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GEVREY MULTISCALE EXPANSIONS OF SINGULAR
SOLUTIONS OF PDES WITH CUBIC NONLINEARITY

ALBERTO LASTRA, STEPHANE MALEK

ABSTRACT. We study a singularly perturbed PDE with cubic nonlinearity
depending on a complex perturbation parameter e. This is a continuation
of the precedent work [22] by the first author. We construct two families of
sectorial meromorphic solutions obtained as a small perturbation in e of two
branches of an algebraic slow curve of the equation in time scale. We show that
the nonsingular part of the solutions of each family shares a common formal
power series in € as Gevrey asymptotic expansion which might be different one
to each other, in general.
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1. INTRODUCTION

The main aim of this work is to study a family of singularly perturbed PDEs of
the form

Q(9.)(Py(t, )u(t, z,€) + Pa(t,e)u(t, z,€) + P3(t,e)u(t, z,¢€))
= f(t,z,€) + Py(t,€,0, 0, )u(t, z,€),

where @), P; are polynomials with complex coefficients, for all j =1,2,3,4, and f is
an analytic function with respect to (¢, €) in a vicinity of the origin, and holomorphic
with respect to z on an horizontal strip Hg = {z € C: |Im(z)| < g} C C, for some
8> 0.

Here, € is considered as a small complex perturbation parameter. The study of
singularly perturbed ordinary and partial differential equations has been recently
developed by several authors. We can cite [3| [7, 0] as works in which the study
of ODEs in which irregular singular operators appear. In [32], the authors study
singularly perturbed semilinear systems of equations involving fuchsian singularities
in several variables. This study is now being generalized by the authors concerning
both irregular and fuchsian operators [33].

Recently, Carrillo and Mozo-Fernandez [9] studied integrable systems of PDEs
involving irregular singularities in two variables obtained as coupled singularly per-
turbed problems. In [I0], the authors study families of linear PDEs in which the
action of the sum of two singularly perturbed operators appear.

This work follows a series of previous advances by the authors in which fixed
point techniques are used to solve such problems, such as [17, 19, 2T, 22]. Tt
provides a natural continuation of the study made by the second author in [22].
In that work, the author considered a quadratic nonlinearity, which corresponds
to our equation in the case of P; = 0. The main goal was to construct actual
holomorphic solutions and study their asymptotic properties with respect to the
complex perturbation parameter e. More precisely, the author has constructed
a family of analytic solutions (y,(t, z, €))o<p<c—1 defined on a product of a finite
sector with vertex at the origin, an horizontal substrip Hg C Hg and &p; where
(Ep)o<p<c—1 is a finite set of bounded sectors which cover a pointed neighborhood
of the origin. We notice that such solutions are singular with respect to € and ¢ at
the origin. Indeed, each solution can be split into the sum of two terms: a singular
part and a bounded analytic function which admits an asymptotic expansion with
respect to € in £,. This asymptotic expansion turns out to be of Gevrey type. Each
solution has a multiple-scale expansion in the sense of [5], Chapter 11, which has
the form

(1.1)

Yp(t, 2,€) ~ (Yo(eat) + Z Yn(eat)e"), (1.2)
n>1
for some o > 0, 8 € Q. Here, Y} is the unique nonvanishing rational solution of a
second order algebraic equation.

The main aim of the present work is to construct sets of actual solution of (L.1)),
and investigate their asymptotic behavior at € = 0, as much like as in the precedent
work [22], in this more general framework.

As in the previous work, we construct families of solutions admitting a multiple-
scale expansion of the form

5 (Uo(eo‘t) +3 Un(eo‘t)en),

n>1
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comparable to those described in ([1.2)), where o > 0, 8 € Q satisfy some restrictions
described in the paper, and where Uy now satisfies the algebraic equation

A(TYU(T)? + B(T)U(T) + C(T) = 0,

with A(T) = Py(T,0), B(T) = P»(T,0) and C(T) = P3(T,0). Up is an algebraic
function admitting two different branches, Uy; and Upy. This gives rise to two
families of singular solutions.

On the one hand, one family, associated to Up; is given by

u” (t, z,€) = €7 (Upy (e71) + (21) 07 (8, 2, €)),

is an analytic solution of the problem defined in 7; x Hg x &, for every
0 <p < —1. Here, 7; stands for a finite sector with vertex at the origin and Hg
is an horizontal strip in the complex plane and (&,)o<p<c,—1 18 a good covering (see
Definition of C*.

On the other hand, a second family related to Ups is given by

ugp (t, z,€) = €?(Upa(e“t) + (eat)”vg” (t, z,€)),

is an analytic solution of the problem defined in 7o x Hg x gp, for every
0 < p < ¢ —1, where 75 is a finite sector with vertex at the origin and (gp)ogpggz_l
is a good covering of C*.

The crucial and surprising point is that the nonsingular part of each family
of solutions admits a Gevrey asymptotic expansion with respect to €, which are
distinct, in general.

More precisely, for every 0 < p < ¢; — 1, one has that v?” (t,z,¢) admits the
formal power series 01 (t, z, €) as its Gevrey asymptotic expansion of order (Ap +
B — akg,1)"10p, with respect to € on &,, uniformly in7; x Hg . Also, one has that
037 (t, 2, €) admits Gy (t, z, €) as its Gevrey asymptotic expansion of order (Ap + 3 —
a(2kg 2 — ko3))"'dp with respect to € on &,, uniformly in 75 x Hg.

Gevrey orders come from the highest order term of the operator Py which is
an irregular operator of the shape e*rt» 8f PRp(0.), and the lowest powers with
respect to t in Py, Py, P3.

This work falls into the recent trend of research on singular solutions of nonlinear
partial differential equations. In the framework of linear PDEs, the case of so-
called Fuchsian or regular singularity in one complex variable is a well understood
subject until the fundamental works of Baouendi and Goulaouic [4], Tahara [25]
and Mandai [23] who extended the classical Frobenius method working for ODEs
in order to provide the structure of all analytic, singular with polynomial growth
and logarithmic solutions near the isolated singularity. In the nonlinear context,
the results are however more partial. Nevertheless, we can quote some deep and
recent results regarding this topic. Namely, we can refer to the work by Kobayashi
[16] (inspired by the seminal contribution by Weiss, Tabor and Carnevale on the
celebrated Painlevé property for PDEs, [30]) who constructed solutions having the
form of a convergent Puiseux expansions t7 ), ug(x)t*/P for some o € Q, p > 1
integer, for some PDEs with non singular coefficients and polynomial nonlinearity.
The situation of general analytic nonlinearity has been performed later on by Tahara
in [20]. This study has been further extended by Tahara and Yamane in [27] when
resonances appear for which solutions with logarithmic terms can be built up. In the
case with singular coefficients, first order PDEs with Fuchsian singularity known as
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Briot-Bouquet type equations (as defined in the monograph by Gérard and Tahara
[13]) have been extensively studied. Namely, the general structure of bounded
singular solutions with polynomial growth and logarithmic terms near the Fuchsian
singularity has been exhibited first under non resonant constraints by Gérard and
Tahara [I4] and by Yamazawa in the general case, see [31].

Our main result in this paper provides in particular an example of analytic
unbounded singular solutions with polynomial growth in the framework of nonlinear
higher order PDEs with irregular singularity and singular coefficients. Notice that
very few works exist in this direction in the literature.

The article is organized as follows.

In Section [2| we recall the definition and main properties under certain operators
of certain Banach spaces of exponential decay and growth in different variables.
Section [3|is devoted to the review of analytic and formal my-Borel transformation,
which is a slightly modified version of the classical ones, and which have already
been used in previous works by the authors. We also describe the link between them
via Gevrey asymptotic expansions. We finally consider Fourier inverse transform
acting on functions with exponential decay.

In Section 4} we make successive transformations on the main problem (I.1)) to
finally arrive at two auxiliary problems in Section 4.1, studied in detail in Section
4.2 and 4.4. In Sections 4.3 and 4.5, we study the analytic solution of each of
the singularly perturbed problems which have arisen from the main problem under
study. This is made by means of a fixed point argument in the Banach space of
functions described in Section 2l

Section [p| studies the singular analytic solutions of the main problem in two dif-
ferent good coverings (see Theorem , and provides upper bounds on solutions
with non empty intersection of the corresponding elements in the good covering,
with respect to the perturbation parameter. In Section 6, we recall Ramis-Sibuya
theorem which allows us to conclude with the second main result in the present
work, Theorem in which we guarantee the existence of two formal power se-
ries which asymptotically approximate some analytic functions quite related to the
analytic solutions of the main problem. The work concludes with an example in
which the theory developed is applied.

The following sections consist of the proofs of some results which have been left
at the end for a more comprehensive lecture of the work.

2. BANACH SPACES OF EXPONENTIAL GROWTH AND DECAY

The Banach spaces defined in this section are adequate modifications of those
appearing in [I8, 19]. They incorporate both, exponential decay with respect to m
variable which is linked to Fourier transform, and exponential growth in 7 variable,
which is associated to different levels in which Borel-Laplace summation is held.
This behavior is also connected to the action of the perturbation parameter €, as it
can be observed in the following definitions.

We denote D(0, p) the open disc centered at 0, with positive radius p, and D(0, p)
stands for its closure. Let S; be an open unbounded sector with bisecting direction
d € R and vertex at the origin, and let £ be an open sector with vertex at the
origin, and finite radius r¢ > 0.
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Definition 2.1. Let 8 > 0, 4 > 1 be real numbers. We denote E(z ) the vector
space of functions h : R — C satisfying

1P(m)llg,10) = Slé%(l + [m[)* exp(B|m|)|h(m)| < oo.
The pair (Eg,.), 1 - ll(8,1)) is @ Banach space.
In view of [I8, Proposition 5], it is straight to check the following result.

Proposition 2.2. The Banach space (Eg ., | - |(3,1)) i a Banach algebra when
endowed with the convolution product

(Fxg)m) = [ fm = mi)g(mi)dm.
More precisely, there exists Cy > 0, depending on p, such that

1Cf* )Ml < CrllF(m)ls,mllg(m)l ()
for every f,g € Egu)-

Definition 2.3. Let v,p > 0 and 8 > 0, u > 1 be real numbers. Let x > 1
and x,a > 0 be integers. Let ¢ € £. We denote F(Cf,ﬁ 1X0rs€) the vector space
of continuous functions (7,m) ~ h(r,m) on (D(0, p) U Sy) x R, holomorphic with

respect to 7 on D(0, p) U Sy and such that

1+ | 5=

(T, m)H(u,ﬁ,#,x,a,n,E) = _ Ssup (1+ |m|)* exp(B|m|) I
7€D(0,p)US4,meR exta (2.1)
x exp (= v|——|%) |h(r,m)| < oo

exta

The pair (F¢

(v, 8,14, X, 0, K4€) || : ||(V,,8,,u,,x,a,m,e)) is a Banach space.

The next results describe inner transformations in the spaces introduced. In this
section, we preserve the notation supplied in Definitions and

Lemma 2.4. Let y; > 0,7, > 1 be integer numbers. Let R(X) € C[X] such that
R(im) # 0 for allm € R. Let B(m) € Eg yand let a, «(T,m) be a continuous
function defined on (D(0, p)USy) XR, and holomorphic with respect to T on D(0, p)U
Sa, satisfying

1
(L4 Ir[<) [ R(im))|

Then, the function e X217 B(m)a., (T,m) € F(du,ﬂ,u,x,a,n,e)f

B(m
S ” ( )”(5710 |€|'yga,

|a71~‘<(7—7m)| < ,TED(O,p)USd, m € R.

and it holds that

e B(m)ay, o (7m0 x.0m.0) < Co = €€t (22
inf,er |R(im)|
for some Co > 0.
Proof. The definition of the norm in the space F? allows us to write

VuB X0 €)
||67X727—72B(m)a’71#(7—’ m)”(u,ﬁ,u,x,a,n,e)
< MM”“ sup(1 4 22) 272~ exp(—va"),
T infer |R(EM)| x>0
which yields to the result. [
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A result similar to the following one can be found in [I8] Proposition 2]. However,
more accurate bounds are needed in the sequel, which will be provided by estimates
on Mittag-Leffler function as those appearing in [I9, Propositions 1 and 5].

Proposition 2.5. Let v1,72,7s € R, with 41 > 0. Let R(X), Rp(X) € C[X] with
deg(R) < deg(Rp) and such that Rp(im) # 0 for all m € R. Let a., (7, m)be a
continuous function defined on (D(0, p) U Sq) x R, and holomorphic with respect to
7 on D(0,p) U Sy, satisfying

1

— ,7€D(0,p)USy, mEeER.
(1+ |7|7*)7[Rp(im)]

|a’)’1,f€(7—’ m)‘ S
We also assume that
1
E+73+120, ’}/2+')/3+220, "}/2>71. (23)

We consider two cases:
(1) If v3 < —1, then there exists C3 > 0 (depending on v, K, Y2, V3, ]:Z(X),
Rp(X)) such that

K

— D/ K T K 1/k
He a0y, (T, m)R(Im)T /0 (r —3)72373f(s/ ,m)dsH(V’ﬁ’H’X,amE)

< Cslel (x+a)r(v24+73+2)—0 | f(r,m)

(2.4)

llw,8.10x8,6)

d

for every f(r,m) € FC 5oiome)-

(2) If v3 > —1 and v1 > 1+ 3, then, there exists C% > 0 (depending on
v, 5771;727737R(X),RD(X)) such that

€ o) Rlim) ™ [ (7" = 757 6 )
0

< Cé | e\ (x+a)k(v2+v3+2)—v0—(x+a) k71 ” f(T, m)

(2.5)

.10 x000,0):

for every f(r,m) € F(‘f,ﬁ’#’xya’me).

Some norm estimates concerning bilinear convolution operators acting on the
Banach space above are needed.

Proposition 2.6. There exists Cy > 0, depending on p and K, such that

ot [T = (s )
1

X T & dmall (26)
Cy
< |6|X+04 ||f(T7 m) H(V,ﬁ#hx,aﬂi,ﬁ) Hg(Ta m) || (U, 8,14, X, 0, 4€) 9

VB, 1, X505 )

for every f(1),g9(T) € F(du,ﬂ“u,x,a,n,e)'
The proof of the above proposition follows the steps indicated for Proposition|2.5|
Corollary 2.7. There exists Cy > 0, depending on p and K, such that

k
T [eS) dmqds
I+ / / F(* = o) m = ma)g (st ) G
0 — o0

5)s 8,0 x.00m,0) (2.7)

S C4||f(7-a m)"(u,ﬁ,#,x,a,n,e) ||g(7-a m)”(u,ﬁ,u,x,a,n,e)v
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for every f(r,m),g(r,m) € F&B,u,x,a,m,e)'

3. REVIEW ON ANALYTIC AND FORMAL TRANSFORMATIONS

This section provides a brief review on the concept of the k-Borel summabil-
ity method of formal power series, under slightly modified transformations, which
provide adequate conditions when applied to the operators appearing in the prob-
lem under study, considered in previous works such as [I7] and [I§] when studying
Cauchy problems under the presence of a small perturbation parameter, and in
[22]. The classical procedure is described in detail in [Section 3.2][I].

We also define and state some properties associated to Fourier inverse transform
acting on functions with exponential decay.

Definition 3.1. Let £ > 1 be an integer. Let (my(n))n>1 be the sequence

mg(n) = F(E) :/ tF~tetdt, n>1.
k 0
Let (E,|| - |lg) be a complex Banach space. We say a formal power series

X(T) = a,T" € TE[T]]
n=1
is my-summable with respect to T in the direction d € [0,2n) if the following
assertions hold:

(1) There exists p > 0 such that the my-Borel transform of X, By, (X), is
absolutely convergent for |7| < p, where

a

Bmk(X)(T) = Z F(n)

7" e 7E[[r]].

=3

(2) The series By, (X) can be analytically continued in a sector § = {r € C*:
|d — arg(7)| < d§} for some § > 0. In addition to this, the extension is of
exponential growth at most k in S, meaning that there exist C, K > 0 such
that

By (X)(T)|e < CeXIT" 7 e 8.
1B, (X) (1) |

Under these assumptions, the vector valued Laplace transform of B,,, (X ) along
direction d is defined by

L5, (B, (X))(T) = k / By, (%) (w)e—(/D
L’Y

u

where L, is the path parametrized by u € [0,00) ue®, for some appropriate
direction v depending on 7', such that L, C S and cos(k(y —arg(T))) > A > 0 for
some A > 0.

The function L&, (B, (X)) is well defined and turns out to be a holomorphic

and bounded function in any sector of the form Sy gi/v = {T € C* : |T| <
RY* |d — arg(T)| < 6/2}, for some T<O0<I+20and 0< R < A/K. This
function is known as the my-sum of the formal power series X (7)) in the direction
d.
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The following are some elementary properties concerning the my-sums of formal
power series which will be crucial in our procedure.

(1) The function £Z, (B, (X))(T) admits X(T) as its Gevrey asymptotic ex-
pansion of order 1/k with respect to T' in Sy g gi/v. More precisely, for every
% <61 <0, there exist C, M > 0 such that

n—1 n
15 B, ONT) = D 0y T ||lp < CM"T(1+ )T,
p=1
for every n > 2 and T' € S, 9, g1/x. Watson’s lemma (see [2, Proposition 11 p.75])
allows us to affirm that £2, (B, (X))(T) is unique provided that the opening 6,
is larger than w/k.

(2) Whenever E is a Banach algebra, the set of holomorphic functions having
Gevrey asymptotic expansion of order 1/k on a sector with values in E turns out to
be a differential algebra (see [2, Theorems 18, 19 and 20]). This, and the uniqueness
provided by Watson’s lemma allow us to obtain some properties on mg-summable
formal power series in direction d.

By * we denote the product in the Banach algebra and the Cauchy product of
formal power series with coefficients in E. Let X1, X, € TE[[T]] be my-summable
formal power series in direction d. Let g1 > ¢o > 1 be integers. Then X 1+ XQ,
X 1% X5 and T4 9% X, which are elements of TE[[T]], are mj-summable in direction
d. Moreover, one has

Lo, B (X0))(T) + L5, (Bin, (X2))(T) = L5, (Bin, (X1 + X2))(T),
Lo B (X0)(T) % L5, (B (X2))(T) = L5, (B (X1 % X2))(T),
T1OF Loy, (B, (X0))T) = Loy, (Bun, (T4 0F X1))(T),
for every T € Sd1917R1/k.
The next proposition is written without proof, which can be found in [I8, Propo-

sition 6].
Proposition 3.2. Let f(t) = Y onst fat" and §(t) = 32,5, gut™ that belong to
E[[t]], where (E, |- ||g) ¢s a Banach algebra. Let k,m > 1 be integers. The following
formal identities hold.

By, (t" 100 f ())(7) = k" Bun, (f(£)) (1),

k

A Tk T m p s
Bt FO)) = 1y [ = B (F) T
B () #2007 =7 [ B FONG* = 905 % B (600 64) 5.

The proof of the next result can be found in [I8 Proposition 7 ], and concerns
the properties of the inverse Fourier transform acting on continuous functions with
exponential decay on R.

Proposition 3.3. (1) Let f : R — R be a continuous function with a constant
C > 0 such that |f(m)| < Cexp(—F|m]|) for all m € R, for some 3 > 0. The
inverse Fourier transform of f is defined by the integral representation

1

“+o0
FHO@) = Gaye [ ) exp(iam) dm
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for all z € R. It turns out that the function F~1(f) extends to an analytic function
on the horizontal strip

Hg ={z € C/|[Im(z)| < B}. (3.1)
Let ¢(m) = imf(m). Then, we have
0. FH(F)(2) = FHe)(2), =€ Hp.

(2) Let f,g € Eg ) and let 1(m) = (2#%/2]‘ x g(m), the convolution product of
f and g, for all m € R. From Proposition we know that ¢ € E(g ). Moreover,
one has

FHHRF H9) =F ' @)(2), =€ Hp.

We adopt some additional notation which makes the technical reading more easy
to handle. Let & € N. For every f(r,m) € E,)[[7]], and all g(7) € CJ[r]], we

write
k

Py f(rm) =% [ (7 = sV f(s ) L
o) frm) =7 [ g7 = ) )
For every f(7),g(r) € C[[7]], we write
T)* ) =7k " 7k UkY g1/ R L
o) f(7) = 7 [ gl = )

Finally, for every f(7,m),g(t,m) € Eg,,[[7]], we write

dmids
k

g(r,m)+E f(r,m) = rF /OT /_Oo g(7F = $)Y* m —my) f(s** my)

(th — 8)s

4. MAIN AND RELATED AUXILIARY PROBLEMS

Let My, My, M3 > 0, D > 2 be integer numbers. For every A = 1,2,3 and all
¢ € {0,1,...,M,} we take non negative integers ks x,m¢  and complex numbers
agx, with ag y # 0. We assume that kg y < kgy1 ) for every 0 < £ < My — 1. Let
Ay, dy, 6¢ be non negative integers for £ € {1,..., D} such that 1 < &y < dp41 for
¢ e {1,...,D — 1}, and assume that i, ks are fixed positive integers which are
determined in the sequel.

We also assume the two following conditions hold:

]%72 + k()’g > k073 + Ifo)l > 2]6072, / > ]., (41)
kop <dg—06¢, 1<4ZD.
More precisely, we assume that
koi =d¢—0p — 0¢r1 —dpo, 1<L<D, (4.3)

where dgg > 1for 1 </ < D—1and dpo=0.
Observe that, under (4.1) and (4.2), we have 2koo — ko3 < d¢ — J; for all
1 </ < D. We also consider elements satisfying

2koo — ko = d¢ — 6p — Sgkg — dgo, 1< €< D, (4.4)

where sz,o >1for1</¢<D-—1and dD’(] =0.
Observe that, in view of conditions (4.3)) and (4.4)), we obtain

6p >0, deo—dpo < 0e(ka — K1), k2> k1,
forevery 1 <¢< D —1.
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Let Q(X), R¢(X) € C[X] for every 1 < ¢ < D which there exists a common
positive integer v such that

Q(X) = X"Q(X), Ri(X)=X"R(X), (4.5)
and such that
deg(Q) = deg(Rp) > deg(Ry), Q(im) #0, Rp(im) #0 (4.6)
forallm e R, all 1 < ¢ <D — 1. We consider the main problem under study:
Q(0:) (p1(t, e)ult, 2,€) + pa(t, )u(t, 2, €) + ps(t, e)u’(t, 2,€))
(4.7)

D
b (2)emith 4 Z Aot @2 Ry (0, )ult, 2, €),
=1

Mo

Il
=]

J

where py(t,€) € C[t, €], for A = 1,2,3. More precisely, for every A = 1,2, 3, we write

My
k
oAt €) = E ag AN
=0

for some non negative integers My, my », k¢, » and some ap y € C. We assume that

ag,x # 0.
The coefficients b; are constructed as follows. For every 0 < j < @), we consider

functions m +— Ej(m) in the space Eg ) for some 4 > 1 and 3 > 0. We write
Bj(m) = (im)VB;(m), where v is determined in (&3], and put

bj(z) = FH(m — Bj(m))(2). (4.8)
Observe that the construction of b; and the properties of inverse Fourier transform
described in Proposition one has b;(z) = 0Yb;(z), where

bj(2) = F~H(m — Bj(m))(2).

We search for the solutions of (4.7)) of the form
u(t, z,€) = AU (et z, €) (4.9)

for some «,3 € Q with « > 0. We write the initial problem (4.7) in terms of
U(T, z,¢) to get

M
Q(9.) (( i ae,lemf*ﬁﬁ“mvlT’“vl) U(T, z,€)
=0
Mo

+ Z ae,26m4,2+25—akz,szz,2)U2(T, 2, 6)

(4.10)

_|_

/N TN

£=0
M3
Z ae’36m4,3+35—akz,3Tke,3) U3(T, 2, 6))
£=0

bj(2)e™ 0 Th 4N " Bt d)TOTA R(9,)054 U (T, 2, €).
(=1

Q D
=0

J
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4.1. Construction of two solutions. In this subsection, we determine two dis-
tinct solutions of (4.10)), Up; and Upg, from which two different families of solutions
are provided. We assume «, § in (4.9) can be chosen so that

Ap+a(dy—de)+ 6> 0, n; —ab; >0, (4.11)

forevery 1 </ < D and 0 < j < . Moreover, we assume that for every A = 1,2, 3
there exists 0 < sy < My — 1 such that

=0 if0<l<s,

, (4.12)
>0 ifsy+1<6<M,.

mex + A8 — ok x {

The motivation for this last assumption is related to the nature of the roots of
the polynomial py(¢,€). In order to illustrate this, let us consider M) = 1 and
1 < kox < ki x. Then, py admits t = 0 as a root of order kg » when considered as
a polynomial in ¢ variable. The modulus of the other nonzero ki x — ko, roots of

p equals
(lao,al/|a1 >\|)1/(/€1,A—k0A le |ﬁ

Assumption entails that the only root of py with respect to ¢ which remains
bounded for all € closed to zero is t = 0.

We assume a solution of , U(T, z,€), can be written as a power series with
respect to € in the form

U(T, z,¢) )+ > UL(T,2) (4.13)

n>1

where Up(T") # 0 is chosen among the nonzero solutions of

(Zae 1Tk“>Uo (Zaf2Tk”)(Uo( ))?

+ (Z a“T’%S) (Uo(T))? = 0.

£=0

(4.14)

Such a function is known as a slow curve following the terminology in [6].
Under hypotheses (4.6) and (4.8]), we observe that by factoring out the operator
0Y from (4.10)), the function U(T), z, €) solves the related PDE

Q(d,) << % ag’16m2=1+ﬂ_akf~1Tk“)U(T, zZ,€)

+ Z(M?emez-ﬂﬁ O‘k“Tk“)UZ(T,z,e)

(
n ( ag e TIB—ake s ke, ) U3(T, 2, e)) (4.15)
=

(=)

Q
= Z b ()€ T + F(T, z,€)
7=0

D
+ eA”a(‘srd‘H’ﬂszR@(az)afﬁU(T,z,e).
=1
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where the forcing term F (T, z, €) is a polynomial in z of degree less than v — 1.
By assumptions (4.11)), (£.12) and using that Q(0) # 0, by taking e = 0 into

equation (4.15) we see that the constraint is equivalent to F(T,z,0) = 0.

The precise shape of the term F(T), z, €) will be given in Section |5} see and

(10.23).
The nonzero solutions Uy (T) of (4.13) satisfy the equation

A(T)(Uy(T))? + B(T)Us(T) + C(T) = 0, (4.16)

where
EES S2 S1
AT) =) agsTh, B(T) =Y a2, C(T) =Y ap T
=0 =0 £=0

Let A(T) = B2 — 4AC. Equation ({.16)) has two nonzero solutions, namely

Uoi(T) = #7 Uo2(T) = # (4.17)
We have
A(T) = apsT™# (1 + A(T)), A e C[T],A(0) =0,
B(T) = ageT*2(1+ B(T)), B e C[T],B(0) =0,
C(T) = ap, T*1 (1 + C(T)), C e C[T],C(0) =0,

which yields

A = a2, T?02(1 4 B(T))? — 4ag sag  T*3+*o1 (1 4 A(T))(1 4+ C(T)).

Regarding (4.1]), we can write

4ag 3a0,1 ~

A = g, T2 ((1+ B(T))* Thosthen 2o (14 A(T))(1+ C(T))).

2
ag,2

Again, by (£.1), we guarantee the existence of By(T) € C[T] with By(0) = 0 such
that

B(T) — Tko,3+ko,1*2ko,2é2(T)'

This yields

VA = aOQTko,z (1 + 2Tko,3+ko,172ko,2BZ(T) + (B2(T))QTZ(k0,3+kO,1*2kO,2)

40’0130’011 ko,3+ko,1 —2ko,2 A S 1/2
— ST (1+AM)(1 +C(T)))
4 1/2
= aoQTko,z (1 _ %T’COBJ%OJ*Q%,QO + D(T)))
0,2
= aoszO,z (1 _ mz"ko,3+ko,l—2ko,2 + Tk0'3+k0'1_2k0’2E(T))

ap,2
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with D(T), E(T) € C{T} with D(0) = E(0) = 0. Taking this into account, we
obtain the two solutions of (4.16)) have the form of (4.17)), and are given by

Uo1(T)

_ 20,0,30,0,1 Tko,3+ko,1—2ko,2

= (— a0aT*2 (1 + BT) + apaTo2 (1 - 220
0,2

n Tko,3+k0,1*2k0,2E(T)>)/(20,073Tko’3 (1+ A(T)))

y (4.18)
_a072Tk0,1—k0,2B2(T) _ 2“2;‘:0‘1 Tko.1—Fo,2 4 Tko,l—ko,zE(T)
B 2a0,3(1 + A(T))
= 7%1%0,1*160,2(1 +j1(T)),
ap,2
with J1(T') € C{T'} and J1(0) =0, and
Uo2(T)
k 5 k 2a0,300,1 kg 5-+ko 1 —2k
= (_ ao72T 0,2(1 _|_ B(T)) _ a072T 0,2 (1 _ fT 0,3 0,1 0,2
ap,2
(4.19)

n Tko,3+ko.1—2k072E(T)>)/(20,073Tk0’3 (1+ A(T)))

—ao,QTkO*2 (2 + F, (T))
20,073Tk0=3 (1 + A(T))

= _%Tkoz—ko,a(l + J(T)),
ao,3

with Ey(T) € C{T}, E5(0) = 0, and Jo(T) € C{T} with J»(0) = 0.

The behavior of Uy (T) and Upa(T) near the origin motivates the choice as
candidates for solutions of (4.10]) described in the two following subsections.

4.2. First perturbed auxiliary problem. The form of Uy (T") in (4.18)) moti-
vates a first concrete form of a solution of (4.10]):

UL(T, z,¢) = —%T’“(’J*kw(l + JU(T)) + TVA(T, 2, €), (4.20)

for some 7; € Q. We assume this choice is made accordingly to the following
conditions:

M 2 ko1 — ko2, (4.21)
m<bj—kon, 7=0,...,Q. (4.22)

Observe that, in view of (4.1)), we derive
M = koo —kosz, and 2v1 > ko1 — kog3. (4.23)

To search for such a solution, we plug the previous expression into (4.10). In
view of Assumption (4.5)), only those terms depending on z appear on the resulting
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equation when Q(9,) or Ry(9,) are applied. This yields

S1 Ml
Q((‘L)KZQMT’““—&— Z a5716m2,1+ﬁ_ak2,1T’€2,1)TVIVl(T’276)

=0 l=s1+1
S2 Mo
+ ( ae,QTkz.g + Z a£72€m£,2+2ﬁfake,2Tkz,2)
=0 l=s5+1
2&0 1

X (T?w VE(T, z,€) — ===Tror =R (1 4 7)(T))Va(T, 2, €>)

agp,2

83 M3
+<§ a&ngz,er E aLBEMe,er?)ﬁ*ake,sTke,s.)

“

2 ot (4.24)
2
3((101 Tko,1—ko, 2(1 4 jl( ))) Twlvrl(Ta Z, 6)
ap2

(@T’%rkw(l + jl(T)))T% V2(T, 2,¢) + T V3(T, 2, e)}]
aop2

Q D
- Z bj (Z)G"j*abijj + Z €A£+a(5e*d2)+ﬁTdeRe(8z)
=0 =1

(X

q1+g2=0¢

q1—1

H Y1 — T’Yl—(h 6%2 Vl (T7 2, 6)) )

(11'612'

where we have used the convention H; O( 1 —d) =1

In view of conditions , , and the monotony of the sequence
(kea)eso for all X = 1,2, 3 one can d1v1de equation 4) by Tko1+7 and pre-
serve the analiticity near the origin with respect to T’ in the terms involved in the
equation. In addition to that, the coefficient of Q(0,)Vi(T),z,€) turns out to be
invertible at 7" = 0 since ap,; # 0. The resulting problem, whose terms have been
arranged by increasing powers of V(T z, €), reads as follows:

S1 Ml
Q(0.)Vi(T, z,¢€) { —ap1+ ZCMJTMJ*]CU’1 + Z ag em™eatPakeipkes—koa

=1 l=s1+1

S2 M2 2@
+ (Z aé,QT’w,z*ko,g + Z a[72€me,2+2ﬁ*ake,2Tke,szo,z) ( _ 2201 (1 + T (T))>

=1 f=sp+1 0,2

(Zae 3Tkza ko1 + Z a£3€mz3+3ﬂ ake,3ke,3—Fo, 1)
l=s3+1
2

% 3(a01Tk0 1—ko, 2(1 + jl( ))) }

ao2

S2 M2
FQOIVAT, % 0( ST + 3 apaemertsi-atiaphes)pntos

£=0 l=s5+1

M3

(Za£3Tk23+ Z aes eme,st38— akldT’Ws) (4.25)

£=0 l=s3+1
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X( 3@01Tk01 ko2(1+j1( )))T'Yl_ko,li|
aop2

53 MS
FQEIPT 2 0[( D anaThe + Y agpematsi—okophes)pan o]
=0 l=s3+1

Q D
= Z bj (Z)Enj*abJTbJ*kO,I*VI + Z 6A2+a(5e7d4)+5
=0

(X

q1+g2=0;
At this point, we specify the form of Uy (T, z, ¢) in (4.20)), with
Ap+a(ép —dp)+

qa1—1

H Td/ q1—ko, 'R, (5z)5'§1~2‘/1(T,Z,6)>- (4.26)

q! CI2'

Vi(T,z,€) :=V1(e¥* T, z,€), with x1 := (4.27)
dp — ko1 —6p
Then (|4.26)) becomes
51
Q(0:)V1(T, 2,¢) [ —ap,1 + Z ag e X1 (Fea—ko. ) ke —ko
=1
My
+ Z ay 16me,1+ﬁ*04ke,1*Xl(kz,lfko,l)']rkz,lfko,l
l=s1+1
52
4 (Z ay 2€*X1(ke,szo,Q)Tke,szo,z
=1
Mo 9
4 Z a 26me‘2+25*ak1{,2*>{1(ke,Q*ko,z)Tkea*ko,z) (7 CL071)
f=s2+1 0,2
52
+ ( Z a£)2€*X1(kz,szo,z)’ﬂ‘kz,szo,z
=0
Mo 9
Z a£,26m2,2+25*ak5,2*>{1(ke,2*ko,2)'ﬂ‘ke,2*ko,2) (7 ao0,1 jl(efxylr))
l=s5+1 a0’2
53
+ (Z ag 36*)(1(k?Z,S*kO,l)’H‘k?Z,ZS*kO,l
=0
M;
4 Z ag 3€m£,3+35*a7€£,3*X1(kz,3*ko,1)'ﬂ*kz,37ko,1)
l=s3+1
Q, 2
<3Gt o1y gy |
s2
+Q(0.)VA(T, z,¢€) [( Z ag e Xrke2The
£=0

Mo
4 E a£726mé,2+25—0¢k1,2—Xlkz,sze,z)6—X1(’Y1—k0,1)T’Yl—ko,1

l=s5+1
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53 M3
+ ( E ay 3€7X1kl'3']fk"*3 + E ap 36m4,3+3ﬁ*ake,3*><1k1{,3']I*k?z,3>
=0 l=s3+1
> (—3@01 e—Xl(ko,1—ko,2)Tko.1—’fo,z(1 + N (e_XlT))>e_Xl(’Yl_kO’l)T%_ko’l}
ao2

+ Q(az)Vi’(T, Z,€) [( SZS a[73€7X1k":3Tk14,3

B

emz‘3+35*ak£,3*Xlke,s']rke,s) 6*X1(2“/1*k0,1)'1['271*k0,1}

ay,3
l=s3+1
@ D—-1
= Zbj(z)enj_abj_Xl(bj—ko,l_'Yl)Tbj—k?O,l—’Yl + Z (Acta(Se—do)+p
=0 {=1
q1—1
X( Z T H ’Yl 6 Xl(dl*QI*kO,l*qz)']rdzfql—k;oylnonumbe’r (428)
i tames, T
X Ry(0,)0# V1 (T, z, e))
' q1—1
dp—q1—ko, q2
+( Z CI1'C]2' H v1 —d)TP =0 1 Ry (9,) 04 Vl(T,z,e)), (4.29)

q1+92=0p

Observe that the choice in makes the term with index £ = D on the right-
hand side of do not depend on e. We have split this term for the sake of
clarity of the subsequent argument, and the prominent role played on it.

Let 1 < ¢ < D. It is worth pointing out that for every nonnegative integers g1, g2
such that ¢; + g2 = dy, and in view of , it holds that

dg — kO,l —q1 = (H1 + 1)(]2 + dquhqz, (430)

with dg g, .9, 2 1for 1 << D —1o0rf =D and ¢ <dp; and dp .5, = 0.
Regarding (4.3)) and (4.30]), one can apply [28, Formula (8.7) p. 3630] which
yields

TdD*k"’la{;DVl (T, z,¢)
= ((Ton)2 4 30 Agy TP (TN 90 V(T 2,0,

1<p<ép-—1
sz—ko,l—(tse—l)a,ﬂ,vl (’H" z, 6) _ sz,5k71,1 (']I*m-‘:-laT)Vl (T, 2, 6),
Tde—ko,1—q1 a%zvl (T, 2, 6)
= Tda1.02 ((’]I"‘”“IH(’)]T)QZ + Z Aq27pTﬁl(42*p)(TH1+laT)P)

1<p<g>—1

(4.31)

x V1(T, z, €),

for every 1 < /¢ < D —1, and all integers q; > 0 and ¢o > 2 with ¢; + g2 = J;. Here,
Asppforl1 <p<dp—1and Ay, for 1 <p < gy — 1 stand for real constants.
The previous identities allow us to obtain positive results in the Borel plane
because of the properties held by Borel transform with respect to the terms involved
in those identities. For that purpose, we assume that Vi (T, z, €) has a formal power
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expansion of the form

1(T, z,€) Zan z,6)T (4.32)

n>1

where its coefficients are defined as the inverse Fourier transform of certain appro-
priate functions in E(g ), depending holomorphically on € on some punctured disc
D(0,¢€p) \ {0}, for some ¢y > 0.

Vni(z,€) = Fmw— wn1(m,€))(z).

Our main aim is to search for such coefficients, and follow a fixed point argument
in appropriate Banach spaces. We consider the formal m,,-Borel transform with
respect to T and the Fourier transform with respect to z of Vi(T,z,¢€), and we
denote it by

wi(T,m,€) = Z 7wn’1(m, J ",
= ()

By plugging wy (7, m, €) into (4.29) and taking into account (4.31]) and the hy-
potheses made on the differential operators in (4.5)), we arrive at the following
auxiliary problem

Ll,:‘fll (wl (T7 m, 6)) + L27H1 (wl (7.7 m, 6)) + L37H1 (wl (Ta m, 6))

= Ry, (@1 (rm, ), (4.33)

with wy(0,m,€) = 0. We have taken into account the properties and the notation
described in Section [3| for a more compact writing. We write By, J1(7,¢€) for the
my,-Borel transform of J; (e X! T) with respect to T. The operators in (4.33)) are
given by

Ll#il (W1)
S1 ke,1—ko,1
~ . _ k —k T ) )
= Q(zm) [ — a071w1 + Z az’lg Xl( 2,1 0,1) R *l‘il w1
/=1 F( K1 ] )
M, ke,1—ko,1
me1+B—ake1—x1(ke1—Fk T '
+ E ap €™ B—oke,1—x1(ke,1 O’I)W*"l w1y
l=s1+1 ( K1 )
_ ke,2—ko,2
2ay, T 204,200,1 e (ke2—ko,2) Tk . o
g — 1
ap 2 F( tz,zm 0,2)
_ ke,2—ko,2
2a€ 200,1 eme2t2f—ake2— x1(ke,2—ko,2) _T
+ koa—Foay ‘1 W1
ao 2 F( 0,2 0,2)
£=s2+1 K1
,Qae 200, 1 ke 2—ko2
— k k
+ E X1 (ke.2—ko.2) ke o—ko 2 K1 B»’vl‘]l(TaE) Ky W1
ap,2 L(=2—=2)
M2 k[ —k
1+ E —2a,200,1 eme.2t2B—akea—x1(ke,2—ko,2) TR
ke o—k
a ke2—koso
l=s2+1 0,2 F( K1 )

*Kl Blil Jl (T7 6) *Kq wl

53 2 ke,3+ko,1—2ko,2
3ag,1 a3 —x1(ke,3+ko,1—2ko,2) _ T
+ € Ky W1
a F( k£,3+k0,1*2k0,2) 1
£=0 0,2 K1
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3(10 1(],4 3 ke,3+ko,1—2ko,2

—Xl(ke,3+k0,1 —2ko,2) _T
ko 3+ko,1 —2ko,2
[(==—=2)

ke 3+ko,1—2ko 2

%y 2B, J1(T, €) %y, w1

*rq Bm J1 (7—7 6)

§ 3(10 1(1@3 —Xl(ke,3+k0,1—2ko,2) T
=0

ke,3t+ko,1 —2ko,2
at 2 P(feathor =2z
%y By J1(T, €) *pey w1
Ms ke,3tko,1—2ko,2
+ Z 3@0 1@4 3 eme.3+3B—akes—x1(ke,3+ko,1—2ko,2) T i i .. W
F(M) r1 L
l=s3+1 0 2

K1
M3

+ E 3&0 1&@3 m£,3+3ﬁ*ak2,3*X1(’Cz,3+k0,1*2k0,2) T

ke,3+ko,1—2ko,2

K1

ke,3+ko,1—2ko,2

l=s3+1
*p 2851(]1(7', e) *py W1
M3
+ E 3a0 10,@ 3 m£,3+3f37ake,3*X1(’Cz,3+ko,1*2ko,2) T
p(w)

K1

ke .3+ko,1—2ko,2

l=s3+1

*rq Blﬂ J1 (T’ 6) *rq Bfﬂ J1 (T, 6) Ky W1

LQ,"”vl (wl)
52 ke 2+v1—ko,1
=06 —x1(keotyri—ko) T~ E
= Q(im) [Z ag2€ TR M W1k W1
=0 [(=2—2—)
S +26-ak P B
me,2 —akg2—Xx1(Fe,2t+v1—koy1)
Z ae,2€ F(k£,2+"/1—k0,1) Fy W1 Ky, W1
l=so5+1 1
S8 ko341 —ko,
3ae,3a01 —x1(ke,s+v1—ko,2) _T s E
+ € e TR Xe1 W1 Ky, W
a ¢,3+71—Ko,2 1
=0 02 D=2 )
Ms ke,3+v1—ko,2
773&8’3(101 mes+36—akes—x1(kestyn—koo) T 7 E
+ ¢ Fosto—koay ©H1 W1 %k W1
ap2 F( £,3T71 0,2)
l=s3+1 1
53 kest+yi—k
—3ay 3a01 rhestri—ko,2
, —x1(kest+mni—koz) ' T T E
+ Z a € ko3 +71—ko,z *iy B"‘@l Ji (7—7 6) *rp W1 kg, W1
— 02 1"(7)
{=0 K1

Ms 3
+ E Memé,svﬂ?ﬁ*ake,s*)(l(ke,3+71*ko,2)

a
l=s3+1 02

ke s+vi—ko,2

% m Ko B'ﬁ']l(Tv 6) Ky W1 *El w1:|,

K1
L3;N1 (wl)
- 53 (ke.s+2 ko1) ke 3+2v1—ko,1 5 5
— ; —Xx1\Feg3revi—Fkoon)
= Q(zm)[ g g 3€ YR TETY Ky W1 K, W1 K, W1
=0 (=)

K1
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M3 ke,3+2v1—ko,1

§ ar 3€me,3+3ﬁ*akz,3*X1(kz,3+271*k0,1) T '
, ke,3+271—ko,1

(===

l=s3+1 K1
K W1 *El w1 *El wl] .
For the right-hand side of the equation, we make use of (4.31]) and the properties
of m,,-Borel transformation. We have

Tbi—ko1—m

Q
_ B (i nj—ab;—x1(bj—ko,1—71)
_ZB](Zm)e j i —X1(bj—ko,1—71 I\(bj*ko,l*’}’l)

Jj=0 1
D—1 q1—1
Ag+a(de—de)+8 : _ —x1(de—q1—ko,1—q2) P (5
+ € Z lal H(’yl d)e Ry(im)
=1 q1+q2=0, d=0

dy
T 91,92 K1\q
. (rd) *y ((m17") %)

Td€,q1 ,q2 +”1(QQ *P)

+ Z AquF 0.91.09 +F1(G2—D)
1<p<ar—1 (—m )

LD

q1+92=0p,q1>1

X1, ((/@17'“1 )pw1)>

q1—1

H v — RD (im)

q! (J2'
TdD,q1~<12

- K1)4q2
8 (r(qulqz * ((m7™) )

K1 )
TdD,ql,qz +r1(q2—p)

A
+ Z q2’pF(dD,q1,<12+"1(Q2*P))
1<p<qg2—1 K1

*iy (B 7™ )”wl))

i #1(6p—p)
+ RD(im)<(’ﬁT“l)5Dw1 + Y Ay *ny ((MT“)”M))'

1<p<ép-—1

r(£xloe=pl)
4.3. Analytic solution of the first perturbed auxiliary problem. The main
purpose of this section is to state the existence of a unique solution of within
an appropriate Banach space of functions. The geometry of the problem is anal-
ogous to that stated in [I8] which demands some restrictions on the domains and
the functions involved in the problem. More precisely, we assume there exists an
unbounded sector

SQJ_%D = {Z eC*: |Z‘ > TG, Rp» ‘ arg(z) - dQ,RD| < VQ7RD}7
for some bisecting direction dQ,RD € R, opening Vo ip > 0, and 6 kp > 0 such

that ~
5&3LGSQR, m e R. (4.34)
Rp(im) e

For each m € R, the roots of the polynomial P,, = —Q(im)am — ]?D(im)m‘lsD 7D

are given by

qe(m) = (M)ﬁexp (r(arg( B 1Q(zm))) ! + 2t ), (4.35)

|RD(Z-m)|K“(1;D RD(zm)/-el 0pk1 Opk1
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for 0 < ¢ < épky; — 1. Let Sy be an unbounded sector of bisecting direction d € R
and vertex at the origin, and p > 0 such that the three next conditions are satisfied:
(1) There exists My > 0 such that

|7 = qe(m)| = My(1 + |7]), (4.36)

for every 0 < ¢ < dpky, m € R and 7 € S;UD(0, p). This is possible due to ([4.34),
fc;lr some adequate choice of TG Rp and p >. By choosing small enough V6. ip > 0
the set

{@:resd,mel&,ogegépmfl}

is such that it has positive distance to 1.
(2) There exists M > 0 such that

|7 — aeo (M)| = Ma|qe, |, (4.37)

for some 0 < £y < épk1 — 1, all m € R and all 7 € Sy U D(O,p). This fact is
immediate in view of (1).

By construction of the roots (4.35)), and by (4.36]) and (4.37), we obtain a con-

stant C'5 > 0 such that
|ag,1Q(im)|

1
e 5pr1 (1 4 |7[)0pr1—1t
|Rp(im) fi‘fD) A+

| P (7)| = M7P" ™ Mo | Rp (im) 1" |(

301|757 ~
> M16DK/171M2 K1 |a0,L (TQ,RD)JDlm |Rp(im)|
(k32)705
1 épr1—1 s
s (min LFETE (g oo

(4.38)

=15 /. K -1
= Cp(rg ) 27 [Rp (im)|(1+ |7]™) 7=

for all 7 € Sy U D(0, p), all m € R.

The next proposition provides sufficient conditions so that the main convolution
equation admits solutions w,‘fl (1,m, ) in the Banach space F(gtl«ﬁ,u,m,
described in Section

@,K1,€)”

Lemma 4.1. One has
Br‘ﬁl ']1 (T7 E) Kroq Bfil ‘]1 (Ta 6) = Blﬁ jl (T7 6)7

where By, J\(T,€) stands for the m,., -Borel transform of the formal power series

J(T) = Ji(T) - J1(T), evaluated at e X1 T, i.e.
. J
Bu (7€) wy Bey im0 = oI (30 Tyl )<

— (4.39)
J
j=1 Jit+Jj2=j (m)

with (J;) ;>0 stands for the sequence of coefficients of the series Ji. We denote
Jj = Z leJj27 j > 1.
Jit+j2=j
Proof. From the definition of *,,, and usual properties of Gamma function, we
obtain

Bml Jl (Ta 6) Koy Blﬂ Jl (T7 6)
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T (R ) (+F1 _ o\ 1
o [ (S ) (e )
0 = 1"(’71) = 1"(,71) (771 — 5)s
T - Ji J: ™ iL_q d2_
_ / Seni 3t / (77— o) g B g
O > i TEDTGE) Jo
Y 1 ) )
Iy Jj, Jj i1y J2 g
=7 / Ze X1J Z — g2 / (TP — ) e T () s T e
0 > =i TGOT ) Jo
=7 Z€_X1j Z ‘Zjljjz_ Tj—nlr(m)r(m)
J J J ’
j>1 J1+i2=j (?11) (?21) F(HT)
which coincides with (4.39)). O
Lemma 4.2. Under assumption (4.21), one has
(x1+a)(kes+71 — ko2 —k16p +1) — x1(kes +71 — ko,2) (4.40)
< (x1+a)(kes+2v1 —kor — k19p + 1) — x1(kes + 271 — ko,1) '
for every 0 < £ < Mj3.
The proof of the next result is left to Section
Lemma 4.3. Let the following conditions hold:
2
op > P v1 2> ko1 — ko2, bj —ko1—71>1,
(x1 +a)(ke,2 +71 —koq — k10p + 1) — x1(key2 + 71 — ko,1) >0, (4.41)
(x1+a)(key,3 +71 — ko2 — k16p + 1) — x1(key 3 +71 — ko2) >0
for all0 <y < My, 0 </l3 < M3, 0<j<Q;
1
dp > — + ¢,
R1
d 1
A+ ald = de) + B+ (i + @) (L 4 gy — 5 4+ —) (442
1 1
—x1(de — ko1 —d¢) >0
for all g1 > 0,92 > 1 such that g1 + g2 = dp, for 1 <L <D —1; and
dp 1
Ap+a(dp —dp) + B+ (x1 + @)k (—2E 4+ gy — 6p + —
D (0p p)+B8+ )R ( K1 q2 D /ﬁ) (4-43)

—x1(dp — ko1 —dp) >0
for all ¢ > 1,q2 > 1 such that g1 + g2 = 0p.

Then, there exist large enough "6 kp >0 and small enough €y > 0, w > 0 such
that for every e € D(0,€0) \ {0}, the map He satisfies that He(B(0,w)) C B(0,w),
where B(0,w) is the closed disc of radius w > 0 centered at 0, in F(duﬂ# XLoR126)?

for every e € D(0,¢e9) \ {0}. Moreover, it holds that

1
[He(wr) — Hc(w2)H(u,ﬁ,#,xl,a,m,e) < 5”“‘)1 — w2l (v, 8,,x1,0,51,6) 5
for every wi,ws € B(0,w), and every e € D(0,¢q) \ {0}. Here,
He="H! +HZ + HZ + M,

(4.44)
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bj—ko,1—71

Q
= B (im)e™ —abi—=x1(bj—ko1—=71) _ T
Z i (im) Pm(T)F(b"*kg%”)

j=0
- 81 ar 1€_X1 (ke,1—ko,1) Tki,l_ko,l
—Qm){ Y- [ o 1]
ke,1—ko,1 1
=1 P (1) F(T)
M- ay 1€me,1+ﬁ*ak1{,1*X1(kg‘1fk0,1) |: hea—Fko
E ) _ . o
ke1—ko1 r1 ]
=5 P (7) D(keikor
Z 20,5 2001 € —x1(ke,2—ko,2) |: ke2—ko,2
~ K, W1
ke,2—ko,2 r1 :|
= ao,2 P (1) I(f2—foz)
—2ap.9G0.1 eme2+2B—ake2—x1(ke2—ko,2) rke2—ko,z2
+ > 5 _ |: N w1:|
ke,2—ko,2 F1
Qa ke,2—ko,2
2 P
—2ay 2001 € —x1(ke,2—ko,2) 2—ko,2
* Z P |: ke,2—ko,2 *r1 B"Cl J1 (T’ 6) *rq wl}
awa  Pu(r)  D(Rter)

—2ay.2a9.1 eme2+2B—ake2—x1(ke,2—ko,2)

' Z ao,2 Pon(7) {p(m)

l=s5+1 =

The2—ko,2

*r1 Bﬁl J1 (Ta 6) XK1 Wl}

ke s+ko1—2ko,2

53 361,%’1&@)3 E_Xl(k€,3+k0,1—2k0,2) [ . }
— ag o P, (1) p(%ll—?kw) k1 W1
53 3a%’1ag)3 e~ X1(ke,3tko1—2ko2)  rkestko1—2ko,2
+ ; as Blr) [p(k+k—2k)
L 2B, J1(T, €) %4y wl]
n SZS 30,(2))104413 E*Xl(kz,~3+ko,172ko,2) [ 7hke3+ko,1—2ko,2 . BT, (7_ 6)
o aaQ Pm<T) F(%ﬁ’m) 1 PR )

*Kl BK1 Jl (T7 6) *51 w1:|

n % 3a0 10,5 3 €Me3t38—ake, 3—x1(ke,3+ko,1—2ko,2) [ rke,s+ko,1—2ko 2 L }
f=sa+1 02 Pm(r) F(W) K1 W1
Ms 3a0 1(1@ 3 ¢me3t38—akes—x1(kes+ko,1—2ko,2) [ kes+ko,1—2ko,2
+67§3:+1 02 Pm(T) [F(W)

*ry 26&1 J1 (7-7 6) Ky W1

M3

>

l=s3+1 02

a myg 3+38—ake3—x1(ke,s+ko,1—2ko,2)
ao 1 0,3 €

}Sm(T)
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7-]92,34’160,172/60,2

x [F(w) 0 By (6] s By () ]

K1

HZ (w1 (T, m))

D—1 5@' ql—l ) 1
- Ap+a(de—de)+p _ —x1(de—q1—ko,1—q2) B (s
= e~ e—de Z RPN H (y1 — d)e Rg(lm)p &
(=1 q1+q2=0d; d=0 m
Tdf,qwm

x *ny (177 %20w1)

K1

.a1.a2 +K1(q2—p)
+ Z fl%,p <F7(—dz 1,a2 TH1 Q2_;D o ((I{17ﬁ1)pw1)>:|

1<p<g2—1 P (7) w)

K1
€ —x1(ke,2+v1—kKo,1) hea+yi—ko, .
=~ * w1 % w
Q(im { E ag2 ) {F et —Fony XF W1 %k 1}
P (=)
Mo €m2»2+2ﬂ—0¢ké,2—){1(kz,2+"/1—k0,1) Tké,2+’>’1—ko,1 B
Z o * *
" o Py (7) [F(w) k1 W1 %y wl}
l=so+1 m on
—3ae 3a01 € —x1(ke,3+v1—ko,2) { rhes+y1—ko,2 .
Z *oy W1 X, W1
ke s+v1—ko,2 K1 K1 }
P () I (kestnkos)
—3ay aan emest3B—akes—xi(kes+yi—ko2) 0 rkes+y1—koz
+ Z ¢,3001 . *E y
P (1) p(w) K1 W1 Ry @1
l=s3+1 m o
LI —x1(ke,stmi—ko2) - ke s+yi—koa2
N Z 3ag3a01 € ~3 { Tke;vl*ko — i, B, J1 (7, €) %, w1 *51 wl}
— 02 P, (1) r(keatn oz
—3a4 sagy €MesT3B—akes— X1 (ke,3+71—ko,2)
+ Z _
l=s3+1 Pm(T)

Thesty1—ko 2

« [@ iy B 1 (7€) e, w1 5, 1|},

K1

-1

Hlnm) = =— Y 2] (n - dRolim)

lgo!
Prl™) 00521 792 a5

dp
T PR
% [I‘(dfmm) 1 ((MT ) wl)

K1
TdD‘fn 42 +r1(g2—p)

A
* Z qz’pr dD,q1,95Ft1(32—p)
1<p<gz—1 (K—1)

R ) m(é - )
+M[ Z A(SD,pi - ((Hﬂm)pwlﬂ’

k1(0p—
P, (1) <5 F(%)

e (17 )in) |

and

HE (wi(T,m))
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~ 53 E—Xl(kz,3+2‘h—ko,1) Tkz,a-‘r?’h—ko,l
= —( )(zm){ ay 3 |: Ky W1 k., W1 1]
: E : ) = T, v K Ky W
et P (7_) F(kl’?’ 2’)’1 kO,l) 1 1

K1

M3 eme3+3B—akez—x1(ke3+271—ko,1)
+ E ayp,3 jj
l=s3+1 m(T)

The3+2v1—ko
—_——— % w *E w *E w
F(kz,3+2’71*k0,1 ) w1 W1 Ty W1 Fy XL (-

K1

Proposition 4.4. Under assumptions (4.41), (4.42)), (4.43), there existrg > 0,
€0 > 0 and @ > 0 such that the problem (4.33)) admits a unique solution wl (T,m,€)
belonging to the Banach space ) with

d
F(V7B7H7X1’aa’i176
d
lwie, (7,5 )l (1,8,.x1,001,6) < s

for every e € D(0,¢e0)\ {0}, where d € R is such that (4.36) and (4.37)) are satisfied.

Proof. Let "6 kp > 0s €0 > 0 and w > 0 be as in the proof of Lemma That
result allows us to apply a fixed point argument on H, for every e € D(0, €9)\{0} and
obtain a unique element wgl (1,m,¢€) € F(dw@mxl,a,m,e) with norm upper estimated
by w, which satisfies

Hé(wgl (7_’ m, 6)) = wgl (Ta m, 6)'

This function also depends holomorphically on € € D(0,¢p) \ {0}.
Observe that the terms in the equation (4.33)) can be rearranged to write it in
the form

wy (7, m, €) = He(wy (1, m, €)),

by leaving Q(im)ag 1 and Rp(im)(k17%')°P on one side and dividing the resulting
equation by the polynomial Py, (1) = —Q(im)ag1 — Rp (im)(k17%)°P.

Therefore, w,‘fl (1,m,€) turns out to be a solution of , with initial data
wt (0,m,€) =0. O

4.4. Second perturbed auxiliary problem. The form of Uy (7T') in (4.19) mo-
tivates a second particular form of a solution of (4.10)):

Us(T, z,€) = —%T’“Oﬂ*k”(l + J(T)) + T Va(T, 2, ¢), (4.45)

for some 75 € Q. We assume this choice is made accordingly to the following
conditions:

Y2 > ko2 — ko3, (4.46)
")/2 S bj — 2]47072 —+ ko,g, j = 0, ceey Q (447)
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We proceed as in Subsection [4.3|and plug (4.45]) into (4.10]). We obtain

S1 M1
Q(az) {(Zaé,lTke'l + Z ae,lemz,lJrﬁ*ake,lTke,l)T’Yz‘/Q(T’ 2, 6)

=0 l=s1+1
S2 Mo
+ ( a2 T + ) | ar zemf*ﬁw*a’%zT’wa)
£=0 l=so+1
2
% (T272‘/‘22(T’ 2, 6) . ag, 2Tko 2—ko,3+72 (1 + ,_72( ))V&(’T7 z, 6))
ap,3
S3 M3
+ ( Qg 3Tke*3 + Z ap 3€me,3+3ﬁfak(,3Tk@YS)
=0 (=sst1 (4.48)
2
% {3(a02Tk02 ko, 3(1 + jg( ))) TWVQ(T,Z,C)
ap3
=3(Ga T (1 BT ) TV, 2.0+ TV (T 2,0
ap3

§=0 =1
-1
6€! 1 Y2 —q1 H92
X ( oo == e - areeos Vg(T,z,e)).
q1+g2=0¢ Qg2 d=0
Observe that, in view of (4.1) and (4.3) we have
2]{50,2 - k()’g < ]{3071 = dg — (5@ — (;glil — d&o < d( — 5g. (449)

Conditions (4.1)), (4.46)), [.47), (£.49), and the fact that (ke 2)e>0 and (ke3)e>0
are increasing sequences, allow us to divide equation by T?ko.2=k0,3t72 pre-
serving analyticity of the coefficients involved. Invertibility of the coefficient of
Q(0,)Va(T, z,€) at T = 0 is guaranteed due to ag s 7# 0. The resulting problem can
be rewritten in the form

2
QAT 2, 6)[ 22
ao,
M,
me,1+B—ake1ke,1—2ko,2+ko,3 2a02a52Tk52 —ko,2
+ E Qg 1€ +E o
l=s1+1 —1 0,3
Mo
+ § —2a0,20¢,2 eme.2t2B—ake sk 2— k02_|_§ 2a02a€2Tk£2 k02j2( )
a a
f=s2+1 0,3 =0 0,3
Mo
+ _20’0 20¢,2 eMme2t20—ake 2 pke2—ko, 2j +§ 30'0 2a£‘3Tkz,3*ko,3
a
l=s2+1 0,3

M3
+ E 3a0 zaz 3 emest38—akeskes—kos

l=s3+1 03

3a2 5a M 342 ,a
0,2%.3 kg 3—ko,3 0,2%44,3 ene, 3+3B—ake,ske,s—kos
+ ( 2 :27,11 + E : T T

—o %03 f=s3+1 5,3
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% (2(T) + FT))| + QUIVA(T, 2, ¢)

S2 M2
(E ag,nge'Q_k°’2+k°’3+ E a&zemz,z-#-?ﬁ—oéke,zTke,z—k0,2+ko,3)T’Y2—ko,2

X

=0 l=s5+1
M3
F(SaaTh 4 3 aggemertsi-skaTie) (14 7))
=0 l=s53+1

+Q(6Z)V23(T,z € [(ZUJZSTMS“" Z a536m23+36 akesTkea)T2“/2 2k02+k03}

l=s3+1
Q D
_ § bj (Z)Enj—abj b —2ko,2+ko,3 =72 + Z 6A2+a(5e—dz)+ﬁ
7=0 /=1

56! q1—1 o ,
><( 3 i I1 (e — )7 2k°’2+k°’3R4(8Z)8%2V2(T,z,e)). (4.50)
q1+g2=0¢ d=0

We specify the form of U (T, z,€) in (4.45]), where

_ Ap+a(dp —dp)+ 3
~ dp —2koa+kos —6p

Va(T, z,€) := Vo (eX* T, z,€), with xa: (4.51)

Equation (4.50)) reads as follows:

2
Q(8.)Va(T, z,¢) [a &) ke, ~2ko 2o s

ao,3

£=0
My
+ E ag 16m£,1+,3*0¢k£,1*><2(k£,1*2k0,2+k0,3)'ﬂ‘ke,1*2k0,2+/€0,3

Z_31+1

E _2a0 20¢,2 —Xz(ktzz koz)’]r’fez ko,2

Qa
—1 0,3

Mo
n Z —2a0,2a¢,2 eme.2t2B—akea—xa(ke,2—ko,2) Tke,2—ko,2

a
l=so5+1 0,3
—2ay, 2002
— k ki k ki —
§ x2(ke,2—ko,2)he,2— 02j2( XzT)
1—0 CL()3

2
+ § —2a0,20¢,2 eme.2t2B—akes—xa(ke,2—ko,2) ke,2—ko, 2J2( _XQ’]I‘)

a
l=s5+1 0,3
53 2
+ E 3(10’22(1@73 €—X2(/fz,S—ko,S)’H‘kz,s—ko,s
= %03
M3
E 2a€ 3 eme.3t3B—akes—xa(ke,3—ko,3)Tke,3—ko,3
=
53 3a0 2@[ 3

e xz2(ke,3—ko,3)ke,s—ko,3 2T (e X2T + J2(ex2T
e (22(T) + THe )
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M3
+ Z 3a0 20'23 m£,3+3ﬁ*ake,3*X2(kz,sfko,z)']rke,sfko,z (QJQ(E*XzT) + ‘722(67)(211‘))}
l=s3+1 03
s2
+ Q(az)Vg(’]I‘, z, 6) {Z aLQE*)@(ke,Q*2k0,2+k0,3+72)’]I‘ke,2*2k0,2+7€0,3+72l
£=0
My
Z a£,26m£«2+2670‘}w,27X2(k£,272k0,2+k0,3+’}’2)’]I‘k)z,gfzko’erko,ng'\/z

l=s5+1
s3 M3
+ (Zae73€*X2ke,3Tke,s 4 Z a€736m5,3+3ﬁ7ake,3*X2ke‘3’]rk1,,3) (1 +j2(6*X2’]I‘)):|
=0 l=s3+1

s3
3 — k 2v2—2k k k 2v9—2k k
+ Q(az)VQ(T,Z,G){ E ag 3€ x2(ke,3+27v2 0,2+ 0,3)']1‘ ¢,31+272 0,2tko,3
£=0
M3
E ay 3€m£,3+3ﬁ*ak£,3*Xz(ke,3+2’yz*2k0,2+k0,3)Tkz,3+2’72*2k0,2+k0,3:|
l=s3+1

Q D-1

_ bj(z)e’ﬂj—abj—Xz(bj—2k0,2+k0,3—72)'1[‘bj—2k0,2+k0,3—’Y2+ § 6A4+Oé(5e—dz)+5

j=0 (=1

q1—1
( H 72_d)6 x2(de—q1—2ko 2+ko,3— qz)']l‘dtz q1—2ko,2+ko,3
q1+g2=0¢
x Re(0,)0%V,(T, 2 e))

X

q! qQ'

q1—1
+ E op! ' H 72_d)6 X2(dp —q1—2ko,24ko,3—g2) dD —q1—2ko,2+ko,3
q1'qo!
q1+q2=0p

x RD(ﬁz)a%ng(T,z,e).

Let 1 < ¢ < D. It is worth pointing out that for every nonnegative integers qi, g2
such that g1 + g2 = d¢, and in view of (4.4)), it holds that

dy — (2ko,2 — ko3) —q1 = (k2 + 1)g2 + d~£,q1,q2a (4.52)

with dp g, 4o > 1for 1 <£<D—1o0rf=D and g < p; and dp 0.5, = 0; Indeed,
we have

koa — (2koa — ko) = (k1 — K2)q2 + do.gr.g0 — de.gr.go-
Observe that, in view of , we have
(K2 — £1)@2 > di.gy .40 — de,g1.q00 (4.53)
for1</<D-—1orf=0D and gy < §p. Observe that, indeed it holds
ko1 — (2ko2 — ko,3) = q2(k2 — K1) + degy.qe — deigr ge- (4.54)

It also holds that
k071 — (2]{)072 — ]{7073) = 5D(I€2 — Hl). (455)
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In view of (4.4) and (4.52)), we obtain

TdD_2k0’2+k0’38%DV2(T, 2, E)
(@O Y Ay D I (T, ,0),
1<p<dp-—1
Tde721~co,2+ko,37(5e71)8TVQ(r]r7 2, e) — sz,aﬁl,l(Tmz+18T)V2(T’ 2, e),
Tde—2k0,2+7€0,3—Q1 8%2V2 ("]I‘7 z, 6)

_ Td},,ql,qQ ((TerlaT)!h + Z /iq27p’ﬂ‘ﬁ2(q2*p)(’ﬂ‘n2+laﬂ‘)ﬁ)

1<p<g2—1

(4.56)

X V2(T72a6)7

for every 1 < /£ < D —1, and all integers ¢; > 0 and g2 > 2 with g1 + g2 = ;. Here,
/L;DJ, for1<p<dp—1and flqm, for 1 < p < g9 — 1 stand for real constants.

We make an analogous assumption as in the first problem, namely, we assume
that Va(T, z, €) has a formal power expansion of the form

Va(T, z,6) = > Vya(z,6)T", (4.57)

n>1

where its coefficients are defined as the inverse Fourier transform of certain appro-
priate functions in E(g ), depending holomorphically on € on some punctured disc
D(0,¢p) \ {0}, for some ¢y > 0:

Vno(z,€) = Fm— wn,2(m, €))(z).

We consider the formal m,,-Borel transform with respect to T and the Fourier
transform with respect to z of Vo(T, z,€), and we denote it by

wa(T,m,€) = Z 7‘”"1;2(21’ 2 T

n
n>1 (Nz)

By plugging ws(7,m,€) into (4.59) and taking into account (4.56]) and the hy-
potheses made on the differential operators in (4.5)), we arrive at the following
auxiliary problem

L17'€2 (wQ (T7 m, 6)) + LQ,Kz (wQ (Ta m, 6)) + L3,F»2 (w2 (T’ m, 6)) = Rl,fiz (wQ (Tv m, 6)))
(4.58)
with wy(0,m,€) = 0. We have taken into account the properties and notations
described in Section (3] for a more compact writing. We put B, J2(7,€) for the
my,-Borel transform of J2(e X2T) with respect to T. The operators in are
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defined by
Ll’ﬁz (WQ)
- 2 51 ko 2-ko s) ke, 1—2ko 2+ko,3
_ . 0,2+k0,3 *
Q(Zm) [aO 3 F(k£,1*2k0,2+k0,3) K2 W2
£=0 K2
ZMl B—ak T A
me1+B—ake1—x2(ke,1—2ko,2+ko,3
*
+ ag 1€ F(lw 1—2ko, 2+k03) Ky W2
l=s1+1 K2
_ ke,2—ko,2
2&0 20,2 —Xz(kz 2—ko.2) T o W
ke2—ko2 2
Z a03 r(fztoz)
_ ke2—ko,2
+ § 2(10 20¢,2 eme.2t2B—akes—xa(ke,2—Fko,2) T Xy W
ap,3 I(ke2—koz) "
f—sz-‘rl K2
—2@0 20y, 2 The2—ko,2
— ke o—k
E . x2(ke,2—ko,2) i *pin Brip J2(T, €) *pop wo
0,3 (7'i2 )
_ ke,2—ko,2
+ Z Z2002042 emeat+2B—akes—xa(kea—koo) T T 7
ke,2—ko,2
a e,z 70,2
l=s2+1 0,3 F( K2 )
*poy By Jo (T, €) x4, wo
S3 30,2 G;( 3 TkZ,S_k(J,S (459)
+ § 0,276, e x2(ke3—ko,3) * W
a2 F(ke,sfko,:s) K2 W2
=1 0.3 K2
Ms ke¢3—ko,3
i Z 3@0 2@@ 3 m473+3,6’7akg,3fxz(ktz,sfko,s) T %W
F(kz,a—ko,a) 2 W2
l=s3+1 K2
53 302 .a kez—ko,s
0,293 v, (kes—k T '
+ § TE x2(ke,3 0’3)1-\@,37—’60,3 *poy 2By Jo (T, €) %4, wo
= %03 (=2)
Ms g ko s—k
a a 2,3 0,3
2¢0,2¢%¢,3 2 £ 3 —~vol(ky a—k T
+ E xa(kes O’S)W iy 2By J2 (T, €) %y wa
l=s3+1 ’3 ( Ko )
53 . ke,3—ko,3
+ E Mgfxz(ke,sfko,s);
2 ke z—ko,s
= %03 D(=272)

Koo Bng JQ (Ta 6) Xko Bﬁz ‘]2 (Tv 6) Krg W2

Ms ke,3—ko,s3
4 § 3a0 Qae 3 *Xz(kz,sfko,s) T i
F(ktz,s—ko,3)
l=s3+1 ’3 Ko

*pin Bron J2 (T, €) Kpoy By J2 (T, €) Ky wo

L2752 <w2>

N 52 i ok A ke, 2—2ko,2+ko,3+72
_ Q(zm)[ § ae’QE*Xz( ¢,2—2ko,24+ko,3+72)
£=0

E
Ko W2 *fiz w2

F( ke,2*2k0§jko,3+72 )
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Ma 7ke,2—2ko,2+ko,3+72

+ E ap 26m412+2ﬁ*ak5,2*Xz(kz,2*2k0,2+k0,3+72)

F(%W)

l=so+1
5 53 . ke .
Ko W2 */12 wo + E Gy 3€ Xz2Fe,3 [y Ky W2 *Kz (055)
=0 F(K)
Ms . TkZ,S .
—X2FKe,3
+ E Qg 3€ (kw) Koy W2 Ky W2
£=s3+1 K2
S 36—ak hey THO B
m =+ —a — .
+ Z ag g€tk s —xzke s o %z Brs J2 (T, €) %y Hnawa %0y W2
=0 (<)
O k k k.3 5
my 3+38—a —
+ Z ag g™ B—akes—x2ke,s oo *re By J2 (T €) 10y *1pW2 Ko wg},
£=s3+1 ( Ko )
L37Fv2 (w2)
~ 53 ke,34+2v2—2ko,2+ko,3
= Q(zm) g ag €*X2(ke,3+272*2k0,2+k0,3) T
-3 I‘(kl,3+272—2k0,2+k0,3)
=0 =
E ) Ms (kps+2 ko 2-+ko 5) 7ke34+272—=2ko,2+ko,3
—X2(Re¢,3T4Y2—4K0,21TFo0,3
*Hg wo *Klg w92 *K)Q wy + Z Ay, 3€ F(kz’3+2’y272k0’2+k013)
l=s3+1 o

E E
Koo W2 *H2 w2 *Kz (.UQ:| s

Rl,nz (wz)

bj—ko,2+ko,3—72

Q
P, T
(s nj—abj—x2(bj—ko,2+ko 3—72)
Z Bj(im)e F(W
=0

K2

D—1 6 ' q1—1
+ Z Deta(be—de)+p Z L H (72 _ d)e—xz(dz
=1

lgo!
d14q2=5 q1:q92: 20
de
D (- T76491,92
X Rg(zm)(T Ko ((,.@27-*62):12&}2)
‘22 +I€2(q2—p)
It T76491.92
" Z App—3 Krig ((/‘527'@)17&12))
; F —
1<p<g2—1 F(%’:Z(qz”))
1 B
5D! T 0 TdD’q1,q2
+ —d)Rp(im (7
_Z ale:! 1:[(72 Hiptim) T 4D qy.a3
q1+92=0p,q1>1 d—=0 ( o )

TJqul .ag Tr2(q2—D)

+ > A _
4P T aD.q; .45 +r2(gq2—p)
1<p<ga—1 (=)

Xi0o ((HQTKQ)pLUQ))

- - r2(6p—p)
+RD(im)((/£gT“2)5Dw2+ Z Aspp T

T
1<p<ip—1 I(r2l0n=r))

K2

)

—Q1—k0,2+k0,3—Q2)]]

*py ((K2T™2)%2ws)

%1y ((K2T™2)Pwy) )



EJDE-2018/46 GEVREY MULTISCALE EXPANSIONS 31

4.5. Analytic solution of the second perturbed auxiliary problem. This
section states the geometry of the second problem, in the same way as in Section 4.3
We omit the details on this construction.

We assume there exists an unbounded sector

Sorp =12 E€EC 2| 275 1, larg(2) —dg a2, | < v a,bs

f(;lr some bisecting direction JQ,RD € R, opening vg . > 0, and 6 hp > 0 such
that

Q(im)

- €Ss~, mekR. 4.60
Rp(im) © @R (4.60)

o

22 Q)(im)— Rp (im) k3P 700"

For each m € R, the roots of the polynomial pz’m =—
are given by

|a’(2) 2Q(lm)| 5D1'<2 _a‘% QQ(Zm) 1 27l
! e v —1(ar — + ,
) P ( ( g(ao’gRD(im)ng dpk2 5DH2>
(4.61)

for 0 < £ < dpka — 1. Let S; be an unbounded sector of bisecting direction d € R
and vertex at the origin, and p > 0 such that the three next conditions are satisfied:

(1) There exists My > 0 such that

a(m) = (

|lao 3 Rp (im)|5P

[T = Ge(m)| = My(1+|7]), (4.62)

for every 0 < ¢ < 0pke, m € Rand 7 € S; U D(0, p).
(2) There exists My > 0 such that

|T — e, (m)‘ 2 M2|(j€0 ‘7 (463)
for some 0 < ¢y < dpke —1,allm e R and all 7 € S;U D(0, p).
Following the steps in (4.38]), we obtain a constant C5 > 0 such that
|Pom(T)| > Cp(rg ,) 7 | R (im) (1 + |7["2)°P 77 (4.64)

for all T € S; U D(0, p), all m € R.
The proof of the next result is analogous to that of Lemma [4.1} so we omit it.

Lemma 4.5. One has
an J2 (Ta 6) Kk an JQ (Ta 6) = BK2 j2 (T7 6)7

where B,, j2(7'7 €) stands for the my,-Borel transform of the formal power series

Jo(T) = (J2(T) - J2(T)),
evaluated at e X2T. Its coefficients are notated by jgj.

The following result reduces the number of global restrictions on the parameters
involved in the problem, relating those appearing in the first problem, with those
naturally arising from the second one.



32 A. LASTRA, S. MALEK EJDE-2018/46

Lemma 4.6. Under assumptions (4.3) and (4.30)), the following statement holds:
Let 1 <0< D-1, q1,92 € N such that q1 + g2 = ¢, and g2 > 1. Then, it holds

d 1
A@+a(5@—d¢)+ﬁ+(x1+a)m(%+q2—5D+7)

1 K1
— x1(de — ko1 — 0¢)
(4.65)

d, 1
ZAz+a(5e*d4)+ﬂ+(><2+04)f12(£’;712’q2+%*5D+;2)

— x2(de — ko2 + ko3 — d¢).
Under assumption (4.41), and ko < K1, one has

2 1
6D277 6D27+6Za
K2 R2

forevery1 <4< D —1.
Proof. We apply and reduce the inequality to
(X1 + ) (de,gr,q0 + (g2 — 6p)r1 + 1) = xa(de — ko1 — 6¢)
> (X2 + &) (degygo + (42 — 6p)k2 + 1) — x2(de — ko2 + ko3 — 6¢).

After an arrangement of the terms, and the application of (4.30)) and (4.3 we derive
that the previous inequality holds if

X1(1 —0pk1) > x2(—0pkr1 +1—ko1 + ko2 — ko3).

Finally, the definition of x; and s in (4.27) and (4.51)) resp., and again the appli-
cation of (4.3) leads to the equivalent inequality

0p (ke — K1) + ko,20pk1 > 0,
which is satisfied. The second statement is direct from the hypotheses made. [
The proof of the next result is left to Section [0

Lemma 4.7. Let the following conditions hold:

2
op > PRI > ko2 —kosz, bj—2koo+koz—7v22>1,
2

(X2 + a)(key,2 + 72 — 2ko,2 + ko3 — K20p + 1) (4.66)
— X2(key 2 + 72 — 2ko2 + ko3) > 0
(x2 + a)(key,3 — K20p + 1) — x2ke,,3 >0
for all0 </ly < My, 0</l3<Ms, 0<5<Q,

1
5D > — +5€7
R2

g1 g5 1 4.67
Az+a(5g7d4)+ﬂ+(xg+a),£2(£v:7;1+q275D+;2) (4.67)

— x2(de — ko2 + ko3 —d¢) >0,

for every g1 >0, g2 > 1 such that q1 + q2 = 6¢, for 1 <L < D —1.
Then, there exist large enough 6 kp >0 and small enough @ > 0 such that for
every € € D(0,¢p) \ {0}, the map € defined by

He = H + H2+ H + HE,
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satisfies that H.(B(0,w)) = B(0, @), where B(0,w) is the closed disc of radius

w > 0 centered at 0, in F&ﬂ,u,m,a,fsz,e)’ for every e € D(0,¢p) \ {0}. Moreover, it
holds that
- . 1
IHe(wr) = Helw) w0 x2,00m2,0 < 5l = w2ll w52 ,00m2.0): (4.68)

for every wi,ws € B(0,w), and every e € D(0,¢0) \ {0}.
Here, we have defined

He (wa(r,€))

705 —ko,2+ko,3—72

Py (r)D (P02 20202

Q
— E Bj (,L'm)€nj—ab] —xz2(bj—ko,2+ko,3—72)

as 16*X2(7€£,1*2k0,2+7€0,3) [ ke, 1—2ko,2+ko,3

_ Q(zm){ Z ]327m (7_)

F( ko1 —2ko,2t+ko,3 ) *ra WQ}

K2

M, ay 1€me,1+ﬂ*ak1€,1*><2(kz,1*2k0,2+k0,3) ke 1—2ko 24ko,3
: — *
+ Z P (T) [F(kz,1*2ko,2+k0,3) K2 w2:|
l=s51+1 2,m Ko
S _ — .
N  —2ag a4, € X2(F2 ’“02)[ rhe2=koz2 . w}
B keo—k 2 W2
o %03 Pom(7)  FD(Z272)
N %2: —2a0 200 2 emz,2+2ﬂ—ake,2—X2(kz,2—ko,2)|: ke2—ko2 :|
= Koo WO
ko2 K w2
a ke2—ko.2
teatl 0,3 Py () I( pos )
52 xa(keo—k keo—k
+Z —2ag pay, € X2(ke2 0=2)[ Tre27R0,2 we, B, Jo (7€) s, @
] ~ koo—Fkoo Ko Prod2( 1, Ko W2
— g3 Pym(r)  IT(F2722)
N f —2a0.2a¢ 2 eme.2+2B—aks 2 —xa(ke2—ko,2)
. =
ot 0,3 Py (1)
The2—ko,2
[7““,2_%)2) *1ip By J2 (T, €) *pey wg}
Ko
53 30% 2043 e~ X2(kez—kos) - rkes—kos
+ E ’ = [ * w2
2 ke,3—ko,3 k2
= %03 PQ,W(T) 1—‘(7}{2 )

. M3 30%,2(1@73 emé,3+3ﬁ*ake,3*X2(k:e,37k0’3)|: ~hea—kos .
Z = e
0 ke s—ko.s K2
¢ —_—
et W3 Poon(r) e
83 2 _ _ B
ZSaO’Qae,se x2(ke,3 ko,s)[ ke s—ko,3 BB e
0 p koa—kosy h2 “PR2d2U0 1y W2
= %03 Py (1) I(hes—tos)
EM:B 3a2 sap3 e x2(kes—kos) - phes—kos
: GZ p ( ) [F ke3—ko3 Kriz 26”2 ‘]2 (T7 6) Ko w2:|
t=satl 03 2m{T (=)

S3

>

— dajs Py (7)

30%720,2,3 e~ X2(kez—kos) - rkes—kos
Ko Bﬁz J2(Ta 6) Ko BKQ JZ(Ta 6) Ko W2

F( ke,3—ko,3 )

K2
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M3

Krio Bﬁz Jo (T7 E)

+ = .
rto1 %03 Py (7)

*1in Brop J2 (T, €) %, (UQ] },

K2

D-1 -1
Sl

I
q1!g2!

=1 q1+q2=0¢ d=0
T(Zl-rn »q2
ol e

r(da)

R2

*iy ((F272)Pws)
flqu ( rde.ar.a3+r2(02=p)

F(Jz,ql,q2+~z(qup))

K2

+ _
1<pe—1 Pom(7T)

e X2 (ke,2—2ko,24ko,3+72)

30%120’573 €7X2(k“v37k0a3) [ Tkes—ko,3
ke 3—ko,3
[(Fe2—0s)

H (v2 — d)e_XZ(dé—fh—k0,2+/€0,3—qz)M

Pg’m(T)

s ((ra7™)02)) |

— Q(zm) Y g2 -
{g ‘ Pou(7)

[ Tke2—2ko,2+ko,3+72

E
* *
F( kg,2—2ko,2+ko,3+72 ) Ky W2 Ky, W2

K2

Mo Emz,z+25—0¢k£,2—Xz(kz,2—2ko,2+ko,3+72)
+ § Qg2 =
fzsz-‘rl P27m(T)

7ke2—2ko,2+ko,3+72
£ w

* *
{F(k2,2—2k0,2+k0,3+72) Ko W2 %, 2}

K2

E
Kpgq W2 *52 UJQ}

E
Kko B/m J2(T7 6) Ko W2 Ko W2
2

N i e—X2ke,3 { Tkes B
ayp 3 vy — Ky W2 Ko W2
’ 2,3 2
=0 P27m(T> F( Ko )
Ms eme.s+38—akes—x2kes ¢ rkes
+ E ayg 3 = [
) ko3
t=s55+1 Pa,m(7) NG
N 523 e~ X2ke3 - ke
ap 3= |: k
) 0,3
=0 Pg’m(T) F( Ko )
M; eme,3+38—akez—x2kes ¢ rkes
+ g ag3 = [
) ke,s
Pt Pon(T) L%

HE (wa(r, €))

E
Xy Broy J2 (T, €) %y wa %, wg} },

- v 1:[ (v — d) R (im)

Py (7) q1!go!

TdDyfll,(IZ

q1+92=0p,q1>1 d=0

X | ————— *p, ((K27T"?)%2ws)
|:F(deQ1=‘Z2)

K2
TJD,q1 ,ag +r2(q2—p)

+ E ‘21112 14 7 *
’ dp,qy,q9+r2(q2—p)
1<p<qa—1 [(==e =)

ro ((HzTﬁz)pwz)}
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Rp(i - k2(6p—p)
+ Rp(im) [(“27&2)65’(«02 + Z Aspp T

= Koo ((I{QTHZ)‘D(UQ)] s
Po.m(7) 1<p<bp—1

k2(6p—p)
D(=2-)

and
e X2 (ke 3+2v2—2ko,2+ko,3)

pQ,m(T)

i (wa(r,e)) 1= ~QUim){ S aes
=0

[ Tke34+27v2—=2ko,2+ko,3

E E
Ky W2 *N2 w2 *Hz W2:|

ke,3+2v2—2ko,2+ko,3
I( - )

M 6me,3+35—ake,3—X2(k2,3+2’)’2—2k0,2+k0,3)
+ E ag3 =
l=s3+1 P2,m (T)
7he3+27v2—2ko,2+ko,3 . .
Ky W2 *Hz (0%5) */{2 (95 .

ke 34+2v2—2ko 2+ko,3
I( - )

Proposition 4.8. Under assumptions (4.66)), (4.67)), there exists T6.ip > 0, €0 >0
and @ > 0 such that problem (4.58) admits a unique solution w,‘i (1,m, €) belonging
to the Banach space F? with

(V,B, X 2,00, K2,€) 7
HW:L (Tv m, 6)||(Vﬁ,/t,><27f¥#€27€) < w,
for every e € D(0,¢0)\ {0}, where d € R is such that [#.62)) and (£.63) are satisfied.

The proof of the above proposition is analogous to the proof of Proposition [4.4
so we omit it.

5. SINGULAR ANALYTIC SOLUTIONS OF THE MAIN PROBLEM

This section describes the analytic solutions of the problem in two good coverings
in C*, and construct them by analyzing the procedure followed in the two problems
considered in the previous sections. A Ramis-Sibuya type theorem applied to each
problem will lead to the formal solution of the main problem under study.

Definition 5.1. Let j € {1,2}, and let ¢; > 2 be integer numbers. For all 0 < p <
61— 1 (resp. 0 < p < gy — 1), we consider open sectors &, (resp. &,) centered at 0,

with radius €y > 0 and opening larger than (resp. (Xzfa)@) such that &,N

Ept1 #Dforall 0 <p<g¢ —1 (resp. g’pﬁépﬂ # () for all 0 < p < ¢o—1). Moreover,
we assume that the intersection of any three different elements in {&,}o<p<c, -1
(resp. {€,}o<p<ey_1) is empty and that U;};Olgp =U\{0} = U;f;olg’p =U\ {0},
where U is some neighborhood of 0 in C. Each set of sectors {&€,}o<p<c,—1 and
{€}o<p<ey_1 is called a good covering in C*. In order to distinguish both good
coverings, we will refer each of them as the good covering related to the Gevrey

order (x1 + a)ky (resp. (x2 + @)ka2).

Definition 5.2. Let {£, }o<p<c, -1, and {&, }o<p<c,—1 be two good coverings in C*,
related to Gevrey orders (x1+ a)r1 and (x2 + «)ke, respectively. For j € {1,2}, let
7; be an open bounded sector centered at 0 with radius 7 and consider a family
of open sectors

So,.01,corr =11 € C*/|T| < eorr, [0, —arg(T)| < 0/2}
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(resp.
spitacorr =11 € C/|T| <eorr, [0, —arg(T)| < 6/2}
)with aperture 61 > 7/k1 (vesp. 02 > w/k2) and where d, € R, forall0 < p <¢ —1
(resp. 0, € R for all 0 < p < ¢ — 1), are directions which satisfy the following
constraints: Let g¢(m) (resp. Ge(m)) be the roots described in (resp. (4.61))
of the polynomials P,,(7) (resp. Ps,,(7)), and So,0 0 < p < —1 (resp. S,
0 < p < ¢ — 1) be unbounded sectors centered at 0 with directions 9, (resp. 0,
and with small aperture. We assume that:
(1) There exists a constant M; > 0 such that

|7 —qe(m)| > My(1+|7]) (5.1)
forall 0 < ¢ <dpry—1,allm e R, all 7€ 5, UD(0,p), forall 0 < p < —1, and
|7 — Ge(m)| = My (1 + |7]) (5.2)

forall 0 </ <dpre—1l,allmeR, all T € Sﬁp UD(0,p), forall 0 <p < g — 1.
(2) There exists a constant My > 0 such that

IT = qeo(m)| = Ma|qe, (m)] (5.3)
for some ¢y € {0,...,0prk1—1},allm e R all 7T € S?,pUD(O,p)7 forall0 < p<¢—1,
and

IT = Ge, (m)| = Ma|qe, (m)] (5.4)
for some ¢1 € {0,...,dpr2—1}, allm € R, all 7 € S5 UD(0, p), forall 0 < p < ¢3—1.

(3) Forall 0 < p < ¢ —1, for all t € Ty, all € € &,, we have that e*TXx1¢ €
5y,01,60 X0 and for all 0 < p < ¢ —1, for all t € Ty, all € € &,, we have that
€txet € Sﬁp,e catxa,, . Then, we say that both families {(S5, .0, cors )Jo<p<a -1, 71}

and {(S 3p,02,€0mT

and {&,}o<p<e, 1, Tespectively.

at+x1

)OSPSQ,l,TQ} are associated to the good covering {&,}o<p<c,—1,

We construct two families of holomorphic solutions of the main problem under
study (£7), with a pole at (e,t) = (0,0), defined in the sectors &, and &, fo
0<p<g¢g—1land 0 < q < ¢ — 1, with respect to e. We also determine the
exponential rate of decrement of the difference of two solutions in the intersection
of two consecutive sectors of the same family of good coverings. Moreover, this rate
depends on the good covering under consideration.

Theorem 5.3. Let us consider the parameters described at the beginning of Sec-

tz’on which satisfy (4.1]), , and . We consider the nonlinear sin-
gularly perturbed PDE (4.7) with elements determined as in (4.5), (4.6) and .
We choose a,B€Q, 1<k < Ky and 1,72 € Q such that ’4 11)), !4 12)), (]§2:
, (]dz j% hold, and assume that (4.30) and (4.52)) hold. We finally
assume (4.34), (4 ([@.42), ([@.60), (4.66), ([.67).

Let (Ep)o<p<ci—1 and (Ep)o<p<c,—1 be two good coverings associated to the Gevrey
orders (x1 + a)k1 and (x2 + )k, respectively, for which families of open sectors
{(S5,.01.corr Josp<ai—1, T} and {(S5, 6, cors Jo<p<ca—1, T2} are associated to each
corresponding good covering.

Then, there exist a radius v f, > 0 large enough, €9 > 0 small enough, for

which two families {u3? (t, 2, €) Yo<pee, -1 and {ud(t, z,€)Yo<p<ey—1 of actual solu-
tions of (4.7) can be constructed. More precisely, the functions u?’) (t,z,€) and
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ugp (t,z,€) solve two singularly perturbed PDEs

Q(0.) (p1(t, e)ult, z,€) + pa(t, e)u(t, 2, €) + ps(t, e)u(t, 2, €))

Q. D ~ (5.5)
= bi(2)emth + > et 0] Ry(0.)ult, 7€) + Fi (et ¢)
7=0 (=1
and
Q(@Z) (p1 (t, )u(t, z,€) + pa(t, )u(t, z,€) + ps(t, e)u(t, 2, e))
(5.6)

D
bj(2)€" it + > 0] Ry(0.)ult, z,€) + Fa(et, ¢)
(=1

Il
'M‘Q

Il
o

J

respectively, where the forcing terms Fy (T, ¢) and F5(T,¢€) are described in (10.11)
and (|10.23)), respectively, and define holomorphic bounded function provided that
the additional constraints (10.14]) and (10.25)) are fulfilled.

Each function u?” (t,z,€) can be decomposed as

u?" (t, z,€)

_ 5(_% ay ko,1—ko,2
N (5.7

— ?(eat)ko’l_k“\ﬂ (e“t) + (eat)"“vf”(t, z, e))
0,2

where Jy(T) is holomorphic on some disc D(0,dg,), dg, > 0 and v} (t, z, €) defines
a bounded holomorphic function on Ty X Hg X &, for any given 0 < ' < (3, with
Uf”(O,z,e) =0 on Hg x &,. Furthermore, there exist constants K,, M, > 0 and
o >0 (independent of €) such that

M

Opt1 P )
|e| xata)ma

sup 0777 (8, 2, €) — 07" (8, 2,€) < K exp(—
teTiND(0,0),2€Hg

(5.8)

forallee Epp1NEy, for all 0 <p < g — 1.

Each function ugp (t,z,€) can be decomposed as

DP
Uy (t7 2 6)
ap,2 k k ap,2 k k ? (5‘9)
— 66( _ ) (eat) 0,2—R0,3 _ ) (eat) 0,2~ 0,3j2<€at) =+ (eat)’yzvzp(t7 2, 6))
ao,3 Qo,3

where Jo(T) is holomorphic on some disc D(0,dz,), dg, > 0 and vy (t, z,€) defines
a bounded holomorphic function on Ty x Hgr X f:'p for any given 0 < 3" < 3, with
vgp(O,z,e) =0 on Hy x &,. Furthermore, there exist constants K,, M, > 0 and
o >0 (independent of €) such that

sup |U;p+1 (t,Z,G) - ng(tvz7€)| < KP eXp(—
t€T2ND(0,0),2€H s

p
‘gl(X2+a)R2) (510)

for all e € gp+1 ﬂgp, forall0 <p<¢—1.
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6. DOUBLY PARAMETRIC GEVREY ASYMPTOTIC EXPANSIONS OF SOLUTIONS

In this section, we first recall some classical facts on k-Borel summability of
formal series with coefficients in a Banach space as introduced in [I], and a co-
homological criterion for k-summability of formal power series with coefficients in
Banach spaces (see [2], p. 121 or [I5], Lemma XI-2-6) which is known as the
Ramis-Sibuya theorem in the literature.

Afterwards, we provide the second main result in the present work, in which
we obtain the existence of two formal power series, written in power series of the
perturbation parameter, and with coefficients in some Banach space, which turn
out to be the common Gevrey asymptotic expansions of the functions vfp (t,z,¢€)
forall 0 < p < ¢ —1, and U;P(t,z,e) forall 0 < g < ¢ —1,in and (5.9),
of Gevrey orders ((x1 + @)r1)™" and ((x2 + «)k2) ™! respectively. We recall that
both functions determine solutions of the main problem , as determined in
Theorem [5.3]

6.1. k-summable formal series and Ramis-Sibuya theorem.

Definition 6.1. Let & > 1 be an integer. A formal series X (¢) = Z;io ajel € Flle]],
with coefficients in a Banach space (F, || - [|r) is said to be k-summable with respect
to € in the direction d € R if

(i) there exists p € R such that the following formal series, called formal Borel
transform of X of order k

- = a7
Bu(X)(r) =) —L— e Fll7]),
T+ %)
is absolutely convergent for || < p,
(i) A positive number § exists such that the series B (X)(7) can be analytically
continued with respect to 7 in a sector Sy 5 = {7 € C* : |d—arg(7)| < §}. Moreover,

there exist C' > 0, and K > 0 such that ||B(X)(7)|[r < CeXI7l" for all 7 € Sd.s-

If the Eleﬁnition above is fulfilled, the vector valued Laplace transform of order
k of Bi(X)(7) in the direction d is set as

LEBR(X))(e) =" / Bi(X)(u)e /9 kuF 1 du,
L’Y
along a half-line L., = Rye? C Sqs U {0}, where v depends on € and is chosen in
such a way that cos(k(y — arg(e))) > 41 > 0, for some fixed 7, for all € in a sector

Sao. e ={e€C" || < RY* |d—arg(e)| < 0/2},

where 7 <0 < T +20 and 0 < R < 6;/K. The function LH(B(X))(e) is called the
k-sum of the formal series X (t) in the direction d. It is bounded and holomorphic on
the sector S, g g1/x and has the formal series X (e) as Gevrey asymptotic expansion
of order 1/k with respect to € on Sy 4 g1/t In addition to that, it is unique under
such property. More precisely, one has that for all 7 < 6, < 6, there exist C, M > 0
such that

n—1
B n
ICR(BR(X))(€) = Y ape?|r < OM™T(1 + 2lel”
p=0
foralln > 1, all € € Sy, gi/x-
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Theorem 6.2. Let (F,| - |lr) be a Banach space over C and {&,}o<p<c—1 be a good
covering in C*. For all 0 < p < ¢ —1, let G be a holomorphic function from &,
into the Banach space (F,|.||r) and let the cocycle ©,(e) = Gpyi(e) — Gp(e) be a
holomorphic function from the sector Z, = Epy1 N E, into E (with the convention
that & = &y and G. = Gy). We make the following assumptions.
(1) The functions Gy(€) are bounded as € € &, tends to the origin in C, for all
0<p<¢—-1
(2) The functions ©,(¢) are exponentially flat of order k on Z,, for all0 < p <
¢ — 1. This means that there exist constants Cp, A, > 0 such that

18, (€)lr < CpeAw/lel*
forallee Z,, all0 <p <¢—1.

Then, for all 0 < p < ¢—1, the functions G,(€) are the k-sums on &, of a common
k-summable formal series G(e) € F|[e]].

6.2. Parametric double Gevrey asymptotic expansions of the solutions
and construction of their associated sum. In this subsection, we denote F;
the Banach space of holomorphic and bounded functions on (7; N D(0,0)) x Hg
equipped with supremum norm, where ¢ > 0 is defined in Theorem and 0 <
8" < B is a fixed real number. We preserve the choice of 7;, for j = 1,2 in
Definition

The second main result in this work is the following.

Theorem 6.3. Under the hypotheses of Theorem[5.3, there exist two formal power
series

1t 2,0) = > vma(t,2)e™ €Fa[ldl], Dot z0) = Y vmalt, 2)e™ € Faf[e]],

m>0 m>0

such that the functions vi”(t,z €) (resp. vS*(t, z,€)) in the decomposition
(resp. (B.9)) are its (x1 + a)ki-sums on the sectors &,, for all 0 < p < ¢ — 1,
viewed as holomorphic functions from &, into Fy (resp. its (x2 + a)ka-sums on the
sectors &y, for all 0 < p < 6o — 1, viewed as holomorphic functions from &£, into
Fs). In other words, there exist two constants C, M > 0 such that

n—1
2, n
sup o7 (t, 2z, €) — U 1(t, 2)€™| < CM™T(1+ ————)|¢e|”
teTiND(0,0),2€H ' mzz:o " (x1+a)r
(6.1)
foralln>1,all0<p<gq —1, and all e € &, and
n—1
2 n
sup vy (t, 2, €) — U a(t, 2)€™| < CM™T (1 + ————)|¢|”
te€ToND(0,0),2€H 2 ) mz::() 2)e™ ( (x2 + 04)@)‘ |
(6.2)

foralln>1,all0<p<¢—1, andalleegp.

Proof. We give the proof for the first family of functions, whereas the proof is
analogous for the second family. Let vf” (t,z,¢), 0 < p < ¢ — 1 be the functions
constructed in Theorem For all 0 < p < ¢ — 1, we define Gp(e) := (¢,2) —
vf” (t, z,€), which is by construction a holomorphic and bounded function from &,
into Fy. In view of the estimates (5.8), the cocycle ©,(e) = Gpy1(e) — Gp(e) is
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exponentially flat of order (x1 + a)k1 on Z, = €, N Eptq, for any 0 < p < ¢ — 1.
Therefore, Theorem (RS) guarantees the existence of a formal power series

Gi(e) = D vmalt,2)e™ = by(t, 2,¢) € Fy[[e]

m>0

such that the functions G (¢) are the (x1 + )k1-sums on &, of Gl(e) as [F; —valued
functions, for all 0 <p < ¢ — 1, in &,. |

It is worth mentioning that the formal power series in €

01(T), 2, €)

= (¥T) "y (T, 2, €) + %(eaT)ko,rko,sz _ %(eaT)ko,rko,szjl (e“T)
and

@2(T7 Z, 6)

= (eT) ™ iy (T, z,€) + %772(6047“)/60‘2—’60,3—72 _ %7’2(GQT)kO,2—kO,3—72J2(€(¥T)
ao,3 Q0,3

are formal solutions of ((10.8)) and (10.21]), respectively. This statement follows from
(6.1) and (6.2)). Indeed, one has

1.
ﬁag (v?p (ta Z, E))|€:0 = ijl(tv Z)?

forall 7 >0and 0 <p<¢ —1, and

SO0 (1,2 lemo = vjalt.2),
forall j > 0and 0 <p<g¢ —1.
Concerning the Gevrey orders appearing in the asymptotics, we observe that
(x1 +a)r1 < (x2 + a)ka.
Indeed, from the definition of x; and ys in and respectively, one has

k1 (1 + @) = MAD + 3 — akg _ Ap 'i‘ﬁ—akm7

dp —6p — ko1 dp

Ap + B — a(2ko,2 — ko,3)
op

The inequality follows from (4.1). We conclude the section with an example.

Ka(xe +a) =

Example 6.4. We consider the equation
Q(0.)((ap,1€°1* + ag 2%t ult, z, €) + " 10U (t, 2, €) + e MU (t, 2, €))

6.3
= bo(2)E¥ + €990, Ry (0. )u(t, 2, €) + 51°0, Ra(9. )u(t, z, €). (6.3)

Here, kO,l = 2, ko’g = 67 k0’3 = 14, R1 = 1, Ro = 3, m0’1 = 57 m1’1 = 6, mo’g = 14,
mO’gzll,a:276:—1,A1:1O7A2:12,d1:5,(51:1,d2:6,62:2,
bozl,ﬂ0=3,’}/1:—2,’}/2:1.

The constraints (£.1), (£.3), (.4), {11), @12), @-21), @22), [@41), (©43),
(4.46), (4.47), (4.66), (4.67) are satisfied in the example.
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Observe that one can divide every term appearing in the previous equation by
€3t, but still one observes the presence of an irregular singularity at ¢ = 0 and the
appearance of singular operators which are treated in the manner we describe in
the present work.

The next sections are included for the sake of completeness, and describe in
detail the proofs of the results provided throughout the work. We decided to leave
it at the end for a more comprehensive reading.

7. PROOF OF PROPOSITIONS 2.5 AND 2.6]
Proof of Proposition[2.5 Let us denote

A= e "ay, (T, m)R(im)T“/ (" — 5)72573]"’(51/“,m)ds\|(u757u7x,a7me).
0

It holds that
1+ | &= >

.
A= s (L |ml) exp(Blm]) S exp (- vl )
7D(0,p)USq,meER |€x+a ex

L RGO [ (0 e S
T o™, (@ mbesp(m

ls|

X |€|7'YO

1+ [e]Octazn

X ——————exp (— VL)f(Sl/H,m))A(T, s,m, €)ds

| = €| Ot

)

where

1 eXP(VWL%) |s|1/"

(T Tl exp(BlmD) 14 —FE v+

A(T,8,m,e) =

(77— 5)72878.

The above expression yields
R .
A< C31(€) sup | =——— (im)

T, M)l (v Qa,K,€))
meR RD(Zm)mf( )H( B, XK €)

where
1+ | 5= T 1
Cs1(e) = sup — " exp(—v| ") €] 77—
It Ay e s A e I (e O

I71™ exp V% pl/w
% mn/ ( [e[GeFa) ) (7" — hY=h* dh.
0

1+ M(Xh%)zﬁ |e|xter

After the change of variable h = |e/X*t®)*h’ in the integral of Cs(¢) and usual
estimates one arrives at

Cs.1(¢)
1+ | = > _ 1
= sup exp (— v 1) el — e
7D(0,p)US4,mER |5X:’0¢ | ( exto ) (1 + ‘T|H)’Y1

K |€|(;;a>m exp(uh’) N1/ |T‘H N2 Y3 31/ | (Xxta)c(y2+vs+1)
x || /o T(h’)?(h) (W—h> (W) dh/|e]

2
< |€‘(X+@)H(’Y2+"/3+1)—’Yo+(X+0t)*€ sup L+a” . x

- @>0 TL/F ¢ (1 + |e|xtadmg)mn (G1(2) + Ga(2)),
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with

Gi(z) = / . (W)= (2 — W) d’
YT 1+ (h')? ’

_ ) euh/ I =+s N2 Jp!
Ga(x) _/%/2 O e
The steps on stating upper bounds for G; and G5 are described in [19, Proposition
1], in detail. For the sake of completeness, we give the detailed proof.

Estimates for G1(x). We first consider the case in which 1 < 49 < 0. Then,
it holds that (z — h/)7> < (z/2)7 for 0 < A’ < z/2, and every & > 0. The first
condition in yields

@/2 L+l
Gr(w) < ()" e / (nyrean = (5)" pro/2 @R2TI
2 0 2 Lt + 1
Then, one has

1+22 . x 1+ 22
S e G <s
xglg P (1 + [e|CcFelrgym 1(z) < gg Ry

which is finite.
In the case that o > 0, then we have that (z — h')72 <272 for all 0 < b’ < z/2,
for x > 0. Therefore we obtain

@/ Livystl
Gi(z) < x72euz/2/ (h/)%Jrvgdh/ _ xweyz/g(xl/Q)i
0 s+ +1

for all z > 0. We conclude

1+2% . T 1+ 22
su eV Gi(x) <su
IE% rl/s (1 + |€|(X+Q)'€x)v1 1( ) = IZPE) rl/K

e " xGy (),

which is finite.
We study Ga(z). One has 1+ (h/)? > 1+ (z/2)? for all z/2 < b/ < z. Hence,

1 z , 1 1
Gy(r) < ———— V(RS (1 — WY 2dR < ———— @ 7.2
@) S gy | OO B S G (72)
where
Gg.l(:r) _ / euh’(h/)%jtwg (x N h/)wzdh/
0

for all z > 0.
The same estimates as in [19, (18)] on Mittag-Leffler function lead to

G2_1(.13) S K2.1$%+'Y36Vz, €T Z 1. (73)
We now distinguish two cases: v3 < —1 and <3 > —1. In the first situation, we
obtain

1422 e T G ( ) < 14 22
su € v I (/22
A N F T R S E FYPIE

1+
K273,
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and by the change of variable b’ = zu’, we deduce

1+ 22 x
—vx G
o2, e T ) (.
1+ 22 T 1 1 T ’
< su e V% xn—k’ya-&-’yz—&-l/ eV (Vw8 (1 — /)2 du',
- 0<x21 1+ (z/2)2 xt/r 0 (w) ( )

which is finite.

The second situation, i.e. y3 > —1 and v > 73 + 1 is considered by using that
1+ |e] Oty > |e| xRy for all x > 1, and to check the case in which = > 1.
For those 0 < z < 1 we proceed as in to conclude the result. O

Proof of Proposition[2.6, The proof is analogous to that of Proposition 3 in [22] and
follows the lines of [I8], Proposition 3]. For the sake of completeness, we reproduce
the proof. We write

=}~ / T s )

x st dmall(v,8,1,x,0.m¢)

1+ | ="

= sup (1 + [m])" exp(B|m]|) exp(—v|—51")
7€D(0,p)US4,meR | xto €
" +o0
x [Tt {1+ [m — ma]) exp(Blm — mal)
0 — o0

X e P g S = Y m )

€
[T

1+ e RN

x Lt )" exp(Blmal) — e esp(v gl m) |
Teper=
X B(T,S,m,ml)dgl dm1|
(7.5)
where
|El e
B(t,s,m,m1) = exp(—f|m —mi|) exp(—f|mi|) — _é|‘2|2(><+a) -
(L+m —ma)#(1+[ma)* (14 o (1 + o)
K o ’ 1
x exp(v 7" — 5 5]

W) exp(y ‘€|(x+a)n ) (7-;-@ _ S’)S/ :
We also have |m| < |m — mq| + |m4] for all m, m; € R, from which we obtain

B < 04(6)||f(7—7 m)H(Vﬂ,ﬂ,x,a,n,E)Hg(ﬂ m)”(v,ﬁ,u,x,a,ﬁ,E) (7.6)

where

'u]‘+ |5X10¢‘2K k—1
Cu(e) = sup (1 +[ml) T X+a| )I7]
T7€D(0,p)USq,meR exta

x/|'rn /+oo 1 (h/)l/n(|7_|n_h/)1/n
0 —o0 (1 + |m - m1|)M(1 + \m1|)ﬂ |€|2(X+C¥)

exp(—v|
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x ! exp (VT
Tn_h/ 2 h/ 2 X o)k
(1 + (I8 (1 + i) el et
n 1 .
X exp <V|€|(X+Q)H> = h’)h’dh dmy.

We provide upper bounds that can be split in two parts,

04(6) S 04‘104.2(6) (77)
where
+oo 1
Cy1 = su 1+m“/ dm 7.8
R G (e T A
is finite under the condition that x4 > 1 according to Lemma 4 of [20], and
1 + TW 2K o
Cya(e) = _sup %m !
T€D(0,p)USq | exto

(h/)l/n(|7‘n7h/)l/m

7"
[e[20cFa) 1 ,
X I n3 — dh
/0 (1 T (14 80 (Il — RO

|E‘(x+a)2m )2k

The change of variable h' = |e|/X*®)* ] yields

C4_2(6)
- r L K L _ K
= sup 1+|6X+"|2|7_|r-e—1/‘|(’<+“>" ht/ (|6‘(x+u)n h)l/
reD(0puSs e 0 (1+ (MJXT%)N —R)2)(1+ h?)
! 1 (7.9)
X |7—‘N | ‘(X‘FO()Hdh
(|E|(X+Q)n - h)h €
< 1 B
= Jepere S B
where
B(z) = 1+x2m/ﬂ” hY/F(z — h)Y/% L
225 Jo (T4 (@ —h)2)(A+h?) (x—h)h

A change of variable h = zu in this last expression followed by a partial fraction
decomposition allow us to write

1
1 1
B(z) = (1 + 2? / . — du
( ) ( ) 0 (1—|—x2(1—u)2)(1+332u2) (l—u)l_ﬁul_i
1+a22 1 3—2u 1
— d 7.10
x2—|—4/0 1+ 22(1 — u)? (1—u)1*%u1*% “ ( )
1+22 1 2u+1 1
n +x / u+ 1 _ du
2244 Jo T4+2%u? (1 —u)l-wul~x

which acquaints us that B(z) is finite provided that £ > 1 and bounded on R
with respect to x.

The estimates in (7.5)), (7.6), (7.7), (7.8), (7.9) and (7.10)) allow us to conclude

the result. O
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8. PROOF OF LEMMA (.3

Proof. Let € € D(0,¢) \ {0}. We first prove that H.(B(0,=)) C B(0,w), in
d
F(VuB’Nle,Oé,Kl’E).
We first consider the terms in H! to give upper estimates. By Lemma we
have
bj—ko,1—71
~ i (b ko) T 3
1B (m)e 1 (b= Fo. ’Yl)TmH(Vﬁ,#’Xl,mm,e)

(8.1)

< Cs i HBj (mzn(ﬁ’#) |€|(bj—ko‘1—’71)0"
CIS(TQ,RD) sprr inf,er |RD(zm)|
for some Cs > 0, depending on 1,71, k0,1 and b;, 0 <5 < Q.
We also use the first part of Proposition [2.5l There exists a constant C3 > 0
depending on v, k1, ke,1 for 0 <€ < My, kgo for 0 < € < My, ke for 0 < € < Ms,
Q(X) and Rp(X) such that

- _ Q m _
HE x1(ke,1 ko,1)g(7-ke,1 ko1 *iq wl)”(”ﬁ’#v)ﬂ,mm,e)
P (7)
Cs P (8.2)
< o )% |6|0¢( 01— 0.1)||u11||(y,g%xham)e)7
P TQ,RD D*1
- _ Q m _
lle X1 (ke,2 ko,z)g(Tkewz ko,2 *r1 w1)||(y75’u,xha’m’6)
P(7)
Cs - (8.3)
S C ( )5 T |6|0‘( 0,2 0’2)||w1||(l”ﬁﬂuﬂxlya,l€1,6)7
p TQ7RD Dr1
- _ Q m B
|le x1(ke,3+ko,1 2ko,2)15((7—;(7kz,3+k0,1 2ko.2 4 W8, 1x1 s, 46)
m
Cs ke.3-+ko,1—2k (8.4)
< —1|6|04( ¢,3+ko,1— 0’2)||w1||(”aﬂvl1«7X1,a,m,e)-

Cﬁ(TQ,RD) oDr1

Let j > 1. A constant C5(j) > 0, depending on v, k1, ke o for 0 < £ < My, Q(X),
Rp(X), exists such that

s (b 2o o) QUi kot
e k“ﬁ])ﬁ(wg(Thﬂ 0 sy 1)l o )
m
Cs.1(7) a(ke.2—ko.2+7) (8:5)
< ——————1e| "2 w1 || (4,8, x1 )5
Cp(rg,m,) ™

He—xl(kg‘g—‘rko’l—2k012+j) ~(Zm) (Tk£,3+k0,1—2k'0,2+j *I’il wl)H(V,B,H,Xl,Q,Hl,E)

Cs.2(J . - j .
< —()1|<:‘|°‘(k""3+k°'1 280,28 |wy [[ (18,11, x1 v ) -

Cp (TQJ%D) oDr1
We now determine the dependence on j of the constants C5.1(j),C32(j) > 0
obtained by the application of Proposition More precisely, one has

(km — ko2 +j)

K1

Cs.1(j) < C3AIT j>1, (8.7)

b
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and

i1, (8.8)

Ca2(j) < @A@r(’%?’ + ko1 = 2ko.2 i),

K1

for some C’g,Ag > 0 which do not depend on j. The proof of is based on a
deeper look at the estimates in the proof of the first part of Proposition 2.5 We
follow the notation in such proof. We only give detail on the proof of , because
the proof of is analogous.

Proof of (8.7). Let j > 1 such that ks o — ko2 + j > k1. The classical estimates

m
sup e = (J)mle_ml (8.9)
>0 ma

for any real numbers m; > 0, mg > 0 yield the following:

1+a2® _,,
SUp 7w ¢ 2G(®)

kg 2—Fko,2+J L 1

< sup(l + £C2)£L'7"‘1 6753”(,)1/“1

K1
>0 2

kg,2—ko,2+J

< ((km—koz +j)TeXp<_ keo — koo +j)

H1V/2 K1
ke,2—ko,2+J kg,2—ko,2+i .
Rrazfosdt) | g\ 2chortd ko — koo + 1
K1 w1 0,2 0,2 TJ ) 1/k1
- P (et bt S 2 _
+ ( V2 exp (— ( . +2)) (2) K1

Furthermore, according to the Stirling formula I'(z) ~ v272* " 2e™* as & — 400
and bearing in mind the functional relation I'(z + 1) = zT'(z) for all x > 0, we
obtain two constants Cs > 0 and Az > 0 independent of j such that

1+ 22

SUp 7w ¢ 2Ch(@)
ks —kos 4 keo — koo +j
< Cof ((H2=02 ) (22202 T )
Lo K1 (8.10)
< VzAg,;(F( 0,2 —Kloa +J)

keo — koo + 7 koo — ko2 + 3\ ke2 — koo +J
(R )r( ))
1 K1 K1
Qn the other hand, by direct inspection, we observe that there exists a constant
(.1 > 0 (independent of j and €) such that

1+ a2
su e
ogzgl zl/m (1 + |e]Cate)mig)m

—vT L

GQ(.I) S 02_1 (811)

Furthermore, there exists a constant Ky 1 (j) depending on v, k1, kg o for 0 < ¢ < M,
and 7, such that
1422 _ T 1+ 22

ve G < —=Ks1(J 8.12
2?1) rl/k1 € (1 4+ |e|Cata)rig)m 2(2) < i?i 14 (2)2 2.1(J) ( )

Regarding the proof of [I9, Proposition 1], we guarantee the existence of a constant

K51 > 0 independent of j such that

(ke,z — koo +j)
K1

Ks1(j) < KT (8.13)
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for all 5 > 1. Finally, gathering (8.10), (8.11), (8.12) and (8.13)), we conclude
8.7 O

In view of Lemma [£.1] and again by Proposition we have

||67X1(k14‘3+k0,172k0,2)Q(Zm) [Tki.,erko,l*?ko,erj X Bm Jl(T 6)
P (7)

%y By J1(T,€) %y w H
w1 Bry J1( m1 1] (1,851, X 1,0, 1 5€)

— ‘|€_X1(k2,3+k0,1_2k0,2) Q(lm) [Tké,3+k0,1—2k0,2+j

P (7)

Koy Brey J1 (T2 €) %y w1 |0 p0xn v )
Cs.3(J)

Cplre. s, )™

(8.14)

< |€‘a(k@,3+ko,1—2ko,2+j)||w1|| VB

a,K1,€))

where

0k ko1 — 2k j
Cg,g(j)ﬁCgA%l"( 0,3+ Ko 0,2 +J)’

K1

j>1. (8.15)

This estimates for C3 3 are obtained in the same manner as those in (8.7)).
We choose large enough 76, >0 and w > 0 such that

0 .
Z e[ —ebi b —koa =) Co |1 B;(m)ll(5,1)

= Cp(ro )7 infmer |Rp(im))|

S

1

|ae| keq—k C3
+Z4F(k27,17k071)|60|a( 0,1—ko,1) — —
=1 K1 CP(TQ R

+ Z | €1| | |me‘1+5*ake,1+a(ke,1*ko,l) Cs
kz 1= k01) C Y
Za T p(ro,pp) P

+Z 2)ag2a0.1] ‘eo‘a(kez ko,2) Cs

1
T(F22502) Oy 5, )07
2‘a€72a071| |€0|m£,2+2ﬁ*ake,2+04(ke,2*ko,z) Cs

Foea—k
t=s5+1 |ao,2| N 27’2,.;1 >2) Cp(r

+

1
)5DH1

Q.Rp
|a (ke,2—ko,2+7) égAj

2|aeza01| leo 3
+Z | Z|]| (kgg k‘gz) #w

=0 i1 ) Cplrgp,) ™™

my o+28—ak 2+a(ke2—ko,2+7) CA'gA:J3

ko o—k 1
o a0l 5 [(=22) Cp(ro.iy) P

N Z 3|a0 1| |a£ 3| |60|0‘(k£.3+k0,1—2k0,2) Cs
£=0

\a072|2 F( klz,3+k?€,i72ko,2) C- (TQ . )75[)1&1

w

w

‘a(kz 3+ko,1—2ko 2+7) édAj

6|0Lo 1| |ae 3] €0 3 A3
+ Z Z | 7| kz,3+k0,1 27%.2) s a——
£=0

j>1 K1 ' CP(TQ,RD)SDNI




48 A. LASTRA, S. MALEK EJDE-2018/46

= 3lag, [ |ae 3] |eg|(ke.atho.1=2ko.247) Cs Al
+ Z ‘a Z | ]| k-[y3+k0,1 2k0,2 5; w
=0 0,2 i>1 571) OP(TQ’RD) DF1
M3 3\@0 1|2|a€ 3| ‘60‘me,3+3ﬁ—ak@,3+a(k[,3+ko,1_zkw) 03
* Z |a |27 T ke 3+ko,1—2ko,2 1w
t=s3+1 0.2 (F=e—2) Cp(ro. i) P
s 6\% |2 |a“| || e+ 3B—arke s aulhe a-+Eo 1 —2ko 2-+)
t 2 1 e
ao,2 [(festhor=2koz )
L=s53+1 ji>1 K1
L
Cplr, )
<> 3lao Plas| |€o|m‘f*:’*gﬂ’“k‘*vﬁo‘(ktﬁko,172ko,2+j)
+ Z | |2 Z|J T ke 3+ko,1—2ko,2
l=s3+1 0,2 (,.{71)
CsA
1
Cp(rgip) P
w
<7 8.16
= (8.16)

Observe that the convergence of the series in j appearing in the previous expres-
sion converge provided that |¢p| is small enough, according to the fact that J; and Ji
are convergent series in a neighborhood of the origin, which yields |.J;| < C;(A;)7,
and |jj| < Cj(Ay), for some Cy, A; > 0.

After the choice in t-i one can apply ., . . (18.4), (8.5)), and
(8.14])), together with (8.7] and (| - ) to deduce that

”H (wl)”(uﬂ LyX 1,00, m,e) > 4 (8.17)

We now give upper bounds associated to H2. We define

hi(r,m) =715~ 1/ / wi (75 = )YE i — mywr ((s")Y5 my)
(8.18)

7d d
(T”l—s) S amsy.

Observe that
w1 (T, m) *El wi(T,m) = Thi(r,m).

In view of Proposition [2.6] there exists Cy > 0, depending on p and x1, such that

Cy ,
Hh’l(T7 6) || (v,8, 15X 1,051 5€) < W ||w1 H(z/,ﬁ,p,xl,a,ﬂl,e) : (819)

We apply Proposition (2) to obtain C% > 0, depending on v, k1, ds, 6¢,ko1,0D,
Ry(X), for 1 < ¢ < D, such that

)Rf(’l/m) [Td‘{’ql’” *K (Tﬁlqzwl

é
||6 X1(de—ko1—de P (7_) 1 )]”(uﬁ,u,xl,a,mhe)
m

< Cé . |€|(X1+(1)l€1 (dl’ill’qZ +Q2—5D+ﬁ) —X1(de—ko,1—0¢) (820)
Cplrg,p,) ™™

X ||W1H(u,ﬁ,#,><1,a7m,6)7
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for every ¢; > 0, g2 > 1 such that ¢; + g2 = d¢, and

_ o5y Re(im _
ematdeton ‘”)13(<T>)[Tdfm+“l<q2 P sy (1 01) 0 10 0
m
< Cs ‘6|(X1+a)'<1 (7‘1[«211%12 +Q2*5D+ﬁ) —x1(de—ko,1—0¢) (8.21)
— 1
Cp(rg,p,) ™™

X ||W1H(u,ﬁ7u7><1,a,m,6)v

forevery 1 <p <gy — 1.

We apply (8.19), and Proposition 2) to guarantee the existence of C4§ > 0,
depending on v, k1,7v1,0p, ko,1, and kg for 0 < ¢ < M, such that

_ _ m _
||€ X1 (ke,2+v1—Fo,1) p( (T; [Tke,z-i-’h ko,1 *i1 (Thl (7’7 m))]H(Vﬁ,H,XLaJﬂﬁ)
m
oYH T kg o471 — ko,
= |‘6—X1(kf,2+71—"~‘0,1) g(zz?:)) T /0 (" — 8)%101718ﬁ71
m
X h’(sl/nlam)dS”(V,ﬂ,p,Xl,a,nl,e)

/ kp o+v1—k
< Cy . |E|(X1+Oé)f€1(%+ﬁ)—Xl(kz,2+71—ko,l)—(X1+a)H1(5D—%

K1
Cp(ro,p,) ™

X NP1 (T, )l w8 ,1x1 00m1.0)

< C4Cé . |€|(X1+a)(kz,2+’71—ko,1—K15D+1)—X1(ke,2+’h—k0,1)
Cp(rg,p,) ™"
X ||L<J1(T, G)H%V,B,u,xha,nl,e)'
(8.22)
By the same arguments as above we obtain
_ _ D(im _
He x1(ke,3+v1—ko,2) 15( (T; [Tk£,3+“/1 ko2 *r, (Thl(’r, m))]||(V757M7X17a,N176)
m
C4Cé |€|(XlJra)(k)z,3+’\/17’€0,2*515D+1)7X1(k2,3+717k0,2) (823)

= 1
Cp(rg a,) ™

X M1 (7 e, 1 s 00

and

_ _ . m ) _ .
et ontoassd) L bt (ot (7)) s s

P (7)
< 0402/),(.7) ; |6|(X1+a)(kg,3+'y1fko,2+jfl€15p+1)*)<1(ke,3+’71*k0,2+j)
Cp(rg,h,)
X Jlwr (7 5,1 00m1.0)
(8.24)
for every j > 1, where
. A i kes oy — ki .
Ch(j) < CoAfr (HETTL2202) s g, (8.25)

K1
The proof of such dependence on j is proved in an analogous way as for that of

(3
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One can choose 75 > 0 and @ > 0 such that the following condition holds

D—-1 de—1 C
|60|Ae+a(5g7d5)+ﬁ|: H |,}/1 _ dl 3 |€ |a(d57k0,1*55)w
(r~ =~ )3 lmlr de,6,0
=1 d=0 P(’“Q,RD) P (T)
q1—1

DY

q1+q2=0¢,92> >1

d|( Cir?
1
Cplrg iip) DT T(2)
% |€O|(X1+04)H1 (%ﬁ'”-‘r%—&y-‘ré) —x1(de—ko,1—6¢)

+ Z ‘AQZ P

1<p<g2—1

Cry
14
Cp(rop,) P T (=22 + g2 — p)
|60|(X1+04)"61(%ﬂ“ﬁ*&:ﬂrﬁ)*)ﬁ(de*ko 1—0¢) )}
+ Z ‘CL( 2| O4Cé
k?// 2+v1—ko, 1) C =
K1 IS(TQJ%D) b
|60|(X1+(1)(ke,2+’)’1—ko,l—fi15D+1)—X1(kz 2+v1—ko,1)

+ Z |ag 2| C4C§

ke ke2t+v1—ko,1 —
(= é2+1 K1 ) CP(TQ,RD) DHK1
|6 |me 2+2B—ake 2+ (x1+a)(ke,2+v1—ko,1—r10p+1)—x1 (ke,2+v1—kKo,1)

CaCy <ol xi+a)(kez+v1—ko2—r16p+1)=x1 (ke,s+y1—ko,2)
+Z \aozl [ (keatn—hos - — _
) K1 15(7"@7RD) Y
M
+ Z lagsaoy|  CuCy
t=s3+1 |a0 2] F(m+2711—k02)

|6 |me 3+38—ake3+(x1+a)(ke,s+v1—ko,2—r16p+1)—x1 (ke 3+71—kKo,2)

w?
C*(TQ Rp ) D"l
(x1+a)(ke,3+v1—ko,2+j—r16p+1)—x1(ke,3+71—ko,2+7)
+ |10
Z F(ke 3+’71*7€0,2)
7>1 K1

J

CiCs Al

—0 ao 2|

|m/z 3+38—ake s+ (x1 +a)(kz,3+'y1—ko,2+j—f€15D+1)—X1(kz 3+v1—ko,2+7)

F( ke‘3+211*k0,2 )
0,C3 A} )
I
Cplrg.r,) ™

=9

(8.26)
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The choice in (8.26) allows to guarantee from (8.20), (8.21)), (8.22)), (8.23)), (8.24),
together with (8.25)), that

w
IHE @Dl sixnme < - (8.27)
We now give upper estimates for H2(w; (7, m)). Proposition 1) yields
_ e sy Rp(im)
sp) 1D
L o
m
Cs _ Ckoa—
< —C~(T~ - )ﬁ|60|(X1+a)ddD,5D,o x1(dp—Fko,1 5D)||w1|‘(,,’57u7xl,a7m)€) (8.28)
P\ Q,Rp
Cs

_ . |€O|0t(dD*ko,1*5D)|
Cﬁ(rQ,RD )ep*1
for some C5 > 0, depending on v, k1, ko.1,0p, dp.
We also apply Proposition (2) to guarantee the existence of C% > 0, depending
on v, k1, ko 1,0p,dp with

|w1 ” (v,8,1,X 1,051 ,€) 9

||€—X1(dD—ko,1—(5D) RP (Zm) [
P (7)

< C3 i |€0|(x1+a)m ((M’J;%+qz*5r>) —X1(dp—ko,1—0D) (8.29)
Cp(rg r,) P
X Nwillw,8,mx1,0,m1,6)>
for every ¢ > 1 and g2 > 1 with ¢; + g2 = dp. In addition to that, it holds
i Rp(im)
pm(T)

TdD,quqz *rq (Tnlthwl)]||(V,/3,M$X1,a’m,6)

[T (00 =) iy (T Pwr)]] (v,8,1,X1,0, K1 5€)

c! (8.30)
< 3 1 |60|X1+a”w1||(V,ﬂ,u,X1,a7nl,e)7
Cﬁ’(rQ,RD)éDM
forall 1 <p<ép—1.

We choose r 5, and @ such that

dp—1 C
|60|AD+0¢(6D—dD)+5[ H |’Yl —d| 13 — |60|a(dD—k0,1—§D)w
d=0 Cp(ro.r,) P D(—E=)

q1—1 2
Y T

15! —— dp
. . ~ ~ o~ SpkK 241,92
nta=sp.q>1a>1 2 320 p(rg.py) PR D(=20002)

~ |€0|(X1+04)”€1(W‘FQZ—(SD"Fﬁ)_Xl(dD—k?o,l—(SD)w
Chrl
+ Z |AQ2,P| 1 2 dlD 1.4
1<p<ga—1 Cp(rg.1,) P D(==02%2 + g2 — p)

ddp,a1,92 1
% |60|(X1+04)n1 (T+q2*5D+,Tl) *Xl(dD*kOJ*(SD)w)}

ChKP
+ Z |A5D,p‘ 31 ! ‘GO‘XIJFQW < %
1<p<op—1 (6. 1p) P (0D — p)
(8.31)
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The choice in (8.31) allows to guarantee from (8.28)), (8.29) and (8.30) that
w
”Hg(wl)n(V,ﬁ,u,x1,a7n1,e) < Z (832)

We finally give upper bounds for the elements involved in H2(w;). Let

/ wl((T'“ —s')l/’“,m—ml)

TR
ho(r,m) = 7171
0
E

x (w1 %2 wi) (851, my) ~ ds' dm;.

(=)
Regarding Proposition [2.6] one has

||h2 (T’ m) ” (V,B,1,X1,00, K1 ,€)

Cy . (8.33)
= lepate Hw1||(v,ﬂ,mxl,a,m,e) [lwr Koy W1 H(u,g,u,xham,e).
Moreover, in view of Corollary [2.7] we obtain
[ler *El Wil w,B.uxr.0m.0) < C4||w1H%Vﬁ,u,)a,a,m,e) (8.34)

Following the same argument as in (8.22)), in view of (8.33)), (8.34), and from
Proposition (2), we have

_ g QUim , _
He x1(ke,3+271 ko’l)]:—‘,((/r;[TkLJJr?h ko,1 *iy (ThQ(T, m))]”(u,ﬁ,u,xl,a,ml,e)
m

/ kp 34271 —k
< CB i |60|(X1+a)1€1(W-‘rﬁ)—X1(kz,3+2’y1—ko,1)—(X1+04)r€1(5o—711)

= CIS (’I“QJ'%D) Spr1

X Hh2 (7—7 m) H(V’ﬁ,linha,th)

(C )20/
< 4 3 |€O|(X1+Oé)(k£,3+2’*/1*k?0,1*lesD‘i’l)*Xl(ké,3+271*k0,1)
= 1
(r~ ~ \3pr
CP(TQ,RD) brt

X N1le. x50,
(8.35)
We recall that Lemma holds, and we use hypothesis (4.41). We choose g

and w such that

i |ags| (Cy)*CY
ke.5+271—Fo, p——
im0 (=0 Cp(rg 4,,) 07

% |€0|(X1+a)(kz,3+2’71*ko,l*515D+1)*X1(kz,3+2’71*k0,1)w3

f |acs| (Cy)?Cy (8.36)
Ke.5+27v1—ko,
l=s3+1 F( - 1311 : 1) CIB(T@,RD)

% |€O|me,3+35*ake,3+(X1+0¢)(ke,3+271*k0,1*i€15D+1)*X1(ke,3+2’Y1*k0,1)w3

1
Spr1

w
gi

4
The choice in ([8.36) allows to guarantee from (8.35) that

w

”Hzl(wl)”(V,ﬁ,u,xhoc,m,e) < Z (837>
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Observe that (4.41) and (4.21)) imply
(x1+ a)(kes+ 27y — ko1 — k10p + 1) — x1(kes + 271 — ko,1) > 0,

for every ¢ € {0,..., M3}.
In view of (8.17), (8.27), (8-32) and (8.36) we conclude the first part of the
proof of Lemma 4.3L namely, the existence of @ > 0 such that H. sends B(0,w) C

(Cf/,ﬁ,u,xl,a,m,e) into itself.

We proceed to give proof for (4.44]). For e € D(0,¢p) \ {0} fixed above, we take

wi,ws € B(0,w) C F((i,ﬁ,u,xhamhe)' We start with H!. Analogous arguments as in

the first part of the proof leading to the upper bounds for H!, we obtain

_ ko) Qim) _
[Jexr (e ko) T (ke =kot s (w1 — w2))ll(1,8.0x1,001.6)

P (7)
Cs o (8.38)
< ﬁ'da( 01— 0,1)||w1 7WQ||(V1ﬁ7H7X1,CK7K1,€)7
P T@,RD Dr1
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P (1)
Cs kea—k (8.39)
< WMG( 02— 0,2)”&)1 _w2||(V157H7X1,CX7K1,€)7
P(rg.p,) ™
- : — 2(im ) 3
He ot 2k0)2)p((7—;(7-k213+k0& 2oz *hiq (wl _WQ))”(V,ﬁ;H:Xl,Oé,Hl,e)
¢ . (8.40)
3 —
< Wk‘a(ke,ﬁko,l k02 lwy = wal (.6, 51,001,
(1) P
and for every j > 1,
- _ S Q(im _ )
”6 e k0’2+])P((T;(7k“ Fo2td *h1 (wl _w2))|‘(u,57#7><1,a,n1,e)
m
C’gAgp(M) (8.41)
< K1 |e|a(kex2—ko,2+])||wl - w2H(V7ﬁ’/"X17a,H1,6)7

1
Cp(ro,m,) ™"

H€7X1(ke’3+k0’172k0’2+j) Q(Zm) (Tke'3+k0’172k0’2+j *kq (Wl - w2))||(l/ﬁ,M,X1,a,m7e)

P ()
C3 AT (M) T
< - |6‘a( 0,3+ko,1— 0,2+J)||w1 — (AJ2||(V1g,#7X11a7,11’€).
Cplrg,p,) P
(8.42)
We also have
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I 1 1 )
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We choose large enough 74 5 > 0 and @ > 0 such that

S1

|aevl| Oé(k}g 17’60_1) C3
ZF ke1—ko,1 |€O| Y ' =
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3|a01| ‘aE3| |60|Ol (Ke,3+ko,1—2ko,2+7) O3A§
+Z Z| jl kza-‘rkol 2ko 2 =
=0 =1 D(=—=5—=2) Cplrg.p,) ™™
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+ Z : 2 , ke 3+ko1—2k .
v B LU E] D(F=—%) Cplrg.i,) ™™
& 6lag, [*lacs| || 338 etk s a(ke,s o, —2ko,2 ) Oy Al
+ Z ‘ |2 Z |J | r ke 3+ko,1—2ko,2 =
l=s3+1 0,2 ( K1 ) CP(TQ,RD) brt
Ms 3|a0 1| |al 3| ‘eo‘me 3+38—aky z+a(kez+ko1—2ko2+7) CSA%
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e 002 =) Cprg,p,) P
1
< —.
-8
(8.44)
As a result, we can affirm that
1
HHi (w1) — Hi (@)l Boxa,cvmr o) < §||w1 — w2l x1,081,6) - (8.45)

We proceed with the upper bounds associated to HZ. For this purpose, we
observe that
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wi (7% = YR m = my)wr ()51, my) — wa (7% = )5 m — my)

L/ ) ml)

X wo((s")
= (= &) = ) = (7 — Y= mn) ) ()5 )
(= ) ) (wa(() R ) = () ) )

(8.46)
For j = 1,2, we define

TR 0o

"”(T’m’:”rl/ / i (7 = V%0 — Yoy (), )
0 —00
1

/
7(7—”1 ~ s ds dm;.

The expression in (8.46) and Proposition [2.6] yield

[h11(m,m) — hia(7,m)|| (V,B,14,X1,0, 11 ,€)

Cy
= W(le”(Vﬁ#,Xl,a»Kl,E) + lwallw,8.0x0 0.m1.0) (8.47)

X flwr = wall@,p.ux1,0081,0

Estimates in (8.20)), (8.21), (8.22), (8.23) and (8.24]) together with (8.47) provide
the following bounds.
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m
de,qp

|(X1+a)f€1 ( o +Q2—5D+ﬁ) —x1(de—ko,1—0¢)

C/
< s
Cp(rg,m,) ™
X flwr — W2H(Vﬁ,u7><1ya,m,€)7
(8.49)
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for 1 <p<gy—1, and

||€—X1(klz,2+’h—k0,1)M[T’w,z-ﬁq—ko,l
P (7)
*iy (T[ha1 (7, m) — haa (T, m)D]l ,8,1x1,0,1,0)
Cy
1
Cp(rg.p,) ™"

kg o+v1—ko,1 1
% |6|(X1+a)m (T+~T) —x1(ke,2+v1—ko,1)—(x1+a)r1(8

<

. (8.50)

K1
X [h11 = Paallw,8,u.x1.00m150)

!
CaCy |e|(X1+a)(ke,2+71*ko,1*H15D+1)*X1(ke‘2+’nfko,1)
= 1
~ ~ ~ SpkK
CP(TQ,RD) b

X (lell(uﬁ,#,XLa,M,E) + ||w2||(V,ﬁ,u,><1,a-,m,6))||w1 - w2||(uﬁyﬂ>><17a,m76)v

||€*X1(kz,3+"/1*k0,2) C?(zm) [Tkz,er’Yl*ko,z

Pro(7)
*iy (T[h11 (1, m) — haa(7, m)])]”(u,ﬁ,u,xl,a,m,E) 351
< C4C§ . |€|(X1+@)(ke,3+’)’1—k0,2—f€15D+1)—X1(ktz,3+71—k0,2) ( ' )
Cp(rapy) ™™

X (lwrllw,piixsanmsie) T w2l 0010 lor = wallw,,ux0 001,05
and

||€7X1(k714,3+71*k70,2+j)M[Tké,ir‘r'Yl*kOﬂ‘Fj
P ()

*py (T[h11(T,m) — haa(T, m)])]||(u,ﬂ,u,x1,a,f-i176)

. 046314%1-\(’?/5,34'%—/60,2)

K1

‘6|(X1+Oé)(ke,3+’h—k0,2+j—f€15D+1)—X1(k2,3+71—k0,2+j)
1

~ ~ o~ Spk
CP(’I"Q,RD) DRl

X (lwillw,s.mx,0m.0 F w2l w,smxamo)llwr = w2llo,pux,amo

(8.52)
for every j > 1.
One can choose r6.hp >0 and w > 0 such that the following condition holds:
D—-1 Se—1 C
a(de— 3 ald,— —
|€O|Ae+ o d‘{)+ﬁ|: H |’Yl 7d|C Y T ds,s,,0 |€0| (de—ko,1=8¢)
=1 d=0 JS(TQ”,RD) prt (T)

—1
5! Cikf?
+ Z 105 H |71—d|< 31
q1+q2=0¢,q2>1 q1-q2: d=0 C

(g, P T ()
P\"Q,Rp K1
™ ‘60‘()(1-‘:-04)/41(de‘,qﬂ%%-i'%—(;])-‘rﬁ)—Xl(de—ko,1—5e)

CLKk?
+ Z |A1127;D| 1 3 dleq B
1<p<ar—1 (g ay) P D (=2

22+ gy — p)
x ‘60‘(X1+Q)W1 (dg’,fl'qz +quép+ﬁ)le(drko,r&z))}
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/
+ § : |a€ 2| 0403
ke ke2tv1—ko,1 —L
=) Cplrgp,) P
% ‘60‘ X1+a)(kz,2+71*k0,1*K15D+1)*X1(k£,2+71*k0,1)2w

Mo ’
E |a572| C'46'3
ke,2+v1—ko,1 =
l=so+1 F( K1 ) CP(TQ,ED)SD 1
x ‘6 ‘m(,2+25*aké,2+(><1+a)(ke,2+’y1*k0,1*H15D+1)7X1(ke,2+71*k0,1)2w
/ k —ko,2—k10 1H)— k —k
3|aZ 3o, 1| 6’403 |60|(X1+04)( 0,3+v1—ko,2—r10p+1)—x1(ke,3+v1—kKo,2)
+ E T 2w
ke,3+’71—7€0,2) Cal(r~ = )3Dr1
K1 (TQ7RD)
Ms ’
N 3laeza0,1] CaCy
ke,3+v1—ko,2
Qa e, 3TV R0,2
l=s3+1 | 0"2| F( K1 )
|€0|mz,3+3ﬁ*ake,3+(>{1+a)(ke,3+’71*ko,2*K15D+1)7X1(ke,3+'y1*ko,2)
— 2w
Cp(rg,h,) P
53 k —k j—Kk10 1)— k —k j
+Z 3|ag’3a0,1| Z|J| |€0|(X1+06)( ¢,3+7v1—ko,2+j—r10p+1)—x1 (ke 3+v1—kKo,2+7)
lag.2 J F(kz,S"F’Yl—kO,Q)
=0 , i>1 o

C4C'3Aj 3 ap,300,1
X ———3 2w+ § Slacao,| > 15
Cp(ro.rp) P =0 -~ aoa| i>1
‘Go‘mz 3+38—ake 3+(x1+a)(ke,s+v1—ko,2+j—r1dp+1)—x1(ke,3+v1—ko,2+])

I\(kz 3+71—ko,2 )

K1
C,C3 A2
X 1378 9w
Cp(ro.m,) ™"
1
<1 8.53
=8 (8.53)
‘We obtain
2 2 1
[He (w1) — He (Wl puxn.onmne) < gllwr —wallw,smxamm ) (8.54)

We now study the term H>. Analogous estimates as those stated in the first
statement of this part of the proof lead to

||6*X1(dD*k0,1*5D) RP (Zm) [TdD,sD,o
P (7)
403 (x1+a)dap,s,0—x1(dp—ko,1—3D)
Cs( FLM| v S
=(rs s Dr1
Q,R

D

iy (wl - w2)]H(V7ﬁ,H7X1»Oé7K1,€)

= ~ w2ll g1, 00m1.0)

C
i eg| (P Ron =R (

P —— w1 = @2)llw,6.0x1,0.m1,0);
Cp(rg,p,) ™™

(8.55)
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Rp(im)
pm(ﬂ
! g
< 3 |60|(X1+04)’€1(%+q2—5D)—X1(dD—kO,1—5D) (856)
S - 1
Cplrg.r,) ™

x fJwr — w2||(146,u,><1,a,m,6)’

||6*X1(dD*ko,1*5D) [TdD,quz Xy [Tﬁlqz (Wl _ WQ)H ”(V,B,M,Xhoc,m,E)

for every ¢1 > 1 and ¢o > 1 with ¢; + g2 = ép, and

RD(Zm) k1 (6p— K
||]57(7-)[T 10p—p) LI (T 1;D(w1 - w2))]||(V,,3,H,X1,0¢7”1a5)
oA (8.57)
< —————leo]* w1 — w2llw,B.0x1.00m1.0)5

Cp(ro.m,) ™"
forall 1 <p<ép—1.
‘We choose TG Rp and w such that

dp—1

Cs
R TR T (i2ine
d=0 Cp(rgp,) P T(=527)
X |eg]® (dp—ko,1=0p)
q1—1
Oéli(fz
D | R

s——1/4D,q;,
q1+92=0p,q1>1,92>1 (TQ7RD)5DK1 F( D',fi (I?)

> |60|(X1+Oé)li1(ddD,;Zl’q2 +Q2*5D+ﬁ)*X1(dD*k0,1*5D)
8.58)
o (
SO o
1<p<ga—1 Cplro.p,)Pm (12 4 g, —p)
~ |60|(X1+04)f€1(%ID;#-&-Qz—tSD-&-ﬁ)—Xl(dD—ko,l—ﬁD))}
CLrP
- Z |A6D7P| 31 : |60|X1+a
1<p<ép-—1 5(16.8,) ' (6p — p)
1
<=
8’
Then we obtain
112 (w1) = HE (@)l Bopxr ) < 3 ||W1 — wall(,B,.1.,m1.0)- (8.59)

We conclude with the estimation associated to the last term, H2. We have
wi((77 = )V m = ) [wr xE, i ()Y ma)
—w (™ = )™ — ) [wa *E wo] ((5)15,ma)
= (w7 =) m =) —wn((7 — R m =) (8.60)
X [wy *E w] ()5 ma) + wa (7 — $")Y5 m — my)

% (w58, il ()71 ma) = g 5, wal ()14, m) ).
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For j = 1,2, we define

T o0
haj(T,m) = 771 /0 / wi (T = )V m — my ) w; +E w]
— 00

1 /
7(7%1 — ) ds" dm;.

x ()11, ma)

In view of (8.46) and Corollary it is straight to check that

lfwr %2y wn] = w2 %5, @alll 80310000

(8.61)
< Cyflwr — W2||(V,ﬁ,u7><1,a,m,e)(

w1 ||(V767H7lea;’€175) + [Jwz| (Vﬁ,u,Xha,m,e))

Regarding Proposition [2.6] (8.34), (8.61) and by (8.60) we have

Hh21 (7_7 m) - h22 (7—7 m) ||(u,ﬁ,,u,x1,a,rcl,e)
4 E
S [pate [ = 2l om0 |1 45, @1ll013 1m0 0
el s o) (101 %, 1) = w2 <5, walll o s o)) |

04 2
= epate {le B wQ”(”’B’“’Xlﬂ’”l’e)c‘l”wl”(w@mxl,awl,@ + llwzll(,8,0,x1 00510

X Cyllwr = w2l ux1,00m1.0) (le||(l/,ﬁ,u,><1,a,m,e) + ||W2||(u,,3,u,x1,a,m,e)>}
3C3w?
< Jepora o = w2llw s om0
(8.62)

In view of (8.62)), and analogous arguments as for the corresponding part of the
first statement we have

|‘6*X1(k£,3+271*k0,1) Q(Zm) [Tktz,er?%*ko,l

Py (7)
Krq [T(h21(7—> m) - h22(7_7 m)]] ||(V767#7X170‘7"€175)
< Cili |6 |(X1+Oé)m(W+ﬁ)*Xl(kz,3+271*ko,l)*(XlJra)Hl((;D*,%1)

i
Cplrg.p,) ™
X [[ha1 — h22||(v,ﬂ,u,><1,a,m,6)
3(Ch)2Ch?
=~ - 1 __
Cplrg.r,) ™
% |60|(X1+0<)(k£,3+2%*k0,1*H15D+1)*X1(kz,3+2"/1*/€0,1)
x le - w2||(v,ﬁ,p,)<1,a,m,e)
(8.63)
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We choose r 5, and @ such that
s 4D

i |ags| (C4)*Cyw?
ke 34+2v1—ko, 1
= V(=) Cplrg g,) P

% ‘60‘(X1+a)(kz,3+2’)’1—ko,1—N15D+1)—X1(k£,3+271—k0,1)
M; 2,2
3 |ags| (C4)*Cym (8.64)
I

k¢s+271—k 1
Lo TEE0) Oplrg gy, ) 05

0 ‘mz,3+3f3*ake,3+(>(1+a)(ke,3+2%*’COJ*515D+1)*X1(k2,3+2’71*7€o,1)

X |e

1
<7
-8

The choice in ([8.64) allows to guarantee from (8.63) that

1
1M (wr) = Hé(wQ)||(V767H7X170;K175) < §||w1 — w2l w8 x1 00081, 6)- (8.65)

Finally, from (8.45)), (8.54)), (8.59) and (8.65)), we conclude that

1
[He(wr) — He(w2)H(u,ﬁ,#»a,a,m,e) < 5”“’1 - W2||(V,B,u,xl,a,m,e)' (8.66)

9. PROOF OF LEMMA (7]

Proof. The proof is analogous to that of Lemma adapted to the elements in-
volved within the second auxiliary equation.
We first study the terms in H!. By Lemma we have
bj—ko,2+ko,3—72
~ o _ 7% ; )
1B (m)exeCimhoathoa=12) || (5 1 o 2 mzi0)
Pg’m(’r)

(9.1)

< Cy i HBJ (mz”(ﬁ,ﬂ) |6|(bj—ko,z-i-ko,a—’)’2)@7
CIS(TQ7RD) spra infy,er [Rp(im)]

for some Cs > 0, depending on k2,72, ko 2, ko3 and b;, 0 < 7 < Q. We also use the

first part of Proposition There exists a constant C3 > 0 depending on v, kg, k¢ 1

for 0 < £ < My , kg for 0 < £ < My, ky3 for 0 < £ < Mz, Q(X) and Rp(X) such

that

HE*X2(1€14,1*21€0,2+1€0,3) S(ZT:) Tke,1*2k?o,2+ko,3 *rio w2)
2,m

8112 2.0

Cs (9.2)
< ; |6|a(kz 1—2ko,2+ko,3) ||w2||(1/ Bottixasceurinc)s
Cplrg.r,) ™"
||67X2(ke’27k0'2) ‘Q(Zm) (Tke‘ziko’2 Krog w2)||(l/757m><2,a,m276)
Paim(7) (9.3)
Cs _ :
< — el F02 7502w | (4,1 s,k
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, - Q(im -
U v LT
m

o (9.4)
S B
CI:’(TQ,RD) Spr2
Let j > 1. A constant C5(j) > 0, depending on v, kg, kg o for 0 < £ < My, Q(X),
Rp(X), exists such that

IA

‘ela(kz’S_ko‘S) ||w2 ” (v,8,1,x2,0,K2,€) *

||6*X2(ke,2*k0,2+j) Q(Zm) (Tke,2*k0,2+j*
Pz’m(’r)

K2 UJQ) ||(V7B7M7X27a)'€276)

: 9.5)
C3.1(J) —ko2+i (
< = ‘€|a(kz'2 ko, +])||w2||(u,ﬁ,u,xz,a,nz,é)7
Cprg,p,) "
_ _ L Qlim _ .
ferathesoath) 2. (rhotosts v )5 nm 0
Paim(7) (9.6)
< 03'2(j) a(ke3—ko,3+7) .
= 1 e[ >4 ' w2l (1,8,10,x2,0,m52,6) -
Cprg,p,) "
The constants C5.1(j), C3.2(j) > 0 are such that
s i ko2 —k j
Co(j) < Codr(H2=—220) >, 6y
K2
o i kes —k j
Cya(j) < CoAfP (P20 D) oy (9:5)
K2
The proof of both estimates is analogous to that of (8.7, so we omit them.
In view of Lemma [L.]] and again Proposition [2.5] we have
||€—X2(kz,3—ko,3)M[Tkz,s—ko,s-&-j *ry BK2J2(T7 6)
ngm(T)
Koo Bng J2 (7—, E) Koo WQ] ||(u,ﬁ,/t,xz,a,m2,e)
— ||6—X2(ke,3—k0,3) Q(lm) Fke3—ko,3+i (9.9)
P27m(7')
Kz By J2 (T, €) Hey 2] (1,8, p1,x2,0002,)
Cs3(J alkes— '
< G130 gt b0t a0
Cs (TQ,I:?D) Spr2
where L " ]
Cys(j) < CoAfr (F2—02E0) oy (9.10)
K2

This last estimates for C3 3 are obtained in the same manner as those in (8.7)).
We choose large enough 76 kp >0 and w > 0 such that

Q -
Z \60\"f_abf‘*‘@(bj—ko,ﬁko‘s—'m) & i 1B; (mZH(@m
j=0 CP(TQ,RD)(SDNQ inf,,cr |RD(Zm)|

S1
|ae| ko1 —2ko 2tk Cs
* Z I ke,1—2ko,2+ko,3 |60|a( o 072 073)—5;’(2
=0 (,{72) CIS(TQ,RD) Dr2
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+ Z |_a£»1| |60|mﬁ.,1+ﬁ*asz.,1+a(7€£,1*2k0,1+1€0,3) C3 —w
ke,l k0,2+k0,3) C =
oo D=2 (6. Rp) P72
2)ag2a0 2| |eo|*(Fe2Fo.2) C3
+Z |a03| F(ke,Q*kng) — w
=1 i o2 Cp (TQR )7pr2 57
N % 2|ag72a072| |€0|m£,2+25*0¢k14,2+0¢(1€14,2*ko,z) Cs
w
keo—k
l=s2+1 |a0’3| F( 2,2){2 0’2) Cp (TQ Rp ) DF2
2|ag2a02| |€0|a k¢ 2—ko,2+7) 0314%
+ Z Z |J2’] ke,2 ko,2 = w
>t [(=272) Cplra.p,) ™™
M2 2|ae an 2| ‘60‘mz,2+25*ak1{,2+a(7€1{,2*k0,2+j) C’SA;]),
+ Z Z ‘J2 j| ke2—ko,2 = w
l=s5+1 j>1 F( Ko ) Cﬁ'(réyﬁD) Dr2
|a (ke,3—Fko,3) Cs
Z 2 Kes—k W
(=1 |a0’3| F( L3,g2 0’3) C”(?”Q RD)"DW
+Z | |€0|0¢(k£3 ko,3+7) C‘SA;) -
R
K2 »AVD
|Eo|a(/w 3—ko,3+7) CgA%
+Z |CLOS|2 i>1 7J| kzg kog) Cﬁ(erg )513%2
K2 yIiD
+ i 3lag,2|?|ar| [eg| ™2 H30—kestalkes ko) Cs
a0 5] T(Frakos) Colr = )iom
(=s3+1 ) Ko P\'Q,Rp
M .
. i 6|a02| |a£3|2| |€0|a ke,3—ko,347) O?)A:J3 -
2 k k 1
l=s3+1 |a03| j=>1 Esﬁz 02) CP(TQ7RD)§DHQ
M .
N ZB 3|a02| |a£3|2| |60|a ke,3—ko,3+7) CSAé w<z
e T2 sy oo yom  4
l=s3+1 ’ 7>1 Ko CP(TQyRD) b
This choice allows us to deduce that
- w
7 1)l pnaenes S - (0.11)
We now give upper bounds associated to 7:[2. We define
hi(r,m) = 752~ 1/ / wa(( s’)l/'”,m —my)
(9.12)
X wa((s)1/"2, mﬂm ds’ dm.

Observe that
wo(1,m) *Ez wo(r,m) = TiLl(T, m).
In view of Proposition there exists Cy > 0, depending on p and ko, such that

. Cy
th(T7 6)”(”7[57#7)(%0475275) S +a ||w2‘|%u,ﬁ,ﬂ,xg,a,n2,e)' (913)
|€|X2



EJDE-2018/46 GEVREY MULTISCALE EXPANSIONS 63

We proceed as in the previous proof on the upper bounds for H? to get that

Ry(i ;
Heixz(dzikozdkkoﬁiéz) ~£(Zm) [sz’ql"m Ko (THQqZWQ)]|‘(V,57H7X2,a7f€2,€)
Pym(7)
< Oé . |€|(X2+a)ﬁ2(d2’z12"q2 +<Z2—5D+%>—X2(<i£—ko,2+ko,3—5£) (914)

Cp (TQ,RD> oDr2
”w? || (v,8,1,x2,Q,K2,€)

for every ¢; > 0, g2 > 1 such that ¢; + g2 = d¢, and

_ _ _ ]‘:L)g m 7 _
HG X1(de—ko,2+ko,3—0¢) }5 ( (7_)) [Tde,querm(Q‘z P) *res (TKQPMQ)]||(l/,ﬁ,p,,X2,a,K2,6)
2,m

/ d
Cs ‘el(XQJra)Kz ( Lt +Q2*5D+%) —x2(de¢—Fko,2+ko,3—0¢)
T

K2
)3Dr2

IN

Cp(rg.rp
X ||w2||(1/76,u,><27a,n276)’
(9.15)
for every 1 <p < g9 — 1. Also,

||€—X2(’fz,2+72—27€o,2+k0,3) ]g(ﬂz—)) [Tkz,2+72—2k0,2+7€0,3 *reo (Tﬁl(
2,m
< 0401,3 . |e|(X2+a)(ke,2+72*2k072+k0,3*1€25D+1)*X2(k(,2+72*2k0,2+k0,3)
Cp(rg.,) ™"

2
27 )10, 6., x2.0,52,0)-

T, m))] || (V.8 15X 2,00, K2,€)

(9.16)
Using the same arguments as above we obtain
s Q(zm) ~
||6 X k('31527(7_)[7'kl'3 Ko (Thl (T, m)>]||(v,,3,u,xz,a,nz,6)
m
< C4Cs —Je| o) (kes—radp 1) —xake s (9.17)
Cp(rg,p,) P
X Nlwa (7, €)1, 2,002
and
b Q)
L
< GiG0) e[ oo e =28 1) = (ke 3 +4) (9.18)
Cp(rg a,) ™
X Nz, T 10020000
for every j > 1, where
. A i kesy
Cy(j) < CaM3T(==) j>1. (9.19)

K2

The proof of such dependence on j is proved in an analogous way as for that of

(3
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One can choose 75 > 0 and @ > 0 such that the following condition holds:

o)

-1 So—1 C
‘go‘Ae+a(5£*de)+ﬁ[ H |’Y2 _ d| 3 |€0|a(de*k0,2+ko,3*5e)w

1

de,s,,
! o Cplrga,) PRI

K2
+ Y —d ( Ciry’

1 4
w21 11 Cp(rg p,) P2 l(=42)

~
Il

-1

X |€0

~ Cirh
+ Z |Aq2,P| 1 d?@
1<p<qp—1 Cplro,p,) P2 D=5 + g2 — p)

d
|(X2+a)/12 ( E'ilz"m +q275n+i) 7X2(de*ko,2+ko,375z)w

|€ |(X2+a)f€2( ql 92 gy —0p+= ) X2(de—ko,2+ko,s—5e)w)}

S2

'y |ag,2| CyCs
— F(ke,2+’y2—:2ko,2+ko,3) C- (TQR ) DK/Z

% |€O|(X2+O¢)(7€£,2+72—2k0,2+k0,3—N25D+1)—Xz(ke,2+’72—2k0,2+k0,3)

w2
f |ag 2| C1CY

ke 24+v2—2ko,2+ko,x
Pl F( 2,2 T2 - 0,2 0 3)

|€0 |mz,2+25—04k2,2+()(2+0t)(1f2,2+’¥2—2k0,2+k0,3—f€25D+1)—X2(k£,2+72—2k0,2+k0,3)

T w
Cplrg.r,) ™"
°s C4C3
kZS)
|€ |X2+a)(7€tz3 r20p+1)—x2ke3
w
CP(TQ,R ) D"2
N f 0403 |60|me 3+38—ake 3+ (x2+a)(ke,s—r2dp+1)—x2ke s
(ke‘d) CN(T'~ 5 )m w
l=s3+1 K2 P\"Q,Rp
||€O|(Xz-i—a)(ke,g-‘:—j—mzén+1)—Xz(kz,3+j) C,C5 A )
\J ko, 1
=1 NG Cp(rg ppy) P
M3 38—aky 3+ (xe+a) (ke s+j—r20p+1)—x2(ke,3+7)
|60|m4,3+ 2,31+ (X 2,3+] x2(ke,3+7
+ > lasl Y |yl ()
l=s3+1 j>1 K2
y CyC3 AL _
C~(TQ~’RD)6DN2
w
< =
o (9.20)
Then we have
~ w
||H§(w2)||(V,5,H,X2,Oé,l’€2,€) < Z (921)
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We now give upper estimates for H?(ws(7,m)). It holds that
_ _ _ RD m 7
He x2(dp—2ko 2+ko 3 5D)#[Tdo,5,3,o *reo w2]||(uﬁ,,u,xz,a,ﬁz,6)
Py (7)
< Cs . ‘60‘(X2+O‘)‘idD‘ED,O—XQ(dD_2k0,2+k0,3—5D)
 Cpl(ro.p,)™0™ (9.22)
X ||w2H(VﬂyH7X270t7K2»€)
Cs _ _
= W‘eo‘a(dD 2ko,2+ko,3 6D)||°J2||(u,6,u,x2,a,n2,e)»
5(rg,p,) ™"
— _ _ RD m
HE x2(dp —=2ko,2+ko,3 6D)7}3 ((T; 74D.a1.a2 Ko (752q2w2)]H(Vﬁ,u,xz,a,nz,e)
2,m
< Cili |€O|(X2+a)fiz(ddD,gl’q2 +Q2*5D)*Xz(dD*2k0,2+k0,3*5D) (923)

1
Cp(rg,m,) P
X [wall(v,8,1,x2,0,k2,6)
for every ¢; > 1 and ¢ > 1 with ¢; + ¢o = dp. In addition to that, it holds

”RD(zm)
Py m( )

<

ks ~2(3p=p) *ro (TN2PW2)]”(u,ﬂ,u,xz,a,nz,e)

L (9.24)
: |€0|X2+a||W2||(V,ﬁ,u,><2,a,n2,6)7
Cp(rg,p,) P
forall 1 <p<dp—1.
‘We choose T6 R and w such that
6D71 O
‘eo‘AD‘i’a(&D*dD)“Fﬁ{ H |72 . d| 13 —
d=0 CP(TQ,I?D)JDW F(*@D’ )
% |€O|a(dD*2ko,2+ko,3*5D)

DY

q1+92=0D,q1 217Q2>1

w
q1—1

C/ q2
lqu‘z_d‘( ==

Cp(rg,p,) P D(H22)

2

dap,a1,a 1
-4 Pl dp—2k ko,3—90
« |€O|(X2+a)ﬁz( o +q2 D+N2) Xx2(dp 0,2tko,3 D)w

(9.25)
~ Chikb
+ Z ‘qu,p| 1 2 ;D
1<p<gz—1 Cp(ro.r,) P2 (=2 + g2 — p)
% |60|(X2+04)Ii2({MD';%+Q276D+%)7X2(dD*2k70,2+k0,3*6D)w):|
~ C/ p
T S TR S
1<p<ép-1 Cp(rg pp) ™2 L(0p —p)
This choice guarantees that
w
”H (WQ)H(V,ﬁ 11,X 2,0, K2 ,€) < Z (926)
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We finally give upper bounds for the elements involved in H*(ws). Let hy be
defined in (9.12)), and let

Th2 oo
7‘2“’”‘):7”*1/ / wa((72 — )% — ) (w2 +E, wn) ()52, ma)
0 —00
1

!
X m ds dml.

Regarding Proposition [2.6] one has

Ao (T, m)]| (V,B,11,X 2,0, 12 ,€)
Cy

(9.27)
< W\|w2||(u,ﬂ,um,am,e) lwz 2, wall(v,6,p0,x2 0 52.0)-

In view of Corollary we obtain

2
ng *Nz w2||(”;/3,H,X2,D¢,K2a€) < 04||w2||(1/,ﬂ,p,,xz,oz,n2,e) (928)
Analogous arguments as in the proof of upper bounds for H? we have

||6—X2(ke,3+272—2k0,2+k0,3) Q(Zm) Tkz,3+272—2k0,2+k0,3
PQ,M(T)

Ko (Th? (7—7 m))] H (v,8,1,x2,0,K2,€)

Cy

1
Cprg,p,) 0"

<

kp 5+2v0—2kg otk
« |60|(X2+a)n2(WJF%)*X2(k£,3+272*2k0,2+k0:3)7(X2+0‘)"92(‘SD*%)
X ”hQ(Tv m)“(VﬂMhX%O{,H%G)
2
(Cy)°Cq
1
~ J Spro
Cplrg,p,) ™"
X |60|(X2+C¥)(k£,3+2’>’2—2k0,2+/€0,3—N25D+1)—X2(ke,3+2V2—2k0,2+k0,3)

3
X Nw2llty. 8. x2,0m0.0)

(9.29)
We choose TG Rp and w such that

53 21
3 |ags| (C4)"Cq
k¢,3+2v2—2ko,2+ko,3 =
=0 L s ) Cp(rg ,,) "2
% |€0|(X2+Oé)(ktz,3+2’y2—2k0,2+k0,2—H25D+1)—X2(kl,3+2’72—2k0,2+k0,3)w3

M3
> e
ke 3+2v2—2ko 2+ko 3 -
=ogp1 L( o ) Cp(rg.h,) 0"
O|m£,3+3ﬂ—0¢k2,3+()(2+a)(kz,3+272—2k0,2+k0,3—H25D+1)—X2(1€2,3+272—2k0,2+k0,3)w3

(C4)*Cy

1

X |e

w
< X
— 4

(9.30)
This choice allows to guarantee that

”Hé(‘”?)H(V,ﬁ,u,m,a,nz,e) S

NS

. (9.31)
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In view of (9.11), (9.21), (9.26) and (9.30) we conclude the first part of the
proof of Lemma 4.7L namely, the existence of @ > 0 such that H. sends B(0,w) C
F(Lf/,ﬁ,u,xz,a,nz,e) into itself.

To prove the second part of Lemma@ we split the proof into four parts, which

correspond to the terms associated to H.. Let wi,ws € B(O, w) C F(du Bottx2,0k6)"

We state upper bounds concerning the term 7—1& We have

_ _ Q(im _
||6 xz2(ke,1 2k°’2+k0’3)7p ( (:) rhe1=2ko,24ko s Ko (wl — w2))”(uﬁ,M,X2,a,n27e)
2,m

o . " . (9.32)
< —81|6‘a( 0,1—2ko,2+ 0’3)”(4}1 _W2H(u,ﬁ,#,x2,a,n2,e)7
Cp(rg,m,) "
_ _ Q(im _
||e x2(ke,2 ko,z)p ( (T)) (7"”*2 ko2 *rey (wl _ w?))H(V,@mxz,a,nz,e)
2,m
o - (9.33)
< o T e — el s
P\TQ,rp) """
_ ko) QUim -
Jematies—tnn LB (ks v, o = ol
2,m
e _ (9.34)
< e *Fe R0l — ol (13, xascmare)-

Cﬁ(TQ’RD)‘SDW
Let j > 1. A constant C3(j) > 0, depending on v, kg, kyo for 0 < £ < M, Q(X),
Rp(X), exists such that

_ _ . Q “m _ .
||e x2(ke,2 k0,2+j)~(7) ,rkm ko,2+j *rio (wl 7w2))|‘(y7ﬁ%xz7aﬁ2,e)

Pam(7) (9.35)
C3.1(j) a(ke,2—ko,247) |
< Calry 7 )D7 —— e[ lwr = willw, 5 i m0)
PUTQ.Rp) 0"
B _ S Q(im - j
||€ Xz(k?z,:i kO,B“Fj)p((T))(TkE,S k0,3+] *I{Q (wl — w2))”(y”67u7X27067K2,€)
2,m
C3.2(j) a(ke,3—ko,3+7) 0
< S el e — e
PQ.Rp) 0"

The constants C31(j),Cs5.2(j) > 0 are as in (9.7) and 7 respectively. We also
have

||€—X2(kz,3—ko‘s) Q(Zm) [Tk/z.B—ko,s-‘rj *ry Bry J2(7-, 6) *rey Brey J2(7-’ 6)

Pgﬁm(’r)
*rp W1 — WQ]H(V,ﬁ,;L,XQ,a,Kg,e) (937)
C33(J - j
< —()1|6|a(k“ £ wr — wal 1,541, x3.0,53.):

Cp(rag py) o™

)

where Cs5 3(7) is as in ((9.10]).
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We choose large enough 74 5 > 0 and @ > 0 such that

S1
Z |a€,l| |60|a(kz,1—2k0)2+k0)3)L
Haae 1
=0 F(%;OS) Op(rg p) 57
|ae,1| B -

+ Z wkdmz,ﬁrﬂ ake1+a(ker—2ko 1 +ko3)

l=s1+1 P
X +Z 2‘0% 2(10 2| |60|a kﬁ?*ko,g) Cg

ke.2=ko, 1

Cp (TQR R laosl  T(*2ter) gp(ry o YT

+ ZQ 2|(M’2a0,2|‘60‘mz,2+2,3—ozkz,2+a(k,_;,2_k012) o
kea—k 1
i o3l [(=272) Cp(rg.r,) """
ot Geatostd Gy
+Z ‘ 03| 7J| kg2 k;oz) C~< - ﬁ
K2 P rQ,RD) D
+ ZQ 2|a22a02|Z|J2 ||60|me,2+2ﬁ—akz,2+a(/€£,2—k0,2+j) OgA%
j k3 —ko, 1
e ol L) Cp(rg py) ™"
|a(ke,3fk0’3) C3

3lag 2|? \a£3| |€o
Jr
Z F(kl,S.—kO.S) C- (rQR ) Dhg

%]
+26|a02| ‘aé3|2‘ |‘€0‘o¢(kes ko,3+37) C’BA%
2, ki 3—Fko, 3) L
i>1 P Cp(rg py) o2
+z3|(102| ‘a€3|Z‘ |‘60‘(x(k23 ko,3+7) égAé
2,5 ke 3s—k 1
= et 13H2 03) CP(TQ,RD)(SDNZ
M |me,3+35—ak1,3+a(ke,3—ko,s) Cs
+ Z 2 ke s—k _ 1
t=s3+1 ‘a0’3| F( 1{1\3&2 073) CP(TQ,RD)SDW
Ms |60|a(k:/ 3—ko, 3+]) CVBA
+ Z ‘G/03|2 7J| kgg k)gg) C- o ﬁ
l=s3+1 K2 P(rQ,RD) pr2
M3 |€O|Ot(’fz 3—ko,3+7) C‘BA;
+ Z ‘ 03|2 ’-7| kgg—k'03) C ﬁ
l=s3+1 j>1 K2 P(TQ,RD) pre
1
< —.
-8

This choice allows us to deduce that

- . 1
[He(wn) = He (@2l gx2.0m0.0) < ot = @2l w6030 02,0 (9.38)
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We now give upper bounds associated to 7:{? We have
wi (772 — §")Y%2 m — my)wr (()52 ,my) — wa (772 — " )Y%2 m —my)

1/n27m1)

X wa((s")
= (wr((r™ = )52 m =) = wa((7 = )", m = my)) (9.39)
x wi((s)72,ma) + wa (772 = &)™ m —my)
% (w5 ma) = wal(s)52 ) ).
For j = 1,2, we define

Th2 S’

hij(T,m) = 7"”_1/ / w; (772 — ")V m —my )w; ()52, my)
0 —00
1

’
m ds dml.
We get
”hll(Tv m) — hio (T’ m)||(Vﬁ,N,X2>OC7f€2;€)
Cy
 e[xate (lwrllwppmxzcmz.e) + 1902l @.8.10.x2.0052.0)) (9.40)

x le - w2||(V7[37M7X27047H276)’
which leads to

|‘6—X2(dz—ko,2+ko,3—5z)M[
Py ()
< L|e|(>@+a)m(dz,zg,qz +q2_6D+é)—X2(d~g—k¢072+k,073—55) (9.41)
= 1
015(7“~ 5 )oDR2
Q,Rp

X [lw1 = w2l (v, 8,,x2,000m2,) 5

Ttz o, (17292 (W1 — W)l (1.8, p1x0 0m0.0)

for every q; > 0, g2 > 1 such that ¢; + g2 = dp, and

|‘€*X1(de*ko,2+ko,3*5e) }}g(lm) [Tde‘ql,q2+ﬁ2(q27p)
Pg’m(’i')

Kra (Tmpwl - w2)] H(Vﬁ»M,XQ,Oé,m,ﬁ)

< #ﬁlkl()@ﬂ-a)nz(Gie"f@%‘mﬁ-qz—@-k%)_Xz(dé_kw_i_koj_éz) (9.42)
Cﬁ(rQﬁD)m

lwi = wall(,8,,x2,0,52,)

for every 1 < p < gz — 1. Also,
||E_XQ(ke’””_%Ov”kM)M Fhe2+72—2ko,2+ko 3
P (T)

K (T[iLu(T, m) — ?112(7, m)])] [ —

< 04—6’:/)"6|(X2+Dé)(kg,2+7272k0,2+ko,37/{26]3+1)7X2(k£12+7272k0'2+k0’3)
CIS(TQ)RD)‘sD”2
X (w1l (,Bosixcnmme) + 1902l apopixa,crmase) w1 — Wall .8 puxa,cnase) -

(9.43)
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By the same arguments as above we obtain

_ Q(im) - -
||6 xakes 20— [Tkz’g Krig (T[hll(Ta m) - h12(7_’ m)])] H(Vﬁ,#,xz,a,ﬁzyé)
P27m(7')

< C1C% |6|(X2+a)(k:gy37NQ5D+1)7X2/€@73 (9.44)
Cﬁ’(rQ,f{D> SpK2

X ([l ||(u’ﬁ X250, K,€) T ||w2”(Vﬁ,u,Xz,a,nz,e))”wl - w2||(v’ﬁ7u,><2,a,nz’6)’

Z . ~ ~
ematina) Q) Enits ) — Ras (D] s e

P2 m( )
< 0403( ) . |€|(X2+a)(ke,3+j—H25D+1)—X2(ke,3+j)
C[:,(T'Q’RD)‘SD"?
x (leH(V’@%Xz’a,m,ﬁ) + Hw2||(V757M7X27a,'€27€))||w1 B w2H(V,ﬁ7M7X2,Ot,N2,€)7

(9.45)

for every j > 1, where C4(j) is determined in
One can choose T6. iy > 0 and @w > 0 such that the following condition holds:

6p—1
0 CS

Z |eo|Setade dz)-i—ﬁ[ H s — d\ .
2,6[,0)

Cplrg,r,) ™21

Ko
a(de—ko,2+ko,3—0¢
X |60| 0, 0, )

—1

5, q1 /q2
+ Z - H|72_d|< Cl@ M)

1o
q1+q2=0¢,q2>1 Qg2 d=0 CIE'(TQ,RD)JD” F( o

d,
|(X2+Oé)i€2( e'z;’qz +Q2*5D+%)*X2(de*ko,2+ko,3*5e)

X |€0
B Cl p
+ Z |AQ2,p‘ 1 31‘1222
1<p<ga—1 Cp(rg py) P2 D=2 + g2 — p)
% |€ |(X2+a)52(w+qz Sp+-+ ) Xz(dz—k0,2+k0,3—5e))}
N i |ae,2| CsCy
%v.2+7y2—2ko.a ko - -
1-\( £,2 2 H202 oa)cﬁ(rQ’RD)éDnz
X |60|(X2+Ot)(ke,erWQ*2k0,2+k0,3*525D+1)*X2(kz,2+72*2k0,2+k0,3)2w
M.
Zz |CL[72|C4C§
%o 22 —2ko 2+ Ko,
PP F( £,2T72 5202 03)

|60|mtz 2+2B—ake 2+ (x2+a)(ke,2+v2—2ko,2+ko,3—k20p+1)—x2(ke,2+v2—2ko,2+ko,3)
2w

Cp(rg.p,) ™7

0403 |€0|(X2+Oé)(kes k26p+1)—x2ke,3

+Z| k“) 2w

ro Cp (TQR )?or2 57
& 0403 |eg| e 330 —ake st (x2te) (ke s —r20p+1)—X2he 3

—1—2 2w

k
=sst1 (ﬁf;) Cp(ro r,) P o7
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53
+ > laesl Y172y
£=0

3 -
§>1 (=) Cp(ro p,) P

|eo|(x2te) (ke s +i=rabp+1) —xa(ke,3+7) CyC5 A

2w

Ms my 34+3B8—ake s+(x2+a)(ke.s+j—radp+1)—xa (ke,3+7)
|€0| 2,3+ ¢,31T(X J ’
+ Y aesl Y|yl Fis
L=s3+1 j=1 (Tz)
C,Cs A
4—3312w
Cp(rg.p,) "
1
< 5 (9.46)
Then we obtain
- . 1
HHg(wl) - Hg("dl)||(uﬂ>#>X2,a,n2,e) < §||‘U1 - WQH(V-ﬂwlLvX%Oéﬂime)' (9.47)

We now give upper estimates for the difference associated to 7:62 It holds that

—x2(dp—2ko,2+ko,3—0p) ]:ED (Zm) [TJD,JD,O

”6 P (’r) Friz (wl - wQ)]H(Vﬁ’#’Xz,a,fiz,e)
2,m
’ 9.48
< 03 a(dp—2ko,2+ko,3—0p) ( )
h mlml w1 = wallw,B,x2,0,m2.6)»
5(rg,) ™"
—x2(dp—2ko,2+ko,3—dp) RD (Zm) dp q1.4q K242
e 2T R, m[f a9z s (77292 (W1 — wo))] Il (0,8, x0,000k.6)
2,m
< #él‘60‘(X2+a)n2(ddD’;%Jrqz*‘sD)*Xz(dD72k0,2+k0,375D)

Cprg.r,) ™™

Nl = w2l ,,x2.00m2,0):

(9.49)
for every ¢ > 1 and g2 > 1 with ¢; + ¢o = dp. In addition to that, it holds
Rp(im) . 50— p
150y [0 s (1 =) s
2,m
o (9.50)
< —————leo]** w1 — w2l w,B,0x2,0,m2.0)»
Cplrg,p,) "

forall 1 <p<ép—1.
We choose T6 Rp and w such that

op—1

_ C
|€0|AD+04(5D dD)+ﬂ|: H |’72 _ d| 3

1 Ej ) i
d=0 Cplrg py) P2 T(Z522)

% |60 |a(dD*2k0,2+ko,3*5D)

q1—1 2
S | Cirs

lgo! 1 d
1-92- (< = = ED,q1,92
a+e=i0.q>1,a>1 9 45 CP(TQ,RD)JD 2 I( P %)

d,
X2+o)K2 ( d'D;(;l 22 +Q2*5D+%) —x2(dp—2ko,2+ko,3—0p)

x |eo|¢
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~ Chrb
S a
1<p<ga—1 Cp(rg pp) o2 D(==12 + g2 — p)
> |€0|(X2+01)H2(%#4“12—5D+%)—X2(dD—2k0,2+k0,3—6D)):|
~ C4Kb o
+ > sl . eo e
1<p<op—1 Cp(ro,r,) P 26D — p)
1
< -. 9.51
This choice guarantees that
/3 73 1
HHe (wl) - He (w2)||(u,ﬁ,u,xz,a,m2,6) < g”wl - w2||(l/,ﬂ,u,x2,a,n2,e)' (9'52)
We finally give upper bounds for the elements involved in 7:[21 We have
wi (T2 = sV m = my)wr %, w)((s)1"2,m)
—wa((7% = )72 m— ) [wa Al wa) ()2, ma)
_ (wl((T’“ _ S/)l/&z’ m—my) — wo (772 — 3')1/”2,171 _ ml)) (9.53)
x fwr x, il ()72 ma) + wa (772 = 8/)/7 m — my)
x (Lon #E, wn)(5)1/52 ) = g #E, wal ()72, ma) ).
For j = 1,2, we define
B T2 )
haj (rym) = 77270 / / wi((72 = )V m = my w7, wj
0 —o0
x ((s')1/ " ml);ds’ dm;.
’ (7-»-@2 _ 5/)3/
It is straight to check that
| [w1 *52 wi] — [w2 *Ez w2]||(v7ﬂ7u7><2vaaﬁzye)
(9.54)

< Callor = w2l pxnnsen) (91N mnmnne) + 190210, x00000.) )
Following the same steps as in the proof of (8.62), we obtain

~ ~ 302w2
||h21(7'7 m) — h22(7’, m)”(y,ﬁ,p,xg,a,ng,e) >~ W?ﬁ”tdl - w2||(u,,8,y,xg,oz,n2,5).

It also holds that

||h2 (Tv m) ” (V3B 115X 2,0, K2,€)

4 E
= Jepata lwall(v,,0,x2,0.52,0) W2 *icy W2l (w,8,,x2,0,52,6) -
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This and (9.28) imply

||E—Xz(ke,3+272—2k0,2+k0,3) Q(Zm) Tke,3+2’Y2—27€o,2+k0,3

P2,m(7')
%y [T(h21 (7,m) = hao (7, m)]] | (1,81, x2,0,5.0)
- 3w2(C4)2C§ (9.55)
Cp(rg p,) ™™
% |€0|(X2+04)(ke,3+272*2ko,2+ko,3*ﬁ25D+1)*X2(kz,3+272*2k0,2+k0,3)
X [lwi — w2l (w8, x2,0,02.6)-
We choose 6 R and w such that

53

Z |aes (Ca)*Ci®
ke,3+2v2—2ko,2+ko,: 1
et F( £,3 2;<;2 0,2 OS)CP(TQ,RD)JDW

% |60|(X2+Oé)(k£,3+2’Yz*2k0,2+k0,2*525D+1)*X2(k£,3+272*2k0,2+k0,3)

M3

Z |al,3 (C4)2C§w2
k.5+2v2—2ko. 2+ ko, 1
e:SS+1 1"( 2,3 Y2 = 0,2 0,3 ) CF")(’["Q"’RD) 5DI€2

% |EO|me,3+35*ak1,3+(><2+04)(k£,3+272*2k0,2+k0,3*K25D+1)7X2(ke,3+272*2k0,2+k0,3)

1
< —.
-8
(9.56)
This choice allows to guarantee that

~ ~ 1
72 (wr) = Hé(a&)||(V757H7X2,O¢,f€2,6) < §||w1 — wall(v,8,,x2,0,2,6) (9.57)
In view of (9.38)), (9.47), (9.52) and (9.57) we conclude that

- - 1
IHe(wi) = He(w)lw,pmxzsamae) < 5ll01 = w2llop.nxa,a0m2.0): (9.58)

which completes the proof. O

10. PROOF OF THEOREM [5.3]

Proof. We proceed with the construction of the two families of actual solutions of
the main problem through the steps taken in Section [l We start with the first
family of solutions.

Let (&p)o<p<qc,—1 be a good covering in C* associated to the Gevrey order (x1 +
a)ky, and let {(So,.0,,corr Jo<p<e—1, 71} be a family of sectors associated to this
good covering. From Proposition we see that for each direction 0, one can get

a solution wa (1,m, €) of the convolution equation (4.33)) that belongs to the space
aP

(0 Bo X1 orin ) and thus satisfies the next bounds

| ===
ex1ta

L+ = 2

jwir (r,m, €)| < @ (1 + |m]) e oI exp(v/| ") (10.1)

ex1 +a

for all 7 € D(0,p) U S,,, all m € R, all € € D(0,¢) \ {0}, for some well chosen
w > 0. Besides, these functions wz’l’ (1,m, €) are analytic continuations with respect
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to 7 of a common convergent series

wp,1(m,€) .,
Wnamm ) = D ZEay T
n>1 K1

with coefficients in the Banach space E(g ) solution of (4.33) for all 7 € D(0, p).
In particular, we see that the formal power series

n
0, (T,m,e) = g wp,1(m,e)T
n>1
is my,-summable in direction 0, as a series with coeflicients in the Banach space

Eg,u) for all e € D(0,€p) \ {0}, in the sense of Definition We denote

U du

QZ';(T,m,e) = /{1/ wzf(u,m,e) exp(—(=)™)— (10.2)
L, T U

its m,, -sum along direction 9, where L, = R e" C Sy, which defines an E(3 ,,)-
valued analytic function with respect to T on a sector

Sapﬂlvh/|€|xl+” = {T eC*: |T‘ < hl|€|X1+a, |Dp — arg(T)| < 9/2}

for = < 61 < = +Ap(S,) (where Ap(S;,) denotes the aperture of the sector Sp,)
and some A’ > 0 (independent of €), for all e € D(0,¢) \ {0}.

Bearing in mind the identities of Proposition [3.2| and using the properties for the
M., -sum with respect to derivatives and products (within the Banach algebra E =
E(3,,) equipped with the convolution product x as described in Proposition ,

we check that the functions Q57 (T, m, €) solves the problem
L (2 (T,m, €)) = R (2 (T, m, €)), (10.3)

where
S1
Qi) (T, )] = 0+ 3 agae et phaos
=1
M,
+ Z a£’16m2,1+ﬁ—ake,1—>{1(ke,1—ko,1)'ﬂ‘ke,1—ko,1

l=s1+1
S2
+ ( E ay 26—X1(ke,z—ko,z)'ﬂ‘kz,z—ko,z
/=1

Mo 9
+ E ay 2€mz,2+25—ake,2—><1(kz,z—ko,z)']rke,z—ko,z) <_ ao’l)
’ a
l=s5+1 0,2

s2
=+ ( E ay 26—X1(7€z,2—ko,z)']rktz,z—ku,z
£=0

Mo
+ E a&zemz,z-ﬂﬁ—ake,z—)ﬁ(kz,z—ko,z)'ﬂ‘kz,z—ko,z) (_2a0’1 jl(E_X1T))
a
l=so+1 0,2

s3
+ ( E ay 36_X1(ké,S_kO,l)’]I‘kZ,B_k'O,l
£=0
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M3
+ Z a€73€m£,3+3ﬁ*ake,3*><1(kzz,:s*ko,l)’]rke,sfko,1>
l=s3+1
2
X 3(?6*)(1(ko,lfko,z)’I[‘ko,lfko,z(1+Jl(€7X1T))) }
02
~ +oo
+ Q(im) (/ Qr (T, m — mq,e)Qr (T, my, e)dml)
—0o0

S9 Mo
X [( E az’QE*X1kz,2Tke,2 + § ae’26m2,2+2ﬁfake,27X1kg,2r]rlcg,2)
=0 l=s2+1

X G—Xl(’h —ko,l)'ﬂ"h —ko,1

S3 Ms
+ ( E 1y, 36_X1k2’3']fk5»3 + E ap 367”2,3“"3/5—05@3,3—)(1kz,s']rke,s)

{=0 l=s3+1
X (_30’01 6*X1(ko,lfkoz)']rko,l*kog(1 +jl(€*X1T))>6*)(1(71*%,1)11‘71*160,1}
ap2

_ +oo —+oo
+ Q(im) (/ / Qo (T, m — mq,€)Qr (T, my — ma,€)

S3
X Qﬁ’; (T7 ma, E)dedWLl) |:( Z a[’36_X1k2’3Tk£’3
£=0

M3
+ § af’36m2,3+35—0¢ke,3—X1ke,3T1€e,3)€—X1(2’Yl—ko,1)']1‘2"/1—k0.1} (10.4)
l=s3+1

and

Rr.m.e (% (T, m, €))

Bj (m)enj—abj_)(l (bj_k(),l_’)’l)’]rbj —ko,1—1

I
1M

+
i

(o de! _ _ ko —ai—aa) B 1
AT N7 T (= e R Ry (im)

~
I

1 q1+q2=0;
« Tdf»%qz{(’ﬂ‘”l“@qr)q? + Z qu’me(lh—P)(Tm-‘:-laT)P}sz{ (']I‘,m,e)

1<p<g2—1

+ Ap+a(dp—dp)+p Z 5{3! ;chil:ol (y1 — d)e_Xl(dD—kO,l_QI_QZ)ED(im)
qi1:q2°

q1+92=0p,q1>1

X Tl (PO 37 Agy T (T 00§ (T, m. )
1<p<g2-—1
T Rp(im){(T 1007+ S Ay, , T 000 (19 952} 02 (T, m, €).
1<p<ép—1
(10.5)
We consider the function

Vi*(T, 2,€) = F ' (m v Q2 (T, m, €))(2), (10.6)
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which defines a bounded holomorphic function with respect to T on Sy g, p/je[x1+a,
with respect to z on Hg for any 0 < ' < (3 and for all € on D(0,¢) \ {0}.
Using the properties of the Fourier inverse transform described in Proposition (3.3
and the expression in ([4.31)), we derive from the next equation satisfied by
VO (T, z,€):

s1
Q(0:)Vi" (T, 2,¢) [ —ao1+ Z ag e X1 kea=ko ) ke =kos

=1
My
+ E ar 16m2,1+5—ak1,1—>{1(ke,1—ko,l)Tke,l—ko,l
l=s1+1
s2
+ ( E ag 26*)(1(ke,szoz)']rkzg*koz
(=1
Mo 9
+ E ag 2€me,2+2ﬁ*ake,2*)<1(kz,2*ko‘2)j['ke,2*ko,2)(_ aO,l)
’ a
l=s5+1 0,2
S2
4 ( E ay 26*)(1(ke,Q*kog)Tke,Q*koz
£=0
Mo 9
+ E a€72€me,2+25*ake,2*X1(kz,2*ko,2)'1['kz,2*ko,2) (7 ao,1 jl(efxv]r))
a
l=so+1 0,2
s3
+ ( E ag 367)(1(k?Z,ZS*kO,l)’]I‘kIZ,S*kO,l
£=0
M3
+ E ae3€me,3+3570¢k14,3*)<1(k£,3*k0,1)’]rk1{,3*k0,1)
l=s3+1
@01, (ko1—F ko,1—Fk - 2 o 0 2
3(A e thoabophoa—bos (1 4+ 7,0 )] + QO (VP (T, 2.0)
02
S2 Mo
X [(E ae’2€—X1kz,2Tke,2+ § a2
=0 l=s5+1

% Gme‘2+25—ak1,2—Xlke,szza)6—X1(’yl—ko,1)T'y1—ko,1

53 Ms
+ ( E Qg 3€7X1k£’3Tkev3 + E ag 36m@13+3ﬁ*0‘k£,3*Xlke,sTke,g)
£=0 l=s3+1

y (—3(101 67)(1(ko,lfko,z)']rko,lfko,z(1 +jl(E*Xﬂ]r)))6*)(1(71*160,1)']1‘71*190,1}
a2
53

+ Q(az)(V?P (T, 2, 6))3 [(Z ae’SG*Xlke,sTke,s
=0
M3
+ Z ag 3€m£,3+3ﬁ_aké,3_){1kl,3Tki,S)€_X1(2’Yl—k0,l)T271—k0,1:|

l=s3+1
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Q D-1
— Zl;j(Z)enj_abj_XI(bj_ko,l_’)’l)']rbj_k(),l_'h 4 Z 6A5+O¢(5e—dz)+ﬁ
i=0 =1

X

0! _ ~
Do (o — et ma o fy ()
qitga=6, 1

> €X1qza%2vi'p (T, z,€) + Ap+a(ép—dp)+p

q1+q2=0p,q1>1
X RD(az)ema%?V?P (T, z,€) + TR R (0,)85P V7 (T, z, €). (10.7)

The function V1ap (T, z,¢) = V?” (eX1T, z, €) defines a bounded holomorphic function
with respect to T" such that T € € X415y g prjejxi+e and with respect to z on Hg

for any 0 < 3' < 3, for all € € D(0,¢) \ {0}. It holds that V,’*(T, z,€) solves the
equation

S1
Q(az)vlbp (T, z, 6) [ . aolekO'lJ’_’Yl + Z az’lTkz,ﬁ-“n

=1
M,
+ § ay 16me,1+5—aké,1Tkz,1+71
l=s1+1
S2 MZ
+ (E ag ZTk£,2*k0,2+ko,1+’71 4 § ay 2€me,2+25*a’w,2Tk£,2*k0,2+k0,1+’71)
=1 l=s5+1
—2a0,1 N koo—ko2+ko1+
% + § ag o The2—ko2tko ¥
a
0,2 —0
Mo 2a
_ _ —<«00,1
+ E g€tk hea "R 2 4 g +71>< a jl(T))
l=s5+1 0,2
S3 M3
+(§ ae’3Tke,3+“/1+ E ag736m‘=3+3’870‘k“*3Tk“‘Jer)
=0 l=s3+1

" 3<@T2k0,17k0,2+71(1 Jrjl(T)))?] 4 00.) (VI (T, 2, €))?

02

<[(2

M
E GZ,QTM’2+I€O’1+71+ E az’2€m4v2+2ﬁ_ak’f,2T’W,Z"‘ko,l‘f‘%)T271

=0 l=s5+1
M3
+ Z ag STk:z 3+ko,1+71 + Z ay Bem/ 8+3B—aky 3k 3+ ko, 1+’Y1)
l=s3+1

X

To0 01 (14 F3(T)) T2 + Q) (V" (T 2,))F

ao2

M3

(E ars Tke.3+ko, 1+'Yl+ E a,g36m[3+3ﬁ ake,3ke,s+ko, 1+71)T3’71]
l=s3+1

(
( 3a01
|
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Q D
= S h(z)en ot 4 3 heraldmdo+
j=0 =1

! ~
xS0 CET L (- )T Ry (0.)0 VI (T 2. (10.8)

1o
q1+q2=0¢ q1°42

We now consider the function

U (T, 2,€) = f%T’“f”l*’m - %T’““’k‘)’zjl(T) + TV (T, z,€).  (10.9)

which defines a bounded holomorphic function with respect to T on
€ XS0, .00 0 |e[x1+as

with respect to z on Hg for any 0 < 3’ < 3 and for all € on D(0,¢p) \ {0}. Notice
that this function might exhibit a pole at 7' = 0 in the case that ko1 < ko2.
Regarding ((10.8)), we derive that U%? (T, z, €) is a solution of the PDE

My

Q(az) ( ( Z ae,lemz,lJr,@*Oékz{JTkﬁ,,l) Ulap (T, 2, 6)

£=0
Mo
Z ag726m"’>2+2'670‘k“Tk“v2) (Ulbp (T, z,€))?
=0
M3
3 ag736m‘>3+3'87°‘k“'3Tke*3) (U(T, 2, e))?’) (10.10)
=0

+

+

/N /N

Q
= bi(2)e T + Fy (T, e)r
j=0

D
+ Y eereloemd) i R(9.)0% U (T, 2, €),
=1
where F (T, €) contributes to the forcing term and is given by
F1 (T, 6)

= Qo) (e ins 4 S o hoa gy (1))
ao,2 ap,2

S1 Ml
% [_ ao,lTkO,l + § agJTkL]’l + E a€71€me,1+ﬁ*akz,1Tke,1
/=1 l=s1+1

S2 Mo
+ ( E ay 2Tk[,2—k‘gy2+k‘011 + g ap 26"“3,2+25—ak£,2Tkz,2—ko,2+ko,1)
=1 l=s2+1

—2a >

0,1

% ( (ZGMTICM ko,2+ko,1
ap,2 —o

Mo
-2
4 § a£726m2,2+25—ak1,2Tkz,z—ko,z _|_]€0,1>< aa071 jl(T))
2
l=s5+1
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S3 Ms
+ ( E ag73Tk""3 + E a€73€m£,3+35*0¢ke,3Tk14,3>

=0 l=s3+1
2 ~ 2
X (@T2k0,17k0,2(1+J1(T))) ] *Q(O)(ao 1Tk:o 1—ko,2 + O,lTko’lfkg,gjl(T))
@02 ag,2 ao.2
{(ZaZ2TW 2+k01+ Z al26meg+25 aleTk'l2+k01)
l=s2+1
l=s3+1
3a01 2ko 1 —k A Q0,1 kg 1 —k Q0,1 kg 1 —k 3
X ( T#4%o,1 02(1+L71(T))):| —Q(O)( Tro,1 0,2 4 TR0 02\71( ))
@02 ap,2 ag,2
s3
[(Sarartrton s 3 wgemassrotiapiissio)
l=s3+1
D
+ Y ebrtellmdnTird gy (o )85‘(a°1T’“°1"““ + 200 pkos—ko.z 7, (T )). (10.11)
0,2 ao,2

(=1
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Taking into account that Uy (T') is a solution of (4.16)), we derive the following
expression of F; (T, ¢):

Fy (Ta 6)
My
= Q(O)UOl(T)[ Z a&leml":lJFB*ake,lTk[,J
l=s1+1
Mo 9
+ Z Meml,2+25—@ke,2Tkz,z—ko,z-‘rkg,l)
l=so+1 a0’2
Mo 9
+ ( Z as 2€m(72+2ﬁ_ak‘2Y2Tke,z_k0,2 +I€0 1) (_ ap,1 j]_(T))
l=s9+1 ’ ' ao,2
< a 2
+3( > ae,se’"fﬁ*?’ﬁ‘“’W’ST’%a) (ﬂT%Dvl‘kov’é‘(l +J1(T))) }
l=s3+1 @02
S2 Mo
_Q(O)Uol(T)Q{(Za£72Tkz,2+ko,1+ Z ag726m2’2+2’67ak2’2Tk’f’erkOsl)
=0 l=so+1
S3 M3
+ (Zae 3Tk["3+k0’1 + Z Qg 3em“v3+3f8*0‘k1&3Tke,:erko,l)
=0 l=s3+1
—3a _ -
% ( a0201 T2ko.1 k0'2(1+J1(T)))} —Q(O)U()l(T)3

53 M3
X {( E ag)ngz*3+k0v1 + E ae)36mé,3+35—ak5,3Tkz,3+ko,1)}
=0 l=s3+1

D
+ Z 6A2+04(51.*d2)+5Tdeéé(o)af%l (%Tko,lfko,z + %Tko,lfkogjl (T)) )
=1 Qo,2 ap,2

(10.12)
The function F(T,€) turns out to be bounded holomorphic with respect to e
and it is analytic with respect to T' in some neighborhood of the origin when

keyq+ ko1 —koo >0, keyo+2(kos —2ko2) >0
kes 3+ 5ko1 — 3ko2 >0,  2(koa — ko2) + key 2 + ko1 >0, (10.13)
key 3 +4ko1 —3ko2 >0, di+ko1—ko2—39,>0
holds for every s1 +1 < 01 < My, so+1 < 4y < My, s3+1 < ¥, < M3 and

1 < ¢ < D. In view of the assumptions made on these parameters, and (4.1)), the
next conditions are sufficient so that ((10.13)) hold:

2/€0’1 — k()’g >0 dp+ 1{30’1 — k()’g — 0, > 0. (10.14)
We conclude by writing
WP (t, 2, €) = PUY (e, 2,€) = € (Um(eat) + (MY (eatat, 2, e)) . (10.15)

which defines a holomorphic function with respect to ¢ on 77, with respect to z € Hg
for any 0 < 8/ < (3, with respect to € € &,, where 77 and &, are sectors described
in Definition As a result, u}”(t, z,¢) admits the decomposition (5.7) with
vy (t, z,€) = V7(eX1T¢, 2, €) which determines a bounded holomorphic function
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on 71 x Hg x &, for any given 0 < ' < [ with the property v?P(O, z,€) =0 for all
(z,€) € Hg x E,. Again, the function u?” (t, z,€) may be meromorphic in both ¢ and
€ in the vicinity of the origin. From ([10.10)) and (10.11)) we deduce that u?p (t,z,¢€)
solves the next main problem

M1 M2
Q(0.) (( Z a&lem""ltk“l)uﬁp (t,z,€) + (Z ag72€mk'2tk£*2> (u?” (t, z,€))?
£=0 =0

+

M3
(D aeaemetse) @ (t,2,0)°)
£=0

Q
= bi(2)e"th + Fy(et,€) Z At Ry(0,)ul” (t, 2, €),
j=0
with additional forcing term Fj(e“t,e). We apply the operator 97 on the left and
right-hand side of this last equation, to get that u?” (t,z,¢€) is an actual solution of

the main problem (4.7)).
We proceed with the proof of (5.8]). The steps followed are analogous to those

taken in the proof of [I8, Theorem 1]. We give the details for the sake of com-
pleteness. Let p € {0,...,¢; — 1}. The function v} (¢, z,€) can be written as a
m,, -Laplace and Fourier transform

e u K1) ,t2m du
W (t,z,€) = o 1/2/ / o7 (u,m, €) exp(—( X1+at> )e'*™— dm

u
(10.16)
where L., = R e C Sa,,-

Using that the function u +— wy, (u, m, €) exp(—(=7%=7)"*)/u is holomorphic on
D(0, p) for all (m,e) € Rx (D(0,€e)\{0}), its integral along the union of a segment
starting from 0 to (p/2)e“+1, an arc of circle with radius p/2 which connects
(p/2)e»+1 and (p/2)e?» and a segment starting from (p/2)e?» to 0, is vanishing.

Therefore, we can write the difference v —v]” as a sum of three integrals,
vap+1(t 2, €) —vl (t,z,¢€)
+oo L du
27r 1/2/ / Dp+1(u7m7€)€ (€X1+af) e ” d
Lor2pia
- E 10.17
(u, m, e)ef(m) R m du dm ( )
(27) 1/2 -
Lpsa, Yp
+oo
i (= 1 o du
*(zwwz/m J R e

CP/QY’pr’Yerl

where Lz, = [p/2,+00)e41, Ly s, — [p/2’+oo)ei_7p and Cp/a 1y, ., Is an
arc of circle with radius connecting (p/2)e"» and (p/2)e*»+1 with a well chosen
orientation.

Next we give estimates for the quantity

+ d
(—u K1 u
L = 1 2 wiPtt (u,m, €)e () gt dmj.
27r (2m)1/2 u

Ly)a, Tp+1
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By construction, the direction 7,41 (which depends on eX**%¢) is chosen in such a

way that cos(k1(yp+1 —arg(eXtTt))) > 4y, for all e € £,NEp 41, all t € Ty, for some
fixed 61 > 0. From the estimates (10.1)), we obtain that

I < % /+Oo /+Oo w(l+ |m|)7uefﬁlmlLa2
(2m) 1?2 ) p/2 1+ (\ |><1+a) =

Y cos(k1(Ypr1 — arg(erter))) .
X exp(l/(|€|xl+a) 1)eXp(_ p|txl+at‘l€1 r 1)
X efmlm(z)@ dm
r
+o0 400
_mw —(B—3")Im| / o &
< d (=X _
B (271-)1/2 /—oo ¢ mn p/2 |6‘Xl+a eXp( (|t‘f€1 V)
r
X K1) d
(\GI’“*") Jdr (10.18)
26 (T L gm g /+°° e[ Ca+a)(m—1)
— (2m)Y/2 /2 (%*V)Hl(g)“*
(s — V)Rar ! 6y r
e P (e — Y ()™
2mw | |(X1+°‘)(“1—1) exp(—( 01 —y) (p/2)m )
(271-)1/2 (ﬂ ﬁ )(lt‘nl — V)Iil(g)'i171 |t|’il ‘6|(X1+O&)fi1
2w e |X1+a)(n1 1) (6 M)
= @02 (B B0 (Bm 1 P dtatem

for all ¢ € 73 and [Im(z)| < B with [t| < (:25)Y/", for some &, > 0, for all

d2
€ € gp N Sp+1.
In the same way, we also give estimates for the integral
—+o0
,(171(1)'{1 du
I, = on 1/2/ / (u,m,€)e X1ty —dm‘

p/2 Yp

Namely, the direction 7, (which depends on eX**%¢) is chosen in such a way that
cos(k1(yp — arg(eX1t2t))) > &y, for all € € £, N Ept1, all t € Tq, for some fixed
01 > 0. Again from the estimates (10.1) and following the same steps as in (10.18)),
we deduce that

2Kk |e|Cxata)(mi—1) (p/2)"

L= o Z - F)hm (@ exp(=02 06 Ty

(10.19)

for all ¢ € 7 and |Im(z)| < B with [t] < (Jﬁ)l/“l, for some d; > 0, for all
€€ (‘:p N gp+1~
Finally, we give upper bound estimates for the integral

+o0
a2l (e du
= 'W/_oo / e (tym, €)™ T 2 .

Cp/217p»7p+1
By construction, the arc of circle C /3 ., -, is chosen in such a way that cos(r1 (60—

arg(eX1+t))) > 61, for all 0 € [vp, yp+1] (i v < Vp+1)s 0 € [Ypt157p] (G vp1 < 1),
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for all t € 7, all € € £, N Ept1, for some fixed 7 > 0. Bearing in mind (10.1)) and
(8.9), we obtain

+oo Tp+1 p/2
k1 — —B|lm ‘€|X1+a
I < / ‘/ﬁ (1 + [m)~HeBlml It
@m)t2 ) 1y, L+ (kﬂ%)?“l
02 e cos(m(8— ara(ev )
X eXP(V(|€|X1+a) ) (_ |6X1+O‘t‘“1 (5) )

x e~™mE) qg| dm

< (2";1% /_OO e~ =Nl g, 5 |y, — 7p+1|€|px/12Jm (10.20)
x exp(— (%2_ - ( |6|€</12+a )™ exp(- (&2_ - ( Ielpx/lio‘ "

- m i;%xl/mef("%w)m exp(— (t(ls}ilz_ : ( |€|€</lia )™)

o e e )

for all ¢ € 77 and |Im(z)] < B with |¢| < (%)1/“1, for some d; > 0, for all
(S gp N 5p+1.

Finally, gathering the three inequalities ((10.18)), (10.19) and (10.20), we deduce
from the decomposition that

|U§p+l(ta z,€) — U?” (t,z,¢€)]
4k |6|(X1+0¢)(N1—1)
= (2%)1/2 (ﬁ _ 5/)52’11(5)“1—1 exp(_ W
2k1@|Yp — Vp+1] (1//@1 ST

23— 5 * b € exp(= 5 (

p/2 )Hl)
|6|X1+Oé

for all ¢t € 7; and |Im(z)| < B" with || < ((Sfﬁ)l/k, for some d2 > 0, for all
€ € &, N Epy1. Therefore, the inequality holds.

For the proof of and we can follow the same arguments as in the first
part of the proof. We only give some details on the procedure which differ from the

previous ones. ) )

The construction leads us to V;” (T, z,¢) = VSP(E)QT, z,€), defining a bounded
holomorphic function with respect to T on those T such that such that T €
€ X255 0y.0/||x2+e and with respect to z on Hg for any 0 < g' < f3, for all

e € D(0,€e9) \ {0}. It holds that V;” (T, z, €) solves the equation

2 S1
3 a
Q(az)v;p (T, 2, 6) [aon T2k0,2—ko,3+72 + E ae,lTke,nL’m
0,3
’ £=0

M1 S2 2
myg1+B—ake1 ke +72 T200,204,2 kg ot ko,2—ko,3+72
+ ap 1€ T + T
’ a
f=s1+1 =1 0,3
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+ E 72&0 20¢,2 eme 2+2B—ak 2ke2+ko,2—ko,3+72

a
l=so+1 0,3

. Z —2a0,20¢,2 T200.208.2 ke, 5tko 2~ ko8t 7, (T)
ap,3

Mo
—2a0,20¢,2 _ _
+ » > emz,2+25 Oékz,QTkz,ngko,z ko,3+71 jQ(T)

a
l=s2+1 0,3

2

S 3(1%’2(%’3 ke,3+2ko,2—2ko,3+72
+ § — 22 72 ke, , ,
Qa
=1 0,3

M3
3(10 20'5 3 m£,3+3ﬁ_ak£,3Tk£,3+2k70,2_2k70,3+’)’2
+
l=s3+1 03

S3

2
+ ( E Mka,B"‘QkO,Q—?kO,SJrW
2

=0 @03
M3

+ Z 3@0 QG/Z 3 m4,3+3ﬁ—ak}g,3Tk[,3+2k:o,2—2/6013-‘,-’)/2) (2J2(T) + jZQ(T)):|
l=s3+1 03

+ Q) (V37 (T, 2,0))°

82 M2
|:(§ ag72Tk£’2+k0’2+’y2+ E a€726m5,2+2ﬁ*04ke,2Tke,2+k0,2+72>T’Yz*kog

X
=0 l=so+1
53 MS
T ( E ay 3Tke,3+2ko,2—ko,3+’y2 + E ay 36me‘3+35—0¢k1,3Tke,s-‘r?ko,z—ko,3+’vz)
=0 l=s3+1

X

(1+ (1) | + Q) (" (T, 2,))°

S3 M3
|:( E aeyngtz,a-i-S"/z + E a£736m£13+3ﬁ—ak&3Tk)g,g-‘,-?)'yz)]
=0 l=s3+1

X

D
I;j(z)ele_abijj + Z €Az+a(55—dl)+ﬂ
=1

|
'M‘O

<
I
o

-1

66! q1 B B ~p
><( 3 —rn I (2 — T 0+ Ry(0.)02 vy (T,z,e)). (10.21)
q1+q2=0; d=0
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We define the function U26 ?(T, z,€) taking into account (4.45]), which solves the

equation

M ~
Q(az> ( ( Zl ae’16m2,1+5—ake,1Tk/z,1) U;p (T, 2, 6)
£=0

Mo 2

Y auaenea s ekiaphe ) UL, 2, 6))
=0

Ms d

Z a 3€m£73+3ﬁ—ak4,3Tké,3) (U;p (T7 2, 6))3)
=0

+

+
— —

Q

= bi(z)e T 4 Fy(T€)
j=

(=)

D -
+ Z 6Ae+o¢(5l—d2)+ﬁTd€ Rg(az)agf Ulbp (T7 2, 6)7

{=1

(10.22)
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with
F2 (Ta 6)

— _0(0) (ao 20.2 pko2—kos Q0,2 Tko,rko,gﬁ(T))
ap,3 ap,3

2
ap,2 _
X |:77T2ko,2 ko,3 + E ar, lTkz 1 § : as, 16mZ 1+B—aky, 1Tke L
ag,3 P
= s1+1

+ Z 2&0 20y, 2Tk2,2+k0,2—k/o,3
ao,3

Mo
+ E M e€me, 2+2B—aky,2pke2tko,2—ko,3

l=s2+1 o3
—2a0,2a¢,2
k ko,2—k
E _ 70,22 k2 tko,2 0,3j2(T)
= Q0,3

2
+ Z M emea+2— akgng[2+koz—k03j2( )

f=s5+1 ao,3

S3 3 2
Qa, a
0,2 673 ke 3+2ko 2—2ko 3
+ E TT : . ;
/=1 0,3
M3
n Z 3ao 2(153 ¢mes+3B—akespkest2ko2—2ko,3

l=s3+1

3a2 ,a
0,2%0.3 ky 5+2ko,2—2ko.3
+ (ZfT ’

—o %03

(10.23)

M3

n Z 3ao QCLeS me‘s+3ﬁfakg,3Tk[,3+2ko,272k0,3)(QJQ(T)+j22(T))}

l=s3+1
_ Q(O) (ao 2Tk0 2—ko,3 + ao,2 Tk0'27k0'3j2(T)>2
ao,3 ao,3
S2 Mo
% [(ZW T2 Y a 267’”*2“5“*’“@,27#’%,2)
£=0 l=s2+1
M3
(Z g3 Tkes+2ko 2—ko,s + Z ae3 ¢me.st38—akespkes+2ko2—ko, 3>
£=0 l=s3+1
A a a 3
< (14 BAT)] = Qo) (22 iveios 4 W02 k0ahos 7y(1))
ao,3 aop,3
M3
{( Z aggTH> + Y aggemeet30makeshe 3)}
=0 l=s3+1

D
+ Z 6A2+a(64—d5)+ﬁTd£R£(0)ag—‘e
/=1

« (ao 2 ko2—kos 4 @0,2 902 pko.2—ko.3 7, (T))
)
ag,3 ap,3
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which can be rewritten in the form

F5(T, €) = —Q(0)Upa(T [ Z ag 1€ 1+h=akeihen
l=s1+1

+ § —2a0,2a¢,2 eme.2t2B8—akeapke2+ko2—Fko,3

a,
l=s2+1 0,3
Mo _9ag.a
—2ap,2a¢,2 _ _
+ p 6"u’2+2ﬁ akg,szg,z-i-kog k0,3J2(T)
l=s2+1 0,3

M.

E - 3a0 20'[ 3 emest3f—akespkes+2ko,2—2ko,3
+ » 3R, > >

l=s3+1 03
M.
- 30’0 QG’Z 3 eme +3B8—ake,3ke 3+2ko,2—2ko,3

+ E Z 0,279 my s 0,3 ke3 , ,

l=s3+1 O 3

x (27(T) + J3(D))) (10.24)

My
_Q(O)(UOQ(T))2|:( Z ae’26mz,2+2ﬁ—akz,2Tkz,2)
l=s2+1
M3
+ Z az’36m4,3+3ﬁ—akz,3Tkz,3+2ko,z—ko,3(1+j2(T))]
l=s3+1
M3
—QO)Un(T))*| Y apgemtsmakopies]

l=s3+1

D
+ Z 6A2+a(5z—dz)+ﬁsz EZ (0)8%1%

=1
% (aO 2 Tko 2—ko,3 + Qo,2 Tk0,2*k0,3 j2 (T))
ao,3 ao,3 ’

The function F5(T, €) is holomorphic with respect to € and is analytic with respect
to T' in some neighborhood of the origin if it holds that

3]{50,2 — Qk‘o,g >0, dy + k‘o,g — k’o’g — (5@ >0, (10.25)

for every 1 < /£ < D.
In view of the condition (10.25) and (4.1]), we can affirm that (10.25)) is more
restrictive than ((10.14]). We put

WP (t, 2, €) = PUI (e, 2,€) = € (Uog(eat) + (eot) Vi (exatot 4, e)) . (10.26)

which defines a holomorphic function with respect to ¢ on 73, with respect to z € Hg/
for any 0 < 8’ < (3, with respect to € € £,, where 73 and &, are sectors described

in Definition As a result, ug” (t,z,€¢) admits the decomposition with
vgp (t,z,€) = V3P (eX2+2¢ 2 ¢) which determines a bounded holomorphic function
on To x Hp X g’p for any given 0 < 3’ < 8 with the property vgp (0,2,¢) =0 for all
(z,€) € Hpr x ffp. Again, the function ugp (t, z, €) may be meromorphic in both ¢ and
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€ in the vicinity of the origin. From (10.22)) and (10.23) we deduce that ug” (t,z,¢€)

solves the main problem

M1 ~
(D anaem s e Juds (¢, 2,6 (Zameme2tkw)<u3”<t,z,e>>2
=0
M3 _
(D araem ot ) (wir ¢, 2,))*)
=0

Q
= bi(2)e™th + Fy(et,€) + Z At Ry(0,)ul” (t, 2, €),
0

Jj=

with additional forcing term F5(€*t,€). We apply the operator 9 on the left and

right-hand side of this last equation, to get that ugp (t,z,¢€) is an actual solution of

the main problem (4.7). The proof of (5.10) coincides with that of (5.8]) step by
step. The proof is completed. [
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