Electronic Journal of Differential Equations, Vol. 2018 (2018), No. 185, pp. 1-12.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

SPREADING SOLUTIONS FOR A REACTION DIFFUSION
EQUATION WITH FREE BOUNDARIES IN
TIME-PERIODIC ENVIRONMENT

FANG LI, JUNFAN LU

ABSTRACT. In this article, we consider a reaction diffusion equation with free
boundaries in a time-periodic environment. Such models can be used to de-
scribe the spreading of a new or invasive species over a one-dimensional habi-
tat, with the free boundaries representing the expanding fronts. We study an
equation with a general time-periodic nonlinearity, and present some sufficient
conditions for spreading phenomena. We also use time-periodic semi-waves to
characterize the spreading solutions.

1. INTRODUCTION
In this article, we study the spreading phenomena of the time-periodic reaction
diffusion equation with free boundaries,
utzuxx+f(tau)v t>0, g(t)<$<h(t),
u(t,h(t)) = 0,h'(t) = —pug (¢, h(t)), t>0,
u(t,g(t)) = 0,9'(t) = —pua(t,9(t)), t>0,
—g(0) = h(0) = ho,u(0,2) = ug(z), —ho <z < hy,
where p and hg are given positive constants, ug is a nonnegative function with
support in [—hg, hg], * = ¢(t) and x = h(t) are the moving boundaries to be
determined together with wu(t,z). Moreover, for some T' > 0, v € (0,1) and some
a(t) € C(R) (T-periodic and o := max a(t) > ag := mina(t) > 0), the function f
is a general nonlinearity satisfying the assumption

(H1) f(t,u) € C/21([0,T] x R) is T-periodic in ¢, f(t,0) = f(t,a(t)) = 0,
t

(1.1)

loc

fu(t,u) <0 for any t € [0,T] and u € [ag, ], f(t,u) < 0 for u > a(t), and

e
/ min f(t,s)ds >0 for all u € [0, ap). (1.2)
w  t€[0,T]

In the special case where f(t,u) = u(a — bu)(a,b > 0), the problem was
studied in [5]. Such a problem can be regarded as a model describing the spreading
of a new or invasive species over a one-dimensional habitat, where u(¢, x) represents
the density of the species at location x and time ¢, and its spreading fronts are
represented by the free boundaries = ¢(t) and = h(t). The Stefan conditions
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g (t) = —pug(t,g(t)) and A'(t) = —pug(t, h(t)) are interpreted as saying that the
spreading fronts expand at a speed proportional to the population gradient at the
front, a deduction of these conditions from ecological considerations can be found
in [2]. Among others, Du and Lin [5] proved a spreading-vanishing dichotomy result
for the asymptotic behavior of the solutions, namely, there is a barrier R* > 0 such
that

(i) Spreading: the spreading fronts break the barrier at some finite time, and
then the free boundaries go to infinity (i.e., —g(t), h(t) — oo as t — 00),
and the population successfully establishes itself in the new environment
(i.e., u(t,z) — a/b as t — 00).

(ii) Vanishing: the fronts never break the barrier (i.e., h(t) — g(t) < R* for all
t > 0), and the population vanishes (i.e., u(t,z) — 0 as t — 00).

Moreover, when spreading occurs, the asymptotic spreading speed can be deter-
mined (namely, lim; o h(t)/t exists and is uniquely determined). The vanishing
phenomena is a remarkable result since it shows that the presence of free boundaries
makes spreading difficult and the hair-trigger effect in the Cauchy problem can be
avoided for some small initial data. These results have subsequently been extended
to more general situations in several directions. For example, Du and Lou [6] con-
sidered the monostable, bistable and combustion types nonlinearities and obtained
a rather complete description on the asymptotic behavior of the solutions. For time
dependent environments, Du, Guo and Peng [4] considered the time-periodic case
and Li, Liang and Shen [12] [13] considered the time almost periodic case, both
gave a spreading-vanishing dichotomy result, as in [5]. Especially, [4] specified the
spreading solution by using the semi-wave. Other studies for time dependent prob-
lem includes [I5] (for time-periodic reaction-advection-diffusion equations), [3] (for
space-time periodic problem), etc.

In this article, we extend the Fisher-KPP type nonlinearity to general ones (in-
cluding monostable, bistable, combustion and other multi-stable nonlinearities as
special cases). From the recent works [9] [10] (for Cauchy problems) one sees that,
even for the homogeneous case (i.e. f(t,u) is independent of ¢), when f is a multi-
stable nonlinearity, the asymptotic behavior of the solutions can be very compli-
cated, and it is characterized by terrace rather than traveling waves. Due to this
reason, we mainly focus on the spreading phenomena of solutions to (1.1)). We will
provide some sufficient conditions for spreading, and then use the time-periodic
semi-wave to characterize the spreading solutions.

To explain our results, we first list some special solutions of 1 (which denotes
the first equation in )7 whose proofs are given in later sections.

(1) Positive periodic solution P(t). It is easily to know that the ODE u; =
f(t,u) has a unique maximal periodic solution P(t) with ag < P(t) < .

(2) Compactly supported subsolutions. Denote p(u) := minc(o ) f(t, u).
By (H1) we have

ap
plag) =0, plu) <0 for u > ap, / p(s)ds > 0 for 0 < u < ag.

We take a C'* function p(u) such that it is slightly smaller than j, p’(ag) < 0,
and that, for given small € > 0 and o, := oy — ¢,

Qg
plae) =0, p(u) <0 for u > a, / p(s)ds >0 for 0 < u < ae. (1.3)
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Denote
0 = max{u < ac : p(u) =0}, 6:=inf{u>0: / p(s)ds > 0}.
0

Then 6 € [0, o) and 6 € [0, a.). We will show in Lemmathat, for each
08 € (0, a.), the problem
V" +p(v) =0, v0)=08, 2'(0)=0 (1.4)

has a unique solution V(z; (), positive in (=L, L) for some L > 0 and
V(£L;8) = 0. Clearly, each one of such functions is a subsolution of the

original equation (1.1));.

(3) Periodic rightward traveling semi-wave. Consider the problem
U =U,, —rU,+ f(t,U), te€][0,T],z>0,
U(t,0)=0,U(t,00) = P(t), te][0,T],
U(0,2) =U(T,2),U,(t,z) >0, te€l[0,T],z>0,
r(t) = pU,(¢,0), t€]0,T).
We will show in Propositionthat this problem has a solution pair (r,U)
with r = r(t) € P4, where
P = {pe C"*([0,T]) : p(0) = p(T)},
Pr:={peP:p()>0foralltel0T]}

(1.5)

With R(t) := fot r(s)ds, the function u(t,z) = U(t, R(t) — x; —r) satisfies

(1.1)1, u(t,R(t)) = 0 and R/'(t) = —puy(t, R(t)). We call w = U(t, R(t) —

x;—r) a periodic rightward traveling semi-wave since it is only defined in

x < R(t) and U(t, z; —r) is periodic in t.
Throughout this article we choose the initial data ug from the set
X (ho) = {¢ € C*([~ho, ho)) : ¢(~ho) = d(ho) = 0,¢(~ho) > 0,
(bl(ho) < 0,(]3(1‘) >0in (_h’Oah’O)}'

By a similar argument as in [6], one can show that, for any hy > 0 and any

initial data wg, the problem (L.1)) has a time-global solution (u(t,z),g(t), h(t)),

with u € C'7/22+7((0,00) x [g(t), h(t)]) and g,h € C'T7/2(0,00). Moreover, it

follows from the maximum principal that, when ¢ > 0, the solution u is positive in

(g(t), h(t)), with u.(t,g(t)) > 0 and wu, (¢, h(t)) < 0. Thus ¢’(t) < 0 < A/(t) for all
t > 0. Denote

(1.6)

oo = thm g(t)? h’OO = tlim h(t)a IOO = (g°°7h°°)

There are some possible situations on the asymptotic behavior of the solutions
to ([L.1)). Spreading phenomenon is the most interesting one among them. Our first
main result provides some sufficient conditions for spreading.

Theorem 1.1. Assume (H1). If ug € X(ho) satisfies ug > V(x; 8), where V' is the
unique solution of the problem (1.4) for some B € (0, ac), then spreading happens
in the sense that hoo = —goo = 00, and

lim [u(t,-) — P(t)] =0 locally uniformly in R. (1.7)

t—o0
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Furthermore, when spreading happens, we will show that the right front of u =~
U(t,R(t) — z) and the left front of u &~ U(t,x + R(t)). To construct precise sub-
and supersolutions in our approach, we need the exponential stability of P(t). For
this purpose we have an additional condition:

(H2) the function f satisfies

o(t) == fult, P(t)) — f(t];(Ptgt)) <0 fortel0,T). (1.8)

Theorem 1.2. Assume (H1), (H2). When spreading happens, there exists Hy, G €
R such that

Jim [n(t) — R()] = Hy,  Jim [1/(£) — r(1)] = 0, (L9)
Jim [g(t) + R(t)] = Gy, hm['(t) +r(t)] =0 (1.10)
Jim [u(t, ) — Ut B(E) + Hy — ) = go.ncm = 0. (L11)
Jim [lu(t, )~ U(t, -+ R(t) — G1)l| = (ig0000) = 0. (112)

where R(t fo s)ds. Here we extend U(t,z) to be zero for z < 0.

This article is organized as follows. In Section [2] we present the lower and
upper estimates for the solution to and prove Theorem In Section 3, we
construct a time-periodic traveling semi-wave and use it to characterize the profile
of the spreading solutions, and prove Theorem

2. SPREADING HAPPENING

In this section, we give sufficient conditions to ensure the spreading phenomena
happens. We first construct some subsolutions of 1 which will be used for
comparison, then we present the lower and upper estimates for « and prove Theorem
Throughout this section, we assume (H1) and use the notation p, a., 6,0 etc.
as in Section 1.

2.1. Subsolutions. In this subsection, we construct the subsolutions to (1.1));,
which are solutions to v + p(v) = 0 with compact supports.

Lemma 2.1. For any 3 € (0, a.), the unique solution V (x;3) of (1.4) exists in
the interval [—L, L] for some L = L(3) > 0, and
V(£L;8) =0, V(z;8)=V(-z;8), V'(x;8)<0 forO<z<L. (21)

Proof. We use the phase plane to consider the initial value problem (1.4)) in a
suitable interval J C R. The equation in (|1.4)) is equivalent to the system

V(z) =w, w =-—p). (2.2)

A solution (v(z),w(x)) of this system traces out a trajectory in the v-w phase plane.
Such a trajectory has slope

dv_ v (2.3)

at any point where w # 0. It is easily seen that (a.,0) is one singular point on
the phase plane. w = /2 fvaa p(s)ds is the unique strictly increasing solution of

v" 4 p(v) = 0 in [0,00) connecting the regular point (0,/2 [, ) and the
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singular point (ae,0). Since the solution depends on initial value 8 continuously,

for any 8 € (0,a.), there exists a unique L(5) > 0 such that the problem (|1.4)
has a solution V(z;3) € C?*([-L(B),L(B)]) with V(£L(8);3) = 0. Obviously,
V = V(z; 8) satisfies the properties (2.1). O

Collecting the solutions of (|1.4)) for different 5 we obtain a set
S ={v:v="V(z;B) for some 3 € (0,a.)}.

The previous lemma indicates that this set is not empty. Moreover, from the above
phase plane analysis, it is easily seen that L(5) is continuous in 8 € (6, «.) and, as
8 — ae, L(B) — oo and V(z; 8) — ae in L (R) topology.

loc

2.2. Lower estimate. Since ap > a. > 0, we have § := (g — 0)/3 > 0. When we
take € > 0 small in o, we have ap — § < a. < ap.

Now we show that spreading happens for the solution (u, g, h) of (L.1)) in a weak
sense.

Lemma 2.2. Let (u,g,h) be the solution triple of problem (1.1|) with initial data
ug as in Theorem 1.1l Then hoo = —goo = 00, and for any integer n, there exists
T(n) > 0 such that

u(t,z) > ag — 20, x€[-n,n], t>71(n). (2.4)

Proof. Let ug be the initial data in Theorem Consider the auxiliary problem
Wy = Was + p(w), §(t) <z < h(t), t >0,
w(t,§(t)) =0, §'(t) = —pw(t,g(t)), t >0,
w(t,h(t)) =0, h'(t)=—pw(t,h(t)), t >0,

—§(0) = h(0) = hg, w(0,z) =ug(x), —ho <z < he.

(2.5)

By [6, Theorem 1.1], either (t) — §(t) remains bounded and w(t,-) — 0 as t — oo,
or h(t), —g(t) — oo and w(t, -) converges to a stationary solution wee () as t — co.
In particular, if ug(z) > V(x;8) as in Theorem [1.1} we have ws(z) > V(z;3) by
the comparison principle, and so h(t), —j(t) — oo. Therefore, woo(z) is a solution
of v + p(v) = 0, positive in R and larger than V(z; ), which is nothing but ..
This implies that, for any integer n, there exists 7(n) > 0 such that

w(t,z) > ae — 9, z€[-n,n], t>7(n).

Since p(u) < f(t,u) by the definition of p, we see that (w, g, h) is a subsolution
of , and so
h(t) > h(t) — 0o, g(t) < §(t) = —c0 ast — oo,
u(t,z) > wt,z) > a. —6 > ag— 26, x€[-n,n], t>7(n).
This completes the proof. ([l

In the rest of this subsection we will use (2.4)) to give the lower estimate P(t) — e
for u. Define

ki(t,m) = f(f2,5040) n— (a0 —26)], te[0,T], neR,

k(t,n) = min{ki(t,n), f(t,n)}, t€[0,T], n> ao— 20. (2.6)
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For any large integer n > 0, let 7(n) be the time in (2.4]), then there exists a large
integer k,, such that k,T > 7(n). Consider the problem

nt:n$$+k(t7n)7 —n<x<n,t>0,
n(t,+n) = a9 — 20, t>0, (2.7
7(0,z) = u(k,T,z), —n<z<n.
By [1, Theorem 1], the solution 7(t,x;n) of (2.7) converges as ¢ — oo to a time-
periodic solution nP®* (¢, x;n) of (2.7). Note that k(¢,n) is a Fisher-KPP type non-

linearity (above ag — 26), by [11], 14], nP°"(¢t,xz;n) — P(t) as n — oo in L{S (R)
topology.

Lemma 2.3. Under the assumption of Theorem[I.1], for any e > 0 and any M > 0,
there exists (M, €) > 0 such that

u(t,z) > P(t) —e, z€[-M,M], t>7(M,ke). (2.8)

Proof. By nP¢*(t,x;n) — P(t) as n — oo, there exists an integer ng > M depending
on M and e such that

7W%¢m@>P@f%,xekMJﬂteMﬂ. (2.9)

For this fixed ng, we see that the solution n(t, z; ng) of (2.7)) (with n = ng) converges
as t — oo to NP (¢, x;ng). Thus, there exists a integer ny such that for any integer
m > ny we have

n(mT +t,z;n9) > 0P (¢, x5n0) x € [—no, nol, t € 1[0,T7. (2.10)

€
2 )
Finally, using (2.4) and the comparison principle to compare u(ky,T + ¢, x) with
the solution n(t, x;ng) of (2.7) we have
Wk T +t,2) > n(t,z;n0), € [—no,n0], t> 0. (2.11)
Combining the inequalities in (2.9), (2.10) and (2.11) we obtain
w(kn, T +mT +t,x) > P(t)—e, x€[-M,M], tel0,T], m>n,.
Choosing 7(M, €) = k,,T + n1T we obtain (2.8). O

Proof of Theorem[1.1. Consider the initial value problem, of ODE,

Ct:f(tvc)a t>07

£0) = a® + [Juolloo- (212)

It is known that ((t) decreases for small ¢ and then converges to P(t) as t — oo.
Hence for any small € > 0, there exists 73 > 0 such that ((¢) < P(t)+€¢ when t > 7.
By comparison we have

ult,z) < C(t) < P(t) +e, € lglt),h(t)], t =7

Combining with (2.8)) we prove (|1.7). This conclusion and Lemma complete the
proof. O
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3. USING SEMI-WAVE TO CHARACTERIZE THE SPREADING PHENOMENA

In this section we first construct a time-periodic traveling semi-wave U propagat-
ing rightward with speed r(¢), and then prove the boundedness of |h(t) — fot r(s)ds|

and |g(t) —|—f0t r(s)ds| by using the method of lower and upper solutions as in [8]. At
last, we characterize the fronts of spreading solutions by the semi-wave and prove
Theorem [[.2

3.1. Time-periodic traveling semi-wave. In this subsection we construct a
traveling semi-wave which is periodic in time and is used to characterize the spread-
ing solutions near the boundaries. Our approach is similar as that in [I5]. For
readers’ convenience, we present the details.

Let P be the set of periodic functions defined as in section 1, P(t) be the largest
periodic solution to u; = f(¢,u). First, we consider the following problem

vy = V., + k(v + f(t,0), te€]0,T], z€(0,]),
_ _ p0 ._
v(t,0) =0,v(t,l) = P° := OrSntangP(t), t € 0,17, (3.1)

v(0,2) =v(T,2), =ze€l0,l].

Lemma 3.1. For any k € P and any | > 0, the problem (3.1) has a mazimal
solution v = Uy (t, z; k, 1), which is strictly increasing in both z € [0,1] and k € P,
strictly decreasing in 1 > 0.

Proof. Consider the equation and the boundary condition in with initial
data v(0,2) := P°- x[o4(2), which is the characteristic function on the interval
[0,{]. This initial boundary value problem has a unique solution v(t, z; k, ). Using
the maximum principle we see that v(t, z;k,1) is strictly increasing in z € [0,]]
and k € P, strictly decreasing in [ > 0, and v(t, 2;k,1) < PY. Using the zero
number argument in a similar way as in the proof of [I, Theorem 1] one can
show that [[v(t,;k,1) — Ui(t, sk, 1)||c2(jo,)) — 0 as t — oo, where Uy(t, 23 k,1) €
C1+7/2247(0,T] x [0,1]) is a time-periodic solution of (3.I). By the maximum
principle again, we see that U; has the same monotonic properties as v in z, k and
l. O

Next, we consider the problem on the half line,
vy =V, + k(v + f(t,0), t€][0,T],2>0,
v(t,0) =0, tel0,T], (3.2)
v(0,2) =v(T,2), =z>0.

Lemma 3.2. For each k € P, problem has a mazimal bounded and nonnega-
tive solution U (t, z; k) with U,(t, z; k) > 0 in [0, T] x [0, 00). U,(t,0; k) is continuous
in k in the sense that, for {ki,ks,...} C P, U.(t,0;k,) — U.(t,0; k) in C?/2([0,T])
if kn, — k in C7/2(]0,T)).

Assume further that k > 0. Then U,(t, z;k) > 0 in [0,T] x [0,00), U(t, 2; k) —
P(t) — 0 as z — oo. U,(t,0;k) has a positive lower bound § (independent of t),
and it is strictly increasing in k: U,(t,0; k1) < U,(t,0; ko) for ki, ko € P satisfying
0<ky <, # ko

Proof. Let Ui (t, z; k,1) be the solution of (3.1) obtained in the previous lemma.
Since it is decreasing in [, by taking limit as I — oo we see that Uj(t,z;k,1)
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converges to some function U(t, z; k), which is non-decreasing in z and in k since
U; is so. By standard regularity argument, U is a classical solution of . The
continuous dependence in k can be proved in a similar way as [4, Theorem 2.4].

By Lemma we know that for any fixed 8 € (f,«.), there exists a unique
positive solution V(z; 3) of . Since 3 < PO, for any k > 0, it follows from the
comparison principle for parabolic equations that

Ui(t,z; k1) > V(2 — L(B); B) for | > @

Hence, U(t,z; k) > V(z—L(3); 8). It means that U,(¢,0;k) > ¢ := V'(—=L(3); 8) >
0.

Using the strong maximum principle to U, we conclude that U,(¢,z;k) > 0 in
[0,7) % [0,00). Thus Py := lim,_,o U(¢, z; k) exists. In a similar way as in the proof
of [4, Proposition 2.1] one can show that Pj(t) is nothing but the maximal positive
periodic solution P(t) of uy = f(t,u). Since U(t,z; k) is non-decreasing in k we
have U, (t,0; k1) < U,(¢,0; k) when k; < ko. The strict inequality U, (t,0;k1) <
U,(t,0; ko) follows from the Hopf Lemma and the assumption k1 <, # ks. O

For each k € P, let U(t, z; k) be the solutions obtained in the above lemma,
denote

A[k](t) = MUz (t7 0; k/’),

where 4 is the constant in the Stefan condition in (1.1f). From Lemma we see
that A[k](¢) is non-decreasing in k € P. The solution of r = A[—r] can lead to the
traveling semi-wave as follows.

Proposition 3.3. Assume (H1). Then there exists a function r(t) € Py such that
u(t,z) = U(t, R(t) — x; —r) (with R(t) := fot r(s)ds) solves the equation (1.1)1 for
teR, z < R(t) and r(t) = —puy(t, R(t)) = A[—r](t).

Proof. By Lemma[3.2] for any r € P, the problem with & = —r has a bounded
and nonnegative solution U (¢, z; —r), and A[—r](t) = pU,(t,0; —r) is non-increasing
in . When r = 0 we have A[0] = pU,(¢,0;0) > 0. When r = A[0] we have
A[-A[0]] = uU,(t,0;—A[0]) > 0 and A[—-A[0]] < A[0]. Set R := [0, A[0]], then
as in the proof of [4, Theorem 2.4] one can show that the mapping A[—] maps R
continuously into a precompact set in R. Using the Schauder fixed point theorem
we see that there exists r(t) € R such that r(t) = A[—r](t). Clearly, r(t) >
0. Obviously, r(t) = 0 is impossible since A[0] > 0. If »(t) >,# 0, the strong
maximum principle and Hopf Lemma tells us that U, (¢,0; —r) > 0, so it contradicts
to r(t) = A[—r|(t). This yields r(t) € Py. Finally, a direct calculation shows that
the function w = U(t, R(t) —x; —r) with R(t) := fg 7(s)ds solves the equation (I.1));
in R x (—o0, R(t)). O

3.2. Boundedness for |h(t)—R(t)| and |g(t)+R(t)|. Let U(t, R(t)—x; —r) be the
rightward periodic traveling semi-wave with speed r(t), where R(t) := fot r(s)ds.
We show that |h(t) — R(t)| and |g(t) + R(t)| are both bounded for all ¢ > 0.

Lemma 3.4. Assume that (H1), (H2). There exists C > 0 such that
|h(t) — R(t)|, |g(t) + R(t)| < C forallt>0. (3.3)
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We will show the boundedness of |h(t) — R(t)| only, since the situation for |g(t)+
R(t)| can be proved similarly. For convenience, write v(t, x) := ul(f(’;), v(t) := pP(t)
to normalize the problem into

Ve = Uy + F(t,0), t>0, g(t) <x <h(t),

ot h(t)) = 0,1/ (t) = —v(t)va(t, h(t)), t>0,

vt g(t) = 0,¢'(t) = —v(t)va(t, (1), t>0,
v(0,2) = uo(x)/P(0), —ho <z < ho,

(3.4)

where F(t,v) = 5t [f(t, P(t)v) = f(t, P(t))v] satisfying F(t,v) € e C7/2 ([0, T) x R)
for some v € (0, 1), T-periodic in ¢, F(¢,0) = F(t,1) = 0.

Then by assumption (H2) and the fact that P(¢) > 0, there exists § > 0 such
that F, (¢, 1) = P(t)f“(t’PI(Dt()t))_f(t’P(t)) < —26, so we can find some € > 0 such that

Fy(t,v) < =0 forte[0,T], ve[l—¢l+¢. (3.5)

Consider the solution £(t) of ODE & = F(t, &) with initial value £(0) = M/P(0)+
1, where M = ||ug||Loo (—hg,ho]) + 1. Clearly, £(t) decreases to 1 as t — oo by the
uniqueness of P(t). Hence for ¢ > 0 given in , one can choose a large integer
m such that 1 < £(t) < 1+eand & = F(t,¢&) < 6(1 =€) for t > mT. So
£(t) <1+ eedmT= for t > mT. Then by the comparison principle, we have

v(t,z) <E) <1+ eI for g(t) <z < h(t), t > mT.
Now we also normalize the periodic rightward semi-wave U(t, z; —r) by setting

V(t,z):= U(’;f(t)_r) then V (¢, 2) satisfies

Vi=V.. —r(t)V. + F(t,V), te[0,T],z>0,
V(t,0)=0,V(t,0) =1, t€]0,T],
V(0,2) =V(T,z),V,(t,z) >0, te]0,T],z>0,
r(t) = v(t)V,(¢,0), tel0,T)].

(3.6)

Then we can find an integer m; > m and a constant X > 0 large enough such that
(14 Mye YV (t,z) > 1+ e®™T=T) forallt € [0,T], z> X. (3.7)

where My = 2ee®™T, Ty = mT.
We construct a supersolution (v, g, h™) to (3.4) as follows: let

t
() = / r(s)ds + h(Ty) + K My (e — e=0t) 4 X,
T

vt (t, ) = (1 4+ Mie YV (t, bt (t) — z).

where K is a positive constant that can be chosen sufficiently large. By direct
computations, one can easily check that

vf —vb > F(t,vt) fort>Ty, g(t) <x < ht (),
vt >wv fort>Ty, v =g(t),
=0,(hT)(t) > —y()vT(t,x) fort>T, z=ht(t),
h(Ty) < W (Th),v(Ty,z) < v (Th,z) for z € [g(Th), h(Ty)].
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Proposition 3.5. For sufficiently large K > 0, the function h(t) satisfies
h(t) < R(t)+ H, forallt >0, (3.8)
where H, :== h(Th) + X + KMy and Ty, X, My are defined as above.

To give the lower bounds for A(t) and v(¢, z), we need the property that v(¢,-) —
1 exponentially near = = 0.

Proposition 3.6. For any § > 0 given above, there exists some ¢ > 0 and K1 > 0
such that

Ju(t, ) — P(t)”L‘x’([—ct,ct]) < -[(16751t fort>1. (3.9)
Proof. For ¢ > 0 small enough and some suitable €; to be determined below, by
simple phase plane analysis, the problems

qzz =+ cq» + P(Q) = 07 z € [7L7 L]a

(3.10)
q(xL) =0, maxgq(z)=a. —e,

have the solutions ¢4 (z) respectively. Therefore, w(t,z) = ¢4 (x —ct) and w(t,z) =
q—(x + ct) are two compactly supported traveling wave solutions to the problems

Wy = Wee + p(w), x €[fct—L,Lct+ L], t€R,
w(t,+ct+ L) =0, w(t,+ct—L)=0, teR, (3.11)
maxw(t,z) = a. — €1, teR.

Since spreading happens for the solution (u, g, h), there exists a large integer mq
such that

u(mT,xz) > ae —e; forall m >myg, x € [T — L,cT + L.
Thus, we have
u(mT,x) > gy (x 4+ x9) forall m > myg, x € [—cT — L,cT + L], xo € [—cT,T).
Then by the comparison principle,
u(mT +t,x) > q(x + zo — ct), q—(x + xo + ct)

forallt > 0and € [-L — ¢TI +ct, L + ¢T =+ ct]. Using this inequality it is easily
to show that

u(mT +t,x) > a. —e; fort >0, x € [—ct — L,ct+ LJ.
Since € and €; can be chosen sufficiently small, using the same argument for nor-
malized function v as in the proof of [6, Lemma 6.5], one can check that

lo(t,z) — 1| < k1e™®  for x € [—ct,ct], t > Ty := myT,

where mo > my is an integer and k; > 0 is a constant sufficiently large. This

reduces to (3.9).

Let ¢, K1 and § be the constant as before, we define
t
g (t):=0, h (t):= / r(s)ds + h(Ty) — KoK (e T2 — e79) 4 T,
T
v (t ) = (1 — Kie YV (t,h™(t) — z).
Then for a suitable constant Ko > 0, by the similar argument as in the construction
of supersolution, one can show that (v, ¢g~,h ™) is a subsolution. Hence

h(t) > h™(t) — tér[})a%(g] |h(t) —h~(t)] > R(t) — H; forallt >0,
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where H; := maxyejo,1,] |h(t) — h™(t)| + T2 + K2 K. Then we obtain (3.3)). O

Proof of Theorem[1.4 We only prove and , since the proof for
and are similar.
By using changing the coordinate y := x — R(t), we set

hi(t) ;== h(t) — R(t), ¢1(t):=g(t)— R(t) fort >0,

ur(t,y) == u(t,y + R(t)) fort >0, y € [g1(¢), h1(?)].
Also for any constant yo € R, we define Vi (t,y) := U(t,yo — y; —r), which is a
rightward periodic traveling semi-wave with speed r(t). Consider the zero number of
function m (¢, y) := w1 (¢, y) — Vi (¢, y) in the moving area J(¢) := [g(t), min(yo, h(t))],
and denote by Z ;4[] the zero number of 7y (¢, -) in the interval J(t). Then the zero
number argument yields that Z;q[n:] is finite and decreases strictly when hy(t)
gets across yo. So hi(t) — yo changes sign at most finite times, namely, h1(t) > yo
or hy(t) < yo or hy(t) = yo for t large enough. Since yq is arbitrary, we can get that
there exists a constant H; € R such that lim; . [h(t) — R(t)] = H;. Meanwhile,
by the parabolic estimate, for any 7 > 0,

|\n'(t) <C

Hc%([r,rﬂ]) =
where C' > 0 is independent of 7. Combining with the convergence of hy(t) we have
hi(t) — 0 as t — oo, that is, lim;— o [A/(t) — r(¢)] = 0.
Next, we prove (L.11)). We use the variable substitution z := z — h(t) to set
g2(t) :=g(t) — h(t) fort >0,
us(t, z) :=u(t,z+ h(t)) fort >0, z € [g2(t),0].
Then the rightward free boundary of w is fixed at z = 0 and (ug, g2) satisfies
Uy = Uz, + B (H)ug, + f(t,uz), t>0, got) < 2 <0,
ua(t,z) = 0,05(t) = —pua,(t, z) — W'(t), t>0, 2= ga(t), (3.12)
ua(t,0) = 0, A’ (t) = —pug,(¢,0), ¢ > 0.

By LP theory and Soblev embedding theorem, for any constant K > 0, there exists
a sequence m,, with m,, — oo such that

<,

HUQ(mnT + t? Z)||Cl+%’2+7([—K,K]X[—K70]) —

where C' > 0 is a constant independent of n. By using Cantor’s diagonal argument,
there is a function w(t,z) € C'T2:2+7(R x (—o0,0]) and a subsequence of m,,,
denote again by m,,, such that

nhj& lua(mnT +t,2) —wl(t, Z)”Cllo’cz(RX(—oo,O]) = 0.
Replacing t by m, T +t in and taking limit as n — oo, we obtain
Wy = Wy, +1(Hw, + f(t,w), —00<z2<0,teR,
w(t,0) =0, r(t)=—pw,(t0), teR.

Set Va(t, z) := U(t, —z; —r), then Va(t, z) > w(t, z) by the conclusions in Subsection
3.1. Set na(t, z) := w(t,z) — Va(t,z) < 0. It follows that w(t, z) = Va(t, z). For
otherwise, z = 0 is a degenerate zero of 72(t, -), contradicting to the Hopf Lemma.
Combining this with the arbitrary of m,,, we obtain

uz(t +nT, 2) = Va(t, 2)|| Lo (- K, K] x [~ K.0) — 0 asn — oo.
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Namely,
lu(t + nT,z) — U(t,h(t + nT) — x; _T)HL°°([7K,K]X[h(t+nT)fK,h(t+nT)]) — 0
as n — 00. Note that U(t, z; —r) is a T-periodic function in ¢. then we have
ult,-) = U, h(t) = 5 =)L (n)—x.n@) — 0 ast — oo.
Combing this with ((1.9) we obtain
Hu(t, ) — U(t, R(t) + H1 — _T)HL"O([h(t)—K,h(t)]) — 0 ast — oo.
This, and (1.7), yield that (1.11]) holds. The proof is complete. |
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