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A BOUNDARY BLOW-UP FOR SUB-LINEAR ELLIPTIC
PROBLEMS WITH A NONLINEAR GRADIENT TERM

ZHIJUN ZHANG

ABSTRACT. By a perturbation method and constructing comparison functions,
we show the exact asymptotic behaviour of solutions to the semilinear elliptic
problem

Au — |Vul? = b(z)g(u), ©w>0 inQ, u!BQ = +o0,
where Q is a bounded domain in RV with smooth boundary, q € (1,2], g €

C[0,00) N C1(0,00), g(0) = 0, g is increasing on [0, c0), and b is non-negative
non-trivial in 2, which may be singular or vanishing on the boundary.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The purpose of this paper is to investigate the exact asymptotic behaviour of
solutions near the boundary for the problem

Au— |Vul? =b(z)g(u), uw>0 inQ, = 400, (1.1)

Ul
where the last condition means that u(xz) — +o0o as d(z) = dist(x,9Q) — 0, and
the solution is called “a large solution” or “an explosive solution”, ) is a bounded
domain with smooth boundary in RY (N > 1), ¢ € (1,2]. The functions g and b
satisfy

(G1) g € C1(0,00) N C[0,00), g(0) = 0, g is increasing on [0, 00).

(G2) [~ \/% =00, for all t > 0, G(s) = [; g(2)d=.

(B1) b e C*(Q) for some « € (0, 1), is non-negative and non-trivial in .

The main feature of this paper is the presence of the three terms: The nonlinear
term g(u) which is sub-linear at infinity, the nonlinear gradient term |Vu|?, and
the weight b(x) which may be singular or vanishing on the boundary.

First, we review the model

Au=b(x)g(u) in Q, = 4o0. (1.2)

Ul o
For g satisfying (G1) and the Keller-Osserman condition

(G?)) ftoo \/% < o0,
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problem ([1.2)) arises in many branches of applied mathematics and has been dis-
cussed by many authors; see for instance [2], 4, 5] [6} [7], [TT], T2}, 13}, [14) [16, 17, 18], 19l

20, 21} 22} 23| 24}, 23], 26, 27, 28].
For g(s) = s, p € (0,1], little is known. Lair and Wood [15] showed that if

b € C(Q) then has no solution. Then Lair [14] showed that if g satisfies (G1),
b € C(Q) is non-negative in © and is positive near the boundary then has no
solution if and only if (G2) holds. Bachar and Zeddini [I, Theorem 3] showed that
if b € C(Q) and there exist positive constants c;,cy such that g(s) < ¢1s + ca, for
all s > 0, then has no solution. Chuaqui et al. [4] showed that when Q = B,
g(s) = sP, pe (0,1), and b(|z|) = b(r) satisfies
(B2) lim, _g+(1 —7)7b(r) = ¢o > 0 for some v > 0,

then has at least one solution if and only if v > 2. Moreover, if v > 2, then,
for any solution u, to problem ,

. N8 _ co 1/(1-p)
i (1 =0)%u() = (575)
where 8= (y—2)/(1 — p). If v =2, then, for any solution u to problem (1.2},
: u(r) _ 1/(1-p)
A T - e /w (co(1 = p)) '

Yang [20] showed that if b € C'[0, 1) is non-negative non-trivial in [0,1), g satisfies

(G1) and
> ds
— =00, 1.3
e 3
then (|1.2)) has one solution if and only if
1
/ (1 = 7)b(r)dr = oco. (1.4)
0

Moreover, if b(r) ~ (1 —r)™V asr — 1, v > 2, and p € (0,1), g(s) ~ s(Ins)? as
§ — 00, then, for any solution u to problem (1.2)),

u( ) (]_ — 7’)7("/72)/(271)) if ¥ > 2’
(—In(1 —7))>C=P) if y = 2.

He also showed that (1.2) has no solution provided that  is a bounded domain
with smooth boundary in RY (N > 1), g satisfies (G1) and (1.3)), b satisfies (B1)
and

b(z) < C(d(x))2(~ In(d(x)))7, (1.5)
where p > 1 and C' > 0.

Let’s return to problem (L.1). When b = 1 on Q: for g(u) = u, Lasry and
Lions [I5] established the model (1.1)) which arises from the description of the
basic stochastic control problem, and showed by a perturbation method and a sub-
supersolutions method that if ¢ € (1,2] then problem ([1.1)) has a unique solution
u € C?(Q2). Moreover,

(i) when 1 < ¢ < 2,
i u(o)(d(e) 0D = (22 g) g - 1) GO (L)
z)—0
(ii) when ¢ = 2,
lim w(z)/(—In(d(z))) = 1. (1.7)

d(z)—0
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For g(u) = u?, p > 0, by the theory of ordinary differential equation and the
comparison principle, Bandle and Giarrusso [3] showed that
(iii) if 1 < ¢ < 2, then problem (1.1]) has one solution in C?(Q);

(iv) if max{2p/(p + 1),1} < ¢ < 2, then every solution u to problem (1.1) satisfies
(1.6));
(v) if ¢ = 2, then every solution u to problem (1.1)) satisfies (|1.7]).

For the other results of large solutions to elliptic problems with nonlinear gradient
terms, see [8, @, 29, B0, B1, B2] and the references therein. In this note, by a
perturbation method and constructing comparison functions, we show how the
weight b affects the exact asymptotic behaviour of solutions near the boundary, to

problems (1.1)).

Our main results are state in the following theorems.

Theorem 1.1. Let 1 < ¢ < 2, and assume (G1) and (B1).
(I) If the following convergence is uniform for & € [a,b] with 0 < a < b,

Jm b)) T g(¢(d@) ) =0, (13)

then every solution to problem (1.1)) satisfies (1.6));
(I) 4f g(u) =wP, p € (0,1] and

lim b(z)(d(z)) " = Cy > 0, (1.9)
d(z)—0
then every solution to problem (1.1)) satisfies
Jimu@)(d) 0 = g, (1.10)

provided that
(Hp=1,Coe (0, ((127;1%2). In this case,

_ (4= Na/e-1) 2—q \1/(¢-1),
o= (S ( 2
(ii) p € (0,1), Cy € (0,C) where

- - = p(1—p)\iTh 2 — g\ =
“=Gatman) Gamn) G2

In this case, &y = &2, where the equation

% =Cot" ' + (Z%(IZ
has just two positive solutions & and & with
Co(1 —p))l/(q*p) (2 - q)q/(qu)
q—1 q—1
Theorem 1.2. Let ¢ =2, and assume (G1) and (B1).
(I) If the following convergence is uniform for & € [a,b] with 0 < a < b,

Jim b(e) (@) *g(~¢ n(d(z) = 0. (1.12)

then every solution to problem (1.1|) satisfies (1.7);

)2, (1.11)

O<&<< < &.
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(In) if g(u) = u?, p € (0,1] and
d(lzi)ni»O b(x)(d(x))*(—In(d(z)))? = Cy > 0, (1.13)

then every solution u to problem (1.1) satisfies

dm u(e)/(- (@) = &, (1.14)

provided that
(1) b= 1’ CO € (071)7 50 =1- CO;'
(i) p € (0,1), Co =27 /4, § = 1/2;
(iii) p € (0,1), Co € (0,2P/4), & = &2, where the equation
§— & =Coe?,
has just two positive solutions & and &3 with 0 < & <1/2 < & < 1.

2. PROOF OF THEOREMS

Lemma 2.1 (The comparison principle, [I0, Theorem 10.1]). Let ¥(x, s, &) satisfy
the following two conditions

(D1) ¥ is non-increasing in s for each (x,&) € (Q x RY);
(D2) W is continuously differentiable with respect to the variable & in 2 x (0, 00) x
RN,
Ifu,v € C(Q)NC?(Q) satisfy Au+ ¥ (x,u, Vu) > Av+¥(x,v,Vv) in Q and u < v
on 082, then u < v in Q.

Lemma 2.2 (Taylor’s formula). Let o € R, x € [0, xo] with o € (0,1). Then
there exists 1 > 0 small enough such that for e € (0,e1)

(1+ex)® =1+ aex + o(e?). (2.1)

Proof of Theorem[1.1 Given an arbitrary € € (0,&y/2), let &0 = &o+e, &1 = {o—e.
It follows that

%50 < &1e < §2e < 2.
For § > 0, we define
Qs ={reQ:0<d(x)<d}.
Since 9Q € C?, there exists a constant § > 0 which only depends on € such that
d(z) € C%(Qgs) and |Vd| =1 on Qy;. (2.2)

(I) When (T.8) holds, & = (2 —q) ' (g —1)~(2~9/@=1_ Tt follows from Lemma
that there exists 1 > 0 small enough such that for e € (0,¢;)

((12_;1(1)2525 - (z_;(f)q@s = @2_;1(1)2(50 +e)— (%)Q(&) te)
2-4 2~ dyqq € \q
= (q—1)2€_(q_1) fo((l-i-zo) -1)
(¢-1(2-q)

TSR
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and
2—q 2440 _ 2—4¢ 2—q. q
-t~ o) e = o 9 - ()1 )
Z(qquz(i)z_q)a—ko(g).
Denote
o= =12 -q)
(g2

It follows by (2.2) and ([1.8) that corresponding to e € (0,&1), there is 6. € (0,0)
sufficiently small such that

%Kiad(%)Ad(ﬂ?ﬂ + [b(z) (d(x))?g (=& In(d(2))) | < %5, (2.3)

for all z € Qg5.,7=1,2.
(II) (i) When p = 1, Cy € (0, ((127;1‘1)2). As the result of (I), we see that for € € (0,e1),

<(q2—_1q)2 - CO) fe <3:61]>q535 =--1 ((qz__lq)z - Co) £+ o(e?);

and
((q2__1q)2 B CO) §1e — (2_—;})‘15?6 =(¢—1) ((;__1(])2 - CO> £+ o(s?).

(ii) When p € (0,1), Cy € (0,C). Since

(00(1 ~p) (q—l)q>1/(‘”’) <t

g—1 "2—¢q

it follows that
2—q

q—1

(¢ —1)(

Then by Lemma there exists €1 > 0 small enough such that for € € (0,¢1)

)qu_p — Co(l —p) > 0.

2— 2—q\1
ﬁf% - (q‘j) &h. — Cotk,

2—-q\* . ,
(q_l)Q(foJre)(q_l) (éo+¢)? — Co(& +¢)

— 4 —
h <q (j_‘f) & + pCogh — (q2_f)2§o> e+ o(c”)

_ _507(2717) <(q —1) (z_il)qgéqp) —Coh(1 —p)) £+ o(e?);
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and
- (j_‘f)e ~ Cott.
- Eh@-9- (221) @-or-cole -y
5 (-0 (30) dr - -n)) e+ ol
Denote

_ q
e =& " ((q -1) (Z_f) &' —Col1 - p)) .

We see by (2.2) and (1.9) that corresponding to e € (0,e1), there is §. € (0,9)
sufficiently small such that

2 esd(0)Ad(w)] + o) () P~ 6sc ()] < Coglh+ Fe (20
for all x € Qgs., 1 =1,2. Let 8 € (0,0.) be arbitrary, we define
T = Eoe(d(z) — B)"C~D/@=D 4 ¢ Dy = Qas. /Qs;
ug = &1e(d(z) + B)~E0/al) g e DE = Q5. 3.
It follows that for (z,8) € Dy x (0,4.),
Aup(x) — [Vaug ()| — b(x)g(us(x))

- —q/(g—1 66(2_Q) 55(2_(1) q 2_q(1
= (dla) = 90D (S — = T () - B)Ad() - €. —)
— b(z)g (fze(d($) _ ﬂ)—(2—q)/(q—1)) (d(z) — 5)q/(q—1)>

<0;
and for (z, ) € Dz,r x (0,6¢)
Aug(r) — [Vug(x)|? — b(x)g(us(z))

_ T —q/(g—1) 518(2_q) _518(2_q) T ) — £
= (d() + ) Coome — 5 o7 )+ 9)ad) - €L

—b(z)g (Sza(d(x) + ﬁ)—@—q)/(q—l)) (d(z) + 5)q/<q—1>>
> 0.

Now let u be an arbitrary solution of problem ([L.1]) and M,,(2J.) = maxg(;)>2s. u(z).
We see that

2—q q
—)

u < My (20:) +ug on dD,.
Since ug = €. (255)_(2_‘1)/(‘1_1) = M, (20.) whenever d(z) = 262, — (3, we see that
ug <u+ M, (26:) on BDE.
It follows by (G1) and Lemma [2.1] that
u < My(20:) +ug, x€ Dy
yﬁgu%—ME(%g), xEDg.
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Hence, for z € D3 N D7, and letting  — 0, we have

M, (26.)
(d(x))*(%q)/(q*l)

M, (26.)

u(z) ,
(d(z)-C-0/@ D’

(d(z))- @0/~

616 -

S ) §§25+

ie.,

o u(x) | u(z)
e s fim inf (@) -0/ = S, SUP (@) -0/ = Coe-

Letting € — 0, and using the definitions of &;. and &s., we have

O )~ D)

= &o-
(]

Proof of Theorem[I.3. We proceed as in the proof of Theorem [I.I] Given an arbi-
trary € € (0,£/2), let
e =% te, &e=& —¢
Note that
%fo < &1e < §2e < 2&.
When p =1, Cy € (0,1), §, = 1 — Cp, we see that
(1= Co)éae — &5, = —e€p —0(c®) and (1 — Co)ére — & = e&o — o(?).
It follows by and that there is d. € (0,0) sufficiently small such that

[€icd(2) Ad(x)| + [b(x)(d(2))?g(~&ie In(d(2)))] < %05, (2.5)

for all z € Q95,7 =1,2. When p € (0,1) and & > %, we see that &y > %%i and for
e € (0,e1),

bor — 5. — Co&h. =& +e — (&0 +)* — Co(éo + )P

2= (6= 522 ) e+ ole?)

and
§1e =& —Cotl. =& —e — (S0 —€)* — Co(&o — )P
1—p 2
—(2- i .
20 (60 52 ) e+ o)
Denote )
o R 4
es=2-p)(6 -5 )
It follows by and (1.13)) that there is 0. € (0, 6) sufficiently small such that
c
|Cied(2)Ad ()| + [b(x)(d(x))?g(—&ie In(d(x)))] < Cokl. + 536, (2.6)

for all x € Qgs., 1 =1,2. Let 8 € (0,0.) be arbitrary, we define
ug = —525 ln(d(x) — ﬂ), xr € D/g = Qggs /Qg;
Ug = —&1e ln(d(m) + ﬂ), x € D; = 925575.



It follows that for (z,3) € D5 x (0,4.),
ATig(x) — Vi) 2 = b(x)g(Ta(2) = (d(x) = B)? (&2- — &ox(dlx) — B)Ad(x) — &,
— b(a)(d(x)  B)%g(&- In(d(x) - 8)))

<0

and for (z,5) € DZ,r x (0, de),
Aug(w) = [Vizg (@) = b(@)g (g (@) = (d(x) + B)* (&2 — =(d(x) + H)Ad(2) — &
— b{)(d(z) + B)%g(&e In(d(x) + 5)) )

> 0.

The rest of the proof is the same as in Theorem [I.I] we omit it. O
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