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GLOBAL SOLUTIONS AND BLOW-UP FOR A
KIRCHHOFF-TYPE PROBLEM ON A GEODESIC BALL OF THE
POINCARE BALL MODEL

HANG DING, JUN ZHOU

ABSTRACT. This article concerns a Kirchhoff-type parabolic problem on a ge-
odesic ball of hyperbolic space. Firstly, we obtain conditions for finite time
blow-up, and for the existence of global solutions for J(ug) < d, where J(ug)
denotes the initial energy and d denotes the depth of the potential well. Sec-
ondly, we estimate the upper and lower bounds of the blow-up time. In addi-
tion, we derive the growth rate of the blow-up solution and the decay rate of
the global solution. Thirdly, we establish a new finite time blow-up condition
which is independent of d and prove that the solution can blow up in finite
time with arbitrary high initial energy, by using this blow-up condition. Fi-
nally, we present some equivalent conditions for the solution existing globally
or blowing up in finite time.

1. INTRODUCTION
In this article, we consider the Kirchhoff-type parabolic problem
up — (a + b/ \VHu(a)|2d,u)AHu =&lu|" 'y, o€ Bg, t>0,
Br

u(o,t) =0, o €9IBg, t>0,
u(0,0) = ug(o), o € Bpg,

(1.1)

where Ay is the Laplace-Beltrami operator on the Poincaré ball model B2, which
is a model of the hyperbolic space H?, Br C B? denotes a geodesic ball centered in
zero with radius R, the initial value ug € H(}(BR), and the parameters a, b, £ and
q satisfy

a>0, b>0, £>0, 3<g<5b. (1.2)

We first recall the definitions of B3, Ay, Br, H}(Bgr) and Vy, which can be
found in [2] 30].
(1) The Poincaré ball is

B® := {0 = (z1,22,23) ER? : |0 < 1}
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endowed with the Riemannian metric

4

._ 3. . .
g” = mélj (J cB y L) = 1,2,3),

where §;; and | - | denote the usual Kronecker delta and the Euclidean distance,
respectively.
(2) For i,5 =1,2,3, we define

g = (gij)*l and ¢ := det(g;;).
In this setting the operator Ay is locally defined by

A 7L23: 9 (\/’23: Ui)
H'_\/gizl 0x; gj:1g dx; /)’

(2

As usual, let

8
dy = der = ———d
p= Vo = eyt

be the Riemannian volume element in B>, where dz is the standard Lebesgue mea-
sure in the Euclidean space R3. Therefore, if (note that || < 1)

lol g 1+ o]
d =2 ——dt =1
ne0)=2 [ =t %)

denotes the geodesic distance of o € B? from the origin, a direct calculation ensures
that the operator Ag has the more convenient form

1 21 N
Apg=-(1— 022y = + =(1— o] i
n= =Y g 50— e e
(3) The geodesic ball Br and its surface 0Bp are defined by
Br:={0 €B®:dy(0,0) < R}, 0Bp:={0 cB>:dy(s,0) = R},
where
2‘0’2 —0'1‘2

(1 =o)X = |oaf?

denotes the hyperbolic distance in the Poincaré ball model B3.
(4) For a geodesic ball By C B?, we denote by Hg(Bg) the completion of
C§°(Bpg) with respect to the Hilbertian norm

fulli= ([ (Faato)?an) ", (1)

dy(o1,09) = cosh™! (1 + >), Yoi,00 € B3

where )
e e
Vi = (—5-) V.
denotes the hyperbolic gradient. Then we have
/ (AHu)(;Sd,u:/ (Vuau)(Vye)du, Yu,¢ € C°(Br). (1.4)
Br Br

By a denseness argument, Hg(Bgr) denotes the Sobolev space of the functions
u € L?(Bg) such that Vyu exists in the sense of distributions and |V yul is in
L?(Bgr), endowed with the natural norm ([.3)).
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(5) From standard theory, we know that the embedding H}(Bg) < L (Bg) is
continuous for any v € [1,6], while it is compact whenever v € [1,6). Therefore,
there is a positive constant C,, such that

lullv(Br) < Cullul| for all u € Hj(Bg) and v € [1,6]. (1.5)

Below we introduce the research history of problem (1.1]). Kirchhoff in 1883
proposed the model

92u B (PO N E [F ou(z) |2dx) 92u —0

Pacz — \n T arL J, ~ox 92
which was as a generalization of the well-known D’Alembert wave equation for free
vibrations of elastic strings. The above parameters have the following definitions:
p denotes the mass density, Py denotes the initial tension, h denotes the area of
the cross-section, E denotes the Young modulus of the material and L denotes the
length of the string.

Recently, Xiang et al. [34] considered the Kirchhoff-type parabolic problem in-
volving the fractional Laplacian,

wg + M(u)?)Lrxu = [uP"?u, in Q x (0, +o0),
u(z,0) =up(x), inQ, (1.6)
u(z,t) =0, in (R™\ Q) x (0,+00).

Firstly, by using the classical Galerkin method, the authors showed the local exis-
tence of solutions. Secondly, they obtained the finite time blow-up of solutions with
negative initial energy. Finally, they also estimated the upper and lower bounds
of the blow-up time by some differential inequality techniques. For more recent
references on Kirchhoff-type problems, we refer to [6] [7, [8 [12], T3], 14l 26l 27, 28],
32, 1331, 35, 361, 37, 39, [41].

It is worth mentioning that the potential well method was introduced by Sat-
tinger in [31] to study the global existence of solutions to the nonlinear hyperbolic
equations. From then on, many researchers applied this method to study the non-
linear evolution equations, see [5, [@, [10] 18] 211, [22], 23] 24, 25| 29, 38, 43]. Especially,
Payne and Sattinger [29] investigated the existence and finite time blow-up of so-
lutions to the initial boundary value problem of semilinear parabolic equations
and semilinear hyperbolic equations. Tkehata and Suzuki [I8] studied the stable
and unstable sets for the parabolic equations and hyperbolic equations. Liu et
al. [22 23, 24], 25|, B8] treated the existence of the global solution for the double
dispersion equations, semilinear wave equations and parabolic equations.

In recent years, there has been a lot of work on evolution/steady-state problems
in the hyperbolic space, especially in the Poincaré ball model. The research contents
include existence, uniqueness, multiplicity, global existence and blow-up, see [I1 2,
4, [15] [T6], 17, B0] and references therein. In particular, the reference [2] dealt with
the steady-state problem corresponding to problem , ie.,

—(a+b [ Vi) du) Agu=€f(w), in B,

u(o,t) =0, on JBR.

(1.7)

Br

By using the topological and variational methods, the existence and multiplicity of
the weak solution to the above problem were studied.
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Motivated by the above work, in this article, we consider the evolution problem

corresponding to (1.7) with f(u) = |u|?"!u, i.e., problem (1.1). By using the
potential well theory, we obtain

(1) conditions for the existence of global solutions and for finite time blow-up;
(2) growth rate of the blow-up solution and the decay rate of the global solution;
(3) upper and lower bounds of the blow-up time;
(4) necessary and sufficient conditions for the solution existing globally or blow-
ing up in finite time.
The remaining parts of this article are organized as follows. In Section 2, we give
the main results of this paper. In Section 3, we introduce some important lemmas.
In Section 4, we prove the main results.

2. MAIN RESULTS

To introduce the main results, we first introduce some notation. Throughout
this paper, the norm of the space L¢(Bg) for 1 < ¢ < 400 is denoted by || - [|,.
Namely, for any v € L¢(Bg) ,

1 .
ol = 4 Uz 0@ dr) /e i1 < o< +oo;
o essSUp,ep,, [U(0)],  if 0 = +o0.

Moreover, the inner product of the Hilbert space L?(Bg) is defined by
(u,v) == / wody, Yu,v € L*(Bg).
Br

Secondly, the energy functional J and the Nehari functional I are defined by

1 b ¢
T 1= 5 (allul? + Glel) = Sl (2.1)
I(w) = (J'(u), u) = allul® + blul* = ¢ lul 41, (2:2)

where (-, -) denotes the dual product between H~1(Br) and H}(Bg). By3<q¢<5
and (1.5)), we know that J and I are well defined in H}(Bg). Moreover, from (1.4)),
we see that the critical points of J are weak solutions of the steady-state problem

corresponding to (|1.1)) (see [2]).
Obviously, from (2.1)) and (2.2)), one has

(¢—1a, o (¢=3)b 4 1
J(u) = —— R a—— + I(u). 2.3
() = gy I+ iy e ) (23)
The depth of the potential well is defined by
d:= ulngv J(u), (2.4)

where N denotes the Nehari manifold and
N :={u € H}(Bg)\ {0} : I(u) = 0}. (2.5)

From Lemma [3.3] we see that d is a positive constant and
2arg(q — 1) + brg(q — 3)
4(q+1) ’

where 79 > 0 is the constant given in Lemma [3.2
In addition, we set

d>M :=

Ny :={u€ H}(Bg) : I(u) > 0}, (2.7)
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N_:={u € Hj(Bgr): I(u) < 0}. (2.8)
Thirdly, we define the potential well W and the outer space of the potential well
V' as follows:
W= {u € Hy(Bg) : J(u) < d,I(u) >0} U{0}, (2.9)
V:={u€ Hy(Bgr): J(u) < d,I(u) <0} (2.10)
To introduce the main results, we need the following three definitions.

Definition 2.1. Let ug € Hi(Bg) and T > 0. A function u = u(t) in the space
L*°(0,T; HY(Bg)) with u, € L?(0,T; L?(Bg)) is said to be a weak solution of (1.1)),
if
/ wpdp + (a + b/ IV (o) du) / VruVaédu
Br Br Br

(2.11)
=& [ " updy,
Br
for any ¢ € H}(Bg). In addition, the following energy inequality holds
t
T®) + [ fur [ dr < Iuo) (212
0

for a.e. t € (0,7).
Definition 2.2. Assume u = u(t) is a weak solution of (l.1)), then the maximal
existence time T of u is defined by:

(1) If there is a ty € (0,+00) such that u exists for ¢t € [0,%p), but does not
exist at t = tg, then the maximal existence time T' = t¢;
(2) If u exists for all ¢ € [0, 4+00), then the maximal existence time T' = +o0.

Definition 2.3. Assume u = u(t) is a weak solution of (L.1). If the mazimal
ezistence time T' < 400 and

t
lim / |ul|2 dr = 400, (2.13)
t—T— 0

then we say that u blows up in finite time.

Now, we introduce the main results of the present paper. Firstly, we give the
existence of global solutions.

Theorem 2.4. Assume holds and ug € H}(BRr). If J(ug) < d and I(ug) > 0,
then admits a global weak solution u(t) € L°°(0,+o0; H}(BRr)) with u; €
L?(0,400; L?(BR)) and u(t) € W for all t € [0,+00). In addition, if the weak
solution is bounded, then it is unique. Furthermore, if J(ug) < do, then

2
o o uollz
10 = Difuglg +1°
where
4(q + 1) J (uo)\ = (g—=3)b/ b \is
L 207 q+1 -
D=2 e (=) >0 4<q+1>(5c;¢%) '

Here, Cyt1 is defined in (L.5), and A1 > 0 is the first eigenvalue of the eigenvalue
problem
—Agu = Au, in Bpg;

u=0, on OBpg, (2.14)



6 H. DING, J. ZHOU EJDE-2022/38

which can be characterized as

2
weHE (Br)\{0} [|ull3

Remark 2.5. Note that dy < d. Indeed, for any u € N, it follows from (2.3)) and
Lemma [3.2)3) that

_ (q—1a 2
J(u) = m”“” +

(q—3)b 4
(Q*3)b 4
Zaqrn’
_(g=3b b e
- (a7 =

4(g+1)
From Theorem we can obtain the following corollary.

Corollary 2.6. Assume (1.2)) holds and ug € Hg(Bg). If J(uo) < d and I(ug) > 0,
then (L1) admits a global weak solution u(t) € L>(0,4o00; Hy(BR)) with u; €
L?(0, +00; L?(Bg)) and u(t) € W for all t € [0, +00).

(g—3)b
4(g+1)

Jlu*

Next, we introduce a result about finite time blow-up.

Theorem 2.7. Assume (1.2) holds and ug € HJ(Bgr). Let u = u(t) be a weak
solution of (L.1). If J(uo) < d and I(ug) < 0, then u(t) blows up at some finite
time T'. Furthermore,

(1) if J(uo) < d, then T can be estimated by

4q]luol3 ,
~ (g +1)(g—1)*(d = J(uo))’
(2) if 3 < q<11/3, then

T > M and ||ullz > (2C(T — t)(y — 1))i2<11—~>,
2C0(y-1)
where _
10 — 2(] -~ §C‘1+1 11§3q
0y (O
T ==
Here, C is the best constant in the iequality
lullgr < Cllall* = [full3, (2.16)
and 5
— 9
f=——7+¢€(0,1). 2.17
s €O (217)
Remark 2.8. The constant C in (2.16) is well-defined. In fact, by (1.5)), we have
[ulle < Cllull-

Since 3 < ¢ < 5, by using the interpolation inequality (see [3], I1]), we obtain

—0 (%
lullgr < llullg™ llull3,
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where 6 is given in (2.17)). Combining the above two inequalities, we obtain
1-0 61,110
lullg+1 < Cg~° llull*~“llull3-
So, C is well-defined and C < Cé_g.
The next theorem gives the growth rate of blow-up solutions.

Theorem 2.9. Assume (1.2) holds and ug € H}(Bgr). Let u = u(t) be a weak
solution of (L.1). If J(uo) < M and I(ug) < 0, then for any ¢ € (0,1/3], there is
ate € (0,T) such that u satisfies

2
(atDe (gtD)e 2—(q+1)e
2 1t€)

lul3 = C. (5 — ¢
for allt € [t.,T), where

1 q+1)e ﬁzls ¢
Co= [(1- D) - )] T R = [l o
2 0

Next, we give a new blow-up condition which is independent of d.

Theorem 2.10. Assume (1.2)) holds and ug € Hg(Bgr). Let u = u(t) be a weak
solution of (L.1). If

J(Uo) <

(¢ —Dar (g — 3)bA2
g+ 1) mllﬂoll%» (2.18)

then u(t) blows up at some finite time T. Furthermore, T can be estimated by

. 16g]1uo 3 |
= (g = 1)?[2(g — Dai[uoll3 + (g — 3)bAT||uoll3 — 4(g + 1) (uo)]
In addition,

luoll3 +

2D sag) + (ol — 2 sag)) e,

where \p is defined in (2.15) and S = 2<q71)aA1+(373)bA%”uo”g.

Next, we give a finite time blow-up result with arbitrary high initial energy.

lull3 >

Theorem 2.11. For any constant P > d, there is a function up € H}(Bgr), which
satisfies J(up) = P and (2.18). Then the weak solution u of problem (L.1)) with the
initial value up blows up in finite time.

Next, we give a result related to the asymptotic behavior of the energy functional.
Theorem 2.12. Let v = u(t) be a weak solution of (1.1) and T be the mazimal
existence time of w. If J(up) < d, I(ug) <0 or (2.18)) holds, then

lim J(u(t)) = —oc. (2.19)
t—=T

The next theorem is about some equivalent conditions for the solution blowing
up in finite time or existing globally.

Theorem 2.13. Let u = u(t) be a weak solution of and T be the mazimum
existence time of u,
(1) if J(uo) < d and ug € HE(Bg) \ {0}, then it holds
(a) I(up) < 0= T < 400 < there is a ty € [0,T) such that J(u(tg)) < 0;
(b) I(ug) >0 T =+oo < J(u(t)) >0 for allt € [0,T);



8 H. DING, J. ZHOU EJDE-2022/38

(2) if J(up) =d and ug € H(Bg) \ {N U{0}}, then it holds
(a) I(ug) <0< T < +oo0 < there is a ty € |0,T) such that J(u(ty)) < 0;
(b) I(up) >0 T =+o00 < J(u(t)) >0 for allt € [0,T),

where N is defined in (2.5).

3. PRELIMINARIES

Lemma 3.1 (see [19, 20]). Assume that 0 < T < +oo and p(t) € C?[0,T) is a
nonnegative function satisfying

P (®)p(t) = (1 + ) (t)* > 0,
where 7y is a positive constant. If p(0) > 0 and p'(0) > 0, then T < 'y,;(’%) < 400
and p(t) = +oo ast — T.
Lemma 3.2. Let u € H}(Bg) and (1.2)) hold,
(1) f 0 < |lu|l < ro, then I(u) > 0;

(2) if I(u) <0, then |Jul|| > ro;
(3) if I(u) =0, then ||u|| > r¢ or |lul]| =0,

1
where ro = (50%) =3 > (.
q+1

Proof. (1) It follows from 0 < |Ju|| < ro and (1.5]) that
Ellullgty < ECH lull ™™ = € lull™? lul* < bllull* < allull® + bllull*,
which, together with the definition of I(u), implies I(u) > 0.
(2) Because I(u) < 0, we infer that |[u| # 0. By (1.5), one has

1 1
allull® + bllull* < €llullgiy < €0 ul

which yields
ECe L [ul™" > a+ bllul® = bllul?,

this gives |lu|| > 7.
(3) If ||u|| = 0, then we obtain I(u) = 0. If I(u) = 0 and ||u|| # 0, then we obtain

from (|1.5) that

which implies

+1 +1
allul® + bllull* = €llullgiy < ECG lul ™,

T u ™" = a+bl|ul* > bllul?,
this gives |lul| > 7. O
Lemma 3.3. Let (1.2) hold. Then
g 20rd(a— 1) +bri(g - 3)
- A(q+1) ’
where d and ro are defined in (2.4) and Lemma respectively.

Proof. For all u € N, we have I(u) = 0 and v € H}(Bg) \ {0}. Then from (2.3)
and Lemma [3.2|(3) we obtain

(3.1)

=Dey o =3 L
) = S D e =Dy i)
_(g=Da, o (g=3)b 4
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2ar(q — 1) + brg(q — 3)
- 4(q+1) ’
which implies (3.1]). O

Lemma 3.4. Let (1.2)) hold. Ifu € H}(Bg) and I(u) < 0, then there is ar* € (0,1)
such that I(r*u) = 0.

Proof. We divide the proof into two cases.
Case 1: a =0. For r > 0, we set ¢(r) := frq_?’”uﬂgﬁ, then it is clear that

I(ru) = brtul|* = &rtH ufl i) = r* (llull* - 6(r)). (3.2)
It follows from I(u) < 0, (3.2) and Lemma 2) that
B(1) > bljul|* > brg > 0. (3.3)

Furthermore, according to the definition of ¢(r), we reach

li =0

Jim ¢(r) =0,
which, together with (3.3)), implies that there is a r* € (0, 1) such that ¢(r*) = b|u||*
and I(r*u) = 0.

Case 2: a > 0. For r > 0, we set ¢(r) := &r¢|ul|2T] — br2|jul|*, then we have

q+1
1(ru) = ar?ul]® + brdullt — &7 a2 = P2 (allul® — 6(r).  (3.4)
It follows from I(u) < 0, (3.4) and Lemma 2) that
o(1) > al|ul|* > arg > 0. (3.5)
Furthermore, from the definition of ¢(r), we have
li =0
Jim_¢(r) =0,

which, together with (3.5]), implies that there is a 7* € (0,1) such that ¢(r*)
al|lu||? and I(r*u) = 0.

Ol

Lemma 3.5. Let hold. If u € H}(Bg) and I(u) <0, then
I(u) < (g+ 1)(J(u) —d). (3.6)
Proof. By Lemma we see that there is a r* € (0,1) such that I(r*u) = 0. Let
fr)y:=(q+1)J(ru) — I(ru), r >0,
then we have (G-1)
ala —
fr) = ==
It follows from Lemma 2) that
f'(r) = alg = rllull® +b(q = 3)r®|lull* = blg — 3)r®||ull* > b(g — 3)r®r5 > 0,

which implies that f(r) is strictly increasing for » > 0. Then we obtain from
0 < r* <1that f(1) > f(r*), i.e.,

(¢ +1)J(u) = I(u) > (¢ +1)J(r"u) — I(r*u) = (¢ + 1)J(r"u) > (¢ + 1)d,
which means . [l

b(q — 3) 7”4||U||4.

P ul? + 2
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Lemma 3.6. Assume (1.2) holds and uo € H}(Bgr). Let u = u(t) be a weak
solution of (L.1)). Then

1d
2dt
where T is the mazximum existence time of u.

Proof. Let ¢ = u(t) in (2.11)), one has

| wwdit (b [ 1Vaue)Pdn) [ Vaulau=¢ [ julrtd
Br Br Br Br

full3 = =I(w), Vtel[0,T), (3.7)

ie.,
1d 1
§@IIUH§ = —allu|® = blju|* + €[l
which, along with the definition of I(u), yields (3.7)). O

Lemma 3.7. Let u = u(t) be a weak solution of and T be the mazimum
existence time of u. If J(ug) < d, then the sets N_ and N4 are both invariant for
u(t), namely, if ug € N_ (resp. ug € N1 ), then u(t) € N_ (resp. u(t) € Ni) for
allt €10,T).

Proof. Because the proof of the invariance of N, and N_ is similar, we only show
the invariance of N_. We divide the proof into two cases.

Case 1: J(up) < d. By contradiction, if not, then there must exist a to € (0,7")
such that I(u(t)) < 0 for ¢t € [0,t) and I(u(tp)) = 0. Then it follows from Lemma
B-2(2) that |[ul > ro > 0 for ¢ € [0,), which means |[u(to)|| > ro > 0. Thus, we
infer that u(tg) € N and J(u(tp)) > d, which contradicts that J(u(tg)) < J(ug) < d
(see (2:12)).

Case 2: J(up) = d. By contradiction, if not, then there must exist a t; € (0,7")
such that I(u(t)) <0 for ¢t € [0,¢1) and I(u(t1)) = 0. Then it follows from Lemma
(2) that [Ju|| > ro > 0 for ¢ € [0,t1), which implies u(t;) # 0. Consequently,
we infer that u(t1) € N and J(u(t1)) > d. Furthermore, by Lemma we know

U 5 u) = 71 U 1’: > f()I‘ t S 9 t 3 W }llC}l means U ar > . IIenCe, we
t 0 0 0 T2 0
()blaln fr()m 2.12 ‘ha‘

J(u(tr)) < J(uo) / urlBdr < d,

which contradicts that J(u(t1)) > d. O

4. PROOFS OF MAIN RESULTS

Proof of Theorem[2.]] We divide the proof into three steps.

Step 1: Existence of the global weak solution. Let w;, j = 1,2,... be the
eigenfunction of the Laplace-Beltrami operator subject to the Dirichlet boundary
condition

—AHOJj = )\jwj, o € Bpg,
wj = 0, o€ 0Bg.
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Furthermore, we normalize w; such that [lw;|l2 = 1. Then we see that {w;}32, is a
basis of H}(Bgr). Constructing the following approximate solution w,,(t) of (1.1,

U zz:gjm(t)wj(a), m=1,2... (4.1)

which satisfies

/ Umewj dps + (a + b/ |Vum(c7)|2 dﬂ) VaumVaw; du
BR BR

Br
=< |um|qilumwj dp, (42)
Br
(um(0),wj) = Gjm
for j =1,2,...,m, where the constant (j,, satisfies
U (0) = Zgjmwj(a) —up in HY(BR) as m — 4o0. (4.3)
j=1

According to the standard theory of ODEs, we infer that there is a T > 0
depending only on (j, (j = 1,2, ..., m) such that gj,, € C*[0,T] and g, (0) = (jm.-
Hence, u,, € C'([0,T]; H}(Br)).

Multiplying the first equation of by g%, (t) and summing for j = 1,2,...,m,
then integrating with respect to time from 0 to ¢, one has

J(Um(t))+/0 [ume |3 d = J(un(0)), t€[0,T).

It follows from (4.3)) and g, (0) = (jm that
mLHEOO J(um(0)) = J(ug) < d, mlinﬁoo I(um(0)) = I(ug) > 0.

We conclude that I(u,,(0)) > 0 and
t
J(um (1)) +/ l[ttmr |3 dT = J (um (0)) < d, t € [0,T] (4.4)
0

for sufficiently large m, which implies u,,(0) € W.

Now, for any ¢ € [0,T] and sufficiently large m, we show that u,,(t) € W. In
fact, if not, we infer that there is a to € (0,7] and a sufficiently large m such
that w,,(to) € OW, which implies u,,(ty) € H}(Bgr) \ {0} and I(um,(tg)) = 0 or
J(um(to)) = d. According to (4.4), we know that J(um(ty)) = d is impossible.
Hence, we obtain u,,(tg) € N, then we infer that J(u,,(t0)) > d, a contradiction.
Therefore, for any ¢ € [0, T] and sufficiently large m, we have u,,(t) € W.

According to I(um(t)) >0, (4.4), and

(g—1a > (g=3)b 4 1
J m(t)) = m m 1 m(t)),
(i) = S8 a2+ =20 1+ T )
we readily obtain
(g—1a o (g—3)b 4 /t 2
——|um || + Um ||~ + UmrlladT < d

for any ¢ € [0, 7] and sufficiently large m. Then

t
/ |tz |3 dr < d, ¥t €[0,T], (4.5)
0
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4(g+ 1)d
(g—3)0"°

Thus, T = 400 and un,(t) € W for ¢ € [0, +00). It follows from (1.5 and (4.6) that

q+1
/ [P P el / a7 dp < CTH 71
BR BR

| ||* < vt € [0, 7). (4.6)

. (4.7)
4(q+1)dCy, \

It follows from (4.5)), (4.6), and (4.7) that there exists a function v = wu(t) €
L°(0, +00; H} (BRr)) with u; € L?(0, +00; L?(Bg)) and a subsequence of {u,, }5_;

(still denoted by {um, }2°_,) such that for each T > 0, as m — 00,

<Cd::(

Uy — 1y weakly in L(0,T; L*(Bg)), (4.8)

Up — u  weakly star in L(0,T; HY (Bg)), (4.9)

Um — u  weakly in L2(0,T; H (Bg)), (4.10)

[t | Yty — |u|?" ' weakly star in L(0, T L%I(BR)), (4.11)
|t |9 g — [ul9 . weakly in L2(0,T; L™ (Bg)). (4.12)

In addition, it is clear from 3 < q < 5 that H}(Br) < L9T(Bg) compactly. Then
from [42], we conclude that

{u:ue L?(0,T; HY(Br)),us € L*(0,T; L*(Bg))} = L*(0,T; L™ (Bg))
compactly. Consequently,
U — u  strongly in L?(0,T; L9 (Bg)). (4.13)

Now, we choose a function h € C1([0,T]; H} (Bg)) and fix a integer s > 0 such that

h=>"fi(t)w;(o), (4.14)

j=1
where {f;(t)}_, are arbitrary given C' functions. Taking m > s in the first
equation of (4.2), and multiplying it by f;(¢), summing for j = 1,2,...,s, then

integrating with respect to ¢ from 0 to T, one has

7 7
/ / umthdudtJr/ (a+b/ |VHum(O')|2d,U,)/ V iumVgh dydt
0 Br 0 Br Br

7
:g// |7 g o i di.
0 Br

Taking m — 400 in the above equality, we obtain from (4.8)), (4.10) and (4.12)
that

T T
/ / uthd,udt—i—/ (a—i—b/ |VHu(U)\2du) VuauVghdudt
0o JBg 0 Br Bg

7
:5// lu| Y uh dy dt.
0 Br
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Because the set of functions h is dense in L?(0,T; Hi (Bg)), we know the above

equality holds for all h € L2(0,T; H}(Bg)). From the arbitrariness of T > 0, we
infer that

/ ut¢du+<a+b/ |VHu(U)|2d,u>/ VauVgddn=¢ [ |ult updp
Br Br Br

Br

holds for any ¢ € H}(Bg) and a.e. t € (0,400).

According to (4.8) and 1 , wWe know that um(0) — u(0) weakly in L?(Bg).
Then it follows from 1-) D and g, (0) = (jm that u(0) = ug € H}(Bg).
Now, we show that (2.12) holds for a.e. t E (0, +00). Indeed, for a.e. t € (0, +00),

we select T > t. Then we obtain from (4.13) that u,,(t) — wu(t) strongly in
L9t (BgR). Thus, it follows from (4.7) and (4.12)) that, as m — +oo0,

[ it [ e
‘ (U [ U | T — || 771 du|+‘/ — W)Uy [t |7 | (4.15)

| Wt [t |17 = ufu|?) dﬁ‘| + q\/ Callum — ullg+1 =0,
which, along with (4.1] . . . . - -, and gjm (0) = &, yields

t
2 a 9 b 4
A dr + S ul? +

t
o a. . b.. .
< hmmf/O |tmr |3 dT + 51717{13513 llum || + 1 gg}rlg [

m——+o00o

t
b
< timinf ( [ el ar + Gl + o)

m—>+oo

m—+o00o

— lim (=

m——+o0o q+1

§ 1
a4+ T (o),

i € ot
= iminf ( / el 7 + I m) + S 511)

g1 + J (i (0))

which means (2.12)) holds for a.e. t € (0, +00). In addition, similar to the proof of
U (t) € W, we can show that u(t) € W for all t € [0, 4+00).

Step 2: Uniqueness of the bounded global weak solution. Let u and v be
two bounded weak solutions of problem (|1.1]), then

(ut, ®) + a(Vuu, Vo) + b||Vaul|3(Vau, Vi) = E(Jul" 'y, ¢),
(e, ) + a(VEv, V) + bl Vav|3(Vav, Viae) = £(jv]*" v, ¢)
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for any ¢ € H}(Bg). Subtracting the above two equalities, then letting ¢ = u—v €
H}(Bgr) and integrating over (0,t) for any ¢ > 0, one has

// (u —v),(u—v) +a|Vi(u—uv)?
Br
+ 0|V |3V au — b||V o3V gv) Ve (u — v) du dr (4.16)

:5/0 /BR(|u|q1u 0|7 10) (u — v) d dr.

By means of the Cauchy-Schwarz inequality, we conclude that

a| Vi (u—v)|3 + b/ (IVaul3Vau = [Vrol3Vao) (Vau — Vi) dp

Br

> 0|l = Vil | VuuViod)
R

~5(19uoll3 [ VuuVavdn— [Vav]s)
Br (4.17)

IV zull + (| Vroll3
b(IVmul3 ~ [V rul3- R

IV zull3 + ||V goll3
2

~b(IVsol3 - IV aol})

b
= *(HVHU||§ - ||VHUH§)2

It follows from and - ) that

5/0 /BRWI"‘W— |U|q_1v)(U—U)deTZ/Ot/BR(u—U)T(u—v)dpdT.

Since (u — v)(0,0) = 0 and 3 < g < 5, we obtain from the boundedness of u and v
that

t
l6ll% < © / |12 dr,

where the positive constant C' depends only on ¢, £ and the bounds of u, v. Then
by Gronwall’s inequality, we have ||¢|3 = 0. Hence, we obtain ¢ = 0 a.e. in
Bpg x (0,400) and the proof of this step is complete.

Step 3: Decay estimates. Because do < d, it follows from J(ug) < do, I(ug) >0
and step 1 that I(u) > 0 for ¢ € [0, +00). By (2.3) and (2.12)), we obtain

Hun) 2 ) = Sl + B0l a2 B 9

Then it is clear from (1.5)) that

A(q +1)J(ug) \ /4
< Oyl < Gy (MO DIy 119
s < Coaull < o (ZET2E (419)
From (1.5) and (4.19)), we have
gy = Null§ il < Cqellullglul®
4(q+1)J (uo) .4 (4.20)
< CHLH (=) T )

(q—3)b
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Moreover, from Lemma [3.6] we obtain
%HUH% = —21(u) = 2€Jull {1 — 2al|ul® — 2b]}u]" (4.21)
Then by and , we obtain
g < ~2bfll + 26l 213

q+1
4(q+ 1) J(ug)\ 5
<—2b||u|4+25031%(((q_)3)§)°)) ol
q+1)J(u
— 2o soppt (MR T }n 5
q+1)J(u
<-23[p- 50315(7( ¢ )3)(19 0)) ]II [2
which implies
2
u
Jul < oz
Dt||lupll3 +1
where .
4(qg+ 1) J(ug)\ T
D =2X[b-¢Cyf] (((q_)?))éo)) | >0

O

Proof of Corollary[2.6 If ug = 0, then the proof is complete because problem (1.1)
admits a global weak solution u(¢) = 0. Hence, in the following, we assume that
up € HY(Bg) \ {0}, and then the proof is divided into three cases:

Case 1: J(ugp) < d and I(ug) = 0. Because ug € N, then we infer that J(ug) > d,
which is a contradiction and this case cannot happen.

Case 2: J(ugp) < d and I(ug) > 0. By Theorem we know that problem (1.1))
admits a global weak solution.

Case 3: J(ug) = d and I(ug) > 0. In this case, we let hy,, =1 — L (m=2,3,...).
Considering the problem
ug — (a + b/ |V gu(o)|? du)AHu = ¢l u, o€ Bp,t>0,
Br
u(o,t) =0, o € dBg,t>0,
u(0,0) = ugm (o) := hypug, o € Bg.
It follows from ug € Hg(Bg) \ {0}, hm € (0,1) and I(ug) > 0 that
(uom) = ahiy, |Juol|* + bhy, uoll* — €% fuo 71

= hi, (alluol® + bl Juol|* — €1 uollf41) > 0.

(4.22)

Furthermore, from the definition of J(u), we obtain

= (hnt) = @l |ul® + 013, [|u|* — €RE, [[ull iy

dh

1 +1
(a’lntIUHQerh?nIIUII4 EREH lull2Ey)

= hil(hmu).

m
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Then
LJ(hmuo) = LI(hmuo) = iI(uom) >0 (4.23)
dhp, hm hom ’
which means
J(Uom) = J(tho) < J(Uo) =d. (424)

By T heorem for each m, we see that problem (4.22]) admits a global weak so-
lution uy, (t) € L>(0, +oo; H}(Bg)) with w,,; € L*(0,+00; L2(Bg)), which satisfies
U (t) € W for all t € [0, +00) and

/umthdqu(aer/ |VHum(a)|2du>/ VaunVgodu
BR BR

Br (4.25)
:5/ |7t b
Br
for a.e. t > 0 and any ¢ € Hj(Bg). In addition,
t
J(um(t)) +/ tmr||2 dT = J(ugm) < d. (4.26)
0
Since
(g—1Da 5 (g=3)b 4 1
J m t) = ——< m + m + —1 m t 5
(tn(8) = o5l P+ 25 |+ 70 (6)
it follows from (|4.26]) that
(g—1a o, (q—3)b 4 /t 2
20q + 1) ||U7n|| + g+ 1) llwm ™ + o [ tmr |2 dT < d.

Then the remainder of the proof is similar to that in the proof of Theorem[2:4 O

Proof of Theorem[2.7. We divide the proof into the following three steps.

Step 1: Blow-up in finite time. We divide this part of the proof into two cases.
Case 1: J(ug) < d. Let u =u(t), t € [0,T), be a weak solution of and T be
the maximum existence time of u. Since J(ug) < d and I(ug) < 0, then it follows
from and Lemma that u(t) € V. Next, we show that u(t) blows up at
some finite time 7. By contradiction, we assume that the weak solution u exists
globally and T' = +oc0. Set

Q) = / lul3dr, te[0,T).

Then we obtain from Lemma that

Q'(t) = [lull3, Q"(t) = 2(u,us) = =21 (w). (4.27)
It follows from ({2.3)) and that
(g—1Da 2, (g=3)b 4 1 /t 2
e — I <

which implies

2100 = (g = Dl + T2l = 2+ 1) 500) + 204 1) [ B
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then by (1.5]), we reach
Q"(t)
(g —3)b

t
> (¢~ Dl + 52l = 20g-+ 1 (w0) + 20 +1) [ ar
0

o (g=3)b
T
P @OF ~ 2+ )I) + 20+ 1) [

Furthermore, we have

([@ear) = (5 [ Epugar)

1 2 212
= —(llullz = llu

le(I 12 = [luoll2) (4.29)
= 5 (llullz = 2lluol3ull3 + lluoll2)

1
= (@ ®)* = 2]luol3Q' (1) + lluol2)-

Then it follows from (4.28]), (4.29)), and Schwarz inequality that

QR - @)

4 2200@Q O — 4+ DIl 0 - 200+ DI w)Q0 + L ol
tUthusz tuu7'2

200+ 1) [l [ ular =200+ 0( [ @)

- (@=3)b
= o0k

- @Hu”‘* —2(q+1)J(uo) +2(g + 1)/0 lur |3 dr (4.28)

t
lulld - 2(g + 1).7(uo) +2(q + 1) / Jur 2 dr
0

>

Q(Q'()* = (¢ + Dluol3Q"(t) = 2(g + 1) (u0)Q(2).
(4.30)
Furthermore, from Q”(¢t) = —2I(u) > 0, we deduce that Q'(t) > Q'(0) =
|lugl|3 > 0. Then it is clear from that

QUQ" (1) ~ L@ 1)

= D200 )~ (4 + DIuwlBQ 0 20+ 1))

From (2.12), (4.27), and Lemma [3.5 we know that, for all ¢ € [0, +00),
Q" (t) = —2I(u) > 2(q+ 1)(d — J(u)) > 2(¢+ 1)(d — J(up)) :=C1 > 0. (4.32)
Then for all ¢ € [0, +00), one has

(4.31)
>

C C
Q'(t) > Q(0) + Cit = |lug|? + Cit > Cit,  Q(t) > Q(0) + 7%:2 = 71152.
Hence,

lim Q(t) = +oo, lim Q'(t) = +oc.

t——+o0o t——+o0
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Then there is a tg > 0 such that

%Q’(ﬂ > 2(q+1)J(ug), to<t< +oo,
2
_ 2

U= 00 >+ Dl to<t< o

which, together with , implies, for ¢ € [tg, +00),
Q@' - L@y = I ) 2 4 1100000
2
—3) 2
(= 3lllz ) (g 4 1)o@ () > 0.

1C}
It follows from Lemma that the maximum existence time T; of Q(t) satisfies
T < 400 and lim;_,p, Q(t) = +o0, which is a contradiction.

Case 2: J(ug) = d. According to Lemma we know I(u(t)) < 0 for all ¢t > 0,
then we infer from Lemma [3.6] that (us, u) = —I(u(t)) > 0 for ¢ > 0, which implies
|luel|3 > 0 for ¢ > 0. Thus, it follows from (2.12)) that there is a ¢; > 0 such that

J(u(ty)) < J(ug) — /0 1 ||’U,.,-||%d7’ < d.

Taking ¢; as the initial time, then the remainder of the proof is similar to case 1.

Step 2: Upper bound estimate of the blow-up time. Let u = u(¢), ¢t € [0,T),
be a weak solution of and T be the maximum existence time of w. Since
J(up) < d and I(up) < 0, then it follows from Step 1 that T' < +oo. Furthermore,
by Lemma 3.7, we know that I(u) < 0 for ¢ € [0,T). We set

t 1/2 /2
0= ([ 1agar)” 0= ([ lelgar)”, e,
0
We define
H(t) :=n(t+ r)? +a®(t) + (T — t)|juol|3, Vt € [0,T), (4.33)

where k,m7 > 0 are two constants which will be specified later. It follows from
Lemma [3.6) and I(u) < 0 that

H'()) = 2n(t + 1) + [uld - [uol3 > 2n(t +#) >0, te[0,T).  (434)
Then we have
H(t) > H(0) = nk? + Tluol|3 >0, t€0,T). (4.35)
In addition, from Lemma Lemma and 7 we conclude that
H"(t) =2n—21(u) > 2n+2(¢ + 1)(d — J(u))
> 2+ 2(q + 1)(d — J(uo)) + 2(g + 1)B*(t), t€[0,T).
Using the Cauchy-Schwarz inequality, one has

¢ /2, ft 1/2
= ul|2 dr / ur||2 dr
(/Ounz ) ([ el ar)
t t
> / ezl |l dr > / (w1, dr
0

/ D \w2dr, teo,T),

(4.36)
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which, together with the definition of H(t), implies
(H(t) = (T = t)][uoll3) (b (¢) +n)

= (a®(t) +n(t + &)%) (6 (t) +n)
PO +1(0) + 1t + 0P (0) + 721+ ) s
> a® ()0 () + 2na(t)b(t)(t + &) +17°(t + K)?

[n (t+ k) + / ||u||2dT 2 telo,T).
According to and -, we have

AHOE(0) +7) = 4(n(t+7) + / < L lul3ds) = (@)% te0.7). (439
Then it follows from (]4.35[), (4.36) and (4.38) that
L )y
> H(t) [2n+2(q + 1)(d — J(uo)) + 2(q + 1)b*(t) — 2(q + 1)b*(t) — 2(q + 1)n]
— H(1) 2+ 1)(d — T(uo) — 2q1], 1€ [0,T).

Choosing 1 small enough such that

(¢ +1)(d = J(uo))

H(t)H"(t) -

0<n< . , (4.39)
we obtain
7 qg+1 ., 2
H(t)H"(t) — T(H t)* >0, tel0,T).
By Lemma one has
H(0 1 2
T<— ) - (1o + 0l2 7y (4.40)
(5= -1)H'(0) g¢—1 Nk
Choosing « large enough such that
[[uoll3
. 4.41
(g—1)n (41
Then by (4.40), we obtain
2
nkK
T < . (4.42)
(¢ = 1)k — Jluoll3
Consequently,
T< inf g(d,k), (4.43)

(8,k)eW
where 6 := k1),

2
9(0,k) = i U= {(6,r): 6> ”q“0”2 99

(¢ —=1)0 — fJuoll3’ —1rE (q+1)(d—J(uo))}'

Because g(d, k) is increasing with respect to x, we infer that

qo
T's 5o 1||1}£u2 g<5, (q+1)(d— J(UO)))

q—1
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= inf q(52
5> Il (g +1)(d = J(uo))((g — 1) — |luo|13)
_ q9°
T (g +1)(d — J(u0))((q — 1)8 — [[ug|[3) ls=2Lxolz
4q|luol|3

T g+ D(g— 1)2(d - J(uo))’

Step 3: Lower bound estimate of the blow-up time. By Lemma [3.7] we see
that I(u) < 0 for ¢t € [0,T). Now, we estimate the lower bound of the blow-up time
T and the blow-up rate. Set L(t) = $||u[3, then it is obvious that

L(T) = +o0. (4.44)
It follows from Lemma and the definition of I(u) that

th” ull3 = —I(u) = €llullgiy — alul® - bflull*. (4.45)

Then according to (2.16)) and I(u) < 0, we conclude that

=~ — ]
ul| 25} < GOt || =0+ D) gy 500D

catl A=t o(g+
= o (bllul*) ul|5@*Y
4

Ccotl G0t (g1 (4.46)
< gy (allull® + blull ) Jull
a- 6')(q+1) ~
13 catt £1, (=0)(a+D) o(g+1)
< W(IIUHEH) T (ull3) .
b1
From 6 = Q(E’q;ql) and 3 < g < %, we have
1-46 1 —
A-0)(+1) _3¢-3 _,
4 8
Hence, from (4.46)) we obtain
(1-6)(q+1) 4
3 CItIN s=a=hamm _20(atD
lullgfy < (W) T (JJu)l3) =006, (4.47)
4

By a simply calculation, one has

o 20(g+1) 10-2g
_4—(1—0)(q+1) T 11-3¢

Then it follows from (4.45) and (| - ) that

+1 +1 _ A
L(t) = &flullgiy — allul® = bllul® < &llullg < C(

[ull3)7 = 27 C(L()7,  (448)

where

G- ECT N =iy (09T hE
- b(l—G)(qul) - 3¢—3
4

b~ s
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Next, we claim that L(¢) > 0 for ¢t € [0,T). Indeed, if not, then there is a t; > 0
such that ||u(t1)||3 = 0, which conflicts with (4.47). Thus, we obtain from (4.48)
that

U .a
L) <27C. (4.49)

Integrating from 0 to t yields
(L(0)' ™7 = (L(1))' ™ < 27C(y - 1),
letting ¢ — T in the above inequality, we obtain from that
O ol
2C(y-1) 20(y—-1)
Integrating from ¢ to T, it follows from that

1

L@)>(Wéun4x7_n)ﬁi

ie.,
fulle > (26 - (3 - 1)) ™.
O
Proof of Theorem[2.9. Let u = u(t), t € [0,T), be a weak solution of and T

be the maximum existence time of u. Since J(ug) < M and I(up) < 0, then we
obtain I(u) < 0 for ¢ € [0,T) from Lemmal[3.7] Set

t
F©)i= [ lul3dr, te0.1),
0
then from Lemma [3.6] we obtain
F'(t) = ||lull3, F"(t)=—2I(u) > 0. (4.50)
From ({2.3)), , , (4.50)), and Lemmait follows that
F//(t)
(g —3)b
2
q—3)b ¢
DRt —2(q-+ 1) (wo) + 20+ 1) [ e
0
(g —3)b
2

= (¢~ Dalul® + lull* = 2(q + 1) (u)

> (¢ — Dallul® + (4.51)

ro — 2(q +1)J (uo)

t
gmq+n/ﬂm4@h+@—1mﬁ+
0

t
— (g4 1) / s |2 dr + 2(q + 1)(M — J(uo)).
0
Moreover, from

4(/0t(u,u7)d7')2 = (/Ot %HUIIEdT)Q

= (F'(t) = F'(0))*
= (F'(t)* = 2F' () F'(0) + (F7(0))?,
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we readily obtain

(F 0 =2l ~ ool +4( [ (o) ar)’ (45)
which, along with (4.51)) and Cauchy-Schwarz inequality, yields
P ()~ 2 ; LE )
qg+1

> 2(q + 1)(M = J(u0)) F(t) = (q+ Dluol3F'(t) + = luoll2

t t t 2
+2(g+0) [ uclar [ fulgar 260+ ([ @) ar)
0 0 0
> 2(q +1)(M = J(uo)) F(t) — (q+ 1) uol 3£ (t)
—(q +1)lluol 3F(t)-
Then it is clear that, for any e € (0,1/3],
q+1)e qg+1)(1—¢
FF @)~ D iy > WD gz (g unl37(0). (459
By Theorem we see that u(t) blows up in finite time, then
lim F'(t) = li 2= .
Jim F(t) = lim lul)z = +o0
Therefore, from (4.53)) that there exists a t. € (0,7) such that

F(8)F" (£) — %(F’(t))2 >0, telt,T) (4.54)

Since

gt+1)e / q + l)e gt1)e
then we obtain from 454 that

(FP%@))" =(1- 7(‘”21)6)17*%*1@)

x [F(t)F"(t) — (qzl)g(F’(t))ﬂ >0, telt,T).

Because 2 — (¢ + 1)5 >2— 2L > 0 and F(t.) > 0, we conclude that

1 (CI+1)5

(7)) dr +F1_(q+21>e (ta)}m

te

=1
y—
|

v

2
_ (g+De 2—(g+1)e
(=t )]+ P ) (455)

2
( e — 5
_ ‘”21 (tE)F/(tg)i| 2=(q+1)

Y

(1-

C.(t —t. )z @it e [te, T),

SNt —t)F

where

. (g4 De\ _te y P rEsVe
C. = [(1 - T)F 25 (1) F (ts)} .
Furthermore, it follows from F”(t) > 0 for ¢t € [0,7") that ¢tF"(t) > fo F'(r)dr, i.e.,
ul > F(), te0,T). (456)
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From (4.55) and (4.56)), we reach, for all ¢ € [t.,T) and any ¢ € (0,1/3],

2
<q+1)s (¢+De 2—(q+De
: 1t5) .

Jully = €. (57 — ¢

Proof of Theorem[2.10. We divide the proof into three steps.

Step 1: Blow-up in finite time. Let u = u(t), t € [0,T), be a weak solution of
(1.1) and T be the maximum existence time of u. According to (2.3) and (2.18),
we obtain

() = (g + 1) (ug) — LD g2 - =3y s

2
— 1DaA — 3)bA?
(q ) 1 (q ) 1””0”% <0

<(g+1)J(uo) — 5 [uollz — 1

Now, we show that I(u(t)) < 0 for ¢ € [0,T"). Indeed, if not, then there exists
atg € (0,7) such that I(u(t)) < 0 for ¢t € [0,%p) and I(u(tp)) = 0. It follows from
Lemma [3.6] that ||u[|3 is strictly increasing for ¢ € [0, ). Thus,

(g —1La\ (g — 3)bA

J(ug) < 2(q7—|—1)”u0”2 m” 0||2 (457
@00 13 4+ LD oy |
2g+1) T gy o)l

Furthermore, it follows from and (2.12)) that

)
@Dy gy o+ C30 s

2(q+1) 4q+1)
(g —Dar (¢ = 3)bAT
> EIESE lu(to)|? + m” u(to) |3,

which conflicts with (4.57)). Hence, we obtain I(u(t)) < 0 for all t € [0,T).

Next, we show that w(t) blows up in finite time. By contradiction, we choose
4q|luoll3+1)%+1 3

T = Gals 01 horg g (g a3+ S22 fuo 4 2(a-+1)(u) > 0,
and we assume that u(t) exists globally on [0, T]. Set

t
M(t) = wlt +6) + / lulZdr + (F - Olluol3, ¢ € 0,7,

where w > 0 and ¢ > 0 are two constants which will be specified later.
It follows from Lemma and I(u) < 0 for all ¢ € [0,7) that |jul|3 is strictly
increasing for ¢ € [0,7"). Then we have

M'(t) = 2w(t + ) + ||ul|2 — |Juo||3 > 2w(t +0) >0, te [O,f]
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and
M"(t) = 2w — 21(u)
=2+ (¢~ Daul? + U2 )t~ 2(g 4 1) 7(w)

g —3)bA\?
> 2+ (g — s + L2 4

_2(q+1)J(u0)+2(q+1)/0 o2 dr (4.58)

— 3)bA?
> %0+ (g~ D uo + LN

luoll3

t
=2+ DIluo) + 200+ 1) [ furlar >0, te 0.1,
0

= ([ mizar)”, s = ( [ urtgar)”

By Schwarz inequality and Hélder’s inequality, we obtain

We define

t t 1 2
(e +0)? + / lul dr] [+ / Jur3dr] — [io+ )+ L (a3~ o)

|- [wt+0) + /—HuHerr
1= o490+ [ Nullturlaar)

> fuw( )
> [w(t +6)* +a*(t )][w+52( )] = [w(t +6) + a(t)5(t)?
= [Vwa(t)]* = 2w(t + 0)a(t) B(¢) + [Vew(t + 6)B(t)]*

= [Vwa(t) = Vw(t +6)5(t)]* > 0.

Then it is clear that

= [w(t +6)* + ?(t)][w + B*(t)

w(t+6)% + ®(t)][w + B2(t

2
4(m+5 S (ull3 ~ uol13)
= (M) = (T = Dljol) (+ [ 3 )
+4(wt+5 /||u||2d7 (o [ uctgar)

2
wlt+6)+ 3 (ul ~ luoll3))

) w—i—/ Jur 3 ).
0

It follows from and the above inequality that

"§1<M’< 0y

> w0 (00 260+ 0w+ [ urlar))

M(t)M"(t) —
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(q—3)

: 25T
> M(0)((a = D uoll3 + L2 ol — 2(a + 1) (wo) — 24w).

Taking w = o/(4q), we obtain

MOM'() — L2 (0)? 2 0.

It follows from Lemma [B.1] that

2M(0) g Jwlld =
T < - T, lim M(t) = +oo.
Sq-DM(0) q—1 wig—1)" " o7 (8) = +oo

2 ~
Taking § = %, we obtain T' < T, a contradiction. Therefore, u(t) blows up
in finite time.

Step 2: Upper bound estimate of the blow-up time. For T7 € (0,7, we set
t
B(O) =t + 87 + [ Julfdr+ (T~ 0)lulf, ¢ (0.7)
0

where w,d > 0 are two constants to be determined later. Similar to Step 1, we infer
that

BWB"(1) ~ T (B (1)

_ 2
> (1) ((a— Darslluol + T2 g~ 2(g + 1) () — 20

Taking w small enough such that
4
< = 4.
0<w< 2% (4.59)

we have

BB (1) - LB (1) > 0.

It follows from Lemma [3.1] that
BO) 5wl
(g=1)B'(0) ¢-1 wdi(g—1)

Letting 77 — T, we obtain

T, < T‘7 VT € [O,T)

d l[uol|3
T < T. 4.
_q—1+w5(q—1) (4:60)

Taking § large enough such that

[[uoll?

5> 7
(¢—Dw

(4.61)

then it is clear from (4.60) that
wd?
T< .
wé(g — 1) = [uoll3
According to (4.59) and (4.61)), we define

0 [|uoll3
O ={(w,d):0<w< —,0>—->
{(.9) 2q (q—l)w}
2 2
sy w2 2alully
0

UES T >(q—)
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then

2
T < inf wd 5 -
(w.6)e0 wo(q — 1) — [[uoll3

Let 4 = wd and

o
(g —1) = lluoll3”
Obviously, x(0, p) is decreasing with respect to u. Hence,

T < inf X(d 9—5)

X(0, 1) :=

= inf 052
5o 2aluol3 08(q — 1) — 2q|[uo 13
(¢a—1De
_ 09? ‘
= 06(q — 1) — 2qug|[3 ls=alwot2
_ Sqlluol3
(q—1)%0

Then it follows from the definition of o that

n 16g1Juo 3 |
= (o= 1%R2(g = Daduol3 + (a — 3)bNlu§ — 4la + 1) ()]

Step 3: Growth estimates.
By Step 1, we know that I(u) < 0 for all ¢ € [0,7T), then it follows from Lemma
@ that |lu|3 is strictly increasing for ¢ € [0,7). Furthermore, we obtain from

Lemma and (2.3]) that

d 9 4(¢+1)
it - J
dt (HUHQ 2(q — )aX + (g — 3)bA?|uol|3 (uo))
—-3)b
= ~21(w) = (¢~ Dallu)® + Pt - 2(g + 1) (w)
which, together with (2.12)) and (2.15]), implies
d 2 4(g+1)
2 - J
dt (HUHQ 2(q — 1)ar; + (g — 3)bA?||uol|3 <u0>)
g — 3)b\?
> (g~ Danlul + T2 s — 20 + 1) ()

2

— 3)bA2|ug |
> (g — Dad [Jul) + w

2(q — 1)ads + (g — 3)bAT||uo |3 (
2

lull3 — 2(g + 1)J (uo)

4(g+1)
v 2 J(u )
el 2(q — 1)ai + (¢ — 3)bAF[Juol3 ( 0))

this gives

2(q+1
fut 2 205 1) 1 (3 -

2(qg—1)ax —3)bA? 2
where S = (¢—1)a 1+(t21 ) 1Huo|\2' O
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Proof of Theorem[2.11} For all P > d, let Bg, and Bg, be two arbitrary disjoint
open subsets of Bg. Furthermore, let 1 € Hg(Bg,) \ {0} be an arbitrary function
such that I(¢) > 0. Next, we show that there must exist some sufficiently large
¢ > 0 such that

A — 3)bA
4D+ D oty > P (o) < (4.62)
Indeed, when ¢ > (%)1/47 we have
(¢ — a)\l (q 3)b)\1 ( b)‘l

On the other hand, from the deﬁnltlon of J(u) we have

2 b 4
J(w) = Sl + =l -

q+1

=[S+ (Gl - )]

Then we infer from that there must exist some sufficiently large ¢ such
that J(sy) < 0. Therefore, holds for some sufficiently large ¢ > 0. For
such a ¢, we pick a function ¢ € H}(Bg,) such that J(¢) = P — J(st). Then for
up = Sy + @, we obtain

(4.63)

J(up) = J(sb) + J(¢) = P,

(¢ —Dar (¢=3)bAT, 4 (a— )aM ( )b/\1
M ||+ L up | > L0y 3 U
> J(UP).
Taking up as the initial time, then by Theorem we see that the weak solution
u blows up in finite time. O

Proof of Theorem[2.13 Let u = u(t), t € [0,T), be a weak solution of and T
-

be the maximum existence time of u. Since J(ug) < d, I(up) < 0 or (2.18) holds,
then it follows from Theorem [2.7] and Theorem 2.10] that

lim |lul|2 = +o0. (4.64)
t—T

Furthermore, by Lemma and the proof of Theorem we see that I(u) < 0
for all ¢ € [0, 7). Then we infer from Lemma [3.6] that |[u[[3 is strictly increasing for
tel0,T).

In addition, from [40, Proposition 3.3] we obtain

t t
lullz - luoll2 < Ju(t) — uollz = | / up dr|, < / lur 2 dr,
0 0
which, together with |lu||3 begin strictly increasing for ¢ € [0, T), implies

t 2 )
([ laar)” > (e = fuol)®

It follows from Holder’s inequality that

t ) 1 [t 1
[ erlar = S [ el dn? = Gl = fuola)®

t
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According to (2.12)), we know that

¢
1
J(u) < J(uo) —/O lur 3 dr < (o) = < (lull = Jluoll2)*.
Then by (4.64)), we readily obtain lim; 7 J(u(t)) = —o0. O

Proof of Theorem[2.13 Let uw = u(t), t € [0,T), be a weak solution of (L.I)) and T
be the maximum existence time of u. We divide the proof into the following two
cases.

Case 1: J(ug) < d and ug € H}(Bg) \ {0}. Firstly, we prove I(ug) # 0. If
I(ug) = 0, then it follows from ug # 0 and the definition of d that J(ug) > d, a
contradiction.

(1) If I(ug) < 0, then we infer from J(ug) < d and Theorem [2.7] that u blows up
in finite time, so T' < +o00. Next, we show that if T' < +o00, then I(ug) < 0. In fact,
if not, then we have I(ug) > 0, which, together with J(up) < d and Theorem
implies T' = +00, a contradiction. In addition, if I(up) < 0, then it follows from
J(up) < d and Theorem that there is a tg € [0,T) such that J(u(tp)) < 0.
Next, we prove that

there is a tg € [0,T") such that J(u(tp)) < 0 implies I(ug) < 0.
In fact, it follows from J(u(tp)) < 0 and that I(u(tp)) < 0. Hence, one can
choose tg as the initial time, and it follows from Theorem that v blows up in
finite time. According to Theorem we see that I(ug) > 0 is impossible, so we
obtain I(ug) < 0.

(2) If I(ug) > 0, then we obtain T = 400 from J(up) < d and Theorem [2.4
Next, we show that if ' = +oo, then I(ug) > 0. In fact, if I(ug) < 0, then it follows
from (1) that T' < 400, a contradiction. In addition, if I(ug) > 0, then we obtain
from J(up) < d and Lemma that I(u) > 0 for t € [0,400). Thus, it follows
from that J(u) > 0 for all ¢ € [0, +00). Next, we prove that

J(u(t)) >0 forall t € [0,T) = I(ug) > 0.

In fact, if I(up) < 0, then it follows from J(ug) < d and Theorem that
lim;_,p J(u) = —oo. Hence, we infer that there is a ¢y such that J(u(tp)) < 0, a
contradiction.

Case 2: J(ug) = d and vy € H}(Bgr) \ {NU{0}}. Because ugp € Hg(Bgr) \
{N U{0}}, we know that I(ug) # 0.

(3) If I(up) < 0, then we obtain from J(ug) = d and Theorem that u blows
up in finite time, so T' < +o0. Next, we show that if T' < 400, then I(ug) < 0. In
fact, if not, then we have I(ug) > 0, which, together with J(ug) = d and Corollary
implies T = +o00, a contradiction. In addition, if I(ug) < 0, then it follows
from J(up) = d and Theorem [2.12]that there is a ¢y € [0,T') such that J(u(t)) < 0.
Next, we prove that

there is a tg € [0,T") such that J(u(tp)) <0 = I(up) < 0.

In fact, it follows from J(u(tp)) < 0 and that I(u(to)) < 0. Hence, we can
choose tg as the initial time, and it follows from Theorem that v blows up in
finite time. From Corollary we see that I(ug) > 0 is impossible, so we obtain
I(UO) < 0.

(4) If I(ug) > 0, then we obtain T' = +oo from J(up) = d and Corollary
Next, we show that if T' = +oo, then I(ug) > 0. In fact, if I(up) < 0, then it follows
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from (3) that T < 400, a contradiction. In addition, if I(ug) > 0, then it is clear
from J(up) = d and Lemma that I(u) > 0 for all ¢ € [0,+00). Therefore, it
follows from (2.3)) that J(u) > 0 for all ¢ € [0,4+00). Next, we prove that

J(u(t)) >0 forall t € [0,T) = I(ug) > 0.

In fact, if I(ug) < 0, then by J(ug) = d and Theorem one has lim;_, 7 J(u(t)) =
—o00. Consequently, we infer that there is a ¢y such that J(u(to)) < 0, a contradic-
tion. u
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