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TWO-DIMENSIONAL KELLER-SEGEL MODEL: OPTIMAL
CRITICAL MASS AND QUALITATIVE PROPERTIES OF THE
SOLUTIONS

ADRIEN BLANCHET, JEAN DOLBEAULT, BENOIT PERTHAME

ABSTRACT. The Keller-Segel system describes the collective motion of cells
which are attracted by a chemical substance and are able to emit it. In its
simplest form it is a conservative drift-diffusion equation for the cell density
coupled to an elliptic equation for the chemo-attractant concentration. It is
known that, in two space dimensions, for small initial mass, there is global
existence of solutions and for large initial mass blow-up occurs. In this paper
we complete this picture and give a detailed proof of the existence of weak
solutions below the critical mass, above which any solution blows-up in finite
time in the whole Euclidean space. Using hypercontractivity methods, we
establish regularity results which allow us to prove an inequality relating the
free energy and its time derivative. For a solution with sub-critical mass, this
allows us to give for large times an “intermediate asymptotics” description
of the vanishing. In self-similar coordinates, we actually prove a convergence
result to a limiting self-similar solution which is not a simple reflect of the
diffusion.

1. INTRODUCTION

The Keller-Segel system for chemotaxis describes the collective motion of cells,
usually bacteria or amoebae, that are attracted by a chemical substance and are
able to emit it. For a general introduction to chemotaxis, see [43], 41]. Various
versions of the Keller-Segel system for chemotaxis are available in the literature,
depending on the phenomena and scales one is interested in. We refer the reader to
the very nice review papers [30, [BI] and references therein. The complete Keller-
Segel model is a system of two parabolic equations. In this paper, we consider only
the simplified two-dimensional case and assume that the equations take the form

%:An—xV-(nVe) reR* >0,

—Ac=n zeR? t>0, (L.1)
n(,t=0)=ng >0 2z¢cR2
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Here n(x,t) represents the cell density, and ¢(z,t) is the concentration of chemo-
attractant which induces a drift force. A classical parameter of the system is the
sensitivity x > 0 of the bacteria to the chemo-attractant which measures the non-
linearity in the system. Here x is a constant. Such a parameter can be removed by
a scaling, to the price of a change of the total mass of the system

M = nodz .
RQ

In bounded domains, it is usual to impose no-flux boundary conditions. Here we
are not interested in boundary effects and for this reason we are going to consider
the system in the full space R?, without boundary conditions. There are related
models in gravitation which are defined in R3, see, e.g., [11]. The relevant case for
chemotaxis is rather the two-dimensional space, although some three-dimensional
versions of the model also make sense. The L'-norm is critical in the sense that
there exists a critical mass above which all solution blow-up in finite time, see
[33], and below which they globally exist (see [22] for the a priori estimates and
Theorem below for an existence statement). The critical space is LY?(R?) for
d > 2, see [19, 20] and the references therein. In dimension d = 2, the Green kernel
associated to the Poisson equation is a logarithm, namely ¢ = —5-log || *n. When
the Poisson interaction is replaced by a convolution kernel, it is the logarithmic
singularity which is critical for the L!'-norm whatever the dimension is, see [15].

Historically the key papers for this family of models are the original contribution
[34] of Keller and Segel, and a work by Patlak, [50]. The rigourous derivation of
the Keller-Segel system from an interacting stochastic many-particles system has
been done in [58]. Simulations of these can be found in [48]. A very interesting
justification of the Keller-Segel model as a diffusion limit of a kinetic model has
recently been published, see [I7]. Related models with prevention of overcrowding,
see [28| [12], volume effects [35} T4} [65], or involving more than one chemo-attractant
have also been studied.

As conjectured by Childress and Percus [I8] and Nanjundiah [47] either the
solution of the complete Keller-Segel system globally exists or it blows-up in finite
time, a phenomenon called chemotactic collapse in the literature. As we shall see,
this classification is valid for the simplified Keller-Segel system . A large series
of results, mostly in the bounded domain case, has been obtained by Nagai, Senba
and Suzuki. Many of these results can be found in [56] [59]. Concerning blow-up
phenomena, a key contribution has been brought by Herrero and Veldzquez [27] [62].
Also see [42] for numerical computations.

The main tool in this paper is the free energy

F[n] ::/ nlogndxfz/ ncdz
RQ 2 RQ

which provides useful a priori estimates. The free energy functional is a well known
tool for gravitational models, see [3, 49, 64, [T0] and has been introduced for chemo-
tactic models by T. Nagai, T. Senba and K. Yoshida in [45], by P. Biler in [7] and
by H. Gajewski and K. Zacharias in [23].

Based on the logarithmic Hardy-Littlewood-Sobolev inequality in its sharp form
as established in [I6] [4], the free energy is bounded from below if xM < 8, see
[22]. Here we use this estimate to prove the global existence of solutions of
if xM < 8m. We also prove that for these solutions, the free energy is decaying
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and use it to study the large time behaviour of the solutions. The limiting case
xM = 87 has recently been studied in the radial case, see [8] Q).

The literature on the Keller-Segel model is huge and it is out of the scope of
this paper to give a complete bibliography. Some additional papers will be quoted
in the text. Otherwise, we suggest the interested reader to primarily refer to the
surveys [52, 30, 31].

Our first main result is the following existence and regularity statement.

Theorem 1.1. Assume that ng € L% (R?, (1+ |z|?) dz) and nglogng € L*(R?, dx).
If M < 8n/x, then the Keller-Segel system (1.1)) has a global weak non-negative
solution n with initial data ng such that

(1+ |z* + [logn|)n € Lis.(R™, L (R?)),

t
/ / n|Vlogn — xVe[’dadt < oo,
0 JR2
M
/ |x|2”($»t>dx=/ [afno(w) do + 40 (1 = X2z
R2 R2 T

for t > 0. Moreover n € L ((e,00), LP(R?)) for any p € (1,00) and any € > 0,

loc

and the following inequality holds for any t > 0:

Fn(-,1)] +/0 /}R2 n|V (logn) — xVe|* dods < Flng] . (1.2)

This result was partially announced in [22]. Compared to [22], the main novelty is
that we prove the free energy inequality and get the hypercontractive estimate:
n(-,t) is bounded in LP(R?) for any p € (1,00) and almost any ¢ > 0. The equation
holds in the distributions sense. Indeed, writing

An —xV - (nVe) =V - [n(Viegn — xVe)],

we can see that the flux is well defined in L*(R;\_ x R?) since

// n|Vlegn — xVe| dz dt
[0,T]xR2

1/2 1/2
< (// nda:dt) (// n|Vlogn—XVc|2dacdt) < 0.
[0,T] xR2 [0,T] xR2

Our second main result deals with large time behavior, intermediate asymptotics
and convergence to asymptotically self-similar profiles given in the rescaled variables
by the equation

eXvVoo—|z|?/2

o o= i

1
Uoo = M = —Avy, with voo:—2—log|-\*uoo. (1.3)
T

In the original variables, the self-similar solutions of (1.1)) take the expression:
1
Moo (X, 1) := T oo (log(V1+2t),z/V1+2t),

Coo(@,1) 1= oo (log(V1+2t),2/v/1+2t) .

This allows us to state our second main result, on intermediate asymptotics.
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Theorem 1.2. Under the assumptions in Theorem [ there exists a solution of
(1.3) such that

(| 8) = neo (5 )|y = 0, i [[Ve(-, 8) = Veoo ()| L2m2) = 0.

This paper is organized as follows. Section [2]is devoted to the detailed proof of
the existence of weak solutions with subcritical mass and without any symmetry
assumption. A priori estimates have been derived in [22]. The point here is to
establish the result with all necessary details: regularized problem, uniform esti-
mates, passage to the limit in the regularization parameter. Compared to [22],
we also establish Inequality . Proving such an inequality requires a detailed
study of the regularity properties of the solutions, which is done in Section |3} By
hypercontractivity methods, we prove that the solution is bounded in any LP space
for almost any positive ¢. Using the free energy we study in Section[d] the asymp-
totic behavior of the solutions for large times and prove Theorem [1.2 The main
difficulty comes from the fact that the uniqueness of the solutions to for a
given M € (0,87/x) is not known, although many additional properties (radial
symmetry, regularity, decay at infinity) of the limiting solution in the self-similar
variables are known.

2. EXISTENCE FOR SUB-CRITICAL MASSES

We assume that the initial data satisfies the following assumptions:
ng € L1 (R, (1 + |z*)dz), mnologng € L' (R dz). (2.1)

Because of the divergence form of the right hand side of the equation for n, the
total mass is conserved at least for smooth and sufficiently decay solutions

M = . no(z) de = /]Rz n(x,t)dz. (2.2)

Our purpose here is first to give a complete existence theory in the subcritical case,
i.e. in the case
M < 8n/x.

This result has been announced in [22], which was dealing only with a priori es-
timates. Here, we give the proofs with all details. More precisely, we prove that
under Assumption (2.1)), there are only two cases:

Case 1. Solutions to (|1.1)) blow-up in finite time when M > 87/,
Case 2. There exists a global in time solution of ([L.1)) when M < 87/x.

The case M = 8x/x is delicate and for radial solutions, some results have been
obtained recently, see [8, 9].

Our existence theory completes the partial picture established in [33]. The solu-
tion of the Poisson equation —Ac = n is given up to an harmonic function. From
the beginning, we have in mind that the concentration of the chemo-attractant is
defined by

1
(o) = =5 [ ozle = sln(u.1)dy. (23

There are other possible solutions, which may result in significantly different quali-
tative behaviors, as we shall see in Section [£:2} From now on, unless it is explicitly
specified, we will only consider concentrations ¢ given by . In the following
sections, and we closely follow the presentation given in [22].
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2.1. Blow-up for super-critical masses. The case M > 87/x (Case 1) is easy
to understand using moments estimates. The method is classical and has been
repeatedly used for various similar problems. See for instance [5I] in the similar
context of the Euler-Poisson system, [32]. Concerning blow-up, we refer to [19, 20,
32] for recent references on the subject.

Following for instance [54], we can define a notion of weak solution n in the space
L2 (RT; L*(R?)) using the symmetry in z, y for the concentration gradient, which
has interest in case of blow-up. We shall say that n is a solution to if for all
test functions ¢ € D(R?),

d d
G | vamn.pde
_ X r—y
= | Ad(@)n(z,t)de — ~ [V (z) = Vi (y)] - ——gn(z, t)n(y, t)dz dy.
R2 4T Jr2xg2 |z —yl
Compared to standard distribution solutions, this is an improved concept that can
handle measure solutions because the term [Vip(z) — Vi) (y)]. I;":le is continuous.

Lemma 2.1. Consider a non-negative L' solution n to (1.1)) in the above sense,
on an interval [0,T] and assume that n satisfies [2.2)), [¢. |#]*no(x) dz < oo. Then
it also satisfies

d 5 xM
— Jt)de =4M (1 — =—).

G | lePne.tyde = anr (1= 220)
Proof. Consider a smooth function ¢, (|z|) with compact support that grows nicely
to |x|? as ¢ — 0. Then we use the definition of weak solutions and get

d

@/RZ pendx

= A«pgndx_i/ (Viele) = Voely) - (2~ y)
R2 47T R2 |x_y|

n(x, t)n(y,t) dedy .

Because we can always choose Ay, bounded and V. (x) Lipschitz continous, we

deduce that

d
— pendr < C no de,
dt R2 R2

where C' is some positive constant. As ¢ — 0 we find that

/ pendr < ci + cat,
RZ

where ¢; and co are two positive constants and thus
/ |z|?n(z,t)de < 0o Vite (0,T).
RZ

We can pass to the limit using Lebesgue’s dominated convergence theorem and thus
complete the proof of Lemma [2.1 O

As a consequence, we recover the statement of Case 1, namely that for M >
8m/x, there is a finite blow-up time T where solutions become singular measures.

Corollary 2.2. Consider a non-negative solution n as in Lemma and let [0,T%)
be the maximal interval of existence. Assume that the initial data ng € L'(R?) is
such that Iy := [g. |@]*ng(2) dz < co. Then either T* = oo or n(-,t) converges
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(up to extraction of sequences) ast — T* to a measure which is not in L*(R?). If
xM > 8n, then

(A
~ M(xM — 8m)

As far as we know, it is an open question to decide whether the solutions of
with xM > 87 and Iy = oo also blow-up in finite time. Blow-up statements in
bounded domains are available, see [44] [10, 29] 37, [55] and the references therein.
When the solution is radially symmetric in z, the second z-moment is not needed
and the blow-up profile has been explicited, namely

n(z,t) — 8%5 +n(z,t) ast /" T*,

where 71 is a L'(R? x RT) radial function such that ¢ — 7(-, ) is measure valued,
see [27, [60]. Except that solutions blow-up for large mass, in the general case very
little is known on the blow-up profile (see [64] for concentrations estimates, [42]
for numerical computations). Asymptotic expansions at blow-up and continuation
of solutions after blow-up have been studied by Veldzquez in [62] 61]. The case
xM = 8m has recently been investigated by Biler, Karch, Laurencot and Nadzieja in
[8]. In a forthcoming paper, they prove that in the whole space case and xM = 8,
blow-up occurs only for infinite time, [9]. Here we will focus on the subcritical
regime and prove that solutions exist and are always asymptotically vanishing for
large times.

If the problem is set in dimension d > 3, the critical norm is LP(R¢) with p = d/2.
In dimension d = 2, the value of the mass M is therefore natural to discriminate
between super- and sub-critical regimes. However, the limit of the LP-norm is rather
fR2 nlogn dx than fR2 n dx, which is preserved by the evolution. This explains why
it is natural to introduce the entropy, or better, as we shall see below, the free
energy.

2.2. The usual existence proof for not too large masses. The usual proof of
existence is due to Jager and Luckhaus in [33]. Here we follow the variant [19, [20]
which is based on the following computation. Consider the equation for n and
compute % fR? nlogndz. Using an integration by parts and the equation for ¢, we
obtain:

4 nlogndx:—él/ ‘V\/E‘Qda:—&—x/ Vn - Vedx
R2 R2

i e
:—4/ ‘V\/ﬁ‘gda?—&—x/ n?dx.
R? R2

This shows that two terms compete, namely the diffusion based entropy dissipation
term [p, |V\/ﬁ|2 dx and the hyperbolic production of entropy.

Thus the entropy is nonincreasing if M < 40&%5, where Cgns = Cg%s is the
best constant for p = 4 in the Gagliardo-Nirenberg-Sobolev inequality:

2—4 4
20 g2y < CRslIVull Tagid) luligey Ve H(R?), Vpe[2,00). (24)

The explicit value of Cgng is not known but can be computed numerically (see [63])
and one finds that the entropy is nonincreasing if M < 4Cqgg = 1.862 - - x (47) <
8. Such an estimate is therefore not sufficient to cover the whole range of M for
global existence in the second case.
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In [33] it is also shown that equiintegrability (deduced from the nlogn estimate
for instance) is enough to propagate any LP initial norm. We will come back on
this point in Section and prove later that due to the regularizing effects, the
solution is bounded in time with values in LP(R?) for all positive times.

2.3. A free energy method and a priori estimates. To obtain sharper esti-
mates and prove a global existence result (Case 2), we use the free energy which
has already been introduced in Section [I}

F[n] ::/ nlogndw—x/ nedx .
R2 2 Jr2

See [7, 23] [45] in the case of a bounded domain. The first term in F is the entropy
and the second one a potential energy term. Such a free energy enters in the
general notion of entropies, and this is why it is sometimes referred to the method
as the “entropy method”, although the notion of free energy is physically more
appropriate. See [I] for an historical review on these notions. For any solution n of

(1.1), F[n(-,t)] is monotone nonincreasing.

Lemma 2.3. Consider a non-negative C°(R*, Ll(R )) solution n of (1.1)) such
that n(1+|z|?), nlogn are bounded in L3S (RY, L' (R?)), Vy/n € L (RT, L*(R?))
and Ve € LS (RT x R?). Then

d
—Fn(-,t)] = —/ n|V (logn) — xVe|* dz. (2.5)
dt B2

Following standard denomination in PDE’s, we will call [5, n|V(logn)—xVe|? dx
the free energy production term or generalized relative Fisher information.

Proof. Because the potential energy term [, ncdz = [ oo, o n(z,t)n(y,t)log|z —
y| dxzdy is quadratic in n, using Equation (1.1)), the time derivative of F[n(-,t)] is
given by

(jtF[ (-, )]:/}R2 [(1+10gn—xc>V-(%—XVc”dx.

An integration by parts completes the proof. O

(From the representation ([2.3)) of the solution to the Poisson equation, we deduce
that

d d X
—Fn(,t)]=— 1 d = t t)1 —yldxdy| <0.
ol = 5 | [ wognass X [ i ontunionts - yldsay] <

On the other hand, we recall the logarithmic Hardy-Littlewood-Sobolev inequality.

Lemma 2.4 ([16,4]). Let f be a non-negative function in L*(R?) such that flog f
and flog(1 + |x|?) belong to L*(R?). If [5, fdz = M, then

/flogfdﬂc—l——//]Rz i, y)log |z — y|dzdy > — C(M), (2.6)

with C(M) := M(1+logm —log M).

This allows to prove a priori estimates on the two terms involved in the free
energy.
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Lemma 2.5. Consider a non-negative C°(RT, L1(R?)) solution n of (1.1)) such
that n(1 + |z|?), nlogn are bounded in LS (R, L*(R?)), [qo ﬁ;m )dy €
L®((0,T) x R?), V/n € LL (R*, L2(R?)) and Ve € Lfg’c(]R+ x R2). If XM <8,
then the following estimates hold:

(i) Entropy:

87 F) + xMC(M)
8 — xM

with K := max { [5, [z[*no(z) dz, 3£ (87 — xM)} and Fy := Flno).

(ii) Fisher information: For all t > 0, with Cy := Fy + XMC( ) and Cy =
xM—-8m
87

MlogM—Mlog[ﬂ(l—i-t)]—KS/ nlogndr <
R2

! 2
0< /0 ds /]Rz n(z,s) |V (logn(z,s)) — xVe(z, s)|” dz

1+4+¢
§01+C’2[Mlog(7T(M ))+K]
Proof. From (2.5)), with n(-) = n(-,t) for shortness, we get that the quantity
(1—0)/ nlogndaﬁ—@[/ nlognda:+ // y)log |z — y| dxdy
R2 R2 R? sz

is bounded from above by Fy. We choose
2 M
X — p=X

a0~ M T 8w
and apply (2.6)):

(1-0) /R n(x, 1) log n(w, ) dz — 6C(M) < Fy .

If xM < 8, then § < 1 and
/ n(xz,t)logn(z,t)de < Fo +6C(M) .
R2 1T-0

This estimate proves the upper bound for the entropy. We can also see that
fR2 nlogndz is bounded from below. By Lemma

1
— lz]*n(z,t)de < K Yt>0.
1 + t R2
Thus
1
/ n(x,t)logn(z,t) > —— |w|2n(ac,t) dx — K+/ n(x,t)logn(z,t) dx
RZ 1 + t ]RZ

:/ 1og(" )d:c—
:/n 1og( ;

t)
:/ n(z 1og(”’ )u:ctd:z:fMlog[ (1+1)] - K
Rzuxt p(z,t)

)dx—Mlog[ (1+1)] - K

=

—~

v&
~
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_ L=

with p(z,t) := ﬁ exp ( 1+t)' By Jensen’s inequality,

n(z,1t) n(z,t)
/Ra ula.t) 8 (u(x,t)) plz,t)dz 2 Xlog X,

where X =[5 Zgigu(x, t)dx = M. This gives the lower estimate for the entropy
term.

Now, from (2.5 and (2.6]), we get

(1—6)[Mlog ( - K| +6C(M)

M
(1 +t))
Jr/o ds /R2 n(z,s) |V (logn(x,s)) — xVe(z, s)|* do < Fy .

This proves that /n |V (logn) — xVc| is bounded in L2 _(R*,L?(R?)) and gives

the estimate on the energy. O

The a priori upper bound on fR2 nlogndr combined with the |z|?> moment
bound of Lemma [2.1 shows that nlogn is bounded in L (RT, L}(R?)).

loc

Lemma 2.6. For any u € LY (R?), if [g. |z|*udz and [, ulogudz are bounded

from above, then ulogu is uniformly bounded in L"‘”(]thC7 L'(R?)) and

2
/ u|logu|dx < / u(logu+ |a:|2) dx+2log(27r)/ udr + —.
R2 R2 R2 e
Proof. Let @ :=ulfy<1} and m = [, adx < M. Then
_ R
u(logu+f|m| )d;c: UlogU dp — mlog (2)
R2 2 R2

where U := @/p, du(z) = p(z)dz and u(z) = (27)~Le=12*/2. By Jensen’s inequal-

ity,
/R2UlogUdu > (/Rszu) log</Rszu) =mlogm,

1 1 1
/ tlogudx > mlog (E) - f/ |z|*adx > —= — M log(27) — 7/ |z|%a da .
R2 2 2 R2 e 2 R2

Using

/u|logu|d:c:/ ulogud:cfQ/ ulog udx,
R2 R2 R2

this completes the proof. (Il

2.4. Existence of weak solutions up to critical mass. Using the informations
collected in Sections and in the spirit of [19], we can now state, in the
subcritical case M < 8w/, the following existence result of weak solutions, which
is essentially the one stated without proof in [22].

Proposition 2.7. Under Assumption (2.1)) and M < 8w/, the Keller-Segel system
(1.1) has a global weak non-negative solution such that, for any T > 0,

(1+ |nc|2 + |logn|)n € L>=(0,T; LI(RQ)) ,

//[ . n|Vlogn — xVe|?dxdt < co.
0,T]xR
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Propostion [2.7] strongly relies on the estimates of Lemmata [2.1] and 2.5 To
establish a complete proof, we need to regularize the problem (Section and then
prove that the above estimates hold uniformly with respect to the regularization
procedure (Section [2.6). This allows to pass to the limit in the regularization
parameter (Section [2.7) and proves the existence of a weak solution with a well
defined flux. To prove Theorem [I.I] we need additional regularity properties of the
solutions. This is the purpose of Section [3] Hypercontractivity and the free energy

inequality (1.2]) will be dealt with in Sections and respectively.

2.5. A regularized model. The goal of this section is to establish the existence
of solutions for a regularized version of the Keller-Segel model, for which the loga-
rithmic singularity of the convolution kernel K°(z) := — 3= log |z| is appropriately
truncated.

There are indeed two difficulties when dealing with K. It is unbounded and has
a singularity at z = 0. First of all, the unboundedness from above of the kernel is
not difficult to handle. For R > /e, R — R?/log R is an increasing function, so
that

0< // log |z — yn(x, t)n(y,t) de dy < M |z|?n(z, ) dx .
lz—y|>R

R2

2log R
R2

Since ff1<|m7y‘<Rlog |z — y|n(x, t)n(y,t) dedy < M?log R, we only need to take
care of a uniform bound on
// log |z — y|n®(x, t)n®(y,t) dedy and n®(x,t)logn®(x,t) dz.
lz—y|<1 R2

for an approximating family (n)c>o.

The other difficulty concerning the convolution kernel KU is the singularity at z =
0. This is a much more serious difficulty that we are going to overcome by defining
a truncated convolution kernel and deriving uniform estimates in Section [2.6] To
do so, we first need to find solutions of the model with a truncated convolution
kernel. Let ¢ be such that

Ke(z) = K ()

€

where K! is a radial monotone non-decreasing smooth function satisfying
0 if |[2| <1.

Moreover, we can assume without restriction that

1
0 < —VK(2) K(z) < o log|z| and —AK'(2)>0 (2.7)
T

< PR
~ 27|z|
for any 2z € R2. Since K¢(2) = K1(z/¢), we also have
1
0<-VK(2) < —— VzecR?%. (2.8)
27|z

If we replace (1.1 by the regularized version
on®
ot

= An® — xV - (n°Vc®)
=K xnf

written in the distribution sense, then we can state the following existence result.

zeR?, t>0, (2.9)
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Proposition 2.8. For any fixed positive ¢, under Assumptions (2.1), if ng €
L2(R?), then for any T > 0 there exists n® € L?(0,T; H(R?)) N C(0,T; L?(R?))
which solves (2.9) with initial data ng.

To prove Proposition [2.8] we will first fix a functional framework, then solve a
linear problem before using it to make a fixed point argument in order to prove the
existence of a solution to the regularized system (2.9)).

2.5.1. Functional framework. We will use the Aubin-Lions compactness method,
(see [40], Ch. 1V, §4 and [2], and [57] for more recent references). A simple state-
ment goes as follows:

Lemma 2.9 (Aubin Lemma). TakeT > 0, p € (1,00) and let (fn)nen be a bounded
sequence of functions in LP(0,T; H) where H is a Banach space. If (fn)nen s
bounded in LP(0,T; V), where V is compactly imbedded in H and O f, /0t is bounded
in LP(0,T; V") uniformly with respect to n € N, then (fn)nen s relatively compact
in LP(0, T; H).

For our purpose, we fix 7' > 0, p = 2 and define H := L*(R?), V := {v €
HY(R?) : /|z[v € L3(R?)}, V' its dual, V := L2(0,T;V), H := L?(0,T; H) and
W(0,T) := {v € L*(0,T;V) : dv/0t € L*(0,T;V’)}. In this functional frame-
work, the notion of solution we are looking for is actually more precise than in the
distribution sense:

OZ/OT{WWV’XVJF/RB (Vn+xnvc).wdx}dt VeV,

Notice that V is relatively compact in H, since the bound on |z|[v|? in L*(R?)
allows to consider only compact sets, on which compactness holds by Sobolev’s
imbeddings: Lemma [2.9] applies.

2.5.2. Estimates for a linear drift-diffusion equation. We start with the derivation
of some a priori estimates on the solution of the linear problem
0
T~ An—V - (nf) (2.10)
ot
for some function f € (L>°((0,T) xR?))2. We assume in this section that the initial
data ng belongs to L?(R?). By a fixed-point method, this allows us to prove the

Lemma 2.10. Assume that ([2.1) holds and consider f € L*((0,T) x R?). If
no € L?(R?), for any T > 0, there exists n € W(0,T) which solves with
initial data ng.

Proof. Consider the map 7 : L>(0,T; L*(R?)) — L*(0,T; L*(R?)) defined by

¢

T[n](at) = G(7t) * o+ VG(at - 8) * [n(v S)f(7 S)] ds vV (SC,t) € [O7T] x R? ;
0

212

where x denotes the space convolution. Here G(x,t) := (4mt)"le 4 is the Green

function associated to the heat equation. Notice that [|[VG(:,s)| 1 ge) < Cs™/2.

We define the sequence (ny)xen by ngt1 = 7 (ng) for k > 1. For any t € [0,T], we
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compute

mk+1(t) — ni ()|l (r2)

< [ Tt =) e lnle9) = s (90 2 5) ]

t
< Hf||L°°([O,T]xR2)/O IVG(,t = ) % (nk (-, 8) = ne—1(,8)) |1 m2)

t
< Hf||L°°([O,T]><R2)/ [VG(-t = 8)|| L1y I (s) — nr—1(s) || 21 (m2)
0

< O\l fllz(o,m1xr2) VEInE — ni—1l| Lo 0,411 (R2)) -

For T > 0 small enough, (ny)ren is a Cauchy sequence in L>(0, T; L*(R?)), which
converges to a fixed point of 7. Iterating the method, we prove the existence of a
solution of (2.10) on an arbitrary time interval [0, T]. O

Next, let us establish some a priori estimates. The solution n is bounded in
L>(0,T; L?(R?)) as a consequence of the following computation:

53t [ In0F == [ Vat@0Pde+ [ Valen) (e 0fe de.

The right hand side can be written [p, a-bf dx with a := \/1/AVn and b := Van.

It is therefore bounded by ([g. a®dz + & [g2 b? d2)| fll Lo (0,77 xR2), which provides
the estimate

1d )

1 A
< (— 1+ XHfHLoo([o,T]xW)) / Vn|* dz + ZHf”LOO([O,T]xR?)/ nf* dz.
R2 R2
In the case A = || f[| o (jo,7]xRr?), We obtain
/ In|? dx < / Ino|? dz el oo oy /2yt e (0,7).
R2 R?

Hence n is bounded in L>(0,T; L*(R?)) = H. Similarly, for A = 3| f|| o< (0,77 x®2)
we obtain

1d 1 3
5&“”(30”%2@@2) < —§||V”||2L2(R2) + g”f||2L°°([O,T]><R2)||n("t)||%2(R2) .

This also proves that Vn is bounded in L?((0,7) x R?), and n is therefore also
bounded in L2(0,T; H'(R?)). Next, we need a moment estimate, which is achieved
by

4

dt Jre

1/2 1/2
S 4/ ndm+2||f||Loo([0’T]XR2)</ nda:) ( ‘le’n(.ﬁ’t) d.l?) .
R2 R2 R2

As a conclusion, this proves that [p, |2|*n(2,t) dz is bounded and therefore shows
that n is bounded in V. On the other hand, dn/dt is bounded in V' as can be
checked by an elementary computation. We can therefore apply Aubin’s Lemma
(Lemma [2.9)) to n:

|lz|?n (2, ) de
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If (nk)ken is a sequence of initial data with uniform bounds, then the correspond-
ing sequence (n*)ren of solutions of with f replaced by fi, for a sequence
(f®)ken uniformly bounded in (L°°([0,T] x R?))2, is contained in a relatively com-
pact set in L*(0,T; V).

We will make use of this property in the next section.

2.5.3. Euxistence of a solution of the reqularized problem. This section is devoted to
the proof of Proposition [2.8] using a fixed point method.

Define the truncation function h(s) := min{1, ho/s}, for some constant hy > 1
to be fixed later and consider the map 7 : L?(0,T; H) — L*(0,T; H) such that

(1) To a function n € L?(0,T; H), we associate V¢ := VK€ * n.
(2) With V&, we construct the truncated function
fi= (Ve Lo 0,1y xR2)) Vo
(3) The function f is bounded in L>((0,T) x R?) by hg, so we may apply
Lemma and obtain a new function # =: 7 [n] which solves (2.10)).

The continuity of 7 is straightforward. As noticed in Section we may
apply the Aubin-Lions compactness method, which gives enough compactness to
apply Schauder’s fixed point theorem (Theorem 8.1 p. 199 in [39]) to a ball in
W(0,T). Hence we obtain a solution of

ane g € re

ff=h (||VCE||LQO((07T)XR2)) Vo, =K *xn°.

Assuming that ho > [[VK®| g (r2)l|nol|1r2), we realize that n® is a solution of
29)-

Notice that one can also easily prove a uniqueness result, using an appropriate
Gronwall lemma. We refer for instance to [53] for similar results in a ball.

2.6. Uniform a priori estimates. In this section, we prove a priori estimates
for the regularized problem which are uniform with respect to the regularization
parameter . These estimates correspond to the formal estimates of Section 2.3

Lemma 2.11. Under Assumption , consider a solution n° of . If xM <
87 then, uniformly as e — 0, with bounds depending only upon fR2(1 + |z|*)ng dx
and [, nologng dz, we have:

(i) The function (t,z) — |z|?n®(z,t) is bounded in L (R} ; L*(R?)).

(ii) The functions t — [po n®(z,t)logn®(z,t) dx and t — [5, n®(x,t)c* (x,t) dzx
are bounded.
The function
The function

) (t,x) = n°(z,t) log(n(x,t)) is bounded in L= (R ; L'(R?)).

) (t,z) —
(v) The function (t,z) —

) (t,z) —

) (t,2) —

loc?

) is bounded in L*(R} x R?).

<3
g
o
=g
»

né(z,t) is bounded in L*(Rj_ x R?).
(vi) The function (t, n(x,t)Ac(z,t) is bounded in L*(R] x R?).
(vii) The function (t, Ve (z,t)Vee (z,t) is bounded in L*(R;., x R?).
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Proof. (i) The integral [p, |2|*n®(x,t) dz can be estimated as in the proof of Lemma
2.1] because K¢ is radial and satisfies (2.8), so

d
7 |z|?n® (z,t) do = 4M+2x// nf(x,t)n(y,t)x - VK (x — y) daedy
R? R X R?

=4M + x // nf(x,t)n(y,t)(x — y) VK (x — y) dady
R2 xR2

< 4AM — // ni@ )t g dy < 4M .
R2 xR2 |=’E —y|
(i) We compute

4 [/ n®logn® dr — K/ ncc® dx] = —/ n® |V (logn®) — xVec*|* da.
dt R2 2 R2 R2

Then by and the logarithmic Hardy-Littlewood-Sobolev inequality, see Lemma
[2:4 it follows by Lemma [2.5] that both terms of the right hand side are uniformly
bounded.

(iti) It is a direct consequence of Lemma [2.6]

(iv) A simple computation shows that

d 2
— [ nflogn®dx < —4/ Vvne| dr+ X/ n® - (—Ac) dx.

dt R2 R2 R2

Up to the common factor y, we can write the last term of the right hand side as

/ n® - (=A%) dr = / n® - (=A(K® xn%))dz = (I) + (II) + (III)
R2 R2

with

M := /5<K n® - (=AKExn%)), (II):= /E>K n® - (—A(K® xn®)) — (III)
and (III) = /£>K |nf|?.

e

This gives an easy estimate of (I), namely
W[ & [ o () wtdyas - pi
ne<K R2 €

1 .
S01(2) = -AK =5 D, (2.11)

We define ¢; such that

Notice that

which heuristically explains why (II) should be small. Let us prove that this is
indeed the case. By (2.7), ¢1 is non-negative. Using |[|¢1]|11r2) = 1, we get

M= [ ) [ = ent) @] or) dyda
<[ wan [ Ve et - Vi Vi)
X [\/na(x — ey, t) — \/n(x,t) + 2/né (2, 1) ] Voi(y) dyda .
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By the Cauchy-Schwarz inequality and using (a + 2b)? < 2a? + 86 we obtain
2 1/2
W< [ wanlole [ |Vee- e - V@] )
ne>K 1/2<y<2
2 1/2
x [/2[2 Vel =2y, t) = Vir@ )|+ 8nf (@, Dl ) dy| - da.
R

Using the Poincaré inequality,
W< [ 0wt ol g OV Vi 2o
ne>K

X V2161112 o) CPIVVIE 2 as) + 2V2/ I (&, D61 /s |
Recall the Gagliardo-Nirenberg-Sobolev inequality (2.4])):

2
/ |nf|?dx < C'(Q;NS/ ‘V\/ne da:/ n®dx.
ne>K ne>K ne>K

The left hand side can therefore be made as small as desired using:

1
ndxr < nlondx<7/ n®|logn®|dx =:
[ s o g [log | do = n(K)

ne>K

for K > 1, large enough. Then

/ In®[?dx < n(K)Céxs ’
nE>K

2.12
e (2.12)

By the Cauchy-Schwarz inequality

1/2 1/2
/ [nf(x,t) |3/2 de < (/ |n5|dx) (/ \n5|2dac)
ne>K ne>K nc>K
<n(K)Cans||VVne|| L2 ge) -
From this, it follows that
(I1) + (I11) < By(K)[|[VVn|| 72 ge)
with
B = Cés + V21l (2O + 2v2]01 12 g 61147z, CrCoons

We can choose K large enough such that n(K) < 4/B. Collecting the estimates,
we have shown that

%/ n®logn®der < MK + (-4 + Bn(K))X(t)
R2

with X (¢) := HV\/T?(IS)H%Q(RQ), and so

(4—B77)/OTX(s)ds§MKT+/

nolognodaz—/ n®(x,T)logn®(x,T) dx.
R2

R2

(v) Tt follows from the Gagliardo-Nirenberg-Sobolev inequality (2.4)).

(vi) Tt is a straightforward consequence of (iv). Notice that —Ac® is non-negative
as a convolution of two non-negative functions ¢, and nc.
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(vii) A computation shows that

1
4 —n°cdx = / ¢ (An® — xV - (n°Vc)) dx
dt R2 2 R2
:/ nEAcde+x/ nf|Vef|2dx .
R2 R2

This proves that

// nf|Ve |2 du dt
[0,T]xR2

1 T
/ n°c® da:—/ ng (K x ng) dx —|—f/ / n®(—Ac®) dx.
R2 R? X Jo JRr2

The last term of the right hand side is controlled by (vi), while the previous one is
bounded by (). O

1
<
=9y

2.7. Passing to the limit. All estimates of Lemma [2.11| are uniform in the limit
e — 0. The fact that ng is assumed to be bounded in L?*(R?) in Lemma does
not play any role. In this section, ng is assumed to satisfy Assumption (2.1)) and we
consider the solution n® of with a non-negative initial data n§ = min{ng,s=1}.
We want to pass simultaneously to the limit as € — 0 in n§ — ng and in £¢(z) —
KO(z) = — 5k log |z|.

Lemma 2.12. Assume that ng satisfies Assumption and consider the solution
n® of with a non-negative initial data n§ = min{ng,e~1}. Then up to the
extraction of a sequence € of € converging to 0, nf converges to a function n
solution of in the distribution sense. Furthermore the fluz n|V(logn) — xV¢|
is bounded in L'([0,T) x R?).

Proof. Assertion (vii) of Lemma allows to give a sense to the equation in the
limit € \, 0. The term which is difficult to handle is n°V¢®. It is first of all bounded
in LY((0,T) x R?) uniformly with respect to ¢, as shown by the Cauchy-Schwarz
inequality:

2
(// n® |V dxdt) < // n® dx dt // n® Ve | dadt
[0,T] xR? (0,T] xR2 [0,T] xR?

- MT// n |V dadt,
[0,T]xR2?

where the last term is controlled according to (vii) of Lemma
Actually, n®V¢* converges to nVc in the sense of distributions. By the Gagliardo-
Nirenberg-Sobolev inequality (2.4)), for any p > 2, for t € RT a.e.,

/2 Inf[P/2 dx < (cggs)””M(/z ’ dx)%_l,
R R

which proves that n® is bounded in L4(R;f_ x R?) for any p/2 = ¢ € [1,+00), and
that, up to the extraction of a sequence (ex)ren which converges to 0, n®* weakly

VVne
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converges to n in any L{ (RT x R?), ¢ > 1. Next,

loc

1 Tr—y
Ve -V z(y,t) —n(y,t)) d
c= 27T R2 |$ o y|2 (nk(y ) n(y )) Y
r—y r—y
-|-/ ( vt + )ne(y,t) dy .
lo—y|<2ep \EK ( € k) 2|z — yl|? k
Slnce = VICl( R ‘ z can be bounded by - | £ all terms converge to 0 for almost

any (x t) € R? x R and the convergence of n§ to n is strong in L (R* x R?) for
any ¢ € (2,00), which is enough to prove that

n;Ve, = nVe inD'(RT x R?).

As a consequence, we also get by weak semi-continuity that
// n|Ve|? dx dt < hmlnf // n5|Veg|* du dt
[0,T]xR2 €x—0 0,7 xR2

// ndedtgliminf// Ing|? dxdt.
[0,T] xR2 ex—0 [0,T] xR2

Since the functional n — [g, |V\/ﬁ|2 dx is convex, we also get

// |Vv/n|? de dt < hmmf// |V /| da dt .

[0,T] xR2 € —0 [0,T] xR2

The proof of the convexity goes as follows. Let n(r) = ng + 7v, 7 > 0. Then
L /
dr?

See [5, [6] for more details. Now, since

// n5|V(logng) — xVei|? dx dt

[0,T]xR?

:4// |V\/ni|2dxdt—2x// |ng|? du dt
[0,T] xR? [0,T] xR2

+x° // n5|Ves|? da dt
[0, T]xR?

is bounded uniformly with respect to ex by (2.5)),

// n|V(logn) — xVe|? dz dt
[0,T] xR2

is also finite. Notice that this is not enough to prove that holds if n is a solution
of , even with an inequality instead of the equality. This is however enough
to prove that the flux n|V(logn) — xVe| is bounded in L'([0,T) x R?), simply by
using the Cauchy-Schwarz inequality. This concludes the proof of Lemma[2.12] O

1
dx = — | [vVvmo —noVVu| da > 0.
2”0 R2

T=0

As a consequence of the approximation procedure and of Lemma we have
also proved Proposition To establish Inequality (|1.2) in Theorem we only
need to prove that

// ndedt:liminf// |ng|? dx dt
[0,T] xR2 ex—0 [0,T] xR2
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but this requires some additional work on the regularity properties of the solutions

of .

3. FREE ENERGY INEQUALITY AND REGULARITY PROPERTIES

In this section, we give some additional regularity properties of the solutions
when M < 8.

3.1. Weak regularity results. The following result is due to Goudon, see [25].

Theorem 3.1 ([25]). Letn® : (0,T)xRY — R be such that for almost allt € (0,T),
ne(t) belongs to a weakly compact set in L'(RN) for almost any t € (0,T). If

ont = Em\gk aggéa) where, for any compact set K C R",

lim sup sup// lgs a)|dtdx) =0,
|E|—0 “Ne>0JJExK

where the supremum is taken over set E C R which are measurable, then (n).so
is relatively compact in C°([0,T); LL .. (RY).

weak

This result immediately applies to the solution of ([2.9).

Corollary 3.2. Let n® be a solution of with initial data n§ = min{ng, "1}
such that no(1+|z|*>+|logng|) € L*(R?). Ifn is a solution of with initial data
no, such that, for a sequence (ex)ren wWith limg o e = 0, n — n in L1((0,T) x
R?), then n belongs to C°(0,T; LY ., (R?)).

Proof. We are able to apply Theorem to n® where gél) = —xn*Ve® = —xyv/ne-

vneVes and 952) := n®. Notice indeed that as a consequence of Lemma ﬂ, we

have, uniformly with respect to €,

hmsupsupg( ) < xlimsup M (ty — 1) / / nf|Vef|> deds =0,
t1—ta t1—t2 ty R2
lim sup sup gE ) < lim sup/ / n°dr=0.
t1—ts £ t1—to R2

O

3.2. LP uniform estimates. Here we prove that if the initial data ng is bounded
in LP(R?), then it is also the case for the solution n(-,t) for any finite positive time
t. By uniform, we mean estimates that hold up to t = 0.

Proposition 3.3. Assume that (2.1) and M < 8m/x hold. If ng is bounded in
LP(R?) for some p > 1, then any solution n of (1.1)) is bounded in LS (RT, LP(R?)).

loc

Proof. We formally compute

1 d 2
- = DPde = -2 Y (n?/?)|2 d V(nP/2) . nP/2 . ed
30— 1) di Rzln(x, )P dx ’ Rz\ (nP)[7da + x - (n?%) -n cdx
2
:_7/ \V(np/2)\2dz+x/ nP(—Ac) dz
P Jr2 R2
2
=z \V(np/2)\2dz+></ nPtdz.
P 2 R2
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Using the following Gagliardo-Nirenberg-Sobolev inequality:
[v|2AHL/P) dg < Kp/ |Vol? dx/ v|?/P da
R2 R2 R2
or equivalently, with n = v?/?,

I[P+ dngp/ \V(np/z)\2dx/ In| dz,
R2 R2 R2

we get the estimate

1 d 2

L wrde< [ |V@P?)2d (—f K M),
ey TRl MACER L CER R
which proves the decay of fR2 nPdx if M < pszx'
entropy estimate to get a bound: Let K > 1 be a constant, to be chosen later.

/npdx:/ npdx—i—/ n? dx .
R2 n<K n>K

The first term of the right hand side is bounded by KP~'M. Concerning the second

one, define first
M(K) ::/ ndzx.
n>K

Using the fact that [nlogn| is bounded in L= (R;" ; L' (R?)), we can estimate M (K)
by

Otherwise, we can rely on the

1 1
M(K) < logndr < —— 1 d
( )_1OgK/n>Knogn x_logK/Rz|nogn\x

and choose it arbitrarily small on any given time interval (0,7). Following [33],
compute now

d 4
G Ln—mde s so=1) [ (=K e

_ p/Rz (n— K)7"! [An — \V(nVo)] de + %(p _1) /R V((n— )P/ da

= _pX/R2(n - K)ﬁ_1 [V(n— K)-Vec+ nAd dx
= x [ (= K (= K)s(-2) — pr(-Ac) da
=(p— I)X/er(n — K" dr + (2p — 1)xK/RZ(n — K)! dx

+pr2/ (n—K)7 ' da
RQ

The term involving [;,(n — K )ﬂ_l dz can be estimated as follows:

/ (an)ﬂ’flda::/ (n—K)f’[ldz+/ (n—K)? 'da,
R? K<n<K+1 n>K+1
1 M
/ (n—K)ﬁ_lde/ 1dx§—/ ndx < —,
K<n<K+1 K<n<K+1 K Jrcn<r K

/ (n—K)ffldxg/ (n—K)ﬁdwﬁ/ (n—K)L dx.
n>K+1 n>K+1 R2
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By choosing K sufficiently large, we obtain

2= [ V(= KPP e (o= x [ (0= K da <0

using again the Gagliardo-Nirenberg-Sobolev inequality but with M replaced by

M(K), small. Summarizing, for a fixed interval (0,T) with T arbitrarily large, we

have found K such that
d

p (n—K)ﬁdeC’l/(n—K)ﬁdx—l—Cg
R2

R2
for some positive constants C; and Cy. A Gronwall estimate shows that fR2 (n—
K)" dx is finite on (0, 7).

To justify this estimate, one has as above to establish it for the regularized
problem and then pass to the limit. This is purely technical but not difficult and
we leave it to the reader.

To conclude, we still need to check that the bound on [, (n — K)% dx is enough
to control fn>K n? dz. Using the estimate

p ANy
s ()\ - 1) (@=1)

for any x > A > 1, we get

/ n”dmz/ npdm—i—/ n? dx
n>K K<n<AK n>AK

o (] e (2
n>

< ()\K)p_lM—l— (%)]Wl /R2(n—K)ﬁdx.

O

Notice that very similar estimates have been derived, without the knowledge of
the optimal bound xM < 8, by Jiger and Luckhaus in [33] in R¢, d = 2 (also
see [19, 20] if d > 2), by working directly in an LP-framework, instead of the free
energy framework.

3.3. The free energy inequality in a regular setting. Using the a priori es-
timates of the previous section for p = 2 + ¢, we can prove that the free energy

inequality (L.2)) holds.

Lemma 3.4. Let ng be in a bounded set in Lt (R?, (1+|z|?)dz) N L*T¢(R?, dx), for
some e > 0, eventually small. Then ng satisfies Assumption , the solution n of
found in Theorem with initial data ng, is in a compact set in L? (Rﬂ;c xR?)
and moreover the free energy production estimate holds:

F[n]—I—/Ot (/Rzn|V(logn)—XVc|2 dm) ds < F[no] .

Proof. We split the proof in three steps.
First Step: n is bounded in LQ(REC x R?). To apply Theorem we need to prove
that nglogng is integrable. By Holder’s inequality we have

5llull pacey < llull e el Gos
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r—
r—

1 p < g <r. Take the logarithm of both sides:

p
alog (|u||Lq(R2)> + (a—1)log ('u”U(RQ)) <0.
l|wll e 2) |l La(r2)

with o = B
q

Since this inequality trivializes to an equality when ¢ = p, we may differentiate it
with respect to ¢ at ¢ = p and get that for any v € LP(RY)NL"(RY), 1 <p<r <
400, we have

|ul r ||U||LT(R2)
Plo (7>d <, 0 lo (7)
/u g HU”LP(Rz) T = r _p”uHL (R2) g ||UHLP(R2)

With u = ng, p=1 and r = 2 + ¢, by applying Lemma [2.6] we obtain

/ no‘ logn0| dx
R2

2
(2 + ¢) log(||no|| 2+e (r2)) — log M + 2log(2m)| + |z|?no dz + = < cc.
(R?) - c

T 1l4e
Since ng € L' N L2T¢(R?), by Hélder’s inequality, ng is initially in any L9(R?) for
all ¢ € [1,2 +¢], and as a special case in L*(R?):

1+ 1/(1+
Inol3 22y < lInollZh (55 Inoll ez, -
Hence by Theorem the solution n of ([1.1]) is bounded in the space L (ngcg L'n
L?**¢(R?)). As a special case n is bounded in L?(R;" x R?).

loc
Second Step: Vn is bounded in L*(R;"_ x R?). The following computation
d
—/ n?dr = —2 |Vn|2dx+2x/ Vn -nVedz
dt R2 R2 R2

shows that X := ||Vn| p2(0,r)xr2) satisfies the estimate
2X? = 2x|InVell poo 0,152 ®2) X < 1170 (07,12 (R2y) + 701172 2y -

This implies that X is bounded if |nVcl||Le(,7;r2(r?)) is bounded. Let us prove
that this is indeed the case. The drift force term takes the form

Ve(z, t) = ! / S n(y,t)dy.

27 2 [ —y[?

Since ng € L**¢(R?), by Theorem the solution n is bounded in the space
L= (R; ; L2T¢(R?)). As a consequence of the Hardy-Littlewood-Sobolev inequality

loc?
(see below), for any (p1,q1) € (2,400) x (1,2) such that p% = q% — %, there exists
a constant C = C(p1) > 0 such that for almost any ¢t > 0,
IVe(, )| r 2y < Clin(- 1) || Lo (r2) -
We can indeed evaluate || f | - |~*|| o1 (ra) by
1F 1 17 ey = sup / (f*]-17%) gda
geLe1 (RY), gl ar (o, <1 /R

with p% + q% = 1. The right hand side is bounded, up to a multiplicative constant,
by || f||L» 2y according to the Hardy-Littlewood-Sobolev inequality, if % + q% + % =
2 and 0 < A < d. This inequality, see, e.g., [38], indeed states that: For all
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feLP(RY), g€ LI(RY), 1 < p, ¢ < oo such that %+$+%=2and0<>\<d,
there exists a constant C' = C(p, ¢, A) > 0 such that

| / L p@)g(y) dw dy| < CIIF o gas gl o ety -
Rd x R4 |3j ‘

Applied with A = 1, d = 2, this proves that |[[nV¢| s (0,7;12(r2)) is bounded.
Applying this estimate with p; = 2(1+2/¢) and ¢ = 2 —¢/(1 + €), and using
Hoélder’s inequality, we can write
In(, ) Vel D)2z < [In( D)l L2+e @) Vel 1)l e r2)
< Clin( )l pze ey n )l Lo v2) -
which is bounded as ¢; € [1,24¢]. Thus, if n is a solution of (|1.1)), nVe is bounded
in L=(R;" _; L?(R?)).

loc?

Third Step: Compactness. As a consequence of Holder’s inequality with p := (1 +
g)/e,q:=1+e:

_1
/ |x‘12ﬁn2 dr = / (n|$|2) 1-7—2 . nﬁi dx < (/ n|x|2dx> e (/ n2+5 da:) e 5
R2 R2 R2 R2

the function (z,t) + |2|T=n is bounded in L>(R;"_; L?(R?)). The imbedding of
the set V := {u € H' N LY (R?) : |z|™Fu € L'(R?)} into L?(R?) =: H is compact
and by the Aubin-Lions compactness method (see Lemma[2.9) as in Section it
results that n belongs to a compact set of L*(R}_x R?).

Let (ng)ren := (n°*)ren be an approximating sequence defined as in the proof

of Theorem [I.I] Compared to the results of Lemma [2.12] we have

// |Vn|? dz dt < liminf // |Vng|? dz dt

[0, T xR2 k—oco 0,T]xRR2

// n|Vel* dv dt < hmlnf// ng|Veg|? dz dt,
[0,T] xR? 0.T]xR2

// n?ddt = hmlnf / Ing|? da dt
[0, T]xR? [0,T]xR2

where the only difference lies in the last equality, a consequence of the above com-
pactness result. This proves the free energy estimate using

// . n |V (logn) — xVe|* dx dt
0,T]xR

—4// |Vv/n|? de dt + x* // n|Vel? dx dt — 2x// n?dxdt .
0,T1xR? [[0,T]xR2 [[0,T]xR2

O

3.4. Hypercontractivity. Much more regularity can actually be achieved as fol-
lows. All computations are easy to justify for smooth solutions with sufficient decay
at infinity. Up to a regularization step, the final estimates certainly hold if the ini-
tial data is bounded in L°(R?), which is the case for the regularized problem of
Section [2.5| with truncated initial data n§ = min{ng,e~!}. However, we will see
that the L°° (R .; LP(R?))-estimates hold for any p > 1 independently of e, so that

we may pass to the limit and get the result for any solution of (1.1]) with initial data
satisfying only (2.1) and xM < 8. To simplify the presentation of the method,
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we will therefore do the computations only at a formal level, for smooth solutions
which behave well at infinity.

Theorem 3.5. Consider a solution n of (L.1)) with initial data ng satisfying (2.1))
and xM < 8n. Then for any p € (1,00), there exists a continuous function h, on
(0,00) such that for almost any t > 0, [[n(-,t)||Lrm2) < hp(t).

Notice that unless ng is bounded in LP(R?), lim;_.o, hy(t) = +o0. Such a result
is called an hypercontractivity result, see [26], since to an initial data which is
originally in L' (R?) but not in LP(R?), we associate a solution which at almost any
time ¢ > 0 is in LP(R?) with p arbitrarily large.

Proof. Fix t > 0 and p € (1,00), and consider ¢(s) := 1+ (p — 1)§, so that
q(0) = 1 and ¢(t) = p. Exactly as in the proof of Theorem for an arbitrarily
small 7 > 0 given in advance, we can find K > 1 big enough such that M (K) :=
SUPe(0,) fn>K n(-, s) dz is smaller than 7. It is indeed sufficient to notice that

1
< s)1 < - 8)1 . .
/n> n(-,s)dx logK )logn(-, )dx_logK/Rz In(-,s)logn(-, s)| dx

Since xM < 8, n|log n\ is bounded in L>°(0,¢; L*(R?)). This proves that for K
big enough, we may assume

/ (”*K)+d$§7lv
R2

for an arbitrarily small > 0. Next, we define

F(s):= {/Rz(n—K)i(s)(x,s)dx

for the function s +— ¢(s) defined above. A derivation with respect to s gives

/ q
rpg—1 _ 4 _ q (n_ K)+ _ q—1
F'F =7 /Rz(n K)+log( 7a )+ Rznt(n K)i .

If n is a solution to 1) then

/(n K)4& Yng da =
R2

and we get

B q (n— K)? g—1 2

+X(q_1) /R2(n_K)i+1~

q
Using the assumption ¢’ > 0, we can apply the logarithmic Sobolev inequality [26]

}UQ(S)

q/2)|2d +X / q+1dx7

2
2log (g ) da < 2 2 da — (2 + log(2 / 24
/R2v Og(f]RQdex> r <20 - |Vo|* dx — (2 + log(270)) R2v T

for any o > 0, and the Gagliardo-Nirenberg-Sobolev inequality

[ PO dn < K@Vl [ oPde, Vo€ 200
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towv:=(n— K)i/Q, and obtain

20" q—1 q—1 q
2 A X T K@) V0l ) — (2 + Tog(2m0)) .

With the specific choice of o := (¢ — 1)/¢’ and provided 7 is chosen small enough
in order that

4

FFI! < (

q—l+ q—1

-2 Z X‘;*égbmﬁﬂﬂﬁm
this shows that o ,
- < fq—2(2 +log(27o)) =: G(t).
The function G is integrable on (0,t), which proves that F'(¢) can be bounded in
terms of F(0). O

3.5. The free energy inequality for weak solutions. As a consequence of
Lemma [3.4] and Theorem we have the following result.

Corollary 3.6. Let (n*)ren be a sequence of solutions of with initial data nfk
satisfying Assumption with uniform corresponding bounds. For any tqg > 0,
T € RY such that 0 < to < T, (n*)ren is relatively compact in L*((to, T) x R?),
and if n is the limit of (n*)ren, then n is a solution of such that the free
energy inequality holds.

Proof. By Theorem for t > to > 0, n* is bounded in L*°(to,t; L>*¢(R?)), for
any € > 0. We can therefore apply Lemma with initial data n*(-,t9) at t = to:

¢
FnF (., t)] +/ </ nk v (logn*) — )(Vck{2 dx) ds < F[n*(-,t0)] .
to \JR2
The compactness in L?([tg,t] x R?) follows from Lemma Passing to the limit
as k — 0o, we get

¢

Fln(-,t)] Jr/ </ n |V (logn) — xVe|? da:) ds < F[n(-,10)] -
to R2

Since, as a function of s, [p. n(-,s) |V (logn(-,s)) — xVe(-, s)|? dz is integrable on

(0,t), we can pass to the limit tg — 0. By convexity of n — nlogn, it is easy to

check that lim;, o, F[n(-,t)] < Flng). O

Apply Corollary with nk = min{n,, 6,;1} as in the regularization procedure
of Section 2.5H2.7] This completes the proof of Theorem

4. INTERMEDIATE ASYMPTOTICS AND SELF-SIMILAR SOLUTIONS

In this section, we investigate the behavior of the solutions as time ¢ goes to
infinity and prove Theorem [I.2] The key tool is the free energy written in rescaled
variables, F'®, which is defined below. The main difficulty comes from the fact that
the uniqueness of the solutions to for a given M € (0,87/x) is not known.
This is not crucial for the proof of Theorem [I.2] because, in the self-similar variables,
the decay of the entropy selects a unique solution to . In this section, we will
anyway prove several additional properties (radial symmetry, regularity, decay at
infinity) of the solution of and comment on related issues.
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4.1. Self-similar variables. Assume that yM < 8, consider a solution of (|1.1)
and define the rescaled functions v and v by:

n(x,t) = u(——,7(t)) and c(z,t) =v( ,7(1)) (4.1)

()
with
R(t)=v1+2t and 7(¢t) =logR(t).

The rescaled system is

0
%:AU—V~(U(33+XVU)) reR? >0,
v:—i10g|-\*u reR? >0, (4.2)
2m

u(t=0)=ng>0 =xcR>.

The free energy now takes the form

1
FR[u] ::/ ulogudx—z/ uvdx—f—f/ || ?u da .
R2 2 R2 2 R2

If (u,v) is a smooth solution of (4.2 which decays sufficiently at infinity, then

iFR[u(-,t)] = —/ w|Vilogu — xVou + x| dx .
dt -

Because of the hypercontractivity, the above inequality holds as an inequality for

the solution of Theorem [I.1] after rescaling:
d
—FRu(-,1)] < —/ w|Vilogu — xVou + x| dx .
dt -

For a rigorous proof, one has to redo the argument of Section 3.4} Since there is no
additional difficulty this is left to the reader.

4.2. The self-similar solution. System (4.2) has the interesting property that
for yM < 8m, it has a stationary solution which minimizes the free energy.

Lemma 4.1. The functional F® is bounded from below on the set
{ue LL(R?) :|z|’u e L' (R?), / ulogudx < oo}
R2

if and only if x||u| 1 (w2) < 8.

Proof. If x||u||L1(r2) < 87, the result is a straightforward consequence of Lemma
Notice that by Lemma[2.11] (iii), ulogu is then bounded in L*(R?).

The functional F®[u] has an interesting scaling property. For a given u, let
ux(x) = A 2u(A"1z). It is straightforward to check that [uy| 112y =: M does not
depend on A > 0 and

M A—1
FRuy] = FR[u) — 2M (1 — é—) log A + T/ |z[2udz .
Y R2

As a function of A, Ff[u,] is clearly bounded from below if yM < 87, and not
bounded from below if xyM > 8, which completes the proof. (]
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The free energy has a minimum which is a radial stationary solution of (4.2),
see [I3]. Such a solution is of course a natural candidate for the large time asymp-
totics of any solution of . In T3], there are also indications that should
have a unique solution for any given M, and there are strong numerical evidences
supporting this fact. However, we are not able to discard the possibility that more
than one solution to exists for any given M.

Lemma 4.2. Let xM < 8n. If u is a solution of , with initial data ug
satisfying Assumptions , corresponding to a solution of as giwen in The-
orem then as t — oo, (s,x) +— u(x,t + s) converges in L>(0,T; L*(R?)) for
any positive T to a solution of which is a stationary solution of and
moreover satisfies:

lim |z|?u(z, t) do = /

t—o0 R2 R

M
laPuc da = 20 (1 - );7) . (4.3)

Proof. We use the free energy production term

¢
FRug) — liminf FRu(-,t)] = lim (/ u|Vlegu — XVU+3}|2dI> ds.
t—oo 0 R2

t—oo

As a consequence,

o0
lim (/ u|Vilogu — xVu + z|° da:) ds=0, (4.4)
t—oo Jy R2
which shows that, up to the extraction of subsequences, the limit wq, of u(-,t + ),
which exists for the same reasons as in the proof of Theorem [1.1] satisfies

1

Viogue — XV + 7 =0, 'Uoo:_2710g"|*uoo;
0

where the first equation holds at least a.e. in the support of u.,. This is equivalent
to write that (teo, Vso) SOlVes . Notice that the limit is unique because of (4.4)
even if the uniqueness of the solutions of is not established. Because of (4.4)),
we also know that u, does not depend on the choice of the subsequence.

As in the proof of Lemma consider a smooth function ¢, (|z|) with compact
support that grows nicely to |z|?> as ¢ — 0. If (u,v) is a solution to , we
compute

d

2 d
dt Jp 7T

_ wde — X (Vpe(z) = Ve (y)) - (x —y)
B RzA@E d 4 /Rz |z — y|?

- 2/ |z|?u de .
R2

Since € vanishes we may pass to the limit and obtain

d M
— |z|Pude = 4M (1 — X—) —2/ |z ?u dx .
dt R2 87 R2

u(z, t)uly, t) de dy

This proves that for any ¢ > 0,

M
/ |lz|?u(z, t) de = / |z|*no dz e + 2M (1 — X—) (1—e2h.
R2 R2 8w
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Passing to the limit ¢ — oo, we get
M
/ |2[*Uoe d < 2M (1 — X—) .
R2 8

™

However, 1o, is a solution of Equation (4.2)), which satisfies the same assumptions
as ng. Since it is a stationary solution with finite second moments, we have

xM
/R2 |2 uoe dz = 2M (1 — 87) :

O

Notice that under the constraint [[ueo||z1(r2) = M, uso is a critical point of the
free energy. If we knew that has at most one solution for a given M > 0,
Uso Would automatically be the unique minimizer of the free energy. This result is
not known although one can establish that u, is radially symmetric. This is done
using the two following results, Lemmata [4.3] and

Lemma 4.3. Let u € LY (R?, (1+|z|*) dz) with M := [, udz and [p, ulogude <
00. Define

1
v(r) = —— log |x — y|u(y) dy .
(@)= =5 [ ogle = yluto) dy
Then there exists a positive constant C such that, for any v € R? with |z| > 1,
M
| v(z) + —loglz|| < C.
27
Note that as a straightforward consequence, v is non-positive outside of a ball.

Proof. We estimate

|v(x) + % log |x|| = |% /}R2 log ( [z — | )u(y) dy| < (I) + (IT) + (I11)

||
where
1 |z — y] . o lz—yl _1
I)i=—— 1 d th Q= R” : < =
1 |z =y . 5. 1 |z —y
II) .= |— 1 d th Q= R“: = <2
)= o [ tog(TLEu ] with = (@ e B g < oM <)

1 [z — : 2. [yl
(I1) := —/ log u(y)dy with Q= {(z,y) e R*: ——— > 2}.
o7 Jo Ul E

Using |z — y|? < 2(]2]? + |y|?) and log(1 +t) < t, we get

2
T —
47 (I11) :/ log (| 3| Yu(y) dy
QIII ‘ml

2
< / log (2 + 277 )u(y) dy < M + —2/ ly[*uy) dy .
Qi ‘$| |l’| Qrir

On Qr1, |log (| — y|/|z|) | is bounded by log2: (II) < Mlgff. For the last term,

_ =l .
[z—y[*

denote z,(y)

) = 5= [ oz euw)) ) dy.
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By Jensen’s inequality

/QI u(@log(if(zg))dy Z/ u(y) log (I{?I )dy,

2 (1) < / uly) og(u(w) dy - / u(y) log ( j:f )dy.

The right hand side is bounded since ulogu is bounded in L' (R ) by Lemma

/ zz(y)dy=/ 12 dy = wlz|?,
Qr Q1 |a:—y|
4
[ atwars [ Puty)ay
o |33\ o

Hence we can control (I) because [, u(y)dylog (fﬂ 22 (y dy) < IJflP log (7]z|?).

we get

This suffices to prove that the solution is radially symmetric, see [46].

Lemma 4.4 ([46]). Assume thatV is a non-negative non-trivial radial function on
R? such that limy,) oo |2|*V () < 00 for some o > 0. If u is a solution of

Au+V(z)e" =0 2z ¢€R?

such that uy € L*(R?), then u is radially symmetric about the origin and x -
Vu(z) < 0 for any x € R2.

Note here that because of the asymptotic logarithmic behavior of v, the result of
Gidas, Ni and Nirenberg, [24], does not directly apply. The boundedness from above
is essential, otherwise non-radial solutions can be found, even with no singularity.
Consider for instance the perturbation ©(z) = +6(z% — 23) for any = (z1,22), for
some fixed 6 € (0, 1), and define the potential ¢(z) = 3|z|*—O(z). By a fixed-point
method we can find a solution of

exw—o¢(x)
M
fRZ eXU’(y)*d)(y) dy

1
wlw) = —log| |+

since, as |x| — oo, qb( ) ~ 2[(1 = 0)2? + (1 + 6)23] — +oo. This solution is
such that w(z) ~ —2L log |z| for reasons similar to the ones of Lemma Hence
v(x) := w(x)+0(x)/x is a non-radial solution of the above equation with log Viz) =
—1|z|?, which behaves like ©(z)/x as |z| — oo with |z1] # |22|. This gives a non
radial solution of Equation .

Lemma 4.5. If xM > 8rm, Equation has no stationary solution (uomvoo)
such that ||us|lLrrz) = M and [, |2[*us dz < co. If xM < 8r, Equation (4
has at least one radial stationary solution gwen by . This solution is C'* and
Uoo is dominated as |x| — co by e=(1~ Nel*/2 for any e € (0,1).

Proof. The existence of a stationary solution if xM < 8= is easy. It follows from
Lemma but can also be achieved by minimizing the free energy, see [13]. If
the initial condition is radial or if the minimization is done among radial solutions,
then the stationary solution is also radial. Direct approaches (fixed-point methods,
ODE shooting methods) can also be used.
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If xM > 8m and if there was a stationary solution with finite second moment,
we could write

d M
0:7/ |x|2uoodx:4M(1—X—)—2/ 2|2 toe da .
dt R2 87 R2
Since the right hand side is negative, this is simply impossible. O

In the rescaled variables, the solution of converges to a radial stationary so-
lution us of (I.3). It is not difficult to check that n(z,t) == 3 us (5 log(2t), z/v/2t)
and &(z,t) 1= v (5 log(2t),z/V/2t) gives a self-similar solution of (L.I]), which is
supposed to describe the large time asymptotics of , and this is what we are
going to clarify in the last section.

4.3. Intermediate asymptotics.

Lemma 4.6. Under the assumptions of Lemmal[{.2,
lim FRu(-,-+1)] = FRlus] .
t—oo

Proof. By (4.3), we already know that limy_o [g [z]*u(z,t) dz = [p, |2[*uc da.
Using the estimates of Sections [2.5 and Lemma we know that u(-,- + t)
converges t0 us in L?((0,1) x R?) and that [g, u(:,- + t)v(-,- + t) da converges
to fR2 UooVUso dx. Concerning the entropy, it is sufficient to prove that u(-,- +
t)logu(-, - +t) weakly converges in L((0,1) x R?) t0 o l0g too. By Lemma
there is a uniform L' bound. Concentration is prohibited by the convergence in
L2((0,1) x R?). Vanishing or dichotomy cannot occur either: Take indeed R > 0,

large, and compute f‘z|>R ullogu| = (I) + (II), with

1
(I):/ ulogud:rgf/ lu|? dz
|z|>R, u>1 2 |z|>R, u>1

1
11 = - ulogudr < - |z|?u dz — mlog my
2 2
|z|>R, u<1 |z|>R, u<1 m

In the first case, we have used the inequality ulogu < u?/2 for any u > 1, while
the second estimate is based on Jensen’s inequality in the spirit of the proof of

Lemma 2.6t
1
m::/ udxﬁ—/ |z|%u da .
R2
|z|>R, u<l |z|>R, u<1

Because of the convergence of the two quantities f|m|> R u<l |u|? dz and

f\z|>R wet [Z[Pudz to 0 as R — oo, we have the uniform estimate

lim u|logu| =0,
R—o0 lz|>R

which completes the proof. (]

The result we have shown above is actually slightly better, since it proves that all
terms in the free energy, namely the entropy, the energy corresponding to the po-
tential %|x\2 and the self-consistent potential energy, converge to the corresponding
values for the limiting stationary solution.
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As noted above, us is a critical point of F¥ under the constraint [|u]| ;1 (gz) = M.
We can therefore rewrite FE[u] — FE[uy] as

FR[u]fFR[uoo]:/ ulog(l) dxfz/ Vv — V| dz
R2 Uso 2 R2

and both terms in the above expression converge to 0 as t — oo, if u is a solution
of (L1)). Since for any nonnegative functions f, g € L*(R?) such that [, fdz =
Jge gda = M,

1 f
2
I =l < 337 |, Flos (D) do

by the Csiszar-Kullback inequality, [21], [36], this proves the following statement.
Corollary 4.7. Under the assumptions of Lemmal[{.3,
lim ||u(, -+ t) - uoo||L1(R2) =0, lim HV’U(, -+ t) — V’UOOHL?,(RQ) =0.
t—oo t—o0

Undoing the change of variables (4.1), this proves Theorem
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