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EXISTENCE OF SOLUTIONS FOR A BVP OF A SECOND
ORDER FDE AT RESONANCE BY USING KRASNOSELSKII’S
FIXED POINT THEOREM ON CONES IN THE £! SPACE

GEORGE L. KARAKOSTAS, KONSTANTINA G. PALASKA

ABSTRACT. We provide sufficient conditions for the existence of positive solu-
tions of a nonlocal boundary value problem at resonance concerning a second
order functional differential equation. The method is developed by inserting
an exponential factor which depends on a suitable positive parameter A\. By
this way a Green’s kernel can be established and the problem is transformed
into an operator equation u = Thu. As it can be shown the well known Kras-
noselskii’s fixed point theorem on cones in the Banach space C0,1] cannot
be applied. More exactly, there is no (positive) value of the parameter A for
which the condensing property ||Thul| < ||lu||, with ||u|| = p(> 0) is satisfied.
To overcome this fact we enlarge the space C[0, 1] and work in £1[0, 1] where,
now, Krasnoselskii’s fixed point theorem is applicable. Compactness criteria
in this space are, certainly, needed.

1. INTRODUCTION

Let p be a function defined on the set [0,1] x £[0,1] into the positive real
numbers. In this paper we are dealing with the existence of positive solutions of a
boundary-value problem concerning a second order functional differential equation
of the form

(Lu)(t) :=u"(t) = —p(t,u)u(t), a.a. te0,1]=:1, u(0)=0 (1.1)

under the boundary value condition

(Tw) :=/'(1) —/0 o' (r)dg(r) =0, (1.2)

where ¢ is a nondecreasing function such that

1
/ dg(s) = 1. (1.3)
0
Under this condition we observe that

ker(L) C ker(T).
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Hence no Green’s function can directly be computed. (The latter means that any
(nontrivial) solution u(t) = kt of the problem u” = 0, u(0) = 0 satisfies the bound-
ary conditions.) Thus the problem is at resonance. In the literature such problems
are approached in several ways. The more classical one is to decompose the space
we work in the form of a direct sum of subspaces, one of which is ker(L) and then
to work with the corresponding projections on these spaces. For this method, and
for another search on boundary value problems at resonance, one can consult, for
instance, [20, B2 38, [40] and the references therein. In several works one can see
the application of the so called coincidence degree theory of Mawhin [32] B3] [36],
where the key tool is the following fact:

Let A be the one-dimensional space of linear functions y.(t) = ct, t € I, with
¢ € Randlet J: A — R be the natural isomorphism J(y.) = ¢. Then for each
open and bounded subset U of A with 0 € U, it holds

deg(J,U,0) = signJ(yc):OJ'(yc) = signJ’(0) # 0.

Another interesting way of investigation of such problems, is by a regularization
process based on variational methods, see, e.g, [3, [, 16} 20, 24] 25] 37, 39].

Nonlocal boundary value problems for ordinary differential equations arise in
several branches of applied mathematics and physics. The study of such problems
with linear and nonlinear ordinary differential equations was, mainly, initiated in [7]
12,13, [15, 18]. The methods used therein is based on Leray - Schauder continuation
theorem, nonlinear alternatives of Leray - Schauder, coincidence degree theory and
some fixed point theorems, see, e.g., [1I [2, [6l [[7] and references therein.

In this paper we suggest a new method relying on a transformation of the orig-
inal equation by using an additive factor of the form e*, for a suitable positive
parameter A. The idea was established in a boundary value problem discussed in
[19], (where in Assumption (H1) one can get p = A — A and ¢ = 0.) The result-
ing equation for some specific values of the parameter may permit us to obtain a
Green’s function and then apply the well known Krasnoselskii’s fixed point theorem
on cones, [31], which states as follows.

Theorem 1.1. Let B be a Banach space and let K be a cone in B. Assume that
Q1 and Qs are open subsets of B, with 0 € Q1 C Qy C Qs, and let

A KN (Q\ Q) — K
be a completely continuous operator such that either
|Au|| < ||ull, we KNI and ||Au| > |jull, ue NNy,

or
JAul| > ul, weKnNdQ and ||Au| < |ul, u€ KNIy

Then A has a fized point in KN (Q2 \ Q).

Here we shall apply Theorem on the Banach space £!(I) and to the best
of our knowledge, it is the first paper where a space different than C(I) is used.
The actual reason to apply such an idea is written in the footnote of Theorem [3.7]
Therefore here we have to spend more space of the paper on notions concerning
some topological means (such as closedness and compactness) of £!(I).

Recall that an operator A : X — Y is completely continuous if it is continuous
and maps bounded sets into precompact sets. A set is precompact if its closure is
compact.
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Let us agree on the motation we shall use here.

Let R be the real line with norm | -| and R* the set of nonnegative reals. In this
work we shall work in two Banach spaces:

The space C(I) of all continuous functions = : I — R with norm || - ||sup, and its
superspace £(I) with norm || - || z1. It is known that it holds

[ullzr < flullsup,

for any w € C(I). We shall denote by C4(I) the set of nonnegative functions
u € C(I) and by £, (I) the set of all u € £L1(I) with u(t) > 0, a.e. in I.

Our first essential step is to reformulate the boundary value problem into a fixed
point problem of an operator acting on the space £(I), thus the fixed point u of
the operator will be a function in this space. However, as it is shown, any fixed
point w of this operator is a solution of the boundary value problem, thus « must
solve the original differential equation , namely it is a differentiable function.
At least u is an element of the space C(I).

Since we use compactness in the £'-sense, we need to recall the classical well
known Kolmogorov - Riesz - Fréchet Compactness Theorem, (see, e.g. the book by
Brezis [8, p. 111], or a recent article [I4, Theorem 5 and Cor. 8]) which reads as
follows: (Notice that a set in a semimetric space is compact if it closed and totally
bounded.)

Theorem 1.2 (Kolmogorov - Riesz - Fréchet). Let 1 < p < 4+o00. A subset F of
LP(R™) is totally bounded if and only if

(i) F is bounded,
(ii) for every € > 0 there is some R such that for every f € F it holds

/ (@) Pde < e,
|z|>R

(iii) the family F is equicontinuous in mean, in the sense that for every ¢ > 0
there is some p > 0 so that, for every f € F and y € R™, with |y| < p it
holds

1£C+0 =10l = [ [ 1@+ - f@yras] <

We shall apply this theorem adjusted to £!(I), where, clearly, condition (ii) is
satisfied. (Extend any u € £1(I) to L}(R), by setting u(s) = 0 for s € R\ I).

Problem (L.I)-(T.2) is a nonlocal boundary value problem which includes as
special cases multipoint boundary value problems considered by several authors
during the previous decade. More details about this problem can be found e.g.
in the papers [26] 27, 28] 29] [30] and into their references. Moreover due to the
functional dependence of p on u, the equation can have an integro-differential form,
or generally, a functional-differential form. In the literature one can see a lot of
works concerning boundary value problems with delay or functional dependence,
of first, second or third order, see, e.g., [0, 10, 23] 2T, 22| 41] and the references
therein.

The paper is organized as follows: In Section 2 we present the conditions satisfied
by the functions g and p. Then we reformulate the boundary value problem and
built an integral operator equation equivalent to the problem. The main result is
given in the end of Section 3, but first we give several auxiliary lemmas concerning
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properties of the kernel and refer to some (known) topological properties of the
space L£!(I). The paper closes with a simple application of the existence result.

2. CONDITIONS AND REFORMULATION OF THE BVP PROBLEM

Before we present our conditions, we make the following convention: Assume
that X,Y are two normed spaces with norms || - ||x, || - ||y respectively. Then, the
phrase J is [|| - ||x — || - ||y ]-continuous will be used to emphasize the continuity of
a function J : X — Y. To proceed we need to present our basic conditions:

Hypothesis 2.1. The function g satisfies (1.3]), as well as the following: There are
71,72, 73 € (0,1) with 7 < 75 < 73 and 72 + 73 < 1, such that

0=yg(m) <g(r) <g(ms) <g(1) = 1.
Example 2.2. The function g defined by

1 2
9(s) = £x12.)(8) + £x12.3)(8) + x2.1(8),

satisfies Hypothesis with 7 = %07 Ty = % and 73 := %

Note that Hypothesis implies the following useful inequality:

- [ rtao) = [0 gy = [Cas i

> (1= 73)(g(7s) — g(72)) > 0.

As we said in the beginning, the function p maps the set I x £(I) into the positive
real numbers. Assume that p(¢,0) = 0, for all ¢ € I and moreover it satisfies the
following conditions:

Hypothesis 2.3. p(-,u) is continuous in ¢ € I for all uw and p(¢,-) is || - ||z1 1 — | - |]-
continuous uniformly for all t.

Hypothesis 2.4. The mapping u — p(t,u) : L1(I) — [0, +00) sends bounded sets
into bounded sets, uniformly for ¢t € I.

Hypothesis 2.5. There exists an interval (a, §) C [12, 73] with the following prop-
erties: Given any R > 0 there is some N > 0 such that for any v € £, (I) with
u(s) > N, for a.a. s € [r2, 73], it holds p(¢t,u) > R, for all ¢ € [a, §].

Because of Hypothesis the dependence of p on the argument u cannot be
point-wise. Our requirement is that p depends on the values of u at least on an
open subinterval of [12,73]. Thus its dependence would be, for example, through
an integral. Here is such an example (which will be used in an application given at
the end of this paper):

Example 2.6. Consider the function

p(t,u) == (1 —|—t)/0 a(t, s)u(s)ds,

where a(t, s) is continuous in ¢,s € I. If there is a constant k; such that 0 < k; <

a(t, s), then p satisfies the Conditions
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Proof. Hypothesis [2.3]is obvious. Hypothesis [2.4] follows from the fact that
p(t,w) < 2ks|lull 1),

where ko := max; sera(t,s). Now choose an open interval («,3) C [r2, 73] by
taking, for instance, the constants
2 1 1 2
o= 37'2 + 57'3 and (:= 7'2 + 37’3 (2.2)

Then Hypothesis is implied by the inequality
«

p(t,u) > (1+ t)kl/ u(s)ds > ki1N(a—13) = éklN(Tg —12) > R.
D

The last inequality holds if we choose N > 3R/k1 (715 — 72). O

Next we proceed to the formulation of the problem. We shall elaborate a little
on the equation and the boundary conditions, in order to built an integral form of
the problem.

Fix a positive parameter A, which will be defined later in Section 3, and consider
the auxiliary equation

u'(t) + M (t) = M (t) — p(t,w)u(t), a.a. tel0,1],

associated with the initial value u(0) = 0 and the boundary value condition (|1.3)).
Multiple both sides with e* and integrate to obtain

t
u (t) — du(t) = e M/ (0) — 67”/ e F(s,u)ds,
0
where F' is the function

F(s,u) := XNu(s) + p(s, u)u(s). (2.3)

(According to Hypothesis the function F' is integrable.) Again, multiplying
both sides with e~ and integrating we get

/ t r
u(t) = 4 /(\0) sinh(At) — / eMt=2m) / e F(s,u)ds dr.
0 0

From this it follows that
t T t
u'(t) = u'(0) cosh(\t) — )\/ eMt=27) / M F(s,u)dsdr —e M / e F(s,u)ds.
0 0 0

To eliminate the factor w’(0) we use ([1.2)). Thus we must have

1
u'(0) cosh(A )\/ M- 2”/ M F (s, u) dsdr—e_’\/ e F(s,u)ds
0
:u’(O)/ cosh(At)dg(t) / / Alt= 2T/ e F(s,u)ds drdg(t) (2.4)

/ / e F(s,u) dsdg(t)

Next, we apply Fubini’s theorem and get the following;:

1 T 1
/\/ eM1=2r) / e F(s,u)dsdr = / sinh(A(1 — s))F(s,u)ds,
0 0 0
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1 t T
)\/ / eMt=2r) / e F(s,u) ds dr dg(t)
o Jo 0

_ /O 1 /O Sinh(M(t — $))F (s, w) ds dg(t)
- /O 1 / b\ — 5))dg(r)F (s, u)ds,

/Ole—xr /Orexsp(s,u) dsdg(r):/ol(/Sle—/\(r—s)dg(r))F(s’u)ds’

Hence ([2.4) gives
1 1
u' (0) = /h s)F(s,u)ds,
0= 45 [ mOFE

where the function A is defined by

ha(s) := cosh(A(1 —s)) — / cosh(A(r — s))dg(r), sel.

Therefore the solution w satisfies the integral equation

1 1 t r

u(t) = sinh(At) [ ha(s)F(s,u)ds — / / AT B (s 0) ds dr,
Ahx (0) 0 0 Jo

which can be written as

1
u(t) :/ Ga(t,s)F(s,u)ds, (2.5)
0
where the (one parameter) Green’s function G, is defined by

inh(A L.
S/\hA((OI;) ha(s) = 5 sinh(A(t = 8))x[0.(5):

Function h) plays an important role in all the sequel. Here we must notice that,
due to Hypothesis it holds dg(s) = 0 for all s near zero. Hence, in such a
neighborhood, hy can be differentiated:

Ga(t,s) ==

R\ (s) = —Asinh(A(1 — s)) + )\/ sinh(A(r — 8))dg(r), s € (0,m1). (2.6)

Claim: Function h) is positive and it stays away form zero.
To prove it observe that for all s € [0,1] it holds

hx(s) = cosh(A(1 —s)) — / cosh(A(r — s))dg(r)

1
= cosh(A(1 — s))g(s) + / [cosh(A(1 — s)) — cosh(A(r — s))]dg(r).

Let s < 75. Then we have

ha(s) > / [cosh(A(1 — s)) — cosh(A(r — s))]dg(r)

> /TS [cosh(A(1 — s)) — cosh(A(r — s))]dg(r) (2.7)

T2

> [cosh(A(1 — 72)) — cosh(A73)](g(T3) — g(72)).
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Also, for s > 179 we have
hx(s) > cosh(A(1 — s))g(s) > g(m2).
Hence for all s € [0,1] we have
b < ha(s) < cosh(N),
where b is the real number given by
b := min{g(72), [cosh((A(1 — 72)) — cosh(A73)][g(73) — g(72)]}, (2.8)

which is positive, and the Claim is proved.

Now we need to give some properties of G. Clearly, for s > ¢ it becomes

_sinh(\t)
G)\(tas) - )\h)\(O) h)x(s)
and for s <'t,
Gi(t,s) = )\hi(O) [sinh(At)ha(s) — ha(0) sinh(A(t — s))]. (2.9)

We rewrite the quantity in the brackets as
sinh(At) [ cosh(A(L — s)) — / " cosh(\(r — $))dg(r)]
~ [eosh()) — /0 " cosh(Ar)dg(r)] sinh(A(t — 5))
— sinh(M) cosh(A(1 — s)) — cosh(A) sith(A(t — s))

+ /s [sinh()\(t — 8)) cosh(Ar) — sinh(At) cosh(A(r — s))} dg(r)

+ sinh(A(t — s)) / cosh(Ar)dg(r)
0
_ i[(e)\t LAY (A1) 4 oMY (A g o) (A7) L oAU

1 ! —s —A(t—s r —Ar
+Z/ [[(e/\(t ) — e A (AT o emA)

— (M — e M) (M) 4 e’/\(r’s))} dg(r) + sinh(A\(t — 5))/ cosh(Ar)dg(r)
0
which is equal to

sinh(As) cosh(A(1 — t))g(s) + /OS sinh(A(t — s)) cosh(Ar)dg(r)

1
+ / sinh(As)[cosh((A(1 — t)) — cosh(A(r — t))]dg(r).

Therefore the Green’s function, for s < ¢, becomes
GA (tv 5)

i (0) {sinh()\s) cosh(A\(1 —¢))g(s) + /05 sinh(A(t — s)) cosh(Ar)dg(r)

+ / sinh(As)[cosh((A(1 —t)) — cosh(A(r — t))]dg(r)]

(2.10)
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The previous presentation idicates that the Green’s function is strictly positive for
all t,s € (0,1].

Lemma 2.7. Let Ty be the operator defined on the space L1(I) by
(Thu)(t / Ga(t,s)F(s,u)ds. (2.11)

Then a function u € LY (I) solves problem (L.1))-(1.3)) if and only if it is (a differ-
entiable function which is) a fized point of the operator equation u = Thu.

Proof. The “if” part was proved in the lines above. To show the “only if” part,
write w = Thu in the form (2.5). Then observe first that (Th\u)(0) = 0 and u is
differentiable, satisfying

1 t
u'(t) = M/ ha(s)F(s,u)ds —/ cosh(A(t — 8))F(s,u)ds.
ha(0)  Jo 0
This formula implies that u is a C? function. For ¢ = 0, we have
1 1
= —— hx(s)F(s,u)ds, 2.12
), EFew (212)
and so u satisfies
t
u'(t) = cosh(At)u'(0) — / cosh(A(t — s))F(s,u)ds.
0
This gives
t
u'(t) — Mu(t) = e M/ (0) — / e M) B(s u)ds,
0
and so .
M (t) — du(t)] = o/ (0) — / e (N2u(s) 4 p(s, u)u(s))ds.
0

By differentiation we see that u solves equation (L.1]).
To show that condition in ([1.2)) is satisfied, we must prove that it holds

1
cosh(A)u'(0) — / cosh(A(1 — 5))F(s,u)ds

:u’(O)/Olcosh Ar)dg(r / / cosh(A(r — $))F (s, u) ds dg(r).

This relation is equivalent to
1
u' (0)hx(0) = u'(0)[cosh(N) — /0 cosh(Ar)dg(r)]
= /0 cosh(A(1 — s))F(s,u)ds — /0 /o cosh(A(r — s))F(s,u) ds dg(r)
:/0 cosh(A\(1 — s))F(s,u)ds —/0 /S cosh(A(r — s))dg(r)F(s,u)ds

= / [cosh(A(1 —s)) — / cosh(A\(r — s))dg(r)|F(s,u)ds.
namely - Thus is true. (I



EJDE-2018/30 EXISTENCE OF SOLUTIONS FOR A BVP 9

3. MAIN RESULTS

From now on we shall assume that the parameter A satisfies the following con-
dition:

Hypothesis 3.1. There exist positive real numbers A, o, § such that

1
A2 sup/ Gi(t,s)dt <o <1, (3.1)

sel Jo
inf Py(t) >8>0, (3.2)

where the function P is defined by

Py(t) := cosh(A(1 —t)) — /0 cosh(A(r —t))dg(r). (3.3)

For instance the function g defined in Example satisfies Hypothesis for
all A € (0,0.85] and «, 3 defined, for example, as in (This fact can be justified
by applying a standard numerical process). With A\ = 0.85, the constant ¢ can take
any value in the interval (0,0.78]. From now on we shall use such a A.

Lemma 3.2. For each t > 0 it holds
lim G)\(t,s) _ P)\(t).
s—0 G)\(S, S) h)\(O)
Proof. Fix any t € I. Since G,(t,0) = 0 = G»(0,0) we shall apply L’ Hospital’s

rule to find the desired limit To this end we need to know the limit of LG (¢, s)
as s — 0. First we observe that for all s € (0, 7] it holds

é [/51 cosh(A(r — s)dgr — /1 cosh()\r)dg(r)]

0

(3.4)

= 1[/01[cosh()\(r — s)dgr — /01 cosh()\r)]dg(r)}

S

1
— f)\/o sinh(Ar)dg(r),

as s — 0. Hence we have
1

(iGA(t,O):ml(o)({sinh()\t)(—sinh()\)+ 0 smh(xr)dg(r))}
+ [cosh()\) —/0 cosh()\r)dg(r)} cosh()\t))
_ B
ha(0)

where Py is defined in relation (3.3)). On the other hand it holds
_cosh(As)ha(s) | sinh(\s)
s=0 h(0) ha(0)A

+ A /81 sinh(A(r — 5))dg(r)]

(Here we took into account relation (2.6]).) These two relations imply the result. O

d
gG(s,s)

[_ Asinh(A(1 — s))

=1.
s=0
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Lemma 3.3. There exists a positive constant p, such that

uG(s,8) < Ga(t,s), s€0,1], a<t<g. (3.5)
Proof. From Lemma [3.2] and the inequality
) 1) P,\(t)

0 < Seoshy) = 20 (0) = 7n(0)°

we conclude that there is s; € (0, 7] such that
QCojh(/\) =i o < g;\giga

Now, fix any ¢ € [a, 8] and take into account (3.2). Let s > s;. If s > ¢, it holds

Ga(t,s) _ sinh(At) S sinh(Aa)

Gx(s,s) sinh(As) — sinh(})
Let 51 < s <t If s <7y, then from we see that

Ga(t,s)

1 - 1
> N (0) /S sinh(As)[cosh(A(1 — ¢)) — cosh(A(r — t))]dg(r)]

1o [
N (0) _/T2 sinh(Asy)[cosh(A(1 —t)) — cosh(A(r — t))]dg(r)}

> /\hi(O) :sinh()\sl)[cosh()\(l —73)) — cosh(A(r3 — 72))]} (g(13) — g(m2)).

The quantity in the brackets is strictly positive.
If 5 < s <t, again, from (2.10) we get

s€[0,s1], te€l, 0]

%

1 1
Gi(t,s) > RO) sinh(As) cosh(A(1 — t))g(s) > Xcosh(N) sinh(A12)g(72).
Finally, if ¢ < s then
sinh(At) sinh(Aa)
Gy(t,s) = ———=h > Y ),
M) =5 0 M) 2 Xy
From the previous arguments and the fact that, for all s € I, it holds
1 ) sinh(\) sinh(2\)
Gi(s,s) = h(As)h < h(\) < ————=
A(s, 8) RO) sinh(As)hy(s) < RO) cosh(\) < D
we, finally, conclude that
. G}\ (t, 8)
min =
tefa,Bl,sel GA(s,8)
exists and it is a positive real number. The proof is complete. [

Lemma 3.4. There exists a positive constant M, such that
G)\(tvs) SMG)\(575)7 st e [071]
Proof. From relation (3.4]) and the fact that

Py (1) < cosh(\)
RO
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it follows that there is a certain sy € (0, 1), such that
Ga(t, s) < 2 cosh(\)
Ga(s,s) — b

Also, for all s € [s2,t] we have

s€[0,s9], tel.

Gi(t,s) < sinh(At) < sinh(\)
Gx(s,s) ~ sinh(As) — sinh(Asy)’
and for s > t,
Gi(t,s) _ sinh(At) < sinh(\t) _1
Ga(s,s)  sinh(As) — sinh(At) '
Now set
2cosh(A) sinh(A 2cosh(A) sinh(A
M= max{ b ( )’ sinh(/(\si) 1} = max{ b ( )’ Sinh(isi) b
and the proof is complete. O
Lemma 3.5. The operator T, defined in , is completely continuous, i.e., it
is [|| - llzr = || - || z1]-continuous and it maps bounded subsets of L1(I) into totally

bounded sets of L1(I).

Proof. To prove the continuity of Ty consider a sequence (u, ) and a function v € £,
such that || - || z1-lim u, = v. We observe that

T, — To|| 21

_ /01 /01 G,\(t,s)F(s,un)dsdt—/Ol /01 Gt ) F (s, v) ds dt
_ /0 ' /0 Gt 8) [F(s.m) — F(s,0)] ds
1 1

_ / ( / Gl 5)dt) [F(s,un) — F(s,0)]ds

0 0

< /01 (/01 G (t,$)dt) [P (s, 1,) — (s, v)]ds
< sup (/01 G;(t,s)dt) /01 |F'(s,un) — F(s,v)|ds

sel
o
< 2 ()\2Hun — |21 +sup [p(s, un) — p(8, v)|||tnl| 21 + sup p(s, v)||u, — va).
sel sel

This quantity converges to 0.

To prove the totally boundedness step, we shall apply Theorem [1.2] So let F
be a bounded subset of £1(I). This guarantees the existence of some x > 0 such
that ||ul/z1 < K, for all u € F. According to Hypothesis to this constant there
corresponds a certain N, > 0 such that

Ip(s,u)] < N,;, se€l, uelF. (3.6)

Then we have

1, 1
17| o1 :/ ’/ GA(t,s)F(s,u)ds)dt
o 'Jo

< /01 (/01 GA(t7s)dt>|F(s,u)|ds
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< ileu[) (/01 G)\(t7s)dt) /01 |F(s,u)|ds
< sup (/01 G,\(t,s)dt) /01()\2 + p(s,u))|u(s)|ds

sel
g
S F()\z + N,.;,)/f

which means that the image T)(F) of F is bounded.
Next take any w € F, t € [0,1) and 1 > 0 such that t + n € I. Then we have

I(Tou) (- 4+ m) = (Tau) () 2

- /0 [(Taw)(t +n) — (Thu)(t)|dt

< /01]/01[@@%,5) —G,\(t,s)]‘|F(s,u)|dsdt.

Write the second integral in the form

t t+n 1
Ll
0 t t+n

and one can easily see that it is smaller than or equal to the quantity

[cosh()\)(coszl(/\) +1)+ %sinh(/\)} 7.

Therefore, taking into account relation ([3.6)), we get
[(Tau) (- +n) = (Tau) ()l 1

h(A 1
< [cosh(/\)(cosb( ) 1)+ Xsmh(x)} (A2 + N,.)kn.
The same holds for any ¢ € (0,1] and n < 0 with ¢ + € I. Therefore the family
T, F is equicontinuous in mean. This completes the proof of the lemma. [l

Before giving the main existence theorem, we need to define the set
Ki={ue L (I):u(t) > %Huﬂﬁl,a.a. t € [o, B},
where the constants p, M are given in Lemmas and
Lemma 3.6. The set K is a cone in L1(I).

Proof. We have to show that K is a subset of the Banach space £1(I) and it satisfies
the properties:

(a) If u € K, then ku € K for any real number k& > 0.
(b) If u,v € K, then u+v € K.

(¢) If both uw and —u belong to K, then u = 0.

(d) Tt is a closed subset of L([).

The first algebraic properties (a), (b), (c) are obvious. So we have to prove that
is closed. To this end we assume that (u,) is a sequence in K converging to some
v € LY(I) in the || - || 1~ norm, namely such that lim ||u, — v||z1 = 0. We have to
show that v is a point in K.

Although, from the classical analysis it is known that £!-convergence implies the
existence of a subsequence (uy, ) converging to v pointwise, almost everywhere in
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1, for completeness of this paper we shall give the proof. And, first we shall remind
the reader that this convergence implies convergence in measure. Denote by m the
Lebesgue measure.

Get any € > 0 and define the set E,, := {t € I : |u,(t) — v(t)| > €}. Then we
have

i =oller = [ o) = ot + [ Jualt) = o0

n n

and so
o — vl 1 > / lun (£) — 0(t)]dt > em(E),

This implies that m(E,) — 0, namely u, — v in measure.

Next we claim that there is a subsequence (uy, ) converging to v pointwise, a.e.
To do that we use the convergence in measure. Thus, for any k = 1,2, --- there is
some ny such that

1
ok
Put Zi := {t € I : |un, (t) — v(t)| > £} and H; := U;'% Z;. Then we have

n>np = m{t el |uy,(t)—v(t)] > %}) <

+oo

1 +oo 1 1
m(Zy) < o and m(H;) < Zm(Zi) < ; ok — oi-1°

i=l

Set Z = ﬂf;ole, for which it holds that
1
m(Z) <m(H;) < 51

Thus m(Z) = 0.
Now let t € I\ Z. Then t ¢ Hj, for some [. Hence t ¢ Zj, for all k > . The
latter implies that
1
|unk(t) - U(t)l < E7 k > L.

Therefore limuy, (t) = v(t), for all t € I\ Z, which proves the claim.
Finally, define the set

§= 20 (U {t € [0 8] un() < - flunllcr})

which has measure 0. Observe that for any ¢ € [«, ] \ S it holds
o(t) = lim g, (6) 2 17 1m flug, [l = 7 loller,

because |||tn,||c1 — ||Vllz1] < ||tun, — v|lz2 — 0. Therefore we have v € K and the
proof is complete. O

Theorem 3.7. Assume that Conditions (1.3|) and are satisfied. Then
boundary value problem (L1.1), (1.3) admits a positive solution.

Proof. By Lemma it is sufficient to prove that the operator Ty defined by the
type (2.11)), where F is given in (2.3)), admits a fixed point in K.

From Lemma 3.5 we know that the operator T) is completely continuous. Now,
let u € K. Then on one hand we have

1 1
| Taw||lsup = sup/ Ga(t,s)F(s,u)ds < M/ Ga(s,8)F(s,u)ds
tel Jo 0
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and on the other hand
(T\u)(t) > 4 /O (s, 5)F (s, u)ds,
for any ¢ € [, 8]. Thus it holds
(Tyu)(0) > {71 Trlowp > 7 [ Trull e, 1 € fo, (3.7

Also, for any u € K we have

11
T\l z1 = / / Ga(t,s)F(s,u)dsdt
o Jo

_ /01 (/01 GA(t,s)dt)F(s,u)ds

1 1
< sup (/ Ga(t, s)dt) / F(s,u)ds
sel 0 0

< T (2 +supp(s,w)|ull o1 < +oc.
A sel

Inequalities and together with the fact that (Thu)(t) > 0, for all u € K,

imply that the operator T) maps the cone K into itself.

Next, because of Hypothesis we can choose p > 0 with p < )\2. From
the [|| - || 21 — | - |]-continuity of p(¢, ) at 0, uniformly in ¢, (Hypothesis , it follows
that, to this p there corresponds a certain R; > 0 such that, for any v € K, with
lullzr < Ry and ¢ € I, it holds 0 < p(t,u) < p.

Take any u € K, such that ||u|z1 = R;. Then from we get

1
[Tyuller <sup ([ Ga(t.s)de) 02 + p)uller < e
s€ 0

The latter holds because of the choice of p.
By using the sup norm on the space C(I) such an inequality is not satisfied for
any A > 0. Indeed, one can prove that for any positive v € C(I) the function

A(N) = Hﬁﬂ::p, A > 0, satisfies limy_,o A(X\) = 1 and, furthermore, A\ — A(X) is
increasing. Therefore there does not exist any A > 0 satisfying A(A) < 1. Notice
that because of the continuous dependence of the problem on parameters, for A = 0
the integral form of the problem becomes a trivial identity. However, this is the
point which motivated us to use the idea of working on £1(I) instead of C(I). This
idea relies on the obvious fact that there are continuous functions having || - || sup-
value greater than 1, and || - |21 value less than 1.
Next fix any real number R > 0 such that

w2 (B — )N+ R) /T3 Ga(s,8)ds > M.

From Hypothesis there exists N > 0 such that p(¢t,u) > R, for all u in K with
u(s) > N, s € [r2,73] and t € [a, 8]. Clearly, we can assume that Ry := %N > R.
Now, fix a point u € K such that ||ul|z1 = Rg. Then, for all s € [r2, 73], it holds

u(s) > 4 fuller = N
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and therefore

Tyl o0 :/01 /01 Ga(t, $)F(5,u) dsdt:/ol (/OIG,\(t,s)dt)F(s,u)ds

> /:3 (/j Galt, s)dt)F(s, w)ds,

2

and therefore

Tl g2 > u/:3 (/j GA(s,s)dt) (A2 + R)u(s)ds

SR

> (5 ) / G (s, 8)ds(A% + R) Jull 1 > [Jullcr.

The previous arguments show that Theorem applies, and so we conclude that
a fixed point of Ty exists in K N (22 \ 1), where 4,5 are the balls in C'(I) with

center the origin and radius R; and Rs, respectively. The proof of the theorem is
complete. (Il

4. AN APPLICATION

Consider the integro-differential equation
t
u’ + (1+ t)u(t)/ u(s)ds=0, tel, (4.1)
0

with «(0) = 0. Associate this equation with the nonlocal condition , where
the function ¢ is defined in Example From the fact that 0 = g(0 < g(1) = 1,
the problem is at resonance. Taking into account Example we can see that the
conditions of Theorem are satisfying, with «, 8 defined as in . Thus there
exists a solution u of equation satisfying condition and u(t) > u(0) = 0,
t € I and being such that |lu|z: > 0.
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