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MULTIPLE SOLUTIONS FOR NONHOMOGENEOUS
SCHRODINGER-POISSON SYSTEM WITH p-LAPLACIAN

LANXIN HUANG, JIABAO SU

ABSTRACT. This article concerns the existence of solutions to the Schrédinger-
Poisson system

—Apu A+ [ulP2u 4+ Apu = |u|? 2u + h(z) in R,
—A¢p=u? inR3,

where 4/3 < p < 12/5, p < ¢ < p* = 3p/(3 — p), Apu = div(|Vu[P~2Vu),
A > 0, and h # 0. The multiplicity results are obtained by using Ekeland’s
variational principle and the mountain pass theorem.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

This article concerns the existence of solutions to the Schrodinger-Poisson system
—Apu+ [uP2u + Apu = |u|9?u + h(z) in R

1.1
—Ap=u? in R3, (L)
where 4/3 < p < 12/5, p < ¢ < p* = ;’_—pp, Apu = div(|Vu[P~2Vu), A > 0, and
h # 0. The system (L.1) can be viewed as a perturbation of the system
—Apu+ [uP2u + Apu = |u|9%u  in R?,
(1.2)

—A¢p=u® inR3.

This system was first considered by Du, Su, and Wang in [I1] where the variational
framework was built and the existence of nontrivial solutions was established via
the mountain pass theorem. For p = 2, the system reduces to the following
classical Schrodinger-Poisson system

—Au+u+ Apu = [ul? %y in R?,

1.3
—A¢p =u® in R?, (1.3)

where A > 0 and ¢ € (2,6). Such a system, also known as the nonlinear Schrédinger-
Maxwell equation, has an interesting physical context. According to a classical
model, the interaction of a charged particle with an electromagnetic field can be
described by coupling a nonlinear Schrodinger equation and a Poisson equation.
For more details on the physical aspects of the system we refer to the pioneering
works of Benci and Fortunado [5] [6] and the references therein. In the past decades,
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the existence of solutions to the system (|1.3)) has been discussed in [4] for ¢ € (3, 6),
in [9, [10] for g € [4,6), and in [2] 3 2T], 25, B1] for ¢ € (2,6) or general nonlinearity.
For p = 2, the system (|1.1)) reduces to the nonhomogeneous Schrodinger-Poisson

system

—Au+u+ Ay = [u|"2u + h(z) in R3

—Ap=u? in R3,

where A > 0, ¢ € (2,6) and h(z) #Z 0. In [22], Salvatore obtained multiple ra-
dial solutions to the system for ¢ € (4,6) and h € L%*(R®) being radial
with small L2-norm. In [16], Jiang, Wang and Zhou considered the system
with o € CY1(R?) N L?(R3) being a nonnegative radial function and satisfying
(x,Vh) € L?(R3). Applying the Ekeland’s variational principle and the moun-
tain pass theorem, it was proved in [I6] that the system admitted two radial
solutions for ¢ € (2,6) with small L?-norm |h|2s) of h and for ¢ € (2,3] with
A > 0 also small. For other works related to the system or to similar systems
involving certain potentials, we refer to [8 [I3] [17, (20, 26, 27, B0, B2, B3] and the
references therein.

After an accurate bibliographic review, we see that it is open question the exis-
tence of multiple solutions to the quasilinesr system with 4/3 < p < 12/5 and
h # 0. Inspired by this fact, We aim to establish the existence of multiple solutions
to system . We use 7' = —T5 to denote the Holder conjugate of 7 > 1. We
impose on h the following assumption.

(1.4)

(H1) h is a nonzero radial function and for (p*)' < s <p/,
(i) h € L*(R?) with the L*-norm denoted by |h[:(gs);
(ii) (z, Vh) € L*(R3) where the gradient VA is in the weak sense.
We will prove the following theorems.

Theorem 1.1. Assume that (H1) holds and 1% < q < p*. Then there exists A > 0
such that for |h|psmrsy < A the system (L.1) admits two solutions for any X > 0.

Theorem 1.2. Assume that (H1)(i) holds and p < q < 1)6%. There exist A > 0
and A > 0 such that for |h|psmsy < A, system (L.1)) admits two solutions for any

A€ (0,M).

Remark 1.3. The first attempt of the study on the Schrédinger-Poisson system
with p-Laplacian were made in [I1]. Now the results in Theorems [1.1] and
extend the results in [I6] 22] from p = 2 to the quasilinear case 4/3 < p < 12/5.
This range of p was first determined in [I1]. We observe a phenomenon that the
solvability of the system can be considered for a large class of radial functions
h satisfying (H1). In this sense the existence results in [I6] may be extended to the
case that h and (z, Vh) belonging to L*(R?) with 6/5 < s < 2.

Notice that for p # 2, it is difficult to prove the Pohozaev identity which is
essential to establish the boundedness of Palais-Smale sequences for ¢ € (3,6) in
[16]. To overcome this difficulty, for 6p/(p + 2) < g < p* we introduce an auxiliary
functional and use an indirect method to do that: see our proof of Lemma It
also should be pointed out that our method is more applicable. As far as we know,
this article is the first attempt to study the nonhomogeneous Schrodinger-Poisson
system with p-Laplacian.

The proofs of the main results will be obtained by exploiting suitable variational
methods. In Section [2] we give some preliminary results concerning the variational
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structure for the system (|1.1). In Section [3] with the aid of the Ekeland’s variational
principle [12], we obtain by Theorem a solution of (1.1)) with negative energy
for p < ¢ < p*. In Section I We obtain a solution of 1.’ with positive energy

and discuss with two cases of 5 <g<p‘andp<gq< fQ. In Subsection
we use the scaling technique begmnlng in [14} and developing in [II] to obtain the
boundedness of a Palais-Smale sequence for 5 < ¢ < p* and find a positive energy

solution by using the mountain pass theorem [1], see Theorem . In Subsection
-, by using the cut-off technique as in [15] and comblnlng some delicate analysis,
we prove a positive energy solution of (|1.1)) with p < ¢ < + and A > 0 small, see
Theorem [£.4} Then Theorems [I.1] and [I.2 - 2| will follow from Theorem [3.3] Theorems
{1l and (441

2. PRELIMINARIES

In this section we give some preliminary results related to the variational struc-
ture of system (1.1). We will use the following function spaces.

e L°(Q), the Lebesgue space endowed with the norm = (Jq lul® dz) Y5 for

1 <s<o0.
1/p
o WP(R3), the Sobolev space with the norm [[ul = ( [ps [Vul? + |ul? dx) , and
WEHP(R?) = {u e W'P(R3) : u(z) =u(|z|)}.
1/2
e D12(R3), the completion of C§°(R?) with the norm |jul|p = (fRB |Vu|2dx) .
It is a Hilbert space with the inner product (v, w) = fR3 VoVwdz.

It follows from the classical Sobolev embedding theorems that WP(R?)
LY(R®) are continuous for all ¢ € [p,p*] and DV2(R3) — LS(R3) is continuous.
Restricted to the radial case, it holds that the embedding WP (R3) — Lf(R?) is
compact for any p < £ < p*. See [19, Theorem II.1] or [23] Theorem 1].

We will use C' to denote various positive constants. We will use the following
elementary inequality (see [24, p240]) in later arguments: There exists ¢, > 0 such
that for all £, € R3, we have

(IE[P726 = In[P~*n, & = 1) gs = cpl& — P for p > 2,
(€] + D> P(E[P726 = P20, & = n)gs > cpl€ —nf> for 1 <p<2.

For each fixed u € W1P(R?), we define a linear functional K : DV?(R?) — R by

/C(v):/ u?v d.
R3

By the Holder and Sobolev inequalities, we have

5/6 1/6
ol ([ J@eas)™( [ pdz) " < clulPllo.
R3 R3

Therefore K is continuous on D12(R?). By the Lax-Milgram theorem, there exists
a unique ¢, € DV2(R3) satisfying the equation —A¢, = u?. According to [I8|

(2.1)

Theorem 6.21], ¢,, has the explicit expression ¢, (z) = ﬁ Jzs %dy >0.

It defines a mapping u + ¢,, from WHP(R3) to D1:2(R3) such that ¢, > 0 solves
uniquely the Poisson equation —A¢ = u? for u € WLHP(R3).
Proposition 2.1 ([I1l Proposition 2.1]). The mapping u — ¢, enjoys the following
properties.
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(i) lloullp < Allul|? for all w € WHP(R3) where A > 0 is a constant;

(i) if up — u in WHP(R3), then ¢y, — ¢y in DV2(R3);

(iii) if u € WHP(R3) then ¢, € D}2(R3?) := {¢p € DV2(R?) : ¢(x) = &(|z|)}.
We note here that the third conclusion comes from a fact that the convolution

of two radial functions is still radial.

Now we are ready to establish the variational framework of (1.1)). For h € L*(R3)
with (p*) < s < p’, arguing as in [5][6], by Propositionand the implicit function
theorem, the functional

1 A 1
In(u) = 7/ (IVul? + |ul?) dz + —/ byu’ dr — f/ |ul? dz —/ h(z)udz

D Jgs 4 Jrs q Jrs R3

is a well-defined C! functional on WP(R?) with derivative
(I\(u),v) = / (|VuP~2VuVo + [ulP?uv) da + )\/ Pyuv dx
R3 R3
- |u|9 % uv d — / h(z)vdx, Yu,v € WHP(R3).
RS RS

Furthermore, u € WP (R3) is a critical point of I if and only if the couple (u, ¢,) €
WLP(R3) x DV2(IR3) is a solution of the system ((1.1)). Then we will prove Theorems
[1.1) and [T:2] by looking for critical points of Ij.

The following result is crucial and can be proved by applying some ideas from
Boccardo and Murat [7]. We include the proof for completeness.

Lemma 2.2. Let {u,} C W"?(R3) be bounded and satisfy I} (u,) — 0 as n — oco.
Then, up to a subsequence, there exists u € WHP(R3) such that Vu,(z) — Vu(x)
a.e. in R3.

Proof. Since {u,} is bounded in WP(R?), up to a subsequence, there exists u €
WLP(R3) such that
Up —u  in WHP(R?),
U, —u in Lf (R3), p <l <p*, (2.2)
up(z) = u(z) a.e. in R3,
We will prove that
Vu,(z) = Vu(z) ae. in R3. (2.3)
Let v € C§°(R3,0,1]) satisfy
vl

Br = 1 and suptv C Bap,

where Br = {z € R?: |z| < R}. Since u,, — u in WHP(R3), it follows that
(up —u)v =0 in WHP(R3). (2.4)
Then, by (2.2) and the Holder inequality, as n — oo,
[ 2, =l 20 (1 = w)e] do = o),
R3

/]R3 [(\Vun|p_2Vun - |Vu|p_2Vu)VU] (uy, — u) dz = o(1).
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Using the Holder and Sobolev inequalities, we deduce by Proposition [2.1{i) and
(2.2) that

/ (Pu, un — yu)(un — u)v de
R3

< |¢un|L6(Bzﬂ)|un(un - U)U|L6/5(BQR) + |¢U|L6(B2R)|u(un - U)U|L6/5(B23)
< Cllu, [ plun(un — U)'U|L6/5(BZR) + Cll¢ull plu(un — U)U|L6/5(B2R) (2.6)
< Cllun | lun(un = w)vl o/ By + Cllul*luun — w)vl /s 5,

<C (”un”2|un|L12/5(BzR) + ||U||2|U\L12/5(BZR)) |, — U\L12/5(BZR)

=o(1).
By (2.4) and I} (uy,) — 0 in [WHP(R?)]*, we have that as n — oo,
(I (un) = I\ (u), (un — uw)v) = o(1). (2.7)
It follows from (2.5)—(2.7) that as n — oo,
/ (IVun [P*Vu, — [VulP~*Vu) (Vu, — Vu)vdz = o(1). (2.8)
R3
Set ey, := (|Vun|P~2Vu, — |Vu|P~2Vu, Vu, — Vu)gs. Then, as n — oo,
/ en dz = o(1). (2.9)
Br
By (2.1) and (2.9)), for 2 < p < 12/5, we have
C’/ |V, — VulP de < / en dr = o(1), (2.10)
BR BR
and for 4/3 < p < 2,
C [Vu, — VulP dz < / P2 (|Vu,| + |Vu|)p<2§p) dx
Br Br

—P

< (/BR endx)p/2(/BR(|Vun|+|Vu|)Pd:1:)22 (2.11)
p/2
< C’(/BR end:v> .

It follows from (2.9)—(2.11) that
lim [Vu, — VulP dz = 0.

Up to a subsequence, we have Vu,(z) — Vu(z) a.e. in Bg. It follows from the
arbitrariness of Br that (2.3) holds. The proof is complete. d
3. A SOLUTION WITH NEGATIVE ENERGY

In this section we find a solution of (|l.1)) with negative energy for p < ¢ < p*,
and h satisfying (H1)(i) and small |A|zs(gs).

Lemma 3.1. Assume that h € L*(R3) with (p*)’ < s < p’. Then there exist p > 0,
A >0 and a > 0 such that Ix(u) > « for u € WHP(R3) with ||u = p, X > 0 and
|

Ls(R3) < A.
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Proof. For u € WHP(R3) and A > 0, since ¢, > 0, it follows from Hélder and
Sobolev inequalities that

1 1
L(w) 2 Cllull” = ulgaea)y = los@)ulps @)
1 S
= Sllull” - j’HUII" = Sy [hlLe @) [|ull (3.1)

1 Sa
= ||u <fup_1——quq_1—58/h s 3),
[l p|| I q|| I 7| Ls ()

where S, denotes the embedding constant of W1P(R?) «— L¥(R3) for p < ¢ < p*.
q
Since ¢ > p, there exists a unique p > 0 such that the function f(¢) = %tp’l — %"tq’l

attains its unique maximum f(p) = max;>o f(¢t) > 0. Take A = f(p)/Ss and
o = p(f(p) — Se|h|rs(r2)). Then by ([B.1) we have that when |h|p:rs) < A,
Iy(u) > « for any ||ul| = p. O

Next we work on the Sobolev space W,1'P(R?) of radial functions.

Lemma 3.2. Assume that h satisfies (H1)(i). Then each bounded sequence {u,} C
WEP(R3) satisfying I5 (u,) — 0 has a strongly convergent subsequence.

Proof. Let {u,} € WP(R3) be bounded. Going if necessary to a subsequence,
there exists u € W1 (R3) such that

Up —u in WHP(R3),
u, —u in LYR?), p<q<p* (3.2)
un(z) = u(x) a.e. in R3,

We will complete the proof by showing u,, — u in W}P(R3). By I} (u,) — 0 and

(13-2) we obtain

(I (up) — I5(u), up — u) = 0, as n — oo. (3.3)
By Proposition the boundedness of {u,}, the Holder inequality and (3.2)), we
obtain that, as n — oo,

/ (Pu, Un — Putt)(un — u) dz = o(1),
]R3

/ (Jun | ?up — |u|??u) (u, — u) dz = o(1).
RS
It follows from (3.3)) and (3.4]) that
/ en + (Jun|P2upn — [uP7%u) (u, — u) dz = o(1). (3.5)
R3

For 2 < p < 12/5, by (2.1) we obtain
/ en dr > C’/ |V, — Vul? dz,
R3 RS2

/ (Jton P20, — u|P~2u) (uy, — ) daz > C/ [, — u|? dx.
R3 R3

For 4/3 < p < 2, from the boundedness of {u,} and the proof of (2.11]), we obtain

/2
IV (u — )P d < C(/ en d:c)p : (3.7)
R3 R3

(3.6)
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p/2
/ lu — P da < C (/ (et [P~ 22 — [P~ 200) (i — ) dx) O 38)
R3 R3
It follows from (3.5)), (3.6)—(3.8) that ||u, —u| — 0 as n — occ. O

Theorem 3.3. Assume that (H1)(i) holds and p < q < p*. Then I\ has a critical
point u, € WHP(R3) with Iy(u.) < 0 for X > 0 provided |h|psgsy < A, where A
was giwen in Lemma[3]]

Proof. We first find a function w € W;"?(R?) such that [p, h(z)w(z)dz > 0. It
follows from h € L*(R?) that |k|*~2h € L* (R3). Then there exists a radial sequence
{hn} C C°(R?) such that h,, — |k|*~2h strongly in L (R3) since C5°(R3) is dense
in L¥' (R®) and h is radial. Therefore, there exists ng € N such that

1
< =

|hno - |h‘s_2h Ls’(RS) = 2|hlzf(1Rs)

By Holder’s inequality, we conclude that

Le(®9) [Py — [RI° %R

/}Rg h(@ ), () dz > —|h oy 1Ly > 0.

It is clear that hy, € W} P(R3). Taking w(x) = hy, (), we get [s h(z)w(z) dz > 0.
Now for ¢t > 0 small enough, we have

tP t4 t1
I(tw) = —|Jw|” + —)\/ buw? dr — —/ |w|? dx —t/ hwdx < 0.
p 4 Jrs q Jr3 R3

It follows that

c. = inf Iy(u) <0,
ueB,

where B, = {u € W}P(R3) : ||lu|| < p} and p is given by Lemma Applying the
Ekeland variational principle [12], we obtain a sequence {u,} C B, satisfying

1
e < Ih(up) <eo+ e (3.9)
1 _
I\(v) > In(un) — —|jv —uy|| forallv e B,. (3.10)
n

It must be that |ju,| < p for all n € N large. Otherwise, we may assume that
|lun|| = p, up to a subsequence. By Lemma we see that Iy (u,) > o > 0. Then
there is a contradiction by taking the limit i as n — oo. We can assume that
lun|l < p for all n € N. Now we show that I{(u,) — 0. For any z € W,"?(R3) with
|lz]| = 1, we choose sufficiently small § > 0 such that |u, + tz|| < p for all [¢| < é.

By (3.10), we have

IA(un—i—tz)—I)\(un) > 1

t - n
Letting t — 0, we obtain (I}(uy),2) > —1/n. Similarly, replacing z with —z in
the above arguments, we obtain (I} (u,), z) < 1/n. Then, we deduce that, for any
z € WhHP(R3) with ||z = 1, (I{(un),z) — 0 as n — oo. Thus {u,} is a bounded
(PS). sequence of Iy. Finally, by Lemma there exists u, € W}P(R?) such
that I(u.) = ¢ <0 and I} (uy) = 0. O
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4. A SOLUTION WITH POSITIVE ENERGY

In this section we find a solution of { with positive energy. In Subsection
1| we consider the case 25 < ¢ < p* and in Subsection E we consider the case

p<q< F5. Westill work on WP (R3).
4.1. Case ;sz < g < p*. In this subsection we will prove the following theorem.

Theorem 4.1. Assume that (H1) holds and 5 < q < p*. Then Iy has a critical
point u* € WEP(R3?) with I)(u*) y < A, where A
was giwen in Lemma[3]]

Lemma 4.2. Assume that (H1)(i) holds and 35 < q <p*.
(i) There exist p >0, A >0 and o > 0, such that Ix(u) > « for u € WP(R3)
with ||u]| = p, sy < A
(ii) There exists v € Wl’p(R3)\{0} such that ||v|| > p and Ix(v) < 0.
Proof. Ttem (i) follows from the argument of the proof of Lemma
(ii) Take any fixed u € W,1P(R?)\{0} and define u,(x) = t%iu(m). Then we

have

th1 B2 th1
Iy(ug) = — |Vu|pdx—|——/ \u|pdm+—)\/ byu® dx
P Jrs P Jrs 4 R3

83
- — lu|? dx — t7 / h (£> wdz,
q R3 R3 t

where )
9p — 12 +5p —12
61: P ) ﬁ2:%’
4-p A-p (4.1)
(p+2)g—12+3p 4p — 10
63: ) ﬁ4: .
14— p 4—p

It follows from 4/3 < p < 12/5 and 35 < g that §3 > 81 > f2, B3 > 0 and 4 <0.
Therefore there exists ¢y > 0 such that I\ (ut,) < 0. The conclusion (ii) follows by
taking v = uy,. d

Since I(0) = 0, by Lemma the functional I satisfies the hypotheses of the
mountain pass theorem [I] and a mountain pass level of Iy can be defined as

= inf max I >0, 4.2
¢ = Inf max L(y(1)) (42)

where I' = {y € C([0,1], W}}P(R?)) : 4(0) = 0 and I,(y(1)) < 0}. We define an
auxiliary functional Jy : W,'P(R3) — R as follows with the numbers 3; given by

(4.1):
Bl/ Vul? dx +52/ u|? da +A51/ Wﬂdx—%/ |ul? da
3 R3

— B4 /R3 hu dzx + /}R3(w,Vh(x))udx.

Lemma 4.3. Assume that (H1) holds and
sequence {u,} C WHP(R3) satisfying

p+2 < q < p*. There exists a bounded

Iv(up) — ¢, Ih(un) =0, Jx(u,) — 0.
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Proof. We follow the idea in Jeanjean [I4] and modified in [II]. Define the map
O(o,v)(z) = e%”v(e"x), o €R, v e WHP(R?).

A simple computation shows that

ebio ebB2o AePro )
I (®(o,v)) = / |Vv|pdx+—/ [v|P dz + / Ppv° dx
P Jrs P Jrs 4 RS

Bso
¢ |U|qu—eﬁ4"/ h(i)vdaj,
q Jrs rs €7

and I,(®(0,0)) = 0. It is standard to verify that I\ o ® is continuously Fréchet-
differentiable on R x WP(R?). We set

[= {7 € C([0,1,R x W P(R?)) : 7(0) = (0,0) and (I o ®)(7(1)) < 0},

¢=inf sup (1) o ®)(H(1)). (4.3)
7€l tel0,1]

It can be proved that I' = {® o7 : ¥ € T'}. It follows that ¢ = & Let ¥ = (0,7).
For each € € (0, §), there exists v € I' such that

sup(Iy o ®)(0,7) < c+e.

Then, by [28, Theorem 2.8], there exists (o,v) € R x WP(R3) such that

(a) ¢c—2e < (Iyo®)(o,v) < c+ 2,

(b) dist{(co,v),(0,7)} < 2y/, where dist{(c,v), (sc,w)} = (lo —<|*> + |Jv —

w|[*)M?,

(¢) (Ino®)(o,v) = 0 in [R x WHP(R3)]*.

Therefore, there exists a sequence {(0,,,v,)} C R x WHP(R3) such that as n — oo,
on =0, (Ino®)(on,vn) = ¢, (Ixo®)(op,v,)— 0.
For every (,w) € R x WIP(R?), it holds
((In 0 @) (om, vn), (¢ w)) = (IN(D(0n, vn)), B(0n, w)) + JA(P (0, vn))C
Taking u,, = ®(op,, v, ), we have
Iv(up) — ¢, Iy(up) — 0, Jx(u,) — 0. (4.4)

Now we prove that {u,} is bounded in W}*P(R?). By (4.4), for n large enough,

c+1>IL(uy,) — %Jk(un)

3
_Bs —51/ VP dar + ﬁ3—ﬁ2/ [Pz + A(ﬁzﬂ— 51)/ o2 da
R3 R3 3 R3

PB3 P83
B3 — P4 1
- n - 5 9 h nd
5 /Rshu dx I@3/R3(xv Yy, dx
Bs — B ) B3 — Ba i
= pB3  Jge [Vunl” do + B3 /RS funl? de
B3 =B

1
hu,, de — — / x,Vh)u, dz.
B3 R3 B3 RS( )

It follows that

_ 1
cr14 2 54/ hun dz + — [ (x,Vh)u, dz > (4.5)
R3

B3 3 Jrs

Bs — B »
B l[unll”.
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It is easy to see that [y, huy, dz < Clluy||. We deduce from (H1), the Hélder and
Sobolev inequalities that

| (2, Vh)u, dz| < / |(z, Vh)|® dz / || d:c s < Cllun-

Therefore by (4.5) that {u,} is bounded in WP (R?). O
Proof of Theorem[4.1]. Tt follows from Lemmas and
42. Casep<q< L p+2

Theorem 4.4. Assume that (H1)(i) holds and p < ¢ < z%' Then there exists

A« > 0 such that Iy has a critical point u* € WIP(R3) with I (u*) > 0 for each
A € (0, \y) provided |h|pswrs)y < A, where A is given in Lemma .

We adopt some techniques from [I5] to do the proof. We introduce a smooth
function x € C*°(R,[0,1]) which satisfies

1 for ¢ € [0, 1],
x(t) =10 for t > 1,
€10,1] forte(1,1),
X0 < 4.

We define a penalized functional Iy 5 : WHP(R3) — R as
1 A
Dar(w) =5 [ (Val? +ul?) do+ S L) [ ouuda
D Jrs 4 R3

1
—f/ |u|qdm—/ hu dz,
q Jgrs R3

where M > 0 and Ly (u) = X(”J\ZH ) It is standard to prove that Iy js belongs to
C1, and for all u,v € WIP(R?),

(4.6)

(T ar (), 0) = (14 axau (w) / (IVulP~2VuVo + [uP~2uv) do
R?}

(4.7)
+)\LM(U)/ q/)uuvdx—/ |u\q_2uvdx—/ hv dz,
R3 R3 R3
where Il
_pA(lelP 2
axm(u) = NV ( P ) - Pyu” dz. (4.8)

From the definition one sees that if w is a critical point of I 5 and |lu|| < M/2,
then u is a critical point of Iy. We first verify that the penalized functional Iy s
possesses a mountain pass geometry for each M > 0.

Lemma 4.5. Assume that (H1)(i) holds and p < q < 7. For every M >0,
(i) there existp >0, A > 0 and o > 0, such that IA,M( ) > a foru € WHP(R?)
with ||ull = p, |h|ps@sy < A and A > 0.
(ii) there exists w € WHP(R3)\{0} such that ||w| > p and Iy ar(w) < 0.

Proof. Ttem (i) follows from an argument similar to the one in the proof of Lemma

B.1
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(ii) Arguing as in the proof of Theorem [3.3) we can choose a function w; €
WEP(R?) such that [jwi| = 1 and [gs h(z)wi(z)dz > 0. For each M > 0 and
t > M, it follows from the definition of y that Ls(tw1) = 0. Thus

1 1
Ioa(twn) = =tP — ftq/ w9 dz — t/ h(z)w dz.
p q R3 R3

Since p < ¢, we take w = tprwy and €3y > M large, so that |jw| > p and I ar(w) < 0.
This completes the proof. O

Lemma 4.6. For M > 0 and A > 0 fized, each bounded sequence {u,} C WP(R3)
satisfying If\)M(un) — 0 admits a strongly convergent subsequence.

Proof. Let {u,} be bounded in W}!?(R3). Up to a subsequence, there exists u €
WLP(R3) such that u,, — u in WHP(R3), u, — u in LI(R?) for all p < ¢ < p* and
un(x) = u(z) a.e. in R3. Therefore

(I;\7M(un) — I;7M(u),un —u) =0, asn— oo. (4.9)

Similar to (3.4), we conclude that, as n — oo,

/ G, Un (Up, — 1) dz = o(1), Pty — u) dx = o(1),
R3 R3

(4.10)
/ (Jtn | 2wy — |[u|92u) (u, — u) dz = o(1).
RS
We set
[u,v] = / (|VulP2VuVv + [uP~2uv) dz.
R3
From (4.7), (4.9), and (4.10)), a direct computation shows that, as n — oo,
(1 + ax v (un)) ([tn, un — u] — [u, up — ul)
(4.11)
+ (a1 (un) — axnr () [u, un — uf = o(1).
By Proposition i), we have that for all n € N,
[ twiiide == [ 6., 800, d=l0n < Rl (@12
R2 RS

Notice that if ||u,| > M then X’(%) = 0. It follows from (4.8)) and (4.12)) that

PA
4Mr

e (el /R Gudde| <pAATMIT. (413)

laxar(un)| < A

It can be shown in a same way that |ax a(v)| is bounded. By Lemma [2.2] we
have that Vu,(z) — Vu(z) a.e. in R®. Combing with u,(z) — u(z) a.e. in R®, we
deduce by [29, Proposition 5.4.7] that

[w, up, —u] = o(1). (4.14)
It follows from (4.11)) and (4.14) that
[ty U, — 1] = [u, up — u] = o(1). (4.15)

Arguing as in the proof of Lemma [3.2| we obtain that ||u, —u| - 0asn — co. O
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By Lemma @ we can define the following mountain pass level of I js for each
M >0,

cy = inf sup Iy (y(t)) >0,
Y€lM telo,1]

where I'y; := {y € C([0,1], W}P(R3)) : 7(0) = 0,1y a(7(1)) < 0}. Then, by the
mountain pass theorem [I], there exists {u, } C W,''P(R3) such that

Doar(un) = ear, Iy (up) — 0 in [WEP(R?)]*. (4.16)
Next we prove that {u,} is bounded in W}!P(R3) for large M and small .

Lemma 4.7. There exist M > 0 and Ax > 0 such that for all X € (0,\,), the
sequence {u,} given by (4.16) satisfies

M
[unll < 5 (4.17)
Proof. First of all, from (4.6), (4.7) and (4.16]) we have

1
e + 1+ |unl| > Inoa(un) — §<I/’\7M(un),un)

1 A
= (

1
Z_ P - _Z 2
P q)H“nH + (4 q)LM(un) /]R3 Gu, Uy, d

" -1
- bl o 9L by da.
q q R3

Therefore,

1

(,_

AA
’ MunllP < ear + 1+ [fun| + (E - *)LM(un)/ Su, Uy, A
R3

4
a Up, —1
L+ o (Un) un? + L= / h(z)un, da.
q q R3

Q| =

(4.18)

We claim that {u,} is bounded. Indeed, by definition, when ||u,| > M, Ly (u,) =
0, X’(%) =0 and so (4.18) reads

1 1 -1
(= = lluall? < err + 14 fJun|l + L/ h(z)u, dx.
p q q R3
Thus {u,} is bounded. By using (4.12)), (4.13]), and Holder’s inequality,
A A A
(2= Dlar(un) [ ou,udo < |7 = L) | < A4 (0.9
q R3 q
DA 012 < Jan s ) a7 < pAAZMAPM = pAATMEY, (4.20)
—1 -1
-2 h(z)u, dx < K |h(z)uy,| dx
q Jrs q Jee (4.21)
< [l pe @3 [tn| Lo (msy < CAJJun]-

Let wy be the function taken in the proof of Lemma ii). By (4.6), we have

MP M4
I)\,M(MU.M) S 7 — 7|W1|g
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Then there exists My > 0 such that Iy pr(Mwr) < 0 for all M > M;. Thus

1 1
ey < max Iy (EMw:) < max {=(Mt)? — —(Mt)?|w |1}
p q

t€[0,1] ~ tefo,1]
A
+ max f(tM)4LM(th1)/ Gy w? dx (422)
tefo,1] 4 R3
< C+ NA2M*A
It follows from (4.18)—(4.22) that, for all M > My,
1 1
(]3 - 5)||un||1’ <O+ 1+ (p+2)AA2M* 4 (1 + CA)||uy]|. (4.23)
Take A\, = (A2M*)~L. Then it follows from (4.23)) that (4.17) holds for any M > M,
and A € (0, \.). The proof is complete. O

Proof of Theorem[{.4. Combining Lemmas[£.5H4.7]and the mountain pass theorem,
for M > 0 large enough and A > 0 small, we can find a critical point u* for Iy s
at the level cpy > 0 with [u*|| < 2. Thus u* is a critical point for I) with
IA(u*):cM>O. O
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