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SINGULAR PERTURBATION PROBLEM FOR THE
INCOMPRESSIBLE REYNOLDS EQUATION

IONEL CIUPERCA, IMAD HAFIDI, MOHAMMED JAI

ABSTRACT. We study the asymptotic behavior of the solution of a Reynolds
equation which describe the behavior of the fluid between two closes surfaces
as the distance between the two surfaces locally tends to zero.

1. INTRODUCTION

The field of lubricated contact deals with dynamical systems which consist of two
(or more) bodies in relative motion. The contact between the bodies is mediated
by a lubricant fluid, which in this work is assumed incompressible. The simplest
such contact is the wedge (or plane slider), used in thrust bearings. It consists of
two planar, rigid surfaces which are not mutually parallel. It is sketched in Fig.
in which the bottom surface is assumed to be moving horizontally towards the
right. This movement entrains lubricant towards the right into the convergent gap
between the surfaces. In turn, this generates a pressure field and consequently a
thrust force, which allows to equilibrate a load applied to the top of the device.

Under the thin-film hypothesis (the gap thickness A much smaller than the in-
plane dimensions of the contact, with the variations in h also assumed small) the
fluid pressure does not depend on the vertical coordinate, which is taken across the
gap. Upon normalization and assuming that the system is in a time-independent
state, the pressure satisfies the normalized Reynolds equation [5]

V- [h(z)3Vp] = 0%11 = (21,...,%n) €Q (1.1)
p=0 ze€dN (1.2)

where @ C R"(n = 1 or 2) is the domain in which the two surfaces are in proximity,
p is the normalized pressure, h(x) is the normalized gap thickness and the relative
motion is assumed along the x1-direction.

Assume, as in Fig. [I} that a vertical force F' is applied to the upper surface of the

bearing at a point 2° = (29,29,...,2%). To equilibrate this load the upper surface
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FI1GURE 1. Sketch of a slider bearing

changes its position, intuitively getting closer to the lower surface as the applied
load increases. Let us define the reference shape of the upper surface through a non
negative function hg.

Into this function we incorporate the so-called attitude of the slider (pitch and roll
angles), so that the gap thickness becomes, simply,

h(xz) = ho(x) + € (1.3)

where € represents the minimal distance between the surfaces. With hg fixed the
pressure becomes a function of € satisfying the problem

S
V- [(ho(z) 4+ €)"Vp] = o, on (1.4)
p=0 on 9N

If for any € > 0, we denote
o0 = [ pio (15)
Q

then for equilibrium to hold in a system in which the only degree of freedom is the
vertical position, the upper surface must be placed so as to satisfy

g(() = F (L6)

It is easy to show both that lim._, 1 g(€) = 0 and that g is a continuous function,
so that an equilibrium position exists for any positive load F' smaller than max, g(¢).
It is thus extremely important to analyze the behavior of ¢ in the vicinity of zero,
in particular the conditions under which lim. g g(€) = 4+00. This guarantees the
existence of an equilibrium position for any positive F'. A finite limit, on the other
hand, guarantees the existence of an equilibrium position for any 0 < F < ¢(0).

It is also important to study the moments of the force exerted by the pressure
for each minimal gap thickness € defined with respect to the point zV,

mi(e) = [op(xs —ad)de i=1,....n (1.7)
because equilibrium also requires that

mi(e)=0 i=1,...,n (1.8)
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and systems with the pitch and roll angles as additional degrees of freedom have
their attitudes defined by these conditions.
In this article we will assume n = 2, Q =laj, bi[x]az, b2, ho € C°(Q) with
ho(z) > 0 a.e z € Q, and
min ho(z) = 0.
e
The goal is to find the limits of g(e) and m;(e), s = 1,2 as ¢ — 0". Beside its
intrinsic importance, this study provides crucial tools for a forthcoming analysis on
the existence of equilibria for the dynamical equations of slider bearings.
As we will see later, the results strongly depend on the shape function hg. We
will consider two situations:

(i) when hg vanishes on a segment of type {x1 = d1} only, with dy € [a1,b1],
which will be called “line contact case”. In this case we will assume hg ~
|z1 — di1|® in a neighborhood of {zy = d;}, with a > 0.

(ii) when hg vanishes only at a single point d = (dy,ds) of Q, which will be
called “point contact case”. We will assume hg ~ |x—d|* in a neighborhood
of {zx =d}, with o > 0.

In both the “line-contact case” and the “point-contact case” we obtain two types
of results: (i) convergence of load and momenta to some finite limits which will be
made precise in Section 3 and (ii) divergence to +oo of load and momenta. Problem
can be seen as a singular perturbation of the corresponding problem (¢ =0 )
with small parameter e. This kind of problem has been studied in [10, 2, 8 [6].

We can apply here singular perturbation results to obtain the convergence of
p to the solution of the limit problem denoted pg in a weighted Sobolev space of
type Hg (2, h2%, h2%?) (see Section 2 for the definition). This is not sufficient for
the convergence of load and momenta; we also need a continuous embedding of
HE(Q, h2% h2°2) into L'(Q) which is obvious if 8 is not large.

This singular perturbation approach works only for a« < 1 in the “line-contact
case” and for a < % in the “point-contact case”. To have a well-posed limit problem
we need a Poicaré-like inequality for weighted Sobolev spaces. This subject is well
studied in the literature (see [3l, [0, [4]). We prefer to give here a new elementary
result (Lemma well-adapted to our problem.

In cases o > 1 for “line-contact” and o > % for “point-contact” (divergent cases)
the singular perturbations results cited above are no longer applicable.

This part is more difficult and we use extensively the maximum principle in order
to find an appropriate lower bound for p whose integral tends to infinity. This
proves the divergence to infinity of the load and we also prove that this divergence,
in the “line-contact case”, is of order greater than /=2 for a > 1 and greater
than log(1/€) for a = 1. In the “point-contact case” the same result holds with «
replaced by %a.

In order to prove the divergence of momenta we also need to prove that p is
bounded far from the annulation points of hg. This result is again proved using the
maximum principle, assuming hy to be a tensor product. We remark that in the
“point-contact case” for o € [%, 2[ we have divergence of load and momenta while
the limit problem of exists in a weighted Sobolev space. This is because the
continuous embedding of this space in L!(2) does not hold.

In some cases the solution of is negative, which does not correspond to
the actual fluid behavior since cavitation takes place for p < 0. To account for
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cavitation, problem (P1) is replaced by the variational inequality [I]

Find pe K = {v € H}(Q) : v > 0}
)
/(ho(%)+6)3V;0V(so—p)dﬂc2/f“bofa (p—p) Voek
Q Q Z1

The goal is also to find limits of g and m;,i = 1,2 (defined as in and
with p now the solution of ) when € goes to 0. We obtain the same kind of
results as in the equation case.

The paper is organized as follows. In Section 2 we present some preliminary re-
sults concerning weighted Sobolev spaces, in particular the Poincaré-like inequality.
In Section 3 we study the limits of load and momenta in the equation case (problem
) for the different cases cited above. Finally, Section 4 presents the same study

in the inequality case (problem (1.9)).

(1.9)

2. PRELIMINARIES

Let us consider fo, fi € C°(Q) with f > 0 a.e. z € Q,k = 0,1. We introduce
the weighted Sobolev space

Hl(Qafbafl)

as the set of all measurable functions ¢ = ¢(x) defined on  with (generalized)
derivatives D%p for a = (ay, ) € N? with a; + ag < 1 such that

/ fo(x)<p2(x)dx+/ fi(2) |V (z)dr < oo (2.1)
Q Q

HY (9, fo, f1) is a pre-Hilbert space equipped with the scalar product

(8017@2)H1(97f-07f1) =/Qfo(m)%(m)%z(x)dx‘f'/Qf1(90)v<,01(37)'V<P2(33)d$~

Let HL(Q, fo, f1) be the closure of D(2) with respect to the norm of H (€, fo, f1),
which is a Hilbert space endowed with the same scalar product as H*(£, fo, f1)-

Remark 2.1. If 1/f; € LL (Q),k = 0,1 then H'(, fo, f1) is a Hilbert space [7].

loc

We have the following general Poincaré-like inequality.

Lemma 2.2. Let f € C°(Q) with f > 0 a.e. z € Q. Assume that a real dy € [ay, bi]
exists such that f is non-increasing in x1 on [a1,d;1] X [ag,bs] and non-decreasing
in 21 on [di,b1] X [ag,bs], with the obvious convention that for dy = ay (resp.
dy = by) the function f is only non-decreasing ( resp. non-increasing). Then for
any 61,02 € RT such that

dl T
K= sup / / FHO=02) (5 o) dsdry
b2] Jar Jay

z2€az,

b1 b1
+ sup / / f2O1702) (5 p0)dsdxy < oo
sz[ag,bQ] d X1

we have

[ e <w [ PRIl vae my@ L)
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Proof. For any u € D(Q)) we have for x1 < dy:

£ (e 22 uler, 22)] < £5 (1, 2) /

ai

1 Ou

|671(

s,x2)|ds

g/ 1o (s, o ’8 s, x2)|ds,

ay

since f is x1-non-increasing. We then have

£ (21, 290)u? (21, 29)
2
/ f2(‘51 62 (s,22) ds / f2‘52 (21,22 ( (xl,:vg)) dwl) Vo, < d

By integrating in x; on [a1,d;] first and then in 25 we obtain

/ " / - frulda
sup /:1 / f20= 92) (s, x5) dsdm) (/ f252((‘3x1) dz)

9026 [az,b2]

(2.2)

In the same manner, using the fact that f is x1-non-decreasing on [dy, b1] X [ag, b2],
we obtain

by bo
/ / f%luzdm
dy
b1
sup / / 2(51 52 (s,22) dsda:l /f%2 )
zze[az bo] Jdy 8,@1

Adding (2.2) and (2.3)) we obtain the desired inequality and by a density argument
we obtain the result. O

(2.3)

Corollary 2.3. For f,01,02 satisfying assumptions of Lemma[2.3 the semi-norm
[ £92¥ + ||z2() is @ norm on HY(SQ, f20r, f2%2) and is equivalent to the norm of

HY(Q, 21, f2%2).

3. ASYMPTOTIC BEHAVIOR OF THE EQUATION CASE (PROBLEM (|1.4]))

In this section we set, for the sake of simplicity, =] — 1,0[%> and we suppose
that
ho >0, ho e CY(Q) and hy is non increasing in ;. (3.1)
We study the asymptotic behavior, as € tends to 0, of the solution p of (1.4]) which is
non negative by the maximum principle. We introduce the following limit problem
for any d; € R*:
Find po € H}(Q,h2%", h3) such that
(3.2)

0
/ hgVpoVe = 87@ Vo € Hy (9, h(z)é1 hi)

Proposition 3.1. Suppose that fQ < 400 and §; € RT is such that

sup / / hg‘sl*s(s,m)ds dr1 < 400

126[7170]
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Then problem (3.2) admits a unique solution py € H&(Q;h%él,hg) which is inde-
pendent on 1.

Proof. From Lemma with di = 0 and 6y = % we deduce that the seminorm
A8V -]l L2(q) is a norm in H§ (2, h2%t h3) equivalent to the norm in H'(Q, h2%*, h3).
On the other hand the application

gaGHé(Q,hg‘sl,hg)H/hoa—(pda:eR
o On

is in the dual of H(Q,h2°", h3) since we have

fgl= (L) LT

By Lax-Milgram theorem we have classically the existence and the uniqueness for
any fixed 6; € RT. To prove the independence of py with respect to §; we consider
py and p2 two solutions corresponding respectively to d; and 67 with §2 < §1. We
remark that HE (€, hgaf,hg) C HL(Q, hgéi,hg) with dense and continuous embed-
ding. Then p? satisfies by density the same problem as p} which by uniqueness
gives the result. 0

Problem can be seen as a singular perturbation of problem with the
small parameter e. This kind of problem has been studied in [10} [2, 8, [6]. Let us
recall a simplified version of a result given in [6] for a more general problem, which
allows us to obtain the convergence of p to pg.

Lemma 3.2. Let V,W, H be three Hilbert spaces, with continuous embeddings V C
W C H and V dense in W and in H. Let b(e;u,v),0 < € < ey, be a sequence
of continuous bilinear forms on V, b(u,v) a continuous bilinear form on W and
f € H. Under the hypotheses
(1) € — b(e;u,v) is continuous and lime_,q b(e; u,v) = b(u,v) V(u,v) € VxV
(2) 3a(e) > 0 with a(e) — 0 and B > 0 such that b(e;u,u) > ale)|ull? +
Bllully V€ V
(3) 3y > 0 such that b(u,u) > v||ul|Z,,Yu € W
(4) For any sequence we € V' for which |b(e; we, we)| is bounded, b(e;we,v) —
b(we,v) — 0,Yv €V
(5) 3d(e) with 6(e) — 0 such that b(e;v,v) — b(v,v) + d(e)b(v,v) >0

the solution u. of the problem
ble;ue,v) = (f,v) YveVie<e
converges strongly in W to the solution u of the problem
b(u,v) = (f,v) YveW.

Proposition 3.3. Under the hypotheses of Proposition the solution p of (1.4))
converges, as € tends to 0, to the solution py of (3.2)), strongly in HE (L, hg‘;l,hg).

Proof. 1t suffices to apply Lemmawith V = HNQ), W = H = HNQ, h2’*, h3)
endowed with the norm [|A3V - || 12(q), e = p, and

b(e; u,v) :/(ho—l—e)?’Vqudx, blu,v) = / h3VuVo dz .
Q )



EJDE-2006/83 SINGULAR PERTURBATION PROBLEM 7

We choose f in the following manner: Since the application v € W — [, ho 2% is

81’1
an element of W/, from Riesz’s theorem there exists f in W such that

v
‘/Qhoaixl—(f,'l})w, Yv e W.

Assumptions — and are immediately verified with a(e) = €3, B=1,y=1
and d(e) = 0.

Let us now verify assumption (). Let w, be a sequence in H}($2) for which
Joy (ho + €)3V (we)? is bounded, so [[w||w is bounded. For all v € Hj(f2), we have

/ (ho + €)*Vw Vv f/ h3Vw Vv
Q Q

= /Q [(ho + 6)3/2 — hg/Q] (ho + e)S/ZVw€Vv +/

[0 + %72 = 13| 1P v
Q

Since (ho + €)3/% — hg/Q — 0 in L () we easily obtain the result. O

For simplicity we shall distinguish here two different situations: (i) the function
ho vanishes on the entire segment 7 = 0 namely the line-contact case, (ii) the
function hg vanishes on a unique interior point, supposed to be (0,0), namely point-
contact case.

3.1. Line-contact case. We assume in this section that, in addition to hypothesis
(3-1)

ho(z) =0 forz; =0

ho(z) >0 for z; #0

We shall prove, under some supplementary hypotheses, that:
For fQ #(’”x) < 400 the load and momenta have finite limits (paragraph .

For fQ #(Im) = 400 the load and momenta have infinite limits (paragraph [3.1.2]).

Remark 3.4. If hy behaves as (—x1)* with o > 0 in a neighbourhood of x; = 0,
then fQ #(xz) is finite for o« < 1 and infinite for o > 1.

3.1.1. Finite limit case.
Theorem 3.5. If there exists a €]0, 1] and mo > 0 such that
ho(x) > mo(—l‘l)a Vo e Q

then, for any (29,29) € Q and € — 0, we have

/pdx—>/podn /(xk—iﬂg)l)—)/(%—fﬂg)ma k=1,2
Q 0 Q 0

where p is the solution of (1.4) and py the solution of problem (3.2))

Proof. Since a €]0,1], the hypotheses in Propositions and are satisfied
with 0; = % Then there exists pg € H (2, ho, h3) unique solution of (3.2) with
6 = % such that p — pg strongly in H{ (2, ho,h3). On the other hand, all u €

ITI-(:)L (Q7 h07 hg)v we have

[ ([ 2 nar)

that is, the continuous embedding of Hg (€, ho,h3) in L*(Q2) holds. This implies
that p converges to pg strongly in L!(€) which ends the proof. [
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3.1.2. Infinite-limit case. For any § > 0, we shall define

Qs :} - 570[X] - 170[
In this paragraph we need the following supplementary hypothesis: There exist
o €]0, %[, a>1and 0 < my; < M; such that

h
hg € WI’OO(Q) and aml(—xl)o‘*l < —% < aMl(—xl)afl Vo € Qas,

! (3.3)

Lemma 3.6. For any ¢ € C?([—200,0]) with ¢(—25) = 0 and g2 € C?*([-1,0])
with g2(—1) = ¢2(0) = 0, there is ¢ > 0 small enough such that:

p(x) > cqi(w1)p(w1)q2(w2) Vo = (21,72) € Qag,

with
(_xl)a+1
Mi(—xz1)™ +€)3

Q1($1) = (

Proof. We apply the maximum principle. Since the function ¢;(z1)¢(x1)g2(z2),
vanishes on 0€gs,, it suffices to prove

—e¥ - [(a B a2 < 52 o € s

Dividing by (—z1)*~! and using (3.3)) it suffices to prove the existence of a positive
constant K independent of € such that

V- [(a + ho)*V(qi(z1)¢(21)ga(w2))]

_ <K
(—a)e! -
which is equivalent to
, ,% ¢’ , q’
3(e+ ho)’ 204, [ﬁ] —(e+ ho)BCDQJ)W —2(e+ ho) g0 W
_09hg
3 ho)? Tz ] _ h)aod! — I
+3(e + ho)“q1929 [(—1‘1)"‘_1] (€+ho)’q29 (Car)ot
h 3.1 q1 3 h 2 ! % <K
— (e + ho) ¢QQW — 3(e + ho) m@b[m] <K
(3.4)

On the other hand, it is easy to see that a constant K, independent of € exists such
that:

' (=z1)”
¢ (1) < Ko = Vay € [~260,0),
(Ml(—l‘l)o‘ + 6)
—z a—1
g7 (z1)] < K2 (o) 5 Vi € [—28,0].
(Ml(—l'l)a + 6)
Integrating (3.3)) on [z, 0] we obtain
ml(—xl)o‘ < ho(x) < Ml(—l‘l)a Vx € Q250 (35)
Using the above inequalities we obtain (3.4) which concludes the proof. (I

Now we are able to give a first result in the case oo > 1.
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Theorem 3.7. For a > 1 we have prdJL‘ — 400 as € — 0. Moreover there exists
K > 0 such that for € small enough we have

/pd:c > Kea2 fora>1,
Q

1
/pdmZKlog(f) forao=1.
Q €

Proof. We apply Lemma [3.6] with ¢ = 1 on [—dy, 0] and ¢ > 0 with
g2 € C*([-1,0]) N Hy (] — 1,0[)

and ffl g2(x2) > 0. We deduce that there exists a constant ¢ > 0 independent of e
such that

p(x1,22) > cqz(2)p(z1)qr(21), V€ Qs
with ¢; given in Lemma[3.6] Taking into account the fact that p is non negative on
all of Q2 we obtain

/pda:Zc/
Q Q

On the other hand, for & > 1 and € small enough we have

0 0
g2(22)q1 (21)dz = C/ Q2(932)d332/ q1(z1)dzy . (3.6)

50 -1 —do

0 0 61+§
dxy > dxy > -
/—60 Q1(951) X1 =2 /_el/a Q1($1) L1 =2 (M1 +1)3€3(a+2)

which, with (3.6]), gives the result for o > 1.
For a = 1 an elementary calculation gives

[ e, =} / g (CMhn + ),
T1)dT = T
s q1\T1)ax 307 (“Miz1 + o) 1

/ My ¢? /0 dry

e it S
CM? s, (M e M2 s, (—Myay + )3
We easily prove that the last two terms of the right-hand side are bounded by a
constant independent of e. With the help of (3.6)) we obtain the result. (I

In the particular case when hg is symmetric in the xo direction we have the
following asymptotic behavior of the xo-momentum.

Theorem 3.8. Suppose that hy is symmetric in xo with respect to xo = —1/2 and
a > 1. Then for e — 0, we have

1
/Q(l‘g facg)pdx — 400 z'fxg €] - 1,75[,

1
/($2—$8)Pd$—>—00 if 3 6]—570[,
Q
1
/(xg—xg)pdx:O if ) = ——.
Q 2

Proof. By symmetry of hg the function p(z1, 22) = p(x1, —1 —x2) is also a solution
of problem (|1.4)), so that by uniqueness p = p. We then have

1 1
/(:cg—xg)pdw:/(xg—i—f)pdx—(xg—i—f)/pdx.
Q Q 2 27 Jo
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The first integral of the right-hand side is equal to 0 by symmetry. Then we have
the result by Theorem [3.7 d

Now we shall give the behavior of the x1-moment in the particular case when hg
is a tensor product. This is often the case in practice for the contact line. We begin
by the following lemma which means that p is bounded uniformly in € far from the
line contact.

Lemma 3.9. Suppose that ho(x1,72) = a1(z1)az(z2) with az € C°([-1,0]), az > 0,
a; € HY(] —1,0[), a1 >0, g—;i < 0. Then there exists C > 0 such that

e ds
p(oc)SC'/_1 OFTE Vo € )

where ho(z1) = agma (x1) with as, = ming, c(—1,0) a2(z2)

Proof. We apply again the maximum principle. Let g(z1) = C [} 1/(ho(s)+€)? ds.
Since ¢ > 0 and p = 0 on 9N it suffices to show that for C > 0 large enough we
have

) Ohg

- 3L > -—— Q
81'1 [(ho + 6) 811] - 6.’21 Yo e ’
that is
8/7,0 (ho + 6)3 6]10
—(C——=——%=FE(z) > —— 3.7
921 o+ P 2@ 2 "o, (3.7)
with B
B(a) =300 te 5 f2m

T Thote as(x1)
Now we have

Ble) = 2 30t E oy o ¥ gy~ a)
az(x2) © a1+ 5 az(x2) a1+ o5
We easily obtain
E(z) > Bm ith agpr = max  as(wa)

a2 g z2€[—1,0]

which proves (3.7)) by taking C' > aaps/agy, since hg + € > ho + € and g—ﬁ‘; <0. 0O

Theorem 3.10. Assuming (3.3) to hold, and assuming further that the function
ho is of the form ho(z) = g1(x1)g2(x2) with g1,g2 € WH°(] — 1,0]), then

/Q(xl—x?)pdmﬁ—i—oo ase—0 for any 29 € —1,0][.

Proof. We choose & > 0 such that —§ > max(z9, —dp). Then we have

-6 0
/(xl - x?)pdw > (=6— 9:(1))/ pdz +/ / (x — x?)pd:z:
Q Qs —1 —1

We prove as in Theorem that the first integral of the right-hand side tends to
+00 since —4 — 29 > 0. Applying Lemmawith a1 = (—x1)%g1 and as = gy we
easily prove that the second integral is bounded by a constant independent of e.
We then have the result. (]



EJDE-2006/83 SINGULAR PERTURBATION PROBLEM 11

Remark 3.11. An interesting open question is to obtain an upper bound for p
which allows to say that p is bounded uniformly in € far from x; = 0, without the
global hypotheses that hg is a tensor product.

3.2. Point-contact case. We now assume that hyg is, in a neighbourhood of x = 0,
equivalent to |x|® with o > 0, where |- | denotes the Euclidean norm. For simplicity
we make here the following (non-essential) hypothesis

ho(x) = ||*ha(2)
with hy € W2(Q) and hy > 0. We denote
m = inf hy(z), M = suph(z)

e zeQ
We shall prove that for 0 < a < 2 (paragraph -D we have finite limits of load
and momenta while for o > 3 (paragraph -) they tend to +oco. We begin by

the following existence, umqueness and convergence results.

Proposition 3.12.
e If0 < a < 2 then for any 0 < &, < 3 there is a unique solution py €

3 1
HY (03" 1Y) of (B.2) and p — py in HO(Q h20 h3).
° If% < a < 2 then for any 61 > % — = there is a unique solution pg €

HY(Q, 2% 1) of B-2) and p — po in HO( 2% hd).
Proof. The first hypothesis of Proposition is obvious. The second one is evident
for % <a<2andd; > %—é For0 < a< % and 0 < 01 < % we use the inequality
/82 + 23 > |s| and the result is immediate. O

3.2.1. Finite-limit case (a < %) In the following we prove that the limits of load
and momenta are finite for a < % without supplementary hypotheses. For % <a<

% we prove the same result but adding a restrictive supplementary assumption on

ho.

Theorem 3.13. For 0 < o < 3 we have for any (29, 33) € Q:

/P*/pm /!Ek—xkp—’/xk—ffkpo, k=1,2

with pg solution of the limit problem (3 .

Proof. From Proposition we have p — po in Hi (9, h3617h8)—strongly for any
01 such that

3
0< (51 < 1 (38)

On the other hand we remark that if
1
0<d < — (3.9)
o

then fQ ho 201 g finite, which by Cauchy-Schwartz inequality gives the continuous
embedding of H}(Q, 2% h3) in L'(Q). This will prove the three desired conver-
gence. Now the existence of at least a d; satisfying and is assured if
3/4 < 1/a which is equivalent to o < 4/3. O

Theorem 3.14. For 4/3 < «a < 3/2, under the supplementary hypothesis Ahy > 0
on Q we have the same convergence as in Theorem|[3.15.
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Proof. We need here an estimation of p in a stronger norm than ||hg/2V N2 (o) in
order to obtain ||k p|| £2(0) bounded with a better parameter ¢, than in Theorem
We prove in the following that |\h83_5)/2Vp||Lz(Q) is bounded for an appro-

priate § > 0. Taking ¢ = (ho +e€ ﬂsp with 0 < 4§ < % -1< % as a test function in
the variational formulation of (1.4)) we obtain

o B h B
/ (ho +¢)°°|Vp|* = 5/ (ho +¢)° 6Vh0pr—/ O (o 4 &) p = Iy + Iy
Q 0 o 01
(3.10)
Using Green’s formula we deduce
Il = —é/ V- |:(h0 + 6)276Vh0]p2
2 Ja
0

=5 [ =00+ (TR + (o4 )" ]
2

which is negative, thanks to the additional hypothesis Ahy > 0. On the other hand
1 Op
L < — h 1=0 2
|2|*1—5/Q’(0+6) 8x1|

1 dp
_ b (3-5)/2| 9P
1—5/9(%“) e

= 1;;(/9(}10—&-6)3_5’8851|2>1/2(/ﬂ(h0+6)—1—6>1/2
1

051 Op 12 1 1 da
— [ (h 3=0) L %dy + = / d
Q/Q(OJFE) |8x1 T AT fy o+ e ™

The last integral of the above inequality is bounded uniformly in ¢ due to the
hypotheses on §. We deduce from (3.10|) that

(/th_5|Vp|2dz>l/2 <C

Applying Lemmawith f=ho,02 = % —% and d; > %— g —é we deduce that p is
bounded in Hg (€2, h2% h3=%). We then infer the existence of & € H}(Q, 2%, h3~?)
and of a subsequence of € such that p — ¢ weakly in Hg (£, hg‘;l , hg_‘s). From the
continuous embedding of H}(Q, h2%*, h37%) in HL(Q, h2%*, h3) and by identification
and uniqueness of py we deduce that p — pg weakly in Hg (L, hggl,hg_é) for the
entire sequence.

Choosing now § = 2 — 1 — 5,6 = %—g—é—i—g =2-2 49 with 0 <
n < % — 2 we obtain fQ ho 201 < 400 which implies the continuous embedding of
H(Q, h2%  h37%) in L}(9).
We then obtain p — po weakly in L'(£2) which gives the desired convergence. [J

(hO + 6)—(1+5)/2

IN

3.2.2. Infinite-limit case(a > 3/2). In this paragraph we use the polar coordinates
r,0:

r1 =rcosf, xo=rsinf
and we denote (2, the image of {2 by this change of variables. For simplicity notations
we use the same notation as in cartesian coordinates (for example hg(r,§) means
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ho(rcosf,rsinf)). We set:

Q, =10,7[ x | — 7, ,g[ c Q, vreo1]
The problem (1.4) becomes

Opy 0 (a+ho(r,0))* dp

0
- h 0))3r=£ — (=)
8r[(a+ o(r,6)) Tdr]+69[ r 89]
ZT%COSQfsiHG% in (3.11)
T
p=0 indQ.

Let us remark that from the relation hg = r“hq(r, §) there exists a positive constant
K >0 and r; €]0,1[ such that

oh ~
2> Kr*7 o Y(r,0) €, . (3.12)
or
We recall that hg is non-increasing in x; which is equivalent in polar coordinates
to

oh oh ~
ra—ro cosf < sinHa—e0 on (3.13)
We need here the following supplementary local condition: There exists ro > 0
and ( €]0, 1] such that

ﬁr% cosf < sin@% on €, . (3.14)

Remark 3.15. Hypothesis (3.14)) is a little stronger locally than (3.13)) and is true

if for example % < 0 locally (in particular if hq is radial) since %2 > 0 locally

or
and cosf <0

We now give an analog of Lemma [3.6] in the line-contact case.

Lemma 3.16. Suppose that (3.14) is fulfilled and set r¢ = min{ry,ro}. Then for
any ¢ € C%([0,7¢]) with ¢(ro) = 0, a constant ¢ > 0 exists such that

p(r,0) > cqi(r)p(r)ga(0) V(r,0) € Qp,

with
e d g>(0 3 sin 6
q(r) = W, and q2(0) = cos® 0 sin
Proof. It suffices to prove the inequality
0 3 0 d r(e+ho)? 0 Ohg . Ohg
- il Il ALV > p29 _ v
e+ ho)rg (cnaed) | + 551 g (cn020)| 2 1750 cosd —sin 07y

(3.15)
From (3.14)), we have

aho . 3}10 ahO
— — — << — P .
T cosf sin 0 (1 /8)) cos 6
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Carrying out the differentiations in the left-hand side of (3.15) and dividing by
aah(’ cos , we obtain the following inequality in QTO,

QQ(G) 9 7 (€+h0) 8h0
B0 o [3c+ o), () + (a+ ho)a; () (1)
ho
3 1 “reo
o2
QQ(Q) ’ q1 8h0 -1 3 7 8h0 -1
+ s ? DBl ho)a+ (e+ho)* T (F2) +2(e+h0) a0 (F2) |
2(0) 3 % -t () o Ohg 1 10ho\~!
+0059(6+h0) ne (87“) Jr3008947( €+ho)’q 189 (87“)
g5 (e+ho)’q (Oho\ !
cosé’(ZS r2 ( Oor )
<125
c
(3.16)
Remark also that there is a constant Ky > 0 such that
()] < K )] < K (317)
1 = I(Mra+€)3, 1 >~ 1(M7106+6)3 .

Using now (3.12), (3.17) and the expression of ¢z we obtain that the absolute value
of the left-hand side of (3.16) is bounded by a constant. Taking ¢ small enough we
obtain the result. [

Theorem 3.17. Under hypothesis (3.14]) we have prdx — 400 for e — 0 More-
over there exists K > 0 such that for € small enough we have

/pd:c > Kea2 for a > §,
Q 2

1
/pdeKlog(f) forazg.
Q € 2

Proof. Using polar coordinates and the non-negativity of p we have
/pdx 2/ rp(r,0)drdf, Vp €0,1]
Q Q,

Applying Lemma with ¢ = 1 on [0, ] we show that there exists a ¢ > 0 such

that
—7/2 ro/2
/pdz: > c/ q2(0)do / rqi(r)dr.
Q -7 0

As in the proof of Theorem with some elementary computations we obtain the
result. O

Theorem 3.18. Under hypothesis (3.14) if moreover hi(r,0) = ¢1(r)g2(0) with
g1 € C0,Vv?2], g2 € Cl[—ﬂ',—%], g1(r) > 0,92(0) > 0 and d( T) >0 we

have

/(:z:k—xg)pdxﬂJroo, ase—0, k=1,2.
Q
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Proof. First we prove that there exists K > 0 large enough such that
V2 ds ~
p(r, 0 gK/ — VY(r,0) € 3.18
RO <K [ S V) (3.18)

with

ho(r) = gamr“g1(r), and gom = o min _ g2(0).

el-m- 3]

We use the maximum principle as in the proof of Lemma [3.9] It suffices to prove
the following inequality

3 3
Kﬂ K?”%ﬂE(T,Q) 7“%005t9—&—511196i (3.19)
(e + ho)? or (e+ ho)3 or 00
with
€+ ho 92m
E(r,6) =3 - .
0 =5 T 2 0)

We consider two situations
Case 1: r < r; with r; given in (3.12). As in the proof of Lemma we have
E(r,0) > g;; with gon = maxge[—n, 1) 92(0). Then it suffices to prove for r < rq

ahO 9om 3710 8h
Kr—="" > —r——cosf 9—2 3.20
— 5, 0 + sin 50 (3.20)
with K > 0 large enough From ) the function |ah° ( aho)’ is bounded for

r < ry. Now dividing by rZ the 1nequahty (3-20) is obvious, which proves (3.19)
for r < ry.
Case 2: r > r;. We shall prove

- Ohg Ohg
K(e+ ho) > T cos 0 + sin 9% for r > ry (3.21)

for K > 0 large enough, which implies (3.19)) for » > r1. We have, from hypothesis
on hg, ho( ) > ho(r1) so K(e+ ho(r)) > Kho(m) for r > 1. Since the right-hand
side of (3.21)) is bounded, the result is obvious.

Frorn the tow cases above, the proof of is complete. ([l

Now we have

/(:Ekfxg)pd:c:/ (rcos97x1)pdrd0+/ r(rcosf —ad)pdrdh. (3.22)
Q Qs Q—Qs

We choose 0 < 0 < min(rg, 23] ) with rg given in Lemma We have r cos —29 >
—r+ 29| > ‘g—ll for r < 4, so

0
/ r(rcosf — z0)pdrdf > Jz1] rpdr df
Qs 2 Ja,
and this last integral goes to +00 as in the proof of Theorem Now using ((3.18)
we easily prove that the second integral of the right-hand side of (3.22)) is bounded
which ends the proof for k = 1. The case k = 2 is similar.
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4. ASYMPTOTIC BEHAVIOR IN THE INEQUALITY CASE (PROBLEM (|1.9))

In this section we suppose for simplicity that =] — 1,1[> and that hg is non-
increasing in z; on €7 and non-decreasing in x; on {25 where we denote
Q=] —-1,0[x] = 1,1 and £ =]0,1[x]—1,1].

We study the asymptotic behaviour of the solution p of when € — 0. In order
to introduce the limit problem we define Ks, as the closure of K = {p € H}(Q) :
@ > 0} with respect to the norm of HE(Q,h2° h3) . We remark that Ks, is a
closed convex set in Hg (2, h2%, h3).
We now define the limit problem
Find py € Ks, such that

9
/thPOV@—PO)dCUZ ho(9 (p—p) VeeKs
Q

We now give the following existence, uniqueness and convergence results.

(4.1)

Proposition 4.1. Suppose that fQ < +oo and §; € R is such that

= sup / / hQ‘S1 3 (s,z2) dsdrq
$2€

sup / / h251 3 (s,x2)dsdry < 00

sz[ 1, 1

Then Problem (4.1) admits an unique solution py € Ks, which is independent of
01. Also the solution p of problem (1.9)) converges, when ¢ — 0, to py strongly in
HL(Q, h2% h3).

Proof. We apply Lemma |2 Wlth di =0and é3 = 5 and we obtain classically the
first result. Taking ¢ =0 in we obtain

dp Op
3 27 < op i
/Q(ho +€)°|Vp[~dr < / ho O, /Q(ho +€) B
which leads to J 1o
x
L2 Q) ~ </Q ho(fv)) (4.2)

dr \1/2
L2(Q) = (/Q ho(x)) : (4.3)

From Lemma with di = 0 and d2 = 3/2 we deduce that p is bounded in
H}(Q, hg‘;l,hg). Then an element ¢ € ICs, exists such that, up to a subsequence,
p — & weakly in H}(Q, hg‘sl,hg). We now pass to the limit in all terms in the
inequality

0
[+ ?-o> [ o+ Vof + [ hog(e—p) veek. (44
Q Q
Writing for any ¢ € K,

/Q(ho +€)3Vp -V = /Q ((ho + 6)3/2 - hg/z)(ho + e)B/ZVp -V

o255

which implies

1]

+/ ((ho + €)*/% = h*)ni/*Vp - VLer/thp'V(p
Q
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and using (4.2)) and (4.3)) we deduce
/(h0+e)3vp~w—>/hgvg-w Yo e K. (4.5)
Q Q
Writing also
o) ~1/2,3/2 0
h hy! " —(p —
/ 81‘ (90 p) /Q 0 0 81‘1 (90 p)a
we obtain
/hi(—)e/hi( —6) Veek (4.6)
o O&T1 Y—Pp o 081:1 ¥ P . :
Finally we have
[ o+ 219 = [ ngiopp
Q Q
which gives
liminf/(h0+e)3|Vp|2 > / B3IVE. (4.7)
Q Q
From (4.4)-(4.7) we deduce
0
[usve-veoz [ mver+ [ hog-to-¢) veek.
Q Q o O

By denseness and uniqueness we deduce that & = py and that the entire sequence
p converges to pg. It remains to prove the strong convergence. We have

[ v - < / (ho+ (P + [ HVinl? ~2 [ 1890 Voo,
Q Q Q Q
Taking ¢ = 0 in (1.9)) and ( and passing to the limit we deduce
0
hm/ h |Vp po |2 < 2/ hOTZ)—Q/ hglvp0|2
1

The right hand-side of the above inequality is 0 (take ¢ =0 and ¢ = 2pg in (4.1))
which proves the result. (I

In the following we shall use the classical notation
QY ={2€Q:p(x) =0} (cavitation zone)
Qf ={z € Q:p(x) >0} (active zone)
It is well known that if x € QY then g—;“l’ < 0 which implies the inclusion ; C QF
so that in 1, p satisfies
oho
8%‘1 '

The next lemma will be useful for the proofs in the infinite-limit cases.

V- [(ho +€)*Vp| = (4.8)

Lemma 4.2. Let Q* be an open subset of Q1 with Lipschitz boundary and p* the
solution of (4.8) with p* =0 on 9Q*. Then p > p* on Q.

Proof. Since p and p* satisfy (4.8) on Q*, we have the result by the maximum
principle since p > 0 on 9Q* and p* = 0 on 0Q*. (]
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4.1. Line-contact case. We suppose for simplicity ho(x) = (—x1)*hi(x),Va € Q
with a > 0, hy € W1>°(Q) and h; > 0. We have the following result.

Theorem 4.3. For any « €]0,1[ and (29, 29) € Q we have

/pdxﬂ/podx
Q Q

z, — 2V)pde — zr — 2V)podz, k=1,2
k k
Q Q

Proof. The hypotheses of Proposition are satisfied with 6; = 1/2. Then the
proof is exactly as the proof of Theorem a

Now for the infinite-limit case we use Lemma with Q* = Q;. Performing
for p* the same kind of estimates as for p in paragraph we easily obtain the
following result.

Theorem 4.4. For a > 1 we have
(1) [opdr — +o0
(2) If hy is symmetric in xo with respect to xo = 0 then
o [o(z2 —af)pdr — +oo for x§ <0
o [o(z2—af)pdr — —oc for x§ > 0
o [o(z2—aQ)pdx =0 for 2§ =0
(3) We assume that hy is of the form hi(z) = g1(z1)g2(z2), g2 € C°([—1,1]),
g1 € HY(]—1,1]), g2 > 0, g1 > 0 and ﬁ((—xl)o‘gl) < 0. Then for any
29 €] — 1,0[ we have

/(wl —2N)pdr — +o00 ase—0
Q

Remark 4.5. In the above theorem we obtained the behaviour of the z1-moment
for 20 € Q1 only. The problem is open when z° is such that 29 > 0.

4.2. Point-contact case. We suppose ho(x) = |z|%hi(x) with h; as in Section
The analogous of Theorem for the inequality problem is the following.

Theorem 4.6. For 0 < a < 4/3 we have for any (x9,29) € Q

[ [ i
Q Q

/(xk —x))pdr — /(xk — aNpodz, k=1,2.
Q Q

The proof the above theorem uses Proposition [4.1] and is exactly as the proof of
Theorem [B.13

For the infinite-limit case we pass again to polar coordinates. We have the
following result which is immediate applying Lemma with Q* =] — 1,0[? which
reduces the problem to the equation case.
Theorem 4.7. Suppose that ro > 0 and 3 €]0, 1] exist such that

oh oh

ﬁra—ro cosf < sinHa—eo, Y(r,0) € [0,72]x] — m, —g[
Then for a > 3/2, we have

/pdx—>—|—oo.
Q
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Also fir hy of the form hy(r,0) = g1(r)g2(0) with g € C*[0,v2], g2 € C'[—m, 7],
g1 >0, go >0 and %(ro‘gl(r)) > 0, we have

/(mk—xg)pdx—>+oo ase—0
Q

for all 29 €] — 1,0, k =1,2.

We remark that for a € [4/3,3/2], we are not able to obtain a result as in
Theorem since we can not take a test function ¢ in (1.9 such that ¢ —p =
—c(hg + €)7°p with ¢ independent of e.
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