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NONEXISTENCE OF SOLUTIONS TO CAUCHY PROBLEMS
FOR FRACTIONAL TIME SEMI-LINEAR
PSEUDO-HYPERBOLIC SYSTEMS

SALEM ABDELMALEK, MAHA BAJNEED, KHALED SIOUD

ABSTRACT. We study Cauchy problems time fractional semi-linear pseudo-
hyperbolic equations and systems. Using the method of nonlinear capacity,
we show that there are no solutions for certain nonlinearities and initial data.
Our work complements the work by Aliev and col. [T, 6} [7].

1. INTRODUCTION

In this article, we study Cauchy problems for time fractional pseudo-hyperbolic
equations and systems. We start by considering the time fractional equation

ury 4+ n(=A) uy + (=A) u+ E(—A)" Dgju+yDy,u = f(w), (1.1)
for z € RN, ¢t > 0, supplemented with the initial data
u(r,0) = up(z), up(x,0) =uy(x), xRN, (1.2)
and with
n,&v>0 forrm ke NU{0}, /eN, 0<fB<a<l, (1.3)

A is the Laplacian and DS“ ; is the left-sided Riemann-Liouville fractional derivative
of order a.

The aim of this paper is to show, using the method of nonlinear capacity proposed
by Pokhozhaev in 1997 [18] and developed successfully and jointly with Mitidieri
[15, 16, 7], that under certain conditions, there are no solutions to —.

For the non fractional case a = § = 1, Lions’ monograph [I3] considered equation
in the case where n = 0 and f(u) = —|u/Pu. A step forward was achieved
by [10, 15, 20] where they considered the absence of global solutions for the case
where n = ¢ = 0 and f(u) = |u[P"u or f(u) = *|ulP. Kato [10] showed that for
{=1,¢(=0,and 1 <p<1+4 %, problem - admits no global solution
under a certain condition on the initial data. A further study of John [9] considered
the case £ =1,£=0,17=0,7v=0 and f(u) = |ul? for u close to zero. This was
generalized to £ € N, £ =7 =0, v > 0, « = 1, by Zhang [20] and Kirane and
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Qafsaoui [12]. The two studies proved that the critical exponent for this case is in
fact p=1+ %

The existence of global solutions of problem — for the non-fractional
case a = 3 =118y >0,rk e NU{0} and £ € N was achieved by Aliev and
Kazymov [5].

Recently, by using the method of the test function Aliev and col. [T} 6 [7]
established sufficient conditions for the nonexistence of global solutions of problem
(L1)-(T.3) for the non-fractional case @ = 3 = 1: Aliev and Lichaei [6] considered
the case a = 3 =1and n,&,7 > 0 for r =k € NU{0}, £ € N, and f(u) > C|ul?.
Aliev and Kazymov [I] examined the case
azﬁzl,kzO,rzO,EeNandf(u):m
[7] treated the non existence of global solutions of a semilinear hyperbolic equation
with an anisotopic elliptic part (¢ = =1, k =r =0),

ulP. Aliev and Mamedov

N
gt + eur + Z(—l)e"Dii’“u = f(u), f(u)>clul’.
k=1
Our work will complement the results of [6] for r,k € NU {0}, n,£,v > 0 and
¢ € N and extend it to the time-fractional case 0 < § < a < 1, using the test
function method.
In the second part of this paper, we study the Cauchy problem for the time-
fractional pseudo-hyperbolic system

w4 m (A uy + (=A) w4 & (—=A)" Djyu+ n Djyu = f(v) = [vf?

(1.4)
Ut + 7’]2(7A)k211tt + (—A)Z"’v + 52(*A)T2Dg‘2t’0 + ’}/QDg‘zt’U = g(u) = |’U,‘q
posed in Qs :=RY x (0,00), subject to the initial conditions
u(z,0) = ug(z), us(z,0) = uy (), xRN, 5)

v(x,0) = vo(z), v (x,0) = v1(2)z € RY

with p,g > 1, r;, k; e NU{0}, 4, e N, 1, &, v > 0and 0< 3; <oy < 1fori=1,2.

The non-existence of global solutions in the case of a non fractional system of two
(or more) equations with o; = 0 or 1 and 3; = 0 or 1, is investigated in numerous
studies of Aliev and colleagues: Aliev, Mammadzada, and Lichaei [8] considered
thecaseﬁl-:1,%:771-:1,&:0,61:1,62:2,p:%andq:%; Aliev
and Kazymov [4] examined the case 3; = 1, v, =n; = 1, & = 0, £; € N, and
fi(u,v) > C;1|ulPi + C; 2|v|%; Aliev and Kazymov [2] considered the case 3; = 1,
vi=n:=1,& =0,¢ € N,and f(v) > Clv]? and g(u) > C|u|?; Aliev and Kazymov
[B] dealt with a system of three equations that is similar to the case presented in
[4].

Our work will complement these papers for the system of two equations in the
cases ¥;,1i,& > 0, 1, ki € NU{0}, £; € N and extend it to the time-fractional case,
using again the test function method.

2. PRELIMINARIES

For the convenience of the reader, we start by recalling some basic definitions
and properties which will be useful throughout this paper.



EJDE-2016/20 SEMI-LINEAR PSEUDO-HYPERBOLIC SYSTEMS 3

Definition 2.1. The left- and right-sided Riemann-Liouville integrals of order 0 <
a < 1 for an integrable function are defined as

(e% R 1 ¢ — s a—1 s)ds

(150 0) = g | (6= 9" )i, (21)
« J— 1 g a—1

(I f)(t) = @/t (s =t)*" f(s)ds, (2.2)

where I' is the Euler gamma function.

Definition 2.2. Let AC[0,T] be the space of functions f which are absolutely con-
tinuous on [0,7]. The left and right-handed Riemann-Liouville fractional deriva-
tives of order n — 1 < v < n for a function

feAC"0,T]:={f:[0,T] = R,D"'f € AC[0,T]}, n€EN
is defined as (see [11])

Dg‘tf(t) = D”(Iglt‘"’ )(t), t>0, (2.3)
D f(t) = (=1)"D™(I}} " (1), (2.4)

where D is the usual time derivative.

Furthermore, for every f, g € C(]0,T]) such that Dg‘ltf(t), Dg‘ltg(t) exist and are
continuous for all ¢ € [0,T], 0 < a < 1, the formula of integration by parts can be

given according to Love and Young [14] by

| sgnwi = [ 100590 (2:5)
0 0
In addition, [19, Lemma 2.2] provides us with the formula
T
Dief0) = il ge — [ G- @n 20
1 d (" _
Dirf(t) == F(l—a)dt/t (t—s)"“f(s)ds. (2.7)

3. NON-EXISTENCE OF GLOBAL SOLUTIONS OF ONE EQUATION

In this section, we study the non-existence of global solutions for the time-
fractional semi-linear pseudo-hyperbolic equation (1.1)) for certain initial data with
f(u) = |u|P. Before we state our result. let us define the weak solution of problem

-3

In this article, Q7 denotes the set Q7 := RY x (0,T), 0 < T < +oo. We set

/Tf::/RN/OTf(Jc,t)dxdt, /Qoof::/RN/Ooof(a:,t)dxdt,
[0 [ st
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Definition 3.1. The function v € L (Q) is a weak solution of problem ([L.I)-

(L.3) on Qr with initial data ug(x),ui(z) € LL (RY) if it satisfies

[, e [ mlota0) 0 [ -8 ot
- /RN uo(x)4(2,0) +77/RN uo(z)(=A) g1z, 0) +/ Py

i (3.1)

+7]/ U(*A)kiptt -¢ U(A)TDETTSDJF’Y/Q UDE\T@

[ u-are

Qr

for any test-function ¢ € C2,%2(Qr) with d = max{¢, k,r} such that ¢ is positive,
¢ = 0 outside a compact K C R", p(z,T) = ¢(z,T) = 0 and DﬁT%DﬁTtp €

C(Qr)-

As for the result on the non-existence of a global solution, the constants 1, £ and
~ will not play a role, and thus will be taken equal to one.

Theorem 3.2. Assume that

(1) keNU{0},eNand0<B<a<1;
(2) uo,u1,€ LYRY) such that [on uo(x)dz >0, [on ui(x)dz >0

3) 1<p<1l+ —————-=1Dc.
@) 1<ps Nyt -1 P

Then problem (1.1)—(1.3) does not admit any global in time nontrivial solution.

Proof. The proof is by contraction. Let u be a global weak solution of problem

(1.1)-(1.3) and ¢ be a non-negative function (satisfying the conditions of Definition
3.1) that will be specified later.
Using e-Young’s inequality

ab<ea’ +c(e)bP?, p>1,a>0,b>0, p+p=pp, € >0,

we can write

/ Upr < 6/ ‘“|p90+c(f)/ |rePe P17,
QT Qr Qr
[ uaronse | reree [ 1A e,
T Qr T
/ u(—A)TDtCTTQDS e/ ‘U|pgo—|—c(e)/ [(=A)" ﬁTMz?(pfﬁ/p, (3.2)
T Qr Qr
/ uDjjyp < 6/ \UI”thrc(e)/ | D} plPe P/,
Qr Qr Qr

/ u(-a)p < / e +efo) / -l
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Using inequalities (3.2)) in (3.1), we obtain the inequality
/ [P + / w ()0, 0) + / wr () (— A (,0)
T RN RN
- [ wnleee.0) - [ uole)-8)p(,0)
R

- (33)
<a [ uper i [ lealPe+ [ 1(-aVpuPe
T Qr T

LN sy M R S
T T T

Setting
Ay :/ e [P~ /P, A2:/ (= AP P77,
T T
Aa = [(=A)" DS, Pe P/ Ay = |Dﬂ |Pp=P/p
3 t\T(p ¥ ) 4 t‘T@ ¥ )
Qr Qr
A= [ -2l
T
and taking e = 1/2, inequality (3.3)) becomes

/QT lulPp + /}RN up (z)p(x,0) + /]RN u () (=A)*o(z, 0)

- / () pr (1, 0) — / () (— A)¥ iy (2, 0) (38.4)
RN RN

S C{AL + Ay 4+ A3 + Ay + A5}

At this stage, we set
» t? + |z|*r
p(z,t) =V (7R|4|

where U € C°(R") is a decreasing function defined as

1 ifr<1
vy =4 =
0 ifr>2,

), R>0,v>1, p>0, (3.5)

with 0 < ¥ <1 and r|¥'(r)| < C.
Note that with this choice of ¢, we have

oi(x,t) = 0t R™IU (2 + |2[*?)/RYY' (£ + |z|**)/RY),

leading to
¢t(z,0) = 0. (3.6)

We also assume that ¢ satisfies

[ 7P oul + 1=V 0ul + |(~A) Dol + Dol +1(-8)P) < o,

Qr

for that, we will choose v >> 1. Therefore, the inequality (3.4]) becomes

p uy(z)po(x, ur () (=AY o(x,
| owret [ m@ee0+ [ n@Eayreo)
< C{A; + Ay + Az + Ay + A5}

(3.7)
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Let us pass to the scaled variables y = R~Y/?z, 7 = R~2t and the function @
given by o(z,t) = ¢(y, 7). In doing so, it follows that

—2m

¢r=R7’G, pu=R ¢, Djrp=R>D]..5 (-A)"p=R7" A,

where T = R?T* and T*is a positive constant.
Now, let us set
Q={(y,7), 0<7°+y" <2}
Using these definitions, Aq,..., A5 can be rewritten as

M <R [ g g,
Q
TEES i aanad) NIONE-SLE
Q
Ay < RG5O / |(~A) D2 3PP/, (3.8)
Q
A, gR—255+%+2/ |DE|T*§E|56%§’
Q
As < R PG / [(=A)‘Pe P,
Q

In a short form, we can write
A; =C;R% fori=1,2,...,5,

where N 2% N
0= —4p+ —+2, fo=—(=—+4)p+—+2,
p p p
2r . N - N
05 = 7(; +2a)p + St G=-20p+ -0 +2, (3.9)

—20_ N
P p

As B < a < 1, we observe that
92 S (91 S 94 and 93 S 94.

For R > 1, we have R% < R + R% fori=1,2,...,5 and then inequality (3.7)
becomes

| oo [ w@et0)+ [ n@)-a) w0 < KE+ B, (.10

T RN RN
where K is a positive constant. We have
[ @8 w0 = [_u@)-2) 0
RN Qr

N _ 2k

, aul(R”py)(—A’“)@(yﬁ%

where
Qr = {(z, 0 RV <o <2VWIRVPY Q= {(5,0):1 < [y| < 2}
We assume that ¢ satisfies
(=A@, 0) < o0,
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for that, we will choose v > 1. It follows that

up (z)(—=A)Fo(z,0) < s ui (RY?y)| < - uy ()],
[ m@ 80 < R [ gt < R [ i)

R

then, passing to the limit as R — 400, we have

/]RN w1 (z)(=A)rp(z,0) — 0. (3.11)

Now, if 8, < 0 and 65 < 0, (i.e. max(6y4,05) < 0), that means

28p
N +2p(1 - )’
20
N2 -0

p<pi(p) =1+

p<p2(p) =1

which is equivalent to
p < P(p) = min(p1(p), p2(p))-

As py is a decreasing function and ps is an increasing function, the maximum
value of the function min(p;, p2) will be at the point p = %, when the two functions
p1 and po are equal

L L 20

pl(B) = pQ(E) =1+ _N'—I—T(%—l) =: Pe, (1e 04 = 95)

Therefore, for

1<p<upe, (3.12)
we have R%* + R% tends to zero when R — oo and the inequalities ([3.10)) and (3.11))
yield
/ lul? + / i (z) < 0.
Qoo RN
As

/RN up(z) > 0,

we get a contradiction. This proves the theorem in the case (3.12)).
For the border case where p = p. which corresponds to 84 = 65 = 0 and p = %,
let
Qr,r = {(z,t), R* <>+ |z|" < 2R'},
if we use the Holder inequality in the estimate of fQT upy instead of the e-Young
inequality, we obtain

1/p —5/ N\ 1/P
/ UPtt Z/ upy < (/ \W’w) (/ o P p|@tt|p)
Qr QT.R QT,R QT,R

< (VR / [P o)/,

Qr,r
and similarly

/TU(_A)k%t = /QT,R w(—A)F gy < (Az)l/ﬁ/ o

QTR
1/p
Iul”w) ;

/ w(~A) Dl = /QT,R w(=A) Dl < (As)”ﬁ(/

T QT.R
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~ 1/p
| wbipe= [ ubhe< a0 ([ )
QT QTR Q

T,R

Thus, we obtain

[ obes [ n) < (74T AP af ([ )
T RN

Qr.r
<)

As [, [ul? < 400, we have

1/p

lim lulfe < lim lul? = 0.
R—+oc0 Qr.r R—+oc0 Qr.r
Passing to the limit as R — 400, we find that fQoo lul? + [on u1(z) = 0, which
contradicts f]RN u1 > 0. This prove the theorem in the case p = p.. (I

4. A PSEUDO-HYPERBOLIC SYSTEM

This section is concerned with the fractional time pseudo-hyperbolic system
(1.4))-(L.5).

Definition 4.1. The couple of functions (u,v), u € L{ (Qs) and v € Li, (Qs)
is a weak solution of (1.4)-(1.5) on Q7 with initial data ug(x),u1(z),vo(z) and
vi(z) € L (RN), if it satisfies

loc

/QT [v|Po + /RN uy (x)p(x,0) +m /}RN ur () (=AY o(a, 0)

— [ w@e@otm [ w0+ [ ue
* . T (4.1)
[ ueariorm [ u-aren-g /Q u(~A)" D
51
+’Yl/ ’U'Dt|TSO7
Qr

and

| owites [ n@e@o) s [ n@-a)e0)

A e e A »

+/ v(—A)ézap—i-ng/ U(—A)k2@tt—§2/ U(—AWD;TQT‘P
T Qr T

+’yg/ vanga,
Qr
2

for any test-function ¢ € C22(Q7), £ = max{¢y, {3} being positive, ¢ = 0 outside
a compact K C R", p(z,T) = (2, T) = 0 and DfllT@,Df‘ngo,Dﬁ"‘T@,Dnggo €
C(Qr).
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Theorem 4.2. Assume that
(1) Ti,k‘i GNU{O}, l; €N and0<ﬁl <a; <1,1=1,2;
(2) o, u1,vo,v1 € L'(RY) such that [on uo(z) > 0, [on u1(z) >0, [on vo(z) >
0 and f]RN vi(x) > 0;
B)p>1,q¢>1,
2(pB2 + £1)p 14 2(qfB1 + B2)p )
N+2(1-p1)p  N+2(1-p)p

where p = min( 21 é“; ).
Then problem (1.4 -- ) does not admit any global non trivial solution.

Proof. The proof is by contraction. Let (u,v) be a global weak solution of (L.4])-
(1.5) and ¢ be a non-negative function (satisfying the conditions of Definition [4.1)
Applying Holder inequality to [, O Wptt, We obtain

/QT up < (/QT |u|q<p)1/q(/QT ¢%§|wtt\6>l/a§ (Al)l/t?(/QT |u‘q¢>1/q

and similarly
1/q
/ Moy < (Az)l/q</ |U‘q90) ;

T

1 1/q
| ”Dﬁwzms)q( [ i)™
v (4.3)

_ 1/q
[ woie < @oa( [ )™
T

A1 = / |<ptt|q~(p_Ta dxdt,
T

pq < min (1—1—

where

AQ:/ (= A)F1 4| T~/ do dt,
Qr
ASZ/ [(~A)" Dol Tip ™/ der d,
T
A4:/ |Dt|T<,0|‘7<,07qN/qdxdt7
Qr

A= / (=) T~V da dt.
Qr

Now, let ¢ be the test function defined by the expression (3.5)). Using the previous
estimates (4.3) and the properties (3.5) and (3.6) of the function ¢ in equation
(4.1), we obtain the inequality

| owpes [ met0
v (4.4)
1/q ~ ~ ~ ~ -
< (/RN [ulte) AT T+ AT+ AT+ AT AT
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Similarly, for the equation (4.2)), we have

/ P + / o10(,0)
T RN

g B - B - B (4.5)
< (/ v7e) " [BYT+ ByT+ B + BYT+ BI],
RN
where
Bl = / ‘(ptt|§(p_7(7 dJ? dt,
T
By = / |u(—A)k2<,0t,5|‘7c,077L7 dz dt,
T
Ba= [ I(-A)rDielTe ™ dud,
T
&:/‘w%ﬂ%%Mﬁ,
Qr
By = [ I(-8)¢lTp dot.
T
Now, we estimate Ay,..., A5 and By, ..., Bs in the same way as in Section [3] we
obtain inequalities similar to those given in (3.7) and (3.8)
A; =C;R%, B;=D;R% fori=1,2,...,5, (4.6)
where
-~ N _ N
2k _ N 2k _ N
Oy =—(—+4)7+=+2, b=—("+4)p+—+2,
p p p p
2r - N 2r ~ N
O = — (T2 +200)G+ = +2, 63=—(Z2 +20)p+ — +2, (4.7)
p P P p
-~ N _ N
94=—2&q+;;+2 64=—m%p+;;+z
201 N —20, . N
0 = — LG+ 42, d5=—p+—+2
p p P P
If we set

1/p
1= ([ )" ana g ([ e
T T
inequalities (4.4)) and (4.5)) become
ﬁ+/uwmmgﬂaWW+QWW+QWW+QWW+QWWL
RN
(4.8)
ﬂ+/vw@mgmmﬁ+mmﬁ+mﬁﬁ+mmﬁ+mmﬁy
RN
(4.9)
We can observe that under the conditions on «; and (3;, we have

Op <01 <04, 03<04, 02< 0104, 63< 04
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Hence, for R > 1, we have R? < R% 4+ R% and R% < R% + R%, and consequently,
inequalities (4.8]) and (4.9) can be rewritten as

Ir +/ urp(z,0) < CJ(R%“ + R%/T), (4.10)
RN

Jr +/ vip(x,0) < DI(RT + R%), (4.11)
RN

where
5

5
C':ZC’i7 and D:ZDi.

i=1 i=1

Since f]RN u1p(x,0) > 0 and fRN vip(z,0) > 0, inequalities (4.10) and (4.11)) yield
IP < CJ(R/T 4 R%//7), (4.12)
JP < DI(R*/T + R%/7). (4.13)

The constants C' and D will be updated at each step of the calculation and will not
play a role. This implies that

IP? < CT(R%/P 4 RO/P)(R/T 4 R%s)q’ JP1 < C’J(R% +R975)(R54/5+ ROs/P)yP,

leading to

el < C(R54/5+R55/5)(R94/§+ R%S)q, Jra—1 < C(R% _’_R%)(R&L/ﬁ_’_ R%/ﬁ)p.
(4.14)

Now, let

1 1
Sl = Emax(&h (55) + %max(&l,&g,), SQ = ,qfvmax(947 95) + %max(&;,ég)).

If
S1 <0, and S5 <0, (415)

we have (R%/P 4 R%/P)(R0+/44 R%/7)4 — () and (R‘% +RY/3)(R%/P L R%/PYP 0
as R — oo. Hence, by , both I and J vanish as R — oo. This implies
that J9 = [, |u|?p converges to [, |u|?7¢ =0 and I" = [, [v[P¢ converges to
me |v[P = 0. Consequently, u = 0 and v = 0.

As S; < 0, then we have max(fy,05) < 0 or max(dy,d5) < 0. Suppose that
max(04,05) < 0 and let again R — oco. By , we obtain [,y u; = 0, which
contradicts [pn ug > 0.

Now, we return to the condition that lead to the contradiction. Inequalities
S1 < 0 and Ss < 0 are equivalent to

l 12 N -1
$1 = =2(qmin(B, =) +min(B, =) + (= + 22 <0
€p Zp ]\/; pqp 1 (4.16)
- _ ; 2 i s o —
Sy = Q(pmm(ﬂg, p)—l—mln(ﬁl, p))+(p +2) < 0.
Let us take p=p = min(g—l17 %) We have

min (S, %) =/ and min (0, %) = fa.
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The inequalities in (4.16)) can now be written as

—1
1 = —2(gh + )5+ (N + 29— <0
(4.17)
_ _\pg—1
Sy = —=2(pf2 + B1)p + (N + 2p) <0,
which are equivalent to
- 2(pBa+ B1)p 2(qf1 + B2)p
1<pg< 1+ i1 -
pa < i N+2(1-6)p N+2(1—ﬂ2)p>
Let us now consider the border case where
. 2(pB2 + B1)p 2(qB1 + (2)p
= 1+ , 1+ — /s
pq = min ( N+2(1—8)p N+2(1—ﬂg)p)
which corresponds to
Sl = O, SQ S 0 or Sl S O, SQ =0. (418)

Let us take the case S; = 0, S2 < 0 (the second case: S7 < 0, So = 0 is similar).
We have

pqS1 = qmax(dy, d5) + gpmax(fy,05) = 0, (4.19)
0

IN

ﬁZ]VSQ = ﬁmax(94, 95) + pamax(54, 55)

From (4.19) and (4.20)), we have

'qunax(54, 55)

q

pmax(fy,05) = — and 5(pq — 1) max(d4,05) <0,

which implies
max(§4, 55) = max(él, 62, ey 55) S 0.
Moreover, using Young’s inequality (a+b)" < 2"~!(a"+b") for r > 1, the inequalities

in (4.14) lead to
[Pa—1 < 9 R1/Pmax(84,05)9q—1 p max(04,05) _ ga pS1 _ 24,
and similarly
Jra—1 < 9P RS2 — 2P,
for every T € (0,400). Hence, I < +o00 and J < 400 for every T € (0, +00), and
thus [, [ul? < +ooand [, [v]? < +oo.
Now, let Qr.r = {(w,t), R* < 2 4 |2*? < 2R4}. For the first inequality of

(4.3), we obtain

1/q —g N 1/q
/ UPtt Z/ upy < (/ |U|q</7) (/ w1 |80tt|q)
T QTR QTR QTR

~ 1/ _
< (Al)l/q(/ |U\q<,0) ! < C,RM/4.
Q

T,R

Doing the same for the remaining inequalities of (4.3), we obtain a new estimate

of (1),

0< /RN up(x)
< [ e [ +u@ewo)
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<o [ )" (mev )

< C(/QT,R |u|q¢)1/q.

1/q ~ _ . _ _
< (/ [ultp) " [CLRAT 4 CoRO/T 4 CyRO/T + CyROT + C5 RY/T]

Let R — oo. Since [, [u|? < +oo, the right-hand side of the above inequality

approaches zero when R — oo, while the left-hand side [,y u1(z) is assumed to be
positive, this is a contradiction.
Similarly, the second case S; < 0, S = 0 leads to a contradiction. (]
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