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TIME-PERIODIC STRONG SOLUTIONS OF THE 3D
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ABSTRACT. This article concerns the incompressible Navier-Stokes equations
with damping and homogeneous Dirichlet boundary conditions in 3D bounded
domains. We find conditions on parameters to guarantee that the problem
has a strong time-periodic solution and that the weak solutions of the problem
converge to a unique time-periodic solution as t — oo.

1. INTRODUCTION

In this article we consider the three-dimensional Navier-Stokes equations with
nonlinear damping
u + (u-V)u—vAu+alulflu = -Vp+ f, z€Q, t>0,
divu=0, z€Q,t>0,
u(z,t) =0, €9, t>0,
u(z,0) = up(x), x €L,

(1.1)

where v > 0,a > 0 and 3 > 1 are constants and f(z, ) is the external force.  C R?
is an open bounded set with the boundary 02 smooth enough. The unknown
functions u(z,t) and p(zx,t) are velocity and pressure of the flow, respectively.

For the case o = 0, the equations are the three-dimensional Navier-Stokes equa-
tions and the regularity and the uniqueness of weak solutions remain completely
open in spite of interests of many mathematicians.

For the case a > 0, the problem describes the flow with the resistance to the
motion such as porous media flow and drag or friction effects (see [3] and references
therein). From a mathematical viewpoint, can be viewed as a modification
of the classic Navier-Stokes equations with the regularizing term o|u|?~'u. So,
it is important to find the conditions on parameters to guarantee the regularity
properties and uniqueness of the weak solutions of .

For the case o > 0, problem has been studied in [3, [7, 8, 10, [IT]. In [3], it
was proved that the Cauchy problem in Q = R? has week solutions if 4 > 1 and
global strong solutions if 5 > 7/2 and the strong solution is unique if 5 > 5 > 7/2.
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In [I0], they proved for 3 > 3 that problem has a global strong solution and
the strong solution is unique when 5 > > 3. Later, in [I1], they proved that the
strong solution exists globally for 5 = 3 and & = v = 1 and the strong solution is
unique even among weak solutions in L°°(0,T; (L?(2))3) for 8 > 1. In [7, 8], the
existence of global attractor for the problem in bounded set Q C R? was proved
provided 5 > 8 > 7/2. However, the existence of global strong solutions was not
proved when 8 =3 and 1 > av > 0 if Q@ = R® and when 7/2 > 3 > 3 if Q C R?
is bounded. Also, for the problem , whether the weak solution, which is not
smooth, is unique or not is still open.

On the other hand, the time-periodic solutions of the Navier-Stokes equations
and variants of it have been studied by several authors (see e.g. [1l 2, 4,5l [6]). They
proved the existence of the time-periodic solutions of the Navier-Stokes equations
in an unbounded domain in [I] and [6], of the Euler-Voigt and Navier-Stokes-Voigt
models in [2] and of 2D stochastic Navier-Stokes equations in [4], and they proved
the uniqueness of the time-periodic solutions of the Navier-Stokes equations in [5]
under the some assumptions. However, it seems that there is no result for the
time-periodic solutions of (L.I)).

Motivated by the above work, we shall study the incompressible Navier-Stokes
Equations with damping and homogeneous Dirichlet boundary conditions in 3D
bounded domains. First, we are going to improve conditions on parameters to
guarantee global existence of strong solutions of as 3 =3, av > 1/4. Second,
we will prove that the problem has the strong T-periodic solutions provided 5 >
8>3, a>0o0r =3, av>1/4and f € Wli’f(O,oo;H) is T-periodic. Finally,
we find the conditions on parameters to guarantee that the weak solutions of the
problem converge to the unique T-periodic strong solution as t — cc.

We define the usual space

Vao := {v € (C§°(Q))3, divu = 0}.

Let H and V denote the closure of V, in the space (L?(£2))? and (Hg(9))?, respec-
tively. H and V are endowed, respectively, with the inner products

(u,v)z/u-vdm, Yu,v € H,
Q

((u,v)) = [ Vu-Vovdz, Vu,veV.
Q
Denote the dual space of V by V'’ and the norms in (L?(Q))3 by || - [|4(1 < ¢ < 00)
and || [[ = |- [l2-
A function u € L{2 (0, 00; H) N L2

loc loc

be a weak solution of (1.1)) if it satisfies

(0,00; V) N LITL(0, 00; (LAH1(€2))3) is said to
d -
%(uav)'i_y((u’v))+b<u7u7v)+a(|u‘ u,v) = (f,v),
Yo e VN (LPHQ)?, t>0 (1.2)
u(0) = uy,
where

b(u,v,w) = E?,jzl/ﬂuiaivjwj dz, 0;:=0/0x;.
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The weak formulation (|1.2)) is equivalent to the abstract equation

d
di;+uAu+B(u)+G(u) —Pf, t>0
u(0) = wuyg,

where Au = —PAu and P is the orthogonal projection of (L?(£2))% onto H, G(u) =
aP|u|?~tu and (B(u),w) = b(u,u,w)(see [§]). The existence of global weak solu-
tions of (L.1]) was proved when 8> 1, > 0,ug € H, and f € L2 (0, 00; (L?(2))?),

by Galerkin method(see [7, Theorem 1], [8, Theorem 2.1] and [3, Theorem 2.1]).
The weak solution obtained as the limit of Galerkin approximations is said to
be a G-weak solution.
We say that (u(z,t),p(x,t)) is a strong solution of , if u(z,t) is a weak
solution and u € L (0,00; V N (LA1(Q))3) N L2 (0, 00; D(A)). Now we state our

loc loc
main results as follows.

Theorem 1.1. Supposeug € V and f € VVI(I)CQ(O, o0; (L3(Q))3). Under the assump-
tions

1
5>0>3, a>0 or (=3, 041/>Z,

the G-weak solutions of (1.1)) are strong solutions.
Theorem 1.2. If

1
8>3, a>0 or =3 CU/ZZ,
then there is a constant § (not necessarily positive) such that

[u(t) = v(@®)]* < [luo — vol|* exp(~dt) (1.3)

for allt > 0 and for any ug,vg € H, where u and v are the G-weak solutions with
initial data ug,vg, respectively. Further, if 3 > 3,a > 0 and

(28— 4)*
(B-1)2=2"

then there is a § > 0, which satisfies (1.3)), where Ay is the first eigenvalue of the
Stokes operator A.

N30 (20)201 > (1.4)

Remark 1.3. We conclude that the G-weak solution of (1.1]) is unique under the
first condition of Theorem [[.2]

Note that Theorem [1.2)is independent of Theorem [I.1] but we have the following
combination of these two theorems.

Theorem 1.4. Suppose f € W,2(0, 005 (L2(Q))?) and f(-,t) = f(-,t+T) (vt > 0).
If

1
5>08>3, a>0 or (=3, az/>1,

then there exists a T-periodic strong solution of (1.1). Purther, if (1.4) is fulfilled,
the periodic solution of (L.1)) is unique and the weak solutions of (1.1 converge
exponentially to the periodic solution as t — o0.
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2. PROOF OF THE THEOREM [L.1]

The proof is based on some a priori estimations which we will obtain by standard
energy and Sobolev estimates. When 2 = R3, —Aw can be used as a test function
to get some regularity of weak solutions. But, it is not an allowed test function for
the Dirichlet boundary value problem. So, the relation

- _ g1 -
—(Jul’ " u, Au) = [[[ul P22 + == ||u TV |l

can not be used to obtain a regularity property, while it has been used well for the
Cauchy problem(see [3, [I1]). It is a difficulty for our case.

Suppose ug € V, f € ng(o, o0; (L2(Q))3) and 5> B> 3,a>0or f=3,av >
1/4. Let u be a G-weak solution o and fix 7' > 0.

Assuming that w is smooth, in (|1.2]), we replace v by Au, we have
(ur, Au) + v((u, Au)) + bu, u, Au) = —a(|ul®~u, Au) + (f(1), Au).

Since
1d

(ur, Au) = 5=

—Vull?, ((u, Aw)) = || Aul]?,

this relation can be written

B dt ||Vu||2 + v||Aul|? + b(u, u, Au) = —a(|ju|®~tu, Au) + (f(t), Au). (2.1)

Using
[b(u, u, Au)| < C||Vul[*/2|| Au|*/?

(see [9, (2.32)]) and Young’s inequality, we obtain

2 2
S IVl 4+ ] Au
< CIVal*2 | Aul? + aljul 5] Aul + | £(2) | Aul (22)
< 2wl + CITul + O ull3) + S 1F )

For the estimate of ||u||§§ recall that 5 > 8 > 3 and ||lu|%, < C||Vul|||Au|| (see [9)).
Thus we get that

[lu(t)] 25 7/ lu(x, )P~ u(z, t)|6 d
< C+ [lu()II35~°u()§
< C+ Cllu@®) |20 Vu(t)||° (2:3)
< C+ O Vu(t)[|P+?]| Au(t) |7
< O+ C|[Vu(t) PO ) 4 | Au()]”
Substituting (2.3))) into and putting ¢ := (8 +3)/(5 — 8)(> 3), we obtain
DI5ul + 2 Aul? < € + Ol + 2 ) (24

Momentarily, dropping the term v//2|| Au||?, we have a differential inequality,

V&) < C(CLFy1(8),y(t) = [Vu@)|?, C1:=C+ %Ogtlnglf(t)llz-



EJDE-2017/244 3D NAVIER-STOKES EQUATIONS WITH DAMPING 5

Here, we used f € C([0,T); (L*(Q))?), because f € Wb2(0,00; (L*(Q))?). The
differential inequality

d
7 <CH(E), z=1+4y, 2(0) =z :=1+]Vuo|”

has a solution defined on [0,7"], where

1
T/ - W > O- (2.5)
qzq
And by comparison, we have
%0 — 91/(a—1)
z(t) < — =2 20,
(1 — CqT’2d~ 1)1/ (=) (2.6)

IVu(®)? < 2@ D1 + | Vuol*), Vit € [0,T"].
Therefore, by (2.4) and (2.6)), we have

T/
sup [Vu(®)l* + [ [ Au(o)|Pde < Cal[ Vo). 1)
0<t<T’ 0
Thus, we proved the existence of local strong solutions to (1.1)).

Multiplying the first equation of (1.1) by w;, integrating the resulting equation
on €, and using Young’s inequality and [9] (2.32)], we have
vd © Ly
—— —||u
2 dt B+1dt" "BFT
= —((u- V)u,ue) + (f(t), ur)

luel® + 5 = [Vl +

< } 2 4 oVul3/2|| Au|M/2 2 (2:8)
< llel® + CIVul = Aull = lu] + £ @)
1
< Sl + CUVull® + | Aul® + [ £(O])-
Integrating over [0,7”] and considering (2.7)), it follows that
T/
/ lue()|[Pdt < Cs([[Vuo|*?). (2.9)
0
Therefore, there is a constant 0 < ¢; < T’ such that
C: _
lue(t2)]1 < ?‘f = 2Cq(1 + [[Vuo )7 Cs(||Vuo | *7) (2.10)

by ([£3) and (29).
Differentiating the first equation of (|1.1)) with respect to ¢ and taking the inner
product with u; in H, we obtain

1d

5 g el + vIVul® + a((ul = u)s u) = =((u- Ve, w) + (fult), ). (2.11)

Since
(" w), we) = (Jul” ug, ue) + i / M@_g@ |ul?|? dz
4 Q ot

> (Jul” u, wy),
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—((u-Vu)g,up) = —((ug - V)u, ug) — (u- Vg, ug)
= —((ue - V)u,ug) = ((ug - V)ug, u)
1

4e1v
1
(fesut) < EHutH2 + |1 fell?,

for any €; > 0, It follows that (2.11)) implies

< ew|[Vuell* + ||l ue |7,

5@”%”2 +v(1 = e)[[Vue|® + af [u] D 2wy )2
1 1 (2.12)
< @H\Ullutll\2 + el + 1 @)1
On the other hand, in (2.8)), we use
1
= (- V)u,ur) = ((u- Vug, u) < vel|Vue|* + —|lulls
Veg
to have
1 o vd 9 a d sy
sl + 5 SVl + 55 Sl
. (2.13)
< vea|| V|| + @IIUHZl +F@)I7,
for any ez > 0. Adding (2.12) and (2.13), we have
d 1 2,V 2 @ g1y, L 2
%(iHutH + §||VU|| + mHUHﬁH) + zHutH
_ 1
+u(l =61 — )| Vug|® + af [u] D uy | — @IIIUHWIII2 (2.14)

< el + IFOI + 101
<O+ 5D + 1O + 1A

Suppose 3 = 3 and av > 1/4. Then we choose constants €; > 0 and e > 0 which
satisfy

1>¢ >0, a-—

>0, 1—€ —ey>0.
€1V

If B > 3 and a > 0, there are constants €; > 0, €2 > 0 and v > 0 which satisfy
1>61>0,1—€1—62>0a1’1d

« _ _ 1
S22 = e < @l P2 a2 = = ]

As above, substituting €; > 0, e > 0 and v > 0 in (2.14]), we obtain

2,V 2 a B+1
GGl + ZIvul® + 25 1)

< OO+ [lullghy) +Auel® + L O1 + 1£: 011,

for any t; <t <T. Applying Gronwall’s lemma into (2.15) and dropping unneces-
sary terms, we have

IVa()?* < C(T)(lu(t) I + IValt) 1 + fult) |55

(2.15)
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r 2 2
+ / UFOI + 1 £0)]12)de),

for any t; <t < T. Thus using (2.6), (2.10) and ||u|g+1 < C||Vul|, we can show
that

sup IIVU(f)H2SC’(T)(lJrIIVuoH“q“’_”Jr/0 (LF@OI + Lfe)1*)dt). (2.16)

T/ <t<T

From this and (2.6)), we deduce that ||Vu(t)| is bounded on [0,7]. Therefore,
integrating (2.4) over [0, 7], we have u € L>(0,T;V)NL?*(0,T; D(A)), and thus we
have u € LS (0,00; V N (LAH(Q))3) N L2 (0, 00; D(A)). This completes the proof.

loc loc
3. PROOF OF THE THEOREM [I.2]
First, we introduce the elementary inequality which will be used later.
Lemma 3.1. For any z,y € RY and 3 > 1, the inequality
(2P~ = ) (=) 2 S0P+ P Dl -y @)
holds and the coefficient 1/2 is the best.
Proof. Let x,5y € RN and 3 > 1. Then it follows that
0< (Jel”=t = JyP Y (2 = [yl?) = el + Jy P = [a Py P = [y,
e 7/ 7 o
Adding this to |z[?+! + |y|#*+ — 2(|2|°~1 + |y|®*~ 1)z - y, we obtain
2(J2[7 e — |y1Pty) - (@ —y) = 2027+ 20y = 2(2 T+ yl T ey
B o e e o (71l 7 et
= (|2t + [yl7 e -yl

Therefore, we have (3.1). The coefficient 1/2 is the best since the equality is fulfilled
in (3.1) if z = —y or x = y. Then proof is complete. O

Lemma 3.2. Let A\, v, be positive and 3 > 3. If

_ _ 20 — 4)26-4
/\f 3042(21/)% ‘> ((5_ 1))262 )

then there are 6 > 0 and 1 > € > 0 such that

(3.2)

2vA1(1 =€) +aljul™ + [P = —(jul* + [vf*) > 4,

1
—(
4ve
for any u,v € RV,

Proof. Let @ > 0,v > 0 and € > 0. Suppose § > 3 and consider the function

_ _ 1
g(x,y) = 2vA1 (1 = €) + a(z P72 4 O=D/2) — E(ﬂﬁ +y).

The minimum of g(z,y) in {(x,y) € R? : x > 0,y > 0} attains at
(w0, 90) = ((2vea(B — 1))=Y, (2uea(s — 1))~/ O=9).
Further, it is satisfied that
9(50,50) = 20A1 (1 — €) — (8 — 3o~/ =9 (2w — 1))~ 1/8-9),
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Find 1 > ¢ > 0 which fulfills
2w (1 =€) > (8 —3)a"2 =3 (2ue(f — 1))~ -1/ (B=3),

This is equivalent to

_ 3)8-3
B-3 2 28—4 B-3 _B—1 (5 3)
The maximum of (1 —¢€)?3ef~1in 0 <e<1is
(6-3)F3(B-1)"
RF—apr
Substituting this into (3.3]), we have (3.2). If 8 = 3, (3.2) is equivalent to av > 1/4.
The proof is complete. O

Proof of Theorem[I.3. Suppose 3 > 3 and « > 0, or 3 = 3 and av > 1/4. Denote
u and v be the G-weak solutions with initial data ug,vy9 € H, respectively. Fix
T > 0. Let um,(m > 1) and v, (n > 1) be subsequences of Galerkin approximations
of u and v of (L.1)), respectively, which satisfy the conditions

Um — u  weakly in L?(0,T;V) and strongly in L*(0,T; H), as m — 0o
vp — v weakly in L?(0,T;V) and strongly in L?(0,T; H) as n — oo,
(see [3,[7]). Denote wyy, », = ty, — vy,. Using the inequality (3.1) and

((um : V)umvwm,n) - ((vn : V)Unvwm,n) = _((wm,n . v)wm,n;um)v
we get
1d 9 9
§£menll + V[|[Vwm |

= _a(|um|ﬁ71um - ‘Un|ﬁ71vnaum - Un) - ((um : V)um, wm,n)
+ ((Un : V)Un, wm,n)

«
<-3 / (] =" 4 0?1 [ [ der + / [l | Vit ol d (3-4)
Q Q

« _ _
= 2 / (|um|ﬁ '+ |Un|/8 1)|wm,n|2 dx + V€‘|V7~Um,n‘|2
Q

1
b [ Pl dz,
Ve Jqo

for ¢t > 0, where 0 < € < 1. Changing the order of u,, and v,,, we have
1d
2 dt
e
<=5 [ Gl foul? Dl di + el T (3.5)
Q
e [ 0Pl dz,
4ve e ’

Adding (3.4) and (3.5) and using A1 ||wm . |* < |[Vwm.n

||wm,n||2 + V”Vwm,n”2

|2, it follows that

2+ 22101 = €)|[wm,nll?

%”wm,n

(3.6)
2 dz.

- _ 1
< [ t=allenl + foul? ) + ol + 00D
Q ve
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Suppose 8 > 3 and o > 0, or § = 3 and av > i. Then there are constants
(not necessarily positive) and € € (0, 1] such that

D (1 = )+ a7 ol = (ol + e 25 (37)
Therefore, from , and Gronwall’s lemma we have
[ (D1 < Jlwm,n (0)Pe™?, vt € [0,T]. (3.8)
Passing to m,n — oo in implies
lu(t) = v(®)]I* < lluo — vol*e™*, ¢ > 0, (3.9)

for almost all t € [0,T]. If we redefine u(t) on a set of measure zero so that
they continuous in [0,77], (29) is fulfilled for all ¢ € [0,7] and for all ¢ > 0 from
arbitrariness of T > 0. The proof is complete. O

Remark 3.3. Since the weak solution u of (I.1)) is in L>(0,T; H) N L?(0,T;V) N
LAHY0,T; (LA (Q))3), |Buly: € L*0,T) and |Guly: € LPHYD/B(0,T), du/dt be-
longs to only L(#*+D/8(0,T;V'). Thus, we can not know whether the formula
du(t) 1d 9
t)viv ==-— t
(@40 v = 2L o)
is true or false, while the formula is true if du/dt € L2(0,T; V') and u € L?(0,T;V).

So, for general weak solutions, we can not know whether the formula (29) is true
or false.

4. PROOF OF THEOREM [I.4]
Suppose the assumptions of Theorem are fulfilled. Denote

F = £l 0,702 0)8)-
Let S be the mapping defined by
(Suo)(z) := u(z, T; uo),
where u(x,t;up) is the unique G-weak solution of with initial data ug € H
(see Remark [L.3). Denote
F
Let ugp € X. Multiplying the first equation of by u, integrating the resulting
equation on 2, we have
1d

AV 1
2 2 B+1 1 2 2
S lll? + oIVl a3 < Al + SO @)

X = {’LLO € H: ||u0H2 <Cy:=

Dropping the term aHquﬁ, considering A1 [|u||? < ||Vu||? and applying Gronwall’s

lemma, we have
F
lu@®)|? < em luo|® + ——, vt €[0,T]. (4.2)
>\1V
Therefore, ||u(T;up)||* < Cy if ||Jup|/?> < Cy. That is, SX C X.
Assuming [Jug]|> < Cj, integrating (4.1)) over [0,T] and substituting (31), it
follows that

MCyT F
% 2205.

T
2
<
/O IVu(t)|2dt < + i3
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This implies that there is a time ¢y € (0,7T) satisfying

C
IVuto) [Pdt < =2 (4.3)

The inequality (2.16)), with ¢ = 0 is replaced by ¢ = ¢, gives us
IVu(T)|]* < C(T) (1 + || Vulto) |V + F)

< oM+ (S 4 ).

Therefore, SX is precompact in H.

The continuity of S : X — X follows from Theorem It is clear that X
is a closed, bounded, and convex set in H. Since S : X — X is a compact and
continuous mapping, from Schauder’s fixed point theorem we know that S has a
fixed point in X. Thus there is a up € X such that u(T;ug) = ug. Further, from
Theorem and up = u(T;up) € V, we know that the periodic G-weak solutions
are the periodic strong solutions.

Suppose is fulfilled. Since the weak solution u belongs to C'((0,T]; H) for
any T > 0, it follows that there is a constant § > 0 such that

[u(t) = v(®)]1* < [lu(s) — v(s)[* exp(=d(t — 5))
for any t > s > 0 and the weak solutions u and v by (3.9). Then the last part of
the Theorem is proved, and proof is complete.
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