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BIFURCATION OF CRITICAL PERIODS OF A
QUINTIC SYSTEM
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ABSTRACT. We investigate the critical period bifurcations of the system

& =iz + zz(az® + b2’z + 2% + dzd)
studied in [6]. We prove that at most three critical periods can bifurcate from
any nonlinear center of the system.

1. INTRODUCTION
Consider a system of ordinary differential equations on R? of the form
= —v+ P(u,v),

0 =u+ Qu,v), (1.1)

where v and v are real unknown functions and P and ) are polynomials without
constant and linear terms. The singularity at the origin of system is either
a center or a focus. In a neighborhood of a center the so-called period function
T'(r) gives the least period of the periodic solution passing through the point with
coordinates (u,v) = (r,0) inside the period annulus of the center.

If T'(r) is constant in a neighbourhood of the origin, then the center at the origin
is called isochronous. For a center that is not isochronous any value r > 0 for which
T’(r) = 0 is called a critical period. The problem of critical period bifurcations is
aimed on estimation of the number of critical periods that can arise near the center
under small perturbations. It was investigated for the first time by Chicone and
Jacobs [2] in 1989 for quadratic systems and some Hamiltonian systems. After that,
many studies were devoted to the problem (see, e.g. [IL Bl [7, 10 12l 15l 16, 17,
18, [19, 20, 21] and references given there). One of difficulties in investigations of
this problem is that before studying the critical periods bifurcation for a polynomial
system one should resolve the center problem for the system, that is, find all systems
in the family with a center at the origin.

Studies of the center problem are usually simpler if one considers the problem in
the complex setting. To perform a complexification we can make the substitution
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2 = u + iv obtaining from (|1.1)) the complex differential equation

n—1
d=ir— Y aja’tzh. (1.2)
jrk=1
Adjoining to its complex conjugate and considering a@;; as a new parameter
br; and Z as a distinct unknown function y we obtain the system
n—1
T =ix— Z ajpad Tyt =iz + P(z,y),
j+k=1
n—1 N
g=—iy+ Y bgay ™ = —iy + Q(z,y).
jtk=1
This system is called the complexification of and it is equivalent to when
y =2 and by; = a,i.
By Poincaré-Lyapunov theorem system has a center at the origin if and
only if it admits in a neighbourhood of the origin an analytic first integral of the
form

(1.3)

®(u,v) = u® +v? 4+ h.o.t.,
which is equivalent to the existence of a first integral of the form
U(z,z) = 2Z + h.o.t.

for system (1.2)).

Thus, extending the notion of center from real systems to systems (|1.3)) it is said
that complex system ([1.3)) has a center at the origin if in a neighbourhood of the
origin it admits an analytic first integral of the form

o0
U(z,y)=ay+ Y Yyalyh (1.4)
j+k=3
Since to each ajj in the first equation of (1.3) corresponds the parameter by;

in the second equation of (1.3)), system (1.3) has 2¢ parameters. We denote the
ordered 2¢-tuple of the parameters of (1.3 by (a,b); that is,

(a" b) = (a’I’IQI’ e 7a'pl(H7bQZ7pf’ Tt lepl)’ (15)
and we use the notation Cla, ] for the ring of polynomials in the variables ay, q,,
Gpogas - -+ Dgypy OVEr C.

Recently, Garcia, Llibre and Maza [6] studied limit cycle bifurcations near a
center or a focus at the origin of the quintic system written in the complex form as
the equation

& =iz + zx(ax® 4+ b’z + cxx® + dz?),
which, in order to use the notation similar to the one in , we write as the
complex equation

& =i(x — a3 2T — agr®T? — a132°7> — agsxzt). (1.6)

In this paper we study critical period bifurcations from the center at the origin
of system . We first describe a way to compute the period function of system
(1.2) using the normal form of its complexification . Then we prove that at
most three critical periods can bifurcate from any nonlinear center of the system.
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2. PRELIMINARIES

To study critical period bifurcations of system we have to compute a series
expansion of the period function T'(r) of the system. One possibility is to pass
to polar coordinates. This way is geometrically and theoretically straightforward,
however it is not computationally efficient since one needs to compute integrals of
trigonometric polynomials, and this is a difficult task in the case of polynomials of
high degree.

Another possible computational approach relies on calculations of Poincaré-
Dulac normal form of the complexification . We briefly remind it following
to [14] and [5].

As it is well-known after a change of coordinates

o
r=y+ Y hPylyh,

j+k>2
S (2.1)
e
y=y2+ > WPyl
Jjtk>2
system (1.3)) can be brought to the Poincaré-Dulac normal form
o0
. . i+1,5 i .
=i+ S VI (i) =y (i + Yi(yae)),
j=1
- (2.2)
. . g+l i .
go = ya(—i + YT (yrya)) = ya(—i + Ya(yry2).
j=1

The normal form (2.2)) is not uniquely defined since the so-called resonant coef-
ficient hgj +1.4) and hgj I+ in (2.1) can be chosen arbitrary. We will chose for all j
(j=1,2,...) W™ = pJ7*D = 0 (in such case the transformation (2.1)) is called
distinguished).

The coefficients Y,/ and V"' in (2.2) are polynomials of the ring Cla, b].
Denote by Y the ideal generated by all coefficients of the normal form

Y= (YD Y e N) € Cla, b, (2.3)
and by Vg the ideal generated by the first K pairs of the coefficients,
yK = <Y1(j+1’J)7}/'2(J’j+1) :j = 17"'7K>'

The normal form of a particular system (a*,b*) with the fixed parameters is
linear when all the coefficients of the normal form evaluated at (a*,b*) are equal to
Zero,

YVUTED (g% 5%) = Y97 (a* 5*) = 0 for all j € N,
that is, when the point (a*,b*) belongs to the variety of the ideal ). The variety
V(I) of a polynomial ideal I is the set of common zeros of all polynomials of the
ideal. The variety Vi := V()) is called the linearizability variety of system .
As it is well known system has an isochronous center at the origin if and only
if the system is linearizable. Thus, the real systems , which parameters after
the complexification are in Vg, have isochronous centers at the origin.

For system one can find a function such that
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where ggi is a polynomial in the coefficients of system (|1.3). The polynomial g is
called the k-th focus quantity. Clearly, system (L.3)) with fixed coefficients (a*,b*)
has a center at the origin if and only if gir = 0 for all £ € N. We call the ideal

B = <gkk ke N> C (C[a,b]

the Bautin ideal of system (1.3)). The variety of £, Voo = V(2A), is called the center
variety. We will also use the ideal generated by the first K focus quantities, which
we denote

By = <gkk:k:1,...,K> C(C[a,b].

Let us denote

G=Yi+Y,,
H=Y —-Y5.

It is easy to see that the origin is a center for (1.3 if and only if G = 0, in
which case H has purely imaginary coefficients and the distinguished normalizing
transformation converges. We also define

H(w) = f%iH(fw).

When is the complexification of a real system one can recover the real
system by replacing every occurrence of yo by % in each equation of . In such
case, performing the transformation y; = re*® we obtain from the equations
for 7 and ¢ as follows:

.1 -

r= o 0+ i) =0,
; " (2.4)
¢=53Wy — ) =1 +H(r?).

We write the function H as
~ > ~
H(w) = Z H2k+1wk.
k=1

The integration of the second equation in (2.4)) gives the least period of the periodic
solution of (??)assing through the point with coordinates (r,0) as

2”@) - 27r<1 + pala, &)T%) (2.5)

T(r) = —
1+ H et

for some coefficients pog. The center at the origin of system corresponding to
a parameter a* is isochronous if and only if pag(a*,a*) = 0 for k > 1.

It is easy to see that poy are polynomials in the parameters a, a of system (1.2).
We can extend the polynomial functions pog(a,a) to the set of parameters (a,b)
setting in 1o instead of 7. Then instead of we obtain the function

T(r,a,b) = 27r(1 + szk(a, b)r%), (2.6)
k=1

which coincides with the period function (2.5) when b = a.
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We call the polynomial pax(a,b) in (2.6) the k-th isochronicity quantity. Using
(2.5) and the formula for the inversion of series the first three polynomials poj are
computed as:

w

~ ~ 1 1 _ 2N\ 2
py = —Hs + (H3)2 _ —(Y1(3*2) . Y2(2,3)> _ 1(),1(2,1) _ Y2(1 2)) 7

[\]

Pe = —ﬁ7 + 2]?[3?[5 — (FI3

]
— 5(}/1(473) _ 5/'2(374)) _

) (2.7)
%OTM)—KS”ME@”—Yfﬁn

7 3
_ g(yl(ll) _ Y2(172)) )

Since values of the isochronicity quantity poj are of interest only on the center
variety, we should work with the equivalence class [pax] of pax, in the coordinate ring
C[V] of the center variety, which can be viewed as the set of equivalence classes
of polynomials C[a, b] by V. That is, for polynomials f, g € Cla, b],

[f1=1lg] inC[Ve]
if and only if
f—9g=0 on Ve
We denote
P={(py:keN)CCla,b] and P = ([py]: ke N)c C[Vy],
and for K € N,

Px = (pa,...,pax) and  Pr = ([pa], ..., [pax]).
The ideal P is called the isochronicity ideal.
Finally, we remind that given a Noetherian ring R and an ordered set
B ={by,bs,...} CR,
we construct a basis My of the ideal I = (b1, bs,...) as follows:

(a) initially set M; = {b,}, where b, is the first non-zero element of B;
(b) sequentially check successive elements b;, starting with j = p + 1, adding
b; to My if and only if b; ¢ (M)
The cardinality of M is called the Bautin depth of I.

3. AN UPPER BOUND FOR CRITICAL PERIODS BIFURCATING FROM CENTERS OF

SYSTEM (1.6])
Along with system (1.6 we consider its complexification
i =izl — a2’y — axr’y® — aizzy® — any), (3.1)
y = —’iy(l — b40$4 — b31$3y — b22$2y2 — b13$y3). ’

Our study is based on the following theorem which is an immediate corollary of [5]
Theorem 5.2 and Remark 5.3].

Theorem 3.1. Suppose that for the complezification (L.3)) of the family (1.2)):
(a) Vg = V(Pr)N Ve,
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(b) the Bautin depth (i.e., the cardinality of the minimal basis) of Pk in C[Vig]
s m, and
(¢) a primary decomposition of Pk + V% can be written RN N where R is the
intersection of the ideals in the decomposition that are prime and N is the
intersection of the remaining ideals in the decomposition.
Then for any system of family corresponding to (a*,a*) € Vi \ V(N), at most
m — 1 critical periods bifurcate from a center at the origin.

Thus, to estimate the number of bifurcating critical periods of system we
have to know the center and linearizability varieties of the system.

First we note that it follows from Corollary 3.4.6 in [I4] that for system
the focus quantities gog+1,25+1 are zero polynomials. Using the results of [9] we can
easily prove the following statement.

Proposition 3.2. The center variety of system (3.1)) is defined by the seven first
non-zero focus quantities,

V(%) = V(%14), (3.2)
where B14 = (92,2, 94,4, 96,6 98,8, 910,10, 912,12, G14,14), and it consists of four com-
ponents defined by the following prime ideals:

I ={ags — baz, aziaiz — bizbs1, ba aos — aisbao,
az1bz1a04 — bizaizbao, a3y aos — bisbao),
I, = <b40,b31,a13,522,a22,b13>7
I3 = (ao4, b31, a3, bao, aze, asi),

I, = {ags — ba2,3b13 — a13,3as1 — b31).

Proof. Using the algorithm in [I4, Chapter 3] and a Mathematica code similar
to the one given in [I4, Fig. 6.1 of Appendix] we computed the focus quantities
92,2,94.4,---, 914,14 (since the expressions are long, we do not present them here,
but one can easily compute them using any available computer algebra system).
Then, using the routine minAssGTZ, which is based on the algorithm of [8], of the
computer algebra system SINGULAR [3] we found that the minimal associate primes
of %14 are the prime ideals I, ..., I, in the statement of the theorem.

By the results of [9] if the parameters (a,b) of system are from one of
the varieties V(I1),..., V(I), then the corresponding systems have a center. This
means that holds. (I

Note, that taking into account that V(Z) is a complex variety, from (3.2)) we
obtain that the radical of & coincides with the radical of %4, that is,

\/e@ =V %14.

To find the linearizability variety of system (3.1)) and the isochronicity quantities

par, we have computed the normal form of system (3.1)) up to the order 17 and found

. . 2k+1,2k) - (2k,2k+1
four first non-zero pairs of the resonant coefficients Yl( h ), YQ( 2k +1)

as follows:
Y® = ciage; Y5 = iboa;
Y1(5’4) = i(—2a13a31 + az1b13 — 3a13b31 — 2a0abao)/2;

Vi) = —i(ag1b13)/2 + (3arsbs1)/2 + bisbsi + aoabao;
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7,6
Yl( ) = (dar13a22a31 + agea31b13 — 6aizasibag + az1bigbae — 1laizasebs:

— 6a04a31b31 + 2a22b13b31 — 3a13b22b31 — 10agab3; — 12aT5bag

— Bagaaz2bag — 2a04b22ba0) /4

Y2(6’7) = i(—ag2a31b13 — 2a13a31b22 — az1b13ba2 + 3a13a22b31 + 6azebi3ba

}/1(9’8) —

Y2(879) —

Then,

+ 11a13bagbzs — 4b13baabsy + 12agab3; + 10a33bao + 2a04a22b40

+ 6a13b13b40 + 5aosbazbao)/4;
i(132a13a35a31 + 36a33a3, + 108apsa2a3, — 150a30a31b13 — 6a13a3,b13
+ 6a§1b%3 + 192a13a92a31b22 — 72a04a§1b22 + 204a99a31b13b22
— 324ay3a31b3, + 18a31b13b3, — 198a13a3,b31 — 126a75a31b31
+ 192a04a20a31b31 + 24a3,b13b31 — 24a13a31b13b31 + 6az1b35bs1
— 132a13a20b22b31 — 267agsaz1b22b31 + 24az0bi3basbsy + 18a13b3,b31
— 162a}5b3, — 384a94a22b3, — 18a13b13b3; — 132a04bazb3;, — 396a7;a92b40
— 78a04a§2b40 — 200ag4a13a31b40 + 27a13a92b13b49 — 180a%3b22b40
— 48ag4a22b22b40 + 90a13b13b22b40 — 800apsa13b31b40 — 56a0ab13b31b40
— 48ag, b)) /48;
i(—18a34a31b13 — 6a13a3,b13 — 6a3, b5 — 24a13a20a31bao
— 204a20a31b13boy — 24a13a31b39 + 150a31b13b3, — 18a13a3,b31
+ 18a35a31b31 — 90ag4a20a31b31 + 324a35b13b31 + 24a13a31b13b31
+ 6a31b75b31 + 132a13a22b22b31 — 27ag4a31b22b31 — 192a92b13b22b31
+198a13b35b31 — 132b13b35b31 + 162a7503, + 180agsazab3, + 126a,13b13b3,
— 367,02, + 396a04b22b3; + 132a35a22b40 + 56ap4a13a31b40
+ 267a13a22b13b10 + T2a20b73ba0 + 38443 3b2obag + 48agsa20b20bao
— 192a13b13b22bso — 10803 3bagbag + T8a04b3ebao + 800a0sa13b31ba0
+ 200a04b13b31b40 + 48a34b3,) /48.

using (2.7) for the calculation of py and computing the series expansions

in order to find pg,pi2 and pig we obtain the first four non-zero reduced
isochronicity quantities (by the reduced quantities we mean the polynomials ob-
tained in such way that in formulas and their extensions to any psgj only
terms containing the highest order coefficients of the normal form are taking into

account;

it is sufficient to work with the reduced quantities since the other terms

of poy, are in the ideal (pa, ..., par—2)) of system (3.1)) as follows:

Pa =

1

1
(a2 +b22); ps= —§(a31b13 — ag1a13 — bisbz1 — 3a13bs1 — 2apabao);

2

1
P12 = g(—4013022a31 — 2ag2a31b13 + 4a13a31b22 — 2a31b13b22 + 14a13a22031

+ 6a04a31b31 + 4agabi3bs1 + 14a13bgobsy — 4by3baobst + 22a04b3, + 22a35b40
+ Tapaa22bso + 6a13b13ba0 + Tagsbazbao);
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P16 = %(—66@13(132@,1 — 18a?;a3, — 54agsaz0a3, + 66a3,a31b13 — 6a3 b5
— 108a13a22a31 b2y + 36a04a3,bao — 204az9a31b13bas + 150a13a31b39
+ 66a31b13b2, + 90a13a30b31 + 72033031031 — 141agsazaazibs
+ 150a34b13b31 + 24a13a31b13b31 + 132a13a20b22b31 + 120a04a31b22b31
— 108a92b13b22b31 + 90a13b35b31 — 66b13b35b31 + 1620732, + 282ag4a92b%,
+ T2a13b13b3, — 18b33b3, + 264agabaob3; + 264a33a20b40 + 39a04a35b40
+ 128a04a13a31b40 + 120a13a22b13b40 + 36a22b3 5040 + 282a%5banbag
+ 48a04a22b22ba0 — 141a13b13b22bao — 54bT5ba2bao + 39a04b32b40
+ 800ap4a13b31ba0 + 128a04b13b31b40 + 48ad,b3p)-
We now look for the linearizability variety of system .
Proposition 3.3. For system ,
Ve =V(Vs) =Ve NV(F). (3.3)
Proof. Using the routine minAssGTZ of SINGULAR we found that the minimal as-

sociate primes of ideals ()s) and (%4, Pg) are the same. Namely, they are the
ideals:

Q1 = (bao, b31, @13, ba2, a22,b13), Q2 = (bao, b31, b2z, a22,a31),
Q3 = (bao, aoa, b2z, aza, b1z — 3ais, as1 — 3bz1),
Q4 = (bao, aoa, baa, aza, b1z + a3, az1 + bz1,)
Q5 = (ao4, a13, b2z, a22,b13), Qs = (ao4, b31, a13, bz, a2, as).
By the results of [I3] systems with the coefficients from the varieties of these

ideals are linearizable. This proves (3.3)). a

We now can estimate the number of critical periods near a center at the origin

of system (1.6)).

Theorem 3.4. At most 3 critical periods bifurcate from nonlinear centers of system
[5)-

Proof. By Proposition part (a) of Theorem holds with K = 8. We then
check that in C[V¢]:

[ps] & ([pal);  [p12] & ([pal; [ps]),  [p1e] & ([p4l, [Ps]; [P12])- (3.4)

To this end, with the routine radical of the computer algebra system SINGULAR
we compute the radical of the Bautin ideal & = %7, denoted R4, that is,

Ris =V PBua

(one can also compute R14 using the routine intersect of SINGULAR and the ideals
I, — I, given in the statement of Proposition [3.2] since it is follows from the proof
of Proposition that Ri4 = N{_,Ix). Then with the reduce of SINGULAR we
check that for k = 2, 3,4 the remainder of the division of the polynomial py; by a
Groebner basis of the ideal

(P4, -+ Pa(k—1)> R14)
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is nonzero. That means, that holds, which, in turn, yields that the Bautin
depth of Pg in C[V¢] is 4.

Then, with the routine primdecGTZ [4, [§] of SINGULAR we have computed the
primary decomposition of the ideal

Q = (Ps,Rua)
and found that

Q = migzl Qka
where Q)1,..., Qg are prime ideals given in the statement of Proposition
Q7,...,Q13 are some ideals defined by many polynomials (for these reason we do
not present them here, however the interested reader can easily compute ) and the

primary decomposition () = ﬂ}f’lek with an appropriate computer algebra system
using the ideals Py and I; — I presented above) whose associate primes are:

VQ7 = (bao, b31, baz, asz, biz — 3a13, az1),
V/Qs = (bao, b31, b2z, 22, b1z + ais, az1),
vV Qg = (aos, a3, baz, ass, biz, azi — 3bz1),
V Q10 = (aos, a13, baz, asz, biz, azi + ba1),
V Qi1 = (bao, bs1, arz, baz, aza, biz, azi),
\/@ = <a04,b31,a13,522,6122,513,6131),
\/@ = <b40,ao4,b31,013,b22,022,b13,031>-

Thus, VO = Qx for k = 1,....6 and \/Qr # Q for k = 7,....13; that is, the
ideals R and N from the statement of Theorem [B.1] are

R=n%_,Qr and N =n2.Qy.

To find systems (|1.6) whose coefficients are in the variety of the ideal N we
perform as follows. Let Ts = 1/Qsy6 for s = 1,...,7. Using the intersect of
SINGULAR we compute the ideal T = ﬂ;lek and find that

T = (agz, b2z, apabao, a13b40, b13bao, apabs1, apsasy, aizbar,
bisbs1, a13as1, —3aiy — 2a13bis + biy, azibiz, a3y — 2az1bs — 3b3,).
Clearly, V(N) = V(T) in C8.
Since in the case when (3.1) is a complexification of the real system the param-
eters ags and bgy are complex conjugate we perform the change of variables
a3z; = Az +iB3;, b3 = Az —iB3y,
G2y = Agy + B3, bay = Agy — iBys,
a13 = A3 +iB13, b3 = A3 — B3,
aps = Aoa +1Boa, bao = Aogs — iBoa,

where Ay, Bis are real parameters. Substituting these values into the ideal T and
computing a Groebner bases of the obtained ideal in the ring

Q[Ap4, A3, Asz, Az, Bos, B13, Bz, B3]
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we find the ideal
Tr = (Asz, Baz, (B13 — Bs1)(3Bis + Bs1), A3y + B3y,
Az1Bi13 + A13B31,3A13B13 + 2431 B13 + A31B31,
A13A31 — Bi3Bs1,3A%5 + 2B13Bsy + B3y, As1Bos + AgaBaa,
— A13Bos + AoaBis, AoaAsi — BoaBa1, AoaA1s + BoaBis, Ay + B3,).

(3.5)

The basis of Tg contains the polynomials
Azz, Bog, A3y + B3y, Afy + By
Since Asi, Bs1, Aoa, Bos are real parameters we conclude that
Agg = Bag = A3 = B3 = Ags = Bos = 0. (3.6)

Substituting the values from (3.6)) into polynomials of the ideal Tk given in (3.5
we find that also

A3 = B3 =0.

It means that the only system of the form (1.6) whose parameters are in the
variety of the ideal N is the linear system (1.2)), that is, the system & = iz. Thus,
by Theorem at most 3 critical periods bifurcate from non-linear isochronous

centers of system (1.6]). O
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