%daj:/ Dw,, |Wn
R3 R3 R3

which implies that {w,} is a PS sequence for I;. It follows from Lemmas and
With ¢ = 1 that there exist a number k € N, sequences of points z},..., 2% € R3
and radii r},...,7% such that:

(1) w® =w, — w® in D>2(R3);

(2) wi =it —w =Y, ; =win D2(R?), j=1,2,...,k;
(3

%y, (5.9)

ThoTh
) llwnll® = 325 [l
(4) L(wp) = L(w®) + S5 Ji(w?),
as n — oo where u° is a solution of (1.9) and w’,1 < j < k, are the nontrivial
solutions of . If w° # 0, by Lemma we know that
25
3+ 2s

3
Sa2s

Il(wo) >

)
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which contradicts with the above conclusion (4) since J;(w’) > %S% and

I (wy) — %S% Therefore, w® = 0. Moreover, using
2s 2s g
3+ 2s 3+2s

again, we must have & = 1 and w'! is a ground state of with I7(w!) =
%S%. So, there exist §; > 0 and z; € R?® such that w! = Us, =, and there
exists (r),z),) € R+ xR? such that [|(wp);1 ;1 —w'|] — 0. Consequently, there
exist a sequence of points {z,} C R?® and a sequence of {7,,} C (0,+00) such that

|hnll = l|wn — Us,, 2, || = 0, where z, = 2L + 1Lz and o, = rld;. We claim that

on — 0 and {z,} is bounded. (5.10)
3—2s

Indeed, denoting ¥, . =¢en* U, .. by h, — 0in D*?(R?), one has

_ 1 _ANS/2 2
Blun) = ey [ 3(@(=8) s Pda

£ 2

Ji(w?) > S5 and I (wy,) —

1
; / X(@)|(=A)*Pw, [ da
S2s Jrs
1
L [ AP 01 -~
S2s R3
1
= 3_273/ X(@)|(=A) 20, [2dx+ 0,(1)
e =2 S2s JRrs
:ﬂ(lpo'n,zn)—’—on(l).

From u, € N. we may assume B¥s, ) C By2(0). If 0, — 00, then we know
that for each R > 0, by [28] Proposition 2.2], we have

1 .
lim —pgs / (~A)*/2W,, . [*dz = lim (~A)*/20,, .. Pde
Br(0)

n—00 e ) n—00 Br(0)

< lim \VU,, .. |*dx = 0.

n— 00 Br(0)

Using this fact and the definition of the mapping v, we obtain

3—2s
e T2 s
Wope) = g [ @) = BV, 2 (- 8)0s, o, P
Sas R3
_3-2s
> = [ @A), o e - B(T,.,)
Sas R3
_3-2s
2 M |(—A)S/2‘I’an,zn\2d$ _ B (512)
§2 Jr\BR(0) 2
_3-2s
- = 32 / |(_A)s/2\1'0n Zn|2dx e + On(l)
SX R3 ’ 2
=§+%ﬂ»
Since ||hy|| = ||un — Yo, 2, || = 0, one has y(u,) = v(Vo,, 2,) +0n(1). So, v(un) >

£+ 0,(1). However, from u, € N.,, we obtain

01(en) < y(upn) < d2(en), (5.13)
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where §;(e,) — 0,4 = 1,2 as n — oo. This leads to a contradiction, and so, {0, }
is bounded. Now we assume that 0, — ¢ > 0 as n — oo. If & > 0, then we
must have that |z,| — co. Otherwise, U,, ., would converge strongly in D%?(R3),
and so would w,. Consequently, I; possesses nontrivial minimizer on N1, which is
impossible by Lemma Then, for every R > 0, the fact that lim, . |2,]| = 00
implies that
lim (=A)*2U,, .. [2dz = 0.

Hence, one can similarly obtain the estimation , a contradiction to .
The proof of the boundedness of the sequence {z,} is similar, and it is omitted
here. Hence, holds.

Now, we may assume that 2z, — z* and 0, — 0. By choosing subsequences of
{o,} and {e,}, still denoted by {0,} and {e,} such that 2% = o, (1) as n; —

En,;

oo, we may replace {o,,} by {en,} and relabel {e,,} by {5,:} Define v, (z) =
3—2s
en® Wy(en + 2,). Then v, — Uy o in D%?(R3), and we obtain

lim V(ent + 2p)vp(2)?dr = lim e, / V(z)w, (z)*dx = 0;
R3

n—oo [ps3 n—oo
which implies that [q V(2*)Uf(x)dx = 0. Therefore, V(z*) = 0 and 2* € M.
Furthermore, 2z, € M, for large n. Then by (5.11]), we obtain
1 S

Blun) = 3 / X($>|(_A)(/2Uon,zn
S'3s R3

1

i
Since e,z + 2z, — 2* € M, we deduce that S(u,) = 2z, + 0,(1), hence the sequence
{zn} is what we need. Consequently, (5.6) is true and we complete the proof. [

Proof of Theorem[1.1 For any 7 > 0, set smalle =&, > 0. Then ® : [y, do] x M —
N, given by ®(6, z) = @5, is well defined and by Lemma we have 8(N,) C M.
From (5.5, we obtain

B(®s5,,) =z +05(1) uniformly in z € M.
For § € [01,02], we denote B(®s,) = z + p(z) for z € M, where |u(z)] < 7/2

uniformly for z € M. Define H(t, (6,2)) := (6,2 + (1 — t)u(2)). It is easy to see
that H : [0,1] x [01,02] x M — [61,62] X M, is continuous. Obviously,

H(O, (57 Z)) = (57 ﬂ(q)é,z))a H(la (57 Z)) = (67 z)

2dx + 0, (1)

/ D(En + 2) — 2l | (—A)/2U7 of2d + 2 + 0n(1).
RS

Therefore,

©(9, 2) := (0, B(Ps,2))) : [01,02] x M — [d1,02) x M,
is homotopic to the inclusion mapping Id : [01, 2] X M — [d1,02] x M,. Thus, we
have

cat(Ng) > catys, 5,1x ., ([01,02] x M) = catpy, (M).

By Corollaries and the functional I. satisfies the (PS). condition on NE.
Hence, the Ljusternik-Schnirelman theory of critical points implies that I. has at
least catyps_ (M) solutions. O
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