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GENERALIZED SPREADING SPEEDS FOR LATTICE
DIFFERENTIAL EQUATIONS WITH TIME AND
SPACE DEPENDENCE

NING WANG, ZHI-CHENG WANG

ABSTRACT. This article concerns the spatial spreading speeds for lattice differ-
ential equations with general time and space dependence. Firstly, we give the
concept of spreading speed intervals. Then, under the suitable assumptions
we show the existence and properties of spreading speed intervals.

1. INTRODUCTION

In this article we explore the spatial spreading speeds for the lattice differential
equation

Wi (t) = ujr () — 2w () +uimr () + fi(t,ui(t)), i€Z, t R (1.1)

Let
X = 17(2) = {u = {ui}iez : supui] < oo}
1€

equipped with norm ||ullc = sup;ez |ui|. For given u',u? € X, we define u! <
u? (ub < w?)if ul < u? (u} < u?) for each i € Z. We make an assumption on

f(t,s): {fi(tas)}fiez: to

f(ta S) = {fz(ta S)}iEZ S CI(R27 X)
Under the assumption above, for any given u® € X and to € R, (1.1]) has a unique

(local) solution, denoted by wu(t;to,u?, f) with u(to;to,u, f) = u®. We denote by
u(t; to, 7,u’(5"), f) the solution of the space shifted equation of (1.1)),

ﬂl‘(t) = ui+1(t) - 2uz(t) + ui,l(t) + fiﬂ(t,ui(t)), 1€Z, teR (12)

with initial condition w;(to;to,j, u’(j'), f) = ug, ; for u® € X. Note that for any

(i7 t) € ZXRv uz(tv thjv uo(j/)a f) = ui-‘rj(t; to, uo(j/_j)7 f) and u(tv to, 07 UO(O)a f) =
U(t, to, uO’ f)

Equation comes directly from many biological models in patchy environ-
ments [I4, 13], which describes the growth of population or biological invasion
process. In fact, it is also the spatially discrete version of the reaction diffusion
equation

Up = Ugy + f(E, 2, u). (1.3)
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Since the pioneer works [5l [§] for the evolutionary take-over of a habitat by a fitter
genotype in 1937, there have been many studies on the spatial spreading dynamics
in spatially and temporal homogeneous media or spatially and/or temporal periodic
media. Because of the existence of various heterogeneities in many natural envi-
ronments, it is of great importance to investigate the spatial spreading and front
propagating dynamics for reaction diffusion equations in temporal and/or spatially
heterogeneous environment.

The spatial spreading and front propagating dynamics of KPP models in
time almost periodic and space periodic media were studied in [I} 2| [7]. Shen [11]
explored the spatial spreading speeds for two-dimensional discrete KPP models
in time recurrent and space independent environments. In the case where the
nonlinearity of are homogeneous in space variable, that is, f;(t,s) = f;(t,s)
for all 4,j € Z, the spatial spreading speeds has been characterized in [3]. After
then, under the assumption that there is a transition wave of , Cao and Shen
[4] established a method to test the stability and uniqueness of it. However, there
are few investigation on spatial spreading speeds for lattice differential equations
with general time and space dependence.

The objective of this article is to study the spatial spreading speeds for lat-
tice differential equation in general heterogeneous media. We need the following
assumptions:

(H1) There exist 0 < 7o < My such that for all (i,¢) € Z x R and s > 0,
8sfi_ (t’ 0)3 - Z\ZOS2 < fi_(tv 5) < fi(tv 8) < fi—i_(t 8) < 6Sfi+(t’ 0)3 - ﬁlo82,

. . . art
where f(t,s) (i € Z) are C' in t € R, and are C? g; (t,s)

+
and a;f; (t, s) being bounded uniformly in (¢, s) € R?. Moreover, fijt(t7 s) =

fiN(t, s) (N is a positive integer) for all i € Z and (t,s) € R

For the sake of simplicity, we denote (1.1)~ and (L.I)* (resp. (1.2)~ and
(1.2)™) as the equation 1) (resp. (1.2))) with f being replaced by f~ and fT
respectively. Let u(t;to,u’, f~) and u(t; to, u, f1) (resp u(t; to, §,u’(5"), f’) and

u(tsto, ,u’(5"), f1)) be the solution of (T.I)~ and (L.I)* (resp. (1.2)~ and (L.2)")

respectively, where u° € X and

u(to;t07u0,f_) :U07 u(to;t07u07f+) :U’O

(resp.
ui(tO;thjvuo(j/)af_) :u?+j’a ui(to;t07j7uo(j/)7f+) :u?—i-j’v ZEZ)
If no confusion occurs, we may write the solution wu(t;tg,u°, f) of (L.1) and the

solution wu(t;tg, j, u’ (5’ of . as u(t; to, 9) and u(t; to, 7, uo(j’)) respectively.

A solution 4™ (¢ ) = {u Yiez of . (resp. u™(t) = {11 ( iez, of ([LI)T)
is called a entlrely positive solutlon if it is a solutlon of _ (resp. .+ for
t € R and uinf = inficp iez u:r( ) > 0 (resp. umf = mfteR 2ezu () >0).

A solution 47 (t) (resp. u*(¢)) is globally stable in the sense that for any u° € X
with inf;ez u? > 0,

||u(t+t0;t07u0af7)_a+(t+t0)”00 —0 aSt-)OO,
(vesp. [[u(t +tosto,u®, f1) —aT(t+to)||loo — 0 ast — o0)

uniformly in tg € R.



EJDE-2019/74 GENERALIZED SPREADING SPEEDS 3

Also, we can define 4 (¢;§) = {a] (t;7) = ﬂ;ﬁrj (t)}iez and @t (t; ) = {a] (t; ) =
a;:j(t)}iez as the globally stable entirely positive solution of (1.2)~ and (1.2)*
respectively.

Cao and Shen [4, Proposition 2.1] obtained the existence, uniqueness and global
stability of uniformly bounded entirely positive solutions for (1.1)* being repre-

sented in the form
Wi(t) = wip 1 (t) — 2ui(t) + w1 (1) +wifi(tui(t), i€Z, teR

where fX(t,s) (i € Z) are of mono-stable or Fisher-KPP type and satisfy the
regularity assumption in (H1); for some My > 0, f(t,s) < 0 when s > Mj;

+
ag; (t,s) <0 for s > 0; and

1 o
lim inf / inf f£(,0)dr > 0.
t—to—oo t —tg Jy, i€

This ensures the validity of the assumption (H2) in the following. It is not clear to
us if such solutions still exist without hypotheses above. Therefore, we make the
further assumptions on f* as follows:

(H2) There are the unique uniformly bounded globally stable positive solution

4t (t) and at(t) with 4}, <at, of (T-I)* respectively.

This paper is organized as follows. In Section 2, we introduce some important
definitions and state our main results. Section 3 is devoted to investigating spatial
spreading speeds for general time and space dependent lattice differential equations

(D).

2. PRELIMINARIES AND STATEMENT OF MAIN RESULTS

In this section, we present some standard notation and state the main results of
this article. Let

Xi={ueX:0<u® <, 0<liminfu) <ab, uf=0(@G>1)}.

i——00 inf>
For a given function t — u(t) € X and ¢ € R, we define

limsup u;(t) =limsup sup wu;(t), lUminf w;(¢) =liminf inf w,(¢).
i>ct,t— 00 t—oo i€Z,i>ct i<ct,t—00 t—oo i€Zilct

For (|L.1]) involving not globally stable positive solution, we make the following

definitions:

c = inf{c :vu® € X1, limsup ui(ttho;to,uO) = 0 uniformly in tg € R},

sup
i>ct,t—o00

¢r = inf {c vu® € X1, limsup u;(t +to;to,u’, fF) =0

sup i>ct,t—o0
uniformly in ¢y € R},
e =sup{c:vu’ € Xl,iiigltigfm(ui(t +to;to,u’) — 4 (t +t0)) >0
uniformly in ¢g € ]R},
&g =sup {c:Vu’ € Xy, liminf (u;(t+ tojto,u’, f7) —af (t+1t9)) =0
i<ct,t—o00

uniformly in ¢g € R}.
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In fact, [cf¢, c&,p) can be called the spreading speed interval of (L.1)). We then state
our main results. The next theorem is about spreading properties.

Theorem 2.1.
(1) &, and &, are finite.
(2) Ifc < &y, then for any u® € X,
Zéig}tiggo(uz'(t +tosto, j,u®) — @ (t +to;4)) > 0 (2.1)

uniformly in to € R and j € Z. In particular, &, < cf ;.
(3) Ifc> ¢, then for any u° € Xy,

sup’
limsup u(t + to; to, j,u’) = 0 (2.2)
i>ct,t—00
uniformly in to € R and j € Z. In particular, ¢, > c%p-
(4) Assume that 0 < u® < 4@t (u® € X) with u? = 0 for i > 1, then for any
¢ > Cups

limsup u;(t + to; to, 7, u’) = 0

i>ct,t—o00

uniformly in tg € R and j € Z.
Let g(t) € L°(R). Define

t t
1
inf = lim inf d P sup — li d P
gint = Mminf o= / 9r)dr,  Gup = limsup = / olr)r
1 (kT 1 kT
lglT = inf — g(T)dr, [g]lr =sup = g(7)dr.
kez. T Jx—1yr kez T J(k—1)r

Introduce the N x N matrix Cy := [cy;; ;] defined by

ongg(t)=-2, je{l,...,N},
a1 =€ jef{l,...,N—1},

Chjj+1,j = 6>\, j € {1,.. ., N — 1},

A DY
C\;i,N =€, C\;N1 =€

c/\;i,j:O’ ‘Z_]‘22(17])¢{(1’N)7(N71)}

for A € R. Furthermore, call Din(f~) := [a; ;] the diagonal N x N matrix defined
by ai; = 0sf; (t,0)ins for all ¢ € {1,...,N}; call Dy, (f) := [b;;] the diagonal
N x N matrix defined by b;; = Osf; (t,0)sup for all i € {1,...,N}. Lastly, call
|D]7(f7) := [ci5] the diagonal N x N matrix defined by ¢;; = [0sf; (¢,0)], for
all i € {1,...,N}; call [D]r(f") := [d; ;] the diagonal N x N matrix defined by
di; = [0sf;(t,0)], forallie {1,...,N}.

The matrices Cx + Dint(f ™), Ox+ Dsup(f*), Cx+[D]7(f7) and Cx+ [ D17 (f™)
have principle eigenvalue Mine(f7; A), Mauwp(fT5 ), [ M]7r(f75A) and [M]7(f ;5 \)
respectively (see [0, Lemma 2.1]).

Theorem 2.2. (1) Let u® € X with 0 < u) < a}, fori € Z and v € R be given.

If

liminf w;(t+ to;to,u’, f7) >0
<t oo ]( +to;to af )
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uniformly in tg € R, then for any v </,

Hminf (u;(t + to;to,u’, f7) — 4 (t+1t0)) =0 (2.3)
j<yt,t—0c0

uniformly in tg € R. Moreover,

liminf (u;(t + to;to,u’) — @ (t+1t0)) > 0

J<~t,t—o0
uniformly in ty € R.
(2) One has
Mine(f 73 A Maun (f T3 A
¢ = inf L <l <t < ct .= inf M_
A>0 P A>0 A

Remark 2.3. If asfii(t, 0) are unique ergodic for each i € Z, namely the limit
1

im
t>to,t—to—oo t — 1o Jy

exist (see [11,[12] for details), and

t
dsfE(,0)dr, i€

0

1 t t

li s f (1,0)dr = li O fF (r,0)dr, i€Z.
t>t0,tto—o0 £ — to ” oy (7, 0)dr 110t to—o0 £ — to t i (7, 0)dr, 4

Thus ¢™ = ¢y = CGyp = ct. In this case, ¢~ is called the spreading speed of (1.1]).

This implies that under well-fitted perturbation, there still exists the spreading speed
for lattice mono-stable equations with time and space periodic dependence.

3. SPREADING SPEEDS

In this section, we investigate the fundamental properties of (generalized) spatial
spreading speeds of and prove Theorems and First we present some
important lemmas to be used in the proofs of the main results. In the following,
we establish a basic comparison principle for (I.I)* in terms of sub-solutions and
super-solutions. A function v(t) € C([to,T), X) is called a super-solution or sub-
solution of (L.I)* if v(t) is absolutely continuous in ¢ € [to, T) and

i (t) > vig1 (t) — 20 (t) + v (t) + fE(tvi(t)) for i € Z, t € [to, T)
or

bi(t) < v (t) — 20;(t) + vi1 () + fE (L vi(t) fori € Z, t € [to, T).
Similarly, we can also define a function v(¢;j) € C([to,T),X) which is super-
solution or sub-solution of (T.2)*, respectively.

Lemma 3.1. (1) Suppose that v*(t) and v*(t) are bounded super-solution and sub-

solution of (L)~ on [to,T) respectively, and v'(to) > v3(ty), then vi(t) > v3(t)

fort € [to,T). In particular, for any u,u* € X with u* < u?, we have
ui(t;t07ulaf_> Sui(t;thUZ)a ’LEZ,

where t > tq is such that both u(t;to,ul, =) and u(t;to, u?) exist.

(2) Suppose that w'(t) and w?(t) are bounded super-solution and sub-solution
of (L.I)T on [te,T) respectively, and w'(ty) > w?(ty), then w'(t) > w?(t) for
t € [to,T). In particular, for any u',u?® € X with u' < u?, we have

ui(t;t07u27f+) Zui(t§t07U1)7 'LGZ,

where t > tq is such that both u(t;ty,u?, f+) and u(t;to,u') evist.
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Proof. We prove (1), while (2) can be proved similarly. Let w;(t) = e (v}(t) —
v2(t)), where c is a constant to be determined later. Then
wi(t) = e (v (t) — v} (1)) + e (0 () — 7 (t))
> Wiy (t) + wi—1(t) + (ai(t) — 2+ cJwi(t)

for all 4 € Z and t € [to, T), where

(3.1)

0

Let p;(t) = a;(t) — 2 + c. Since v!(t) and v2(t) are bounded on t € [ty,T), then
there is a ¢ > 0 such that

a;(t) = /01 8f§ (t, 7ol (t) + (1 — T)v2(t))dr fori € Z, t € [ty, T).

inf i(t) > 0.
iGZ,tE[tO,T]p ( )

In the following, one claims that w;(t) > 0 for i € Z and t € [tg,T). Denote
Po = SUPjez tety,7) Pi(t). It is obviously sufficient to prove the claim for i € Z and
t € [to,to + Tp] with Ty = L min {T — to, po—iz} Assume, towards contradiction,

2
that there exists i € Z and t € [to, to + To] such that w;(f) < 0. Thus
Winf = f wl(t) < 0.

iEZ,tE%g),toJrTo]
Hence, we can find some sequences i,, € Z and t,, € [tg,to + Tp] such that
w;, (tn) = wing  as n — oo.
From and the fundamental theorem of calculus for Lebesgue integrals, we

obtain

wj, (tn) — wy, (to) > / n (Wi, +1(t) + wi, —1(t) + pi, ()w;, (¢)]dt

to

tn
Z / [Qwinf + Di,, (t)wlnf]dt

to
> To(2 4 po)wine  for n > 1.

Recall that w;, (t9) > 0, then w; (t,) > To(2 + po)wint for n > 1. Tt follows that

1
Wing > To(2 + po)Wint > SWinf 887 — 00,

which is a contradiction to wins < 0. Therefore, v!(t) > v2(t) for t € [to, T). O
Remark 3.2. Clearly, the results in Lemma are still valid for (T.2)*.
Let n(s) = (1 + tanh £) for s € R. Observe that
1'(s) =n(s)(1 =n(s)) and 75"(s) =n(s)(1—n(s))(1—2n(s)), seR.

In addition, there exists a constant M > 0 such that, for any s’,s” € R with
‘8/ _ S//l S 17

n'(s")
|n’(s”)| < M. (3.2)
Without loss of generality, we may assume that f; (t,s) = 0 (resp. f; (t,s) = 0)
for s < 0 and ¢ € Z. For otherwise, let {(-) € C*°(R) be such that ((s) = 1 for s > 0
and ((s) = 0 for s < 0. We replace f; (t,u;) (vesp. f;(t,u;)) by fi (t,u;)C(u;)
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(resp. f;7(t,u;)¢(u;)). Hence, we may also assume that there is a u~ € X with
u~ < 0, such that for any ¢y € R and any u«° with = < u° <0,

u” <u(tyto,u’, f7) <0 fort >t (3.3)
(resp. u™ < u(t;to,u’, fT) <0 fort >ty).
Lemma 3.3. There is Cy > 0 such that for any ax withu™ < a_ <0< ay < umf,
C > Cy, to € R and j € Z, the following holds:
(1) Let
U»Li(t7t07])
- uz(t thjv x4, f_) (Z + C(t - to)) + ul(t7 tO,ja Qr, f_)(l - (Z + C(t - to)))

Then vt (t;to,5) = {v] (;to, ] )}zeZ and v=(t;to,j) = {v; (t;to,J)biez are super-
and sub-solutions of (|1.2] . on [tg, 00), Tespectively.
(2) Let

w; (t;to, §)
= ul(t to’j7 a:vai) (Z - C(t - tO)) + ui(t;to,ja a:l:afi)(l - 77(2 - C(t - tO)))

Then wt (t;to, §) = {w; (t;to, J )}ZGZ and w™(t;to,7) = {w; (t;to,j)}iez are super-
and sub-solutions of . on [tg, 00), respectively.

Proof. Without loss of generality, one can assume that j = 0. We prove that
v (¢;t9,0) is a super-solution of (1.1))~. The other statements can be proven simi-

larly.
First of all, owing to Taylor expansion, for any i € Z, one has

i (tui(tto, e, f7)) (i + C(t — to))
+ [ (tui(tto, o, f7) (X —n(i+ C(t —to)))
— fi (tuitsto, as, f7)n(i+ C(t — to))
+uitito,a, fT)A —n(i+ C(t —t0))))
= fi (tui(tto, o, f7) —wityto,a—, f7) +wiltyto, a—, f7))n(i + C(t —to))
+ fi (Guitito, am, f7))(1 —nli+ C(t —to)))
= fi (@t (ui(tsto, oy f7) —ui(tsto, ay f7))0(i + C(t —to)) + wilt; to, a—, f7))

= (8af; ( ( )+’U/z<t t(),Oé_,f_)) 85](‘_ (t U*<t)77(2+0(t _tO))
o uiltito, ) )+ (wiltito, e, f7) = wilti o, o, 7))l + Ot to))
_ P

a 2 (t U (t))u:(t)(ul(t’ t07a+ﬂ f_) - uz(t7t07 a_, f_))nl(Z + C(t - t0)>7

where u}(t) and u!*(t) are between wu;(¢;to, a—, f7) and u;(¢; to, g, f7).
Next, for any ¢ € Z, a straightforward calculation then gives

o (5 t0) — vit 1 (5 to) + 20 (tt0) — v (ko) — fi (v (t5t0))
= 1/(i + Ot — o) { Cluiltsto, oy, f7) — wiltito, 0, 7))

+ [uit1(tsto, o, f7) —wipa (Bito, a—, f7)]

x [n(i + C(t = to)) = n(i + 1+ C(t — to))][n' (i + C(t — t0))] ™!
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+ [uwim1(tto, ap, f7) —ui—1(tsto, a, f7)][n(i + C(t — o))
—n(i — 1+ C(t —to))][n' (i + C(t — t0))] "

O*f
- 6::; (t,uf*(t))u?(t)(ui(t;to,OL+,fi)—ui(t;t07a_7f7))}.

we know from that for all i € Z and t > to,
’ﬂ(i+1+c(/t'*to))*U(i+0(t*t0))|
' (i + C(t —to))
By (H2), there is a §p > 0 such that
wi(t;to, aq, f7) —ui(t; to,a—, f7) > 69 forall i € Z and t > to.

<M.

Therefore, there is a Cy > 0 such that for any a4 with v~ < a_ <0 < ay < a4

inf>
C > Cp and tg € R, vT(¢;t0,0) = {v] (t;t0,0) }icz is a super-solution of (T.1)~ on
[to,00). This completes the proof. |

Remark 3.4. We can give super- and subsolutions of (1.2)" in a similar way to
Lemma 3.3

Proof of Theorem[2.1. (1) Let a— = 0 < ay < 4 be given constants. There is
u%* € X5 such that
o)+ ar(L—n(i) > ul*, ieZ,
Then by Remarks [3.2] and there is C7 > 0 such that
w; (t + to; to, ) =ui(t + tos to, j, a—, fF)n(i — Cit)
+ui(t +tosto, j ey, f7)(1 = (i — Cit))
Zui(t + to; to, j, u™", )

fort >0, tp € R, and 4,j € Z. Therefore, one has that for any C' > Cf,

hmsup ui(t+t0;t07j7u0’*af+) =0 (34)
i>Ct,t—00

uniformly in ¢ty € R and j € Z.
For any v’ € Xj, by (H2) and Remark there are T > 0 and iy € Z such
that

Wiyip (tosto — Tou®* fH) >, i€Z
for all t5 € R. It then follows that
Wigin(t+tosto — T, —ip,u®™, f1) > ui(t + tosto,u’, )
for any to € R, t > 0, i € Z. This together with implies that for any C’ > C
and u° € Xy,

0= limsup wipir(t+tosto — T, —ip,u®*, fT)
itip>Ct,t—o0

> limsup wiqip(t +tosto — T, —ir, u*, M)
i>C't,t—00

> limsup w;(t+to;to,u’, f7) >0
i>C'"t,t—o00

uniformly in ¢y € R. Therefore, é;“up < (.
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Now let 4 > ay > 0> a_ > u~ be given constants, where u~ satisfies (3.3).
There is ©%** € X, such that
asn(i) +ax (1 —n(i) < ul*, ieZ.
Then by Remark and Lemma [3.3]
v (t +tosto, J) = wi(t + tosto, j,a—, f)n(i + Cot)
+ ui (L + toto, J, o, f7) (1 — (i + Cot))
< wilt + tosto, j,u™, f7)
fort >0, tg € R and 4,5 € Z. This implies that for C < —Cj,
liminf (u;(t + to;to, j,u™**, f7) — 4 (t +to;5)) =0 (3.5)

i<Ct,t—o0

uniformly in ¢y € R and j € Z.
For any u%* € X1, by (H2) and Lemma there are T' > 0 and ip € Z such
that
1jL+ ; (T+t0) Zui_iT(T—Fto;to,uO’*,fi) Z UQ’**, 1 €7

i—iT i

for any ty € R. This implies that
af (t;—ir) > wi(t; T + to, —ir, u(T + to; to, —ip, u™* (—ir), f7), f7)
> u;(t; T + to, —iT,uo’**,f_), i€Z
and hence
A (t) > wi(t; T + to, u(T + to; to, u™, f7), f7)
> Uiyi (6T 4 to, —ip,u®*™ f7), i€Z
for t > T + ty. This and imply that for any C’ < C,

0> liminf (uipip(t+ T +to; T + to, —ir, ™™™, f7) — a4 (t + T + to))
1<C't,t—o0

> liminf  (wipip (t+ T +to; T + to, —ir, u™, f7) — 4 (t + T +t9)) =0

i+ip<Ct,t—o00
uniformly in ¢ty € R. Therefore,

im i ; : Ok =y —qf =
iglglr%}rifoo(uz(t—i—to,to,u ) =4 (t+t)) =0

uniformly in to € R. Therefore, & > —Cj.
As a conclusion, ¢, and ¢, are finite.
(2) Assume ¢ < ¢, Let ¢ < ¢ < &y For any u’ € Xj, note that there is
u®* € X; such that u) ; > ul* for alli € Z and j € {1,...,N}. By Lemma
we have
uz-‘r](ty t07u0(_j)7 f_) > ui+j(t;t07u07*7 f_)a (XS Z7 >t
for all to € R and j € {1,..., N}. By the assumption,

liminf (u;(t + to; to, u™* f7) — @ (t +t9)) =0

i<cit,t—o00

uniformly in ¢y € R. This implies that

i 1 y ) N 07* - —A-.’—A =
i+j1%gggim(uz+](t+to,to7u 7)) =t + ) =0

and then

i i ) y M O —_ | - —_ Aﬁ» . =
H}ggggi(}()(tm;@+to’to,u( I f7) =i+ 1) =0
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uniformly in ¢p € R and j € {1,..., N}. Hence

liminf (u;(t + to;to, 7, uo,ff) - ﬁj'(t +10;9)) =0

i<ct,t—o0

uniformly in o € R and j € {1,..., N}. By the periodicity of f~ with respect to
i, it then follows that

liminf (u;(t + to;to, 5,u’, f7) — @ (t + to; 7)) =0

i<ct,t—o0

uniformly in ¢g € R and j € Z. This and Remark imply that the limit in (2.1))
is uniform in tg € R and j € Z.
(3) Assume ¢ > & . Let ¢ > ¢; > & . For any u° € X, note that there is

sup* sup*

u%* € X; such that u?’* > u?fj foralli€ Zand j€{1,...,N}. By Lemma
UH_j(t + to;to,uo(—j),f+) < ui+j(t —|—t0;t0,u0’*,f+), 1€, t >ty

for all to € R and j € {1,..., N}. By the assumptions,

limsup w;(t + to;to,u”*, f1) =0

i>crt,t—o00
uniformly in ¢35 € R. This implies that

limsup  u4;(t+ to; to, u®*, ffH=0
i+j>cit,t—o0

and then

limsup w4 (t + to; to, UO(*J'), fH)=0
i+j>cit,t—o0

uniformly in tg € R and j € {1,..., N}. Hence

limsup w;(t + to;to, j,u’, 1) =0

i>ct,t—o0

uniformly in tg € R and j € {1,..., N}. This and the periodicity of f* with respect
to 7 and Remark implies that the limit in (2.2)) is uniform in ¢, € R and j € Z.
(4) Take any ¢ > & and fix it. First, for given 0 < u® < 4. (u® € X)

sup inf

satisfying u? = 0 for i > 1, there is @° € X such that u® < @°. Then
0 < u(t+tosto, j,u’) < u(t +tosto, j, @°)
for ¢ > 0 and ¢, € R. It then follows from (3) that

0 < limsup u;(t+ to;to, j,u’) < limsup u;(t + to;to, j, @) =0

i>ct,t—00 i>ct,t—o00

uniformly in ¢ty € R and j € Z. The proof is complete. O

Lemma 3.5. For given v < ¢~ , there is T > 0 such that 7' < infy>g M

Proof. By [10], Proposition 3.1], we have

1 [T
Osf; (t,0)inr = lim inf —/ Osf; (7,0)dr, i € Z.
t

T—oo teR

This and [0, Lemma 2.1] imply the statement of the lemma. a
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Lemma 3.6. For a given C > 0, consider
Ui (t) = wig1 (t) — 203 () + wim1 (B) +wi (B)(|0s £ (,0) ] — Cuyi(t)), it €Z. (3.6)
Then

*

¢ = inf 7LMJT(]C7;)\)
A>0 A
is the spreading speed of (3.6|) which coincides with the minimal speed.

The above lemma follows from [6, Lemma 2.1] and [9, Theorems 4.1, 4.2].

Proof of Theorem[2.2. (1) Let

’ tUERjrg’yl’rtl,teoouj( +tosto,u’, f )

Then there is T' > 0 such that
1)
uj(t +toito, u’, f7) > 5 Vg €R, j <At t >T.

Assume that there is 79 < 74" such that (2.3)) does not hold. Then there are ¢y > 0,
ton € R, j, € Z, and t,, > 0 such that j, < vyotn, t, — oo and
ujn (tn + tO;n; tO;nv uO’ f_) - ﬁ—i_ (tn + t(];n) S —€0- (37)

Let @° = {@%} ez where @) = % for all j € Z. By (H2), there is T > T such

2
that
€0

[ (t + tosto, @, f7) = i) (t +to)] < 5 (3.8)

forany tg € R, j € Z, t > T. Let 4" = {a}}jez be given by

an — J00/2 7= (7 =)t -1T),
J 0, otherwise.

Next we claim that for each ¢ > 0,

lim (¢ + tosto, a", f7) = u;(t + tosto, @, f7)

n—oo
uniformly for j in bounded subsets of Z and to € R. Let v} (t + to;to) = u;(t +
tosto, 0’y f7) — uj(t + to;to, @™, f~). Then v"(t + to;to) satisfies
@?(tﬁ*to) = U;L+1(t+to)f2’l}?(t+to)+1};}_l(t+t0)+a?(t+t0)1);l(t+to), jER, t>0,

where
n ' 8'}(’]'7 ~0 r— ~n. -
aj (t+to;to) z/ g(t,ruj(t—l-to;to,u )+ (X = 7)u,(t + tos to, 0", f7))dr.
0

Observe that (a"(t + to;to))nez is uniformly bounded. Then we can find M > 0
such that

la™(t+to;to)|| <M VYneZ, t>0,tgeR.
We consider
VIt +to) = Vg (t+to) — 2V (t+to) + V)" y (t+ to) + MV (t + to),
jER, t>0, (3.9)
V" (tg) = v"(to).
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Giving the definition of discrete Fourier transform and inverse Fourier transform
[15] as follows:

1 © L
V(t+to,w) = Nor- Y e WDVt 1), we[-m 7], t>0,to €R (3.10)

j=—o00
and
1 T
Vit +1t0) = — [ DVt +ty,w)dw, jEZ, t>0,to€R, 3.11
j ( 0) \/ﬂ . ( 0,W) J 0 ( )
where i is the imaginary unit. Applying the discrete Fourier transform (3.10) to
(B9) yields

IR . . .
QV"(t +to,w) = (e +e ™ — 24 M)V™(t +to,w) fort > 0.

This equation can be solved easily as
V™ (t 4 to,w) = exp[(e™ + 7™ — 24+ M)t]V"(to,w) for t > 0.
Using the inverse discrete Fourier transform (3.11)) we obtain

[ LI .
ijn(t_'_to) _ 27 an(t())e(M_2)t/ ezw(]—k)€2(co:>w)tdw
™
k=—o0 -

oo

1 us
Py E Vk"(to)e(M_Q)t/ cos((j — k)w)e2 = )tdy >0, tg € R.
™
k=—o00

—T

Note that

oo

_ 1 —2t " . 2(cosw)t
17% Z e [ﬂcos((]fk)w)e dw Vt>0

k=—o00

and by [16] Lemma 2.1],

/ cos((j — k)w)eC=tdy >0 vt > 0.

—T

This and Lemma [3.1] imply that
0 < i (t+tosto) < V" (t +tosto)

5 = " :
= 4—06(M*2)t Z / cos(kw)e2©=“)tdy, — 0 asn — oo
g k=[Jn)4+1—5" 77

uniformly for j in bounded subsets of Z and ¢ty € R, where J" := [(y' —70)(t,=T)] €
Z and J" — 400 as n — oo. Hence the claim holds. By the above claim, we have

Hm wj(ty + toms tom +tn — Ty 0", £7) = wj(tn + tom; tom +tn — T, 4%, f7) (3.12)

n—oo

uniformly for j in bounded subsets of Z. Observe that
Usj,, (tn + tO;n; tO;TLv uO, fi)
= Uy, (tn + 7fO;n; tn + 7fO;n - T, u(tn + tO;n - T7 tO;n7 U,O, f_)af_>
= Uo (tn + tO;n; tn + tO;n - T?j'ru u(tn + tO;n - T; tO;nvj’ru ’U,O(jn), f_)7f_>

> ug (tn + tonitn + tom — T,ﬁ”, f*) for n > 1.
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This together with (3.8]) and (3.12)) imply that
Us,, (tn + tO;n; tO;n; uO, fi) > ﬁ; (tn + tO;n) — €0

for n > 1, which contradicts to (3.7)). (1) is thus proved.
(2) First we prove that for any given v/ < ¢~ and u° € X7,

lim inf - . 1
Jminf (t+tosto,u’, f7) >0 (3.13)
For the given 4/ < ¢7, let T > 0 be as in Lemma Then we have v/ <

infysg W Note that from the proof of [I0, Lemma 3.2], we can get that
for given T > 0, there is G;(t) € W1>°(R) such that

essinfrer(GL(t) + s (£,0)) = |8uf (£,0) |7 Vi€ Z.

Call v;(t) = u; (t + tos to, u®, ) e (i € Z). Then v;(t) is absolutely continuous
in and differentiable in ¢ € R and satisfies

Bi(t) = i (t+ to; to, u®) e¥ D + Gl(t)u; (t + to; to, u®) eF®
V(1) + o1 (8) = 20i(8) + £ (tuq (4 tosto, u®, £7)) €D + Glt)vi(t)
Vi1 (t) + vi-1(t) — 20;(t)
i) (907 (8,0) = Mows (£ +tos to, w0, ) + Gi(1))
Vis (£) + vimy () — 205(t)
+u(t) (La £7(,0) |7 — Mou; (t +t0;t0,u0,f_))
Vi1 () + viey () — 20i(8) + vi(2) (ms £7(£,0) |7 — Moe™ Gt m(t))
> i1 (8) + vima(8) = 20(8) + vi(0) (1067 (6,0) )7 = Ww(8)) i € Z

where M = Mo sup; ez, ep e~ %®. By Lemmas [3.5 and m

liminf wv;(t) > 0.
i<~y't,t—o00

v

v

This implies (3.13)).
For any v < ¢, let v/ € (7,¢7). Then (3.13)) and (1) imply

lim inf (u; (¢ + to; to, u®) — @ (¢ + 1)) > 0.

i<~vt,t—o0
Thus ¢™ < ¢
Next we prove that for any v > ¢t and u° € X7,
limsup u;(t + to; to, u’) = 0. (3.14)
i>vt,t—o0

For the given v > ¢*, there is T' > 0 such that

[M]7(f":2)
v > lir;fo 3 . (3.15)
Then by [10, Lemma 3.2], there is G;(t) € W1*(R) such that
1 kT
—[0sfF(t,0)]7 = inf = (=05 f;7(7,0))dr = essinfyer(—G(t) — D f;7(t,0))

keZ T J -1y
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i € Z. Let 0;(t) = u; (t + to; to, u°) eGi®. By (H1), fi(t,u;) < Osf;t (t, 0)u;—1ngu?
for all 4 € Z. Then v;(t) is absolutely continuous in ¢ € R and satisfies

Bi(t) = i (t + to; to, u®)eCi V) + G ()i (t + to; to, u®)eC: (V)

= Tia () + B () — 26,(8) + fi (8, ws (£ + to;to, u®)) €S 4 5,(0) (1)

< Bipr () + Bior (8) — 26:(1) + B (t) (a 7 (1,0) = mous (£ + to; to, u) + ég(t))
< Bipr (t) + D1 () = 20:(8) 4+ 0;(2) ([0 £ (£, 0) 17 — oui(t + to; to, u’))

= By (t) + Ti1(t) — 20;(t) + Ti(t) ([8 £ (8,005 — 1ge™ G Ot ))

< Oig1 () + 0i—1(t) — 20;(t) + 0;(t) ([0 fi" (¢, 0)] 7 — d; ( )), i€

where m = Mg inf;ez ter e=Gi(t), By Lemma, and (3.15)),

This implies ([3.14). Hence ¢t > ¢Z,

limsup o;(t) = 0.
1>yt t—o00

- The proof of Theorem is now complete.
O
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