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FRACTIONAL ELLIPTIC PROBLEMS WITH TWO CRITICAL
SOBOLEV-HARDY EXPONENTS

WENJING CHEN

Communicated by Giovanni Molica Bisci

ABSTRACT. By using the mountain pass lemma and a concentration compact-
ness principle, we obtain the existence of positive solutions to the fractional
elliptic problem with two critical Hardy-Sobolev exponents at the origin.

1. INTRODUCTION

In this article, we study the following doubly critical problem involving the frac-
tional Laplacian
2@ =2y 2 B2y

x| jz?

u u
|1-|25 -

(=A)°u —~ u>0, inR", (1.1)

where s € (0,1), 0 < o, 8 < 25 < n with a # 3, v < vy with
N F2(nz2s)
FQ(HZ25)
being the fractional best Hardy constant on R™, and 2*(«) = 2(n—a)/(n—2s) is the

fractional critical Hardy-Sobolev exponent. The operator (—A)?® is the fractional
Laplacian defined as

YH =

(—A)u(z) = e s pv / ww) =) e o0,1),

o |@ =yl
where pv stands for the Cauchy principle value and
n+2s
L (=5*)
INGO)
is the normalization constant so that the identity
(—A)*u = F7H([¢]*(Fu)) VEER", s€(0,1), ue S(R"),

holds, here Fu denotes the Fourier transform of u, Fu(§) =[5, e ™ u(z) dz,
and S(R™) the Schwartz class, see [I4] and references therein for the basics on the
fractional Laplacian.
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In previous twenty years, the nonlocal elliptic problems have been investigated
by many researchers, for example, [I8| 27, 29, B0, B1] for the subcritical case, [3|
8, 23] 19, 28] B2} [33] for the critical case, [9] [10, 1] for the existence of solutions
to fractional Laplacian system. Moreover, a great attention has been devoted to
study the existence of solutions for the nonlocal problems with Hardy potential or
nonlinearity term, we refer to see [T, 2], 4], 13}, 15} 16}, B4} B5] B6] and the references
therein. In particular, the existence of solutions to the problem

w w2s () =1

_VW:TP, u>0 inR", (1.2)

(=A)u

corresponds to the minimization problem

) 2
. Jan |(=8)2uf dw = [y, {2 da
Hama(R) = weH (R)\ {0} [ul?2(*) 50 TE e '
(Jan \ dx) %

(1.3)

x|
Fall et al. [I6] proved the existence of extremals for ps 0. (R™) in the case s = %
Yang [35] proved that there exists a positive, radially symmetric and non-increasing
extremal for g0 o(R™) when s € (0,1). Asymptotic properties of the positive
solutions was given by Lei [24] and Yang-Yu [37]. The existence of extremals for
ts,y,0(R™) in (L.3), when o € [0,2s) and v € (—o0,vx), was recently studied by
Ghoussoub and Shakerian in [21I]. Moreover, the authors in [2I] used the mountain
pass lemma to establish the existence of a nontrivial weak solution to the problem
. 25 ()2
(=A)u— 7|;|LQS = |u[*"2u+ W, u>0, inR"™

Furthermore, the authors in [36] showed the existence of nontrivial solutions for
fractional elliptic problem in R™ with the critical nonlocal Hartree term and critical
fractional Hardy-Sobolev term.

It is worth pointing out that in the local case, i.e. s = 1, the existence and
multiplicity of solutions for the Laplacian problems with Hardy terms have been
extensively studied, we refer the reader to [B] [7, 12, 17, 22] and references therein.

The aim of this paper is to consider the existence of nontrivial weak solutions
of (L.1)), which has a single pole with different powers of singularity and fractional
critical Hardy-Sobolev exponents. We get the existence of nontrivial weak solutions
of our problem by the Mountain Pass Lemma with concentration-compactness prin-
ciple. Our result can be stated as follows.

Theorem 1.1. Let 0 <s<1,0< a,B3 < 2s<n witha # B, and v < ~vyg. Then
problem (L.1)) admits a nontrivial solution.

This article is organized as follows: in Section [2] we give some preliminaries
about fractional Laplacian harmonic extension and function space, and also the
fractional Hardy-Sobolev inequality. We prove the compactness of the energy in
Section 3] Section [4]is concerned with the proof of our main result.

2. PRELIMINARY RESULTS

In this section, we first introduce suitable function spaces for the variational
principles that will be needed in the sequel. Caffarelli and Silvestre in [6] showed
that the fractional Laplacian operator can be realized in a local way by using
one more variable and the so-called s—harmonic extension, that is, for a function
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u € H*(R™), we say that U = E,(u) is its s-harmonic extension to the upper
half-space, RT“I, i.e. it is a solution to the problem

div(y'=*VU) =0 inR"™ U=u onR" x {y=0}.

Define the space X*(R7") as the closure of C§°(RM™") with the norm

1/2
o 1-2s 2
1ty = (k /Rle VU (z,y)| dmdy) ,

r . . . .
where k; = WS&—S) is a normalization constant chosen in such a way that

the extension operator U : H*(R") — X S(Ri“) is an isometry, that is, for any
u € H*(R™), we have

1T e ety = llzre gy = 1(=2)"2ull L2 gny. (2.1)

Conversely, for a function U € X*(R’™), we denote its trace on R x {y = 0} as
u=Tr(U) := U(-,0). This trace operator is also well defined and satisfies

ol ey = 10 0) L2y < U] ey (2.2)

Caffarelli and Silvestre [6] showed that the extension function U := E;(u) is related
to the fractional Laplacian of the original function u in the following way:
j— 8U Pp—
Covs T Py lor Oy
Thus, problem (|1.1)) can be written as the local problem
—div(y'™**VU) =0 in R7H!
o _ _wu n |u|?s () =2y n |u|?s (B) =24 on R”, (2.3)

ove ~ Tafs ER EE

where and in the follows u = U(-,0). A function U € X*(R"™") is said to be a
weak solution to (2.3)), if for all ¥ € XS(RTFI),

(=A) u(z)

2% (a)—2
ks YIS (VU, V) dedy = | v da + [u Yo da
e T
2 B2y
+ /n 7x|ﬁ Vdx,
where ¢ = ¥(+,0). The energy functional corresponding to (2.3)) is
Lo gl Juf? 1 / ()
- I dz — d
J(U) 2||UHXS(R++1) Q/W 2|25 z 2 (a) Jan |2l z

2:(8) Jrn |z

We note that for any weak solution U € X*(R"™) to (2-3), the function u = U(-,0)
is in H*(R"™) and is a weak solution to problem . Hence the associated trace
of any critical point U of J in X*(R?*") is a weak solution for (L.I). Let us recall
the following results.

S
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Lemma 2.1. Assume that 0 < s < 1.
(i) (The fractional Hardy inequality [20]) For all w € H*(R™), we have

2
'YH/ [ul dx < / |(—A)*/2u)? d, (2.4)
Rn ‘IE| n

r?(nd2e)
( n 42@ )

(i) (The fractional Hardy-Sobolev inequality [21]) Assume 0 < a < 2s < n.
Then, there exist positive constants ¢ and C, such that for all w € H*(R™),

2(0) | g2
(/ U|x|a dm) =< c/ [(—A)*/2u)? dz. (2.5)

Moreover, if v < vg, then

(/.

for all w € H*(R™).

Remark 2.2. One can use (2.1)) to rewrite inequalities (2.4, (2.5) and (2.6)) as the
following trace class inequalities:

where yg = 475 is the best constant in the above inequality on R™.

Juf?

H@) gy
d:c) He) g/ |(—A)S/2u|2dx—7/ “dr,  (26)
& n e |7[%

v [ e oz (2.7)
o T2 = W@y, '
2 (@) 2:@)
([ dx) < AUy (28)
u?:(@) N\ rtey , | |2

In what follows, we will denote by X*(R’™) the closure of C§°(R"!) for the
following norm

1-2s 2 Juf® 1/2
o\ = (ks Yy |[VU|* dx dy —~ dx) for all v < yg. (2.10)
Ry ®o [2[**

Note that inequality (2-7) asserts that X*(R}*') is embedded in the weighted
space L2(R™,|z|72%) and this embedding is continuous. Set 74 = max{y,0} and
v_ = —max{~, 0}. The following inequalities hold for any u € X*(R’*"),

It 2 2 - 2
(1= L0 oy < I < 04 D)0y 211

Thus, || - [| is equivalent to the norm [| - [| x. gn+1).
The best constant ps o (R™) in inequality (2.6) can be written as

S(n,s,vy,a) = inf I, o(U), with
Uexs(R}TH\{0}
ks fRn+1 Yy 2EIVUP dedy — 5 [n ||Iu||2 dx
I‘/’Q(U - 2% ((x)
f]R" |u‘:c @ )Zz(a)

If S(n,s,7,a) is attained at some function U € X*(R*"), then u = U(.,0) will
be a function in H*(R"™), where s ~.o(R™) is attained. Recently, Ghoussoub and
Shakerian [2I] proved the extremal function of S(n, s,~, @) is attained as following.
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Lemma 2.3 ([21]). Suppose 0 < s<1,0<a <2s<mn, andy <~vyg. Then
(1) If {a >0} ora =0 and v > 0, then S(n,s,v,q) is attained in X*(R}H)
by Wi .a-
(2) If « = 0 and v < 0, then there are no extremals for S(n,s,v,a) in
X (R,

3. COMPACTNESS LEMMAS

In this section, we study the compactness properties of the functional

1 1 || 25 () 1 |u|22(ﬁ)
J(U) = s |IU|* - / dx — / dx 3.1
=3 @) feo e F TG Ja P o
for U € X*(R%™), where again u := U(-,0). From Lemma we have that
J e CHX(RTH)).
Definition 3.1. Let ¢ € R , E be a Banach space and J € C*(E,R).
(i) {ur} is a (PS). sequence in E for J if J(ux) = ¢+ o(1) and J'(ug) = o(1)
strongly in E* as k — oo.
(ii) We say that J satisfies the (PS). condition if any (PS). sequence {uy} for
J in E has a convergent subsequence.

Proposition 3.2. Suppose 0 < o, < 2s and v < 7y, then the functional J
defined in (3.1)) satisfies the Palais-Smale condition (PS). for ¢ < c,, where

Cy 1= min{Z?Z:Z)S(n,s,%a)iZ,MS(n,s,v,ﬁ)M}. (3.2)
Proof. Let {Uy}ren be the Palais-Smale sequence of the functional J, i.e.
JUg) = ¢, J(Uy)—0 in (X5(RT)) as k — oc.
Then
1 1 wp |25 (@) 1 |25 (P)
0= 0 - s [ M e mm L e
=c+ ox(1),
and

w25 (@) w1228
<J/(Uk),Uk>:||UkH2*/ %dﬂﬂ/ def'fok(l)llwkll, (3.4)

n

where again uy = Ug(+,0) and 05(1) — 0 as k — oco. From (3.3) and (3.4), we have

1
¢+ oe(V)|Ull = J(U) = 5{7'(Ux), Vi)
1 1 |uk\2§(a) 1 1 / \uk|2:<ﬂ)
(5 2:<a>)/n ER o+ (3 22(6)) o Jap "

Since 2% () > 2, 2%(8) > 2, we have

lug, 2:(a) |y 2:(8)
[ M accramid, [ M de<cramu. 65

By (3.4) and (3.5), we obtain
wp |25 (@) up|258)
1Ukll? + ok (1) [|UR]| = / |’|cx|ad$ +/ |k|:x|ﬁdfc < C+op(V)[|Ukll, (3.6)
Rn n
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which implies that {Uy}ren is bounded in X*(R7). It follows that there exists
a subsequence, still denote by Uy, such that Uy, — U in XS(RTFI). For any ¥ €
C (R, we have

or(1)
= (J'(Uk), ¥)
=k [y (VUL V) dxdy—'y/ “;l(j;)w(x) da (3.7)
RN
2% (a)—2 25 (B)—2
f/ |ur ()] Uk(flf)w(m) da:—/ |k () Uk(x)dj(x) .
n || n x|8
Since Uy — U in X*(R"™') as k — oo, we have that
/ y' (VU V) dwdy—’y/ “’“(;Z)w(x) dx
R+ Rn |2
— Yy T2(VU, V) da dy — 7/ u(a;)¢(x) dz,
RN Rn |2]?8

for all ¥ € Cg°(RH), where u = U(+,0).
Moreover, the boundedness of Uy, in XS(]RT'l) implies that |uk‘22(0‘)_2uk and
. 2% (@) 27(8)
g% ®) =2y, are bounded in LZE =T (R, |z|~) and LZ@-T(R",|z|~?) respec-
tively. Therefore,

g 2 (720, — |u|? (D72 in LT (R, |2|7),

20)-2, D2y in LB (R, 2| ).

|uk
Thus, taking limits as k — oo in (3.7)), we obtain
0= (J'(U),¥)

:ks/ y1_2s(VU,V\IJ>dxdy—7/ S(x) de
RO Rn 7]

|u(z) % 2u(z) Ju(@)[* D~ >u(z)
_ / O Y(x)de — /

x|8
Hence U is a weak solution of .

The set R™ U {00} is compact for the standard topology which means that the
measures can be identified as the dual space C(R™ U{oo}). For example, do, is well
defined and 6o, = ¢(00). By the concentration compactness principle [25] [26], there
exist a subsequence, still denoted by Uy and real numbers pg, tieo, Y0, Voos 10, Too
and (p, (» such that

(3.8)

Y(z) de.

0B gy = > U, g, + oo+ oo (39

lug ||| 725 — dv = |u|?|z| 7 4+ v600 + VooOoo, (3.10
(2|7 4 1980 + Moo oo, (3.11
Jug [+ Pa| =7 = d¢ = [ul** P |2] =8 + (060 + (oo, (3.12

Juge |+ (| = — iy = |u

where dy and do, are the Dirac mass at the origin and infinity respectively.
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For ¢ > 0, define B} := {(z,y) € RT™" : [(z,9)| < o}, B, :={z € R" : [z| < o}
and let ® € C§°(RT™) be a cut-off function such that ® = 1in Bf and 0 < & < 1
2

in R, We use ®Uy, as test function, we have

(J'(Uk), @Uy)
ug(x)*¢(x)

e

=k, y T2 (VU V(RUR)) da dy — 7/

n+1
R+

[ @B [ @ E06w
/n | d /n |8

u(2)’8() (3.13)
" |$|2s

=ks/ y' VU ®(2) dxdy—v/
Ri“

+hs | y T U(VU, V) da dy
Ry

_ / Jug, () [+ () dor — / Jur () Do ()
n | n |

p 18

dx,

where ¢ = ®(+,0). First, we have

0—0 k—oo

lim lim (k / y UL (VU VO) dwdy) =0.
R

Moreover, from (3.9))-(3.12]), we obtain

lim lim (k:/ y1’25|VUk|2<I>dmdy) > 110,
Ry

0—0 k—oo

uk () ¢(2)

gl)ii% kh—{go O P dz = vo,
2;(a) 25(8)
lim lim M dr =mn9, lim lim M dx = (p.
0—0k—0oo Jpn x|°‘ 0—0k—0oo Jpn J}|B
Thus we obtain
liH(l) klim (J'(Ug), ®Ux) > po0 — 0 — 1o — Co- (3.14)
o— —00
By the fractional Hardy-Sobolev inequalities, we have
2 _2
ngsW)S(n’S’,}/’a) < po — Yo, C(;S(ﬂ) S(”v&’%ﬂ) < fo — o- (315)
By (3.14) and (3.15)), we find
2 _2
77(:?5(&) S(TL7S7’Y,CY) §770+C0u C()2§(ﬁ)s(n787775) STIO—’_CO (316)
So

2% () —2

2
o (1 — S(n,s,7,a) gy ) < S(n,s,7,a)" G,

20(8)—2

G677 (1= 85,7876 57 ) < S(n5,7.6) .
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Since {Ug }ren is bounded in XS(RTA), we have 19 < ¢ and {y < co for positive
constants ¢y, ca, thus
2% (o) —2

17 (1= 80, 5,7,00 e, 5 ) < S(n,,7,0) o,

2%(8) -2

2
77 (1= 80,508, ") < S(nys ) e

Therefore, there exist constants A = A(«, 2%(a),c1) and B = B(f,2%(8), c2) such
that

2 2
7E (@) EHE)
np° " < AQ, and (5* T < Bip.

In particular, we have that either ng = 0 and (, = 0, or

77025(11,877’@)%’ CoZS(n,Sv%ﬁ)%.
On the other hand, we know that

= J(U) — 5 (UR), Vi) + ox(1)

> 2?2:2) (/n |Uk(|5;)as dx—H?o)

. (3.17)
25 — 3 |ug ()|
Fao g (L e a)
2s — « 2s — (3
SR TN

By the assumption that ¢ < c., we obtain that ny =0, {, = 0.

For the concentration at infinity, we define B}, := {(z,y) € R : |(z,y)| < R},
Br:={r € R" : || < R} and let ¥ € C§°(R":"") be a cut-off function such that
U =0in B} and ¥ =11in R}7T\BJ, and 0 < ¥ < 1in R}, Consider

foo = hm lim sup (k‘ / y1_25|VUk|2‘1/dxdy),
Rn+1\B;R

—00 k—00

2
Voo = hm lim sup/ de’
R™\B2r

R—o00 k—o00

B

2;(8)
(oo = hm lim sup/ de.
R™\Bzr

By the same arguments as the concentration at the origin, we can get the following
facts: either 7o, = 0 and (s, = 0, or

R—o00 k—o00

Noo = hm lim sup/ [us (2)
R"\BQR

n—a

Moo z S(?’L,S,"y’a)zs—a7 Coo > S(?LS,'%ﬁ)%
As for (3.17), we obtain

S 258 — « . 2s — (3
c

= 2(n—a)" " 2(n =)
By the assumption that ¢ < c¢., we obtain that ., = 0, (. = 0. Therefore, up to
a subsequence {Uy}x converges strongly to U in X *(R’1). O

Coor (3.18)
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Let W, o be the extremal function of S(n, s, 7, @) in X*(R’;""), whose existence
was obtained by Ghoussoub and Shakerian in [2I] for « > 0 or a =0 and 0 < <

YH-

Lemma 3.3. Let0<s<1,0<a,8<2s<n, andy < vyg. Then

sup J(tW5 9) < ¢ for 9 =a,p,
>0

where ¢, is defined in Proposition [3.3.
Proof. For ¥ = «, we have
2:(8)

2 , B [ 2@ EHOR
o) = =Wy al? - o gy — rell .
HEW0) = IWaall = 5075 L. ) L. o "

where w, o := Tr(W,,o) = Wy.(-,0). By construction, we have that

*

/2 25 (e) |wy,a|? (@)
J(AW5a) < falt) == §|\W%a”2 - 25(a) / Wix|a dw

Straightforward computations yield that f,(¢) attains its maximum at the point

- ( Wall? )T
- wy o250 '
Jan EE x

It follows that

25 — « HT/V,Y,QH2 e

sup fa(t) = Pl ) 25—“.
2:(a)/|x|a dx) 2% (o)

>0 2(n - a) ((fRn |w%a

Since W, 4 is an extremal for S(n, s,7, @) on X*(R*!), we obtain that

2s —« n—a

< = — 2s—a 1
sup J(tW, o) < 3121%) fal(t) 2 —a) S(n, s, v, a) (3.19)

>0
We now need to show that equality does not hold in (3.19). Indeed, otherwise we
would have that sup;sq J(tW5,a) = sup;>q fa(t). Consider t; (resp. ta > 0) where
sup;>q J(tW,,a) (resp. sup;>q fa(t)) is attained. We obtain

2:(8) 2*(8)
b |[Wa o _
folt) = s [ T o = fu(e),

which means that f, (1) > fa(t2) since t; > 0. This contradicts the fact that 5 is
a maximum point of f, (), hence the strict inequality holds in (3.19]).

Similarly, for ¢ = 3, we obtain
25-0
2(n—p)

This completes the proof. (I

sup J(tWy.) < sup f(t) = S(n, s,7,8)%=5.

t>0
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4. PROOF OF MAIN RESULT

Proof of Theorem[1.1. For any U € X S(RT‘l), the energy functional to problem
23 is

|u

1 1 25 (a) 1 |u|2:(P)
J(U) = Z||U||*> - dx — d
@ =310 = 55 [ o 5505 e 4

where again u := Tr(U) = U(+,0). By fractional Hardy-Sobolev inequality, we have

1 9 2% () 2 (a)

> = — s
) 2 VI = 558t s7,0)= U]
1 2%(8) .

- 75 n7 8? 77/6 - 2 U 2S(B)

%) S

1 1 2% () «
— (- — 5 -5 e -2

(5 2@ el

1 25 (8)
———8(n,s,v,06)" "2 ||U
553 e

Since a, § € (0,2s), we have that 2 (a) > 2,2%(8) > 2. By (2.11), we then get that
there exists R > 0 such that J(U) > pforall U € X*(R}*") with ||U||XQ(R1+1) =R.

Moreover, for ¢ = « or ¥ = (3,

2 $2:(a) lw 19|2:<a) $2:(8) w 19‘2:(6)
J(AW,.9) = =W, .0]* — . dr — / 2. d
(Woo) = 5 Wl = 52 / N T (0 S IR

hence lim¢_, o J(tW,, 9) = —o0 , then there exists to > 0 such that [[toW, 9| > R
and J(toWy,9) < 0. Set

22(6)72) HU||2~

cy = glenrfﬂ Jnax J(g(t)),

where
Ly = {g € C°([0, 1. X*(R}™)) : 9(0) = 0, g(1) = toaWy.4}.

Thus by Mountain Pass Lemma, there exists a sequence {Uy} in X*(R*") such
that

JUk) = ¢, J(Uy)—0 in (X5(RP)) as k — oo.
By Lemma [3.3] we have

0<e< sup J(ttgW,,9) < sup J(tW, 9) < c..
t€[0,1] t>0

By Proposition we deduce that {Uy} has a subsequence, still denote by {Uy} ,

such that Uy, — U strongly in X*(R’:*"). Thus U is a nontrivial solution of problem
(2.3), and w :=Tr(U) = U(+,0) is a nontrivial solution of problem (1.1). O
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