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EFFECTS OF CROSS-DIFFUSION FOR A PREY-PREDATOR
SYSTEM IN A HETEROGENEOUS ENVIRONMENT

YAYING DONG, SHANBING LI, YANLING LI

ABSTRACT. This article concerns the stationary problem of a cross-diffusion
prey-predator system with a protection zone for the prey. We first give the
necessary condition and sufficient condition for the existence of coexistence
states of the two species, by applying the bifurcation theory. Furthermore, the
asymptotic behavior of coexistence states is established as the cross-diffusion
coefficient of the prey tends to infinity. We also analyze the corresponding
limiting system.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In recent decades, the research of reaction-diffusion equations have made great
progress (see, for example, [3|[15] 17, 2T], 23] 22] and the references therein). In these
equations, the prey-predator model is an important branch. In most prey-predator
systems, the prey would become extinct when the predation rate is too high. To
human beings, it is necessary to take measures to save the endangered prey species.
From this viewpoint, we study the following cross-diffusion prey-predator system
with a protection zone for the prey,

b(x)v
ut:A[(1+kp(x)v)u]+u()\—u—m), xeQ, t>0,
cb(z)u —
vt:Av—l—v(—u—F 1+mu)’ x€Q\Qo, t>0,
Opu=0, we€dN, t>0, (1.1)

Opv=0, x€dQUIN, t>0,
U(Z‘,O) = U,O(ﬂf) > 07 T e Qa
v(z,0) = vo(z) >0, z€Q\Qo,

where ) is a bounded domain in R™ (n > 1) with smooth boundary 90 and
Qo CC Q with smooth boundary 0€; the parameters k,\, u,c,m are positive
constants; p(z) and b(z) are smooth functions, p(z) > 0 and b(z) > 0 in Q \ Qo,
whereas p(z) = b(z) = 0 in ), moreover, we assume that 9,p(z) = 0 on 99,
p(z)/b(x) and b(z)/p(z) are bounded in Q \ Qg. One can see [2} 4, 5, 6] (7, 8, [, 10,
111, [12] [13], 141 [18], [19], 20] and references therein for more studies on this topic.
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In this article, we denote Q; = Q\ Qp, and mainly discuss the stationary problem

associated with (L.1)):

A[(1+ kp(z)v)u] + u(A —u — fjf};u) =0, ze€q,
cb(z)u
Av+v(—u+l+mu)20, x €y, (1.2)

Ohu=0, =z €,
Ohv =0, x€0dQ.

Let O be any bounded domain in R™ with smooth boundary. Denote the usual
norm of LP(0) for p € [1,00) by [[¢]lp.0 = ([fo |1/J(x)|pdx)1/p. For g(x) € L*(0),
we denote by AN (g(z),0) the first eigenvalue of —A + g(z) over a region O, with
Neumann boundary condition.

Now we are ready to present our main results. The first result gives the necessary
condition and the sufficient condition for the existence of positive solutions of ,
and the coexistence region of in the Ap-plane is given in Figure

Theorem 1.1. Letn > 1. Then
(1) If x>0 and p > AV (- cb(z) 1), then (L.2) has no positive solution.

m

(2) If X > M) and 0 < p < =AY (— %,Ql), then (1.2)) has at least
one positive solution, where \y(u) is uniquely determined by p = —)\{V( -
cb(z) A Q )
1+mA,? ‘

I

p=A (- TR )

FIGURrE 1. Coexistence region of (1.2)).

The following theorem gives the asymptotic behavior of positive solutions of

(1.2) as k — oo.

Theorem 1.2. Letn < 3. For any given A > A, (1) and 0 < pp < =AY (- Cbsf) ).
Let (ug,vi) be any positive solution of (1.2)) for each k > 0. Then

klim uy, = U uniformly in Q, (vg, kvg) = (0,@) in CH(Q1) x CH(Q),
— 00

lim
k—o0
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where (U, W) is a positive solution of
A1+ p(x)w)u] +ua(A—u) =0, z€Q,

o ch(x)uw\
Aw+w(—u+1+ma>—0, x € Qy,

0, u=0, x€0dN,
Ow =0, x€0.

(1.3)

Theorem 1.3. Let n < 3. For any fixred A > 0, the set of positive solutions
of (L.3) forms an unbounded connected set which joins the semitrivial solution

branch {(p, @, W) = (u, A,0) : u > 0} at (1«(A), A,0) and remains bounded until
cb(z) A
1+m\?

approaches 0 where it blows up, where p,(\) = —)\{V( — Ql). Moreover,

lim @, = A uniformly in Qo, lim (%, w,) = (0,00) uniformly in Q.
pn—0 pn—0

This article is organized as follows. In Section 2, we establish some preliminary
results, including a priori estimates of any positive solution and local bifurcation
result. In Section 3, we complete the proof of main results. Our mathematical
approach is based on elliptic estimates, bifurcation theory and elliptic regularity
theory.

2. PRELIMINARY RESULTS

In this section, we establish a priori estimates of any positive solution and the
local bifurcation from semitrivial solution. We define a new unknown function

U= 1+ kp(x)v)u, (2.1)
and denote
B U U b(z)v(1 + kp(x)v)
hUv) = 1+ kp(x)v ( T 1+kp(zv 1+ kp(x)o+mU )’

cb(z)U ) .

f2(U,v) = v(—,u—i— 1+ kp(x)v +mU

Then (1.2]) can be written as
AU+ f1(U,v) =0, z€Q,
Av+ fo(Uw) =0, z€Qy,
0,U =0, ze€0dq,
Opv=0, z€0.

(2.2)

By the maximum principle [I7, Proposition 2.2] and Harnack inequality [I5]
Lemma 4.3], we derive the following a priori estimates of any positive solution of

(2.2) for any given x> 0 and k > 0.

Proposition 2.1. For any given p > 0 and k > 0, there exists a positive constant
C' such that any positive solution (U,v) of (2.2)) satisfies

||UHC’L9(§) < C and ||’UH01,9(§1) < C,

where 6 € (0,1).
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Proof. Suppose that (U,v) is any positive solution of (2.2). Denote U(zg) =
maxg U with zg € Q. When zy € Qp, we apply the maximum principle due to
Lou and Ni [I7] to obtain
Here we use the assumption that p(x) = b(x) = 0 in Q. When 2y € Q\ Qq, we
apply the maximum principle [I7] again to obtain

U(zo) b(zo)v(wo)(1 + kp(zo)v(zo))

T TS kplao)o(zo) 1+ kplao)o(wo) + mU(zg) = (2.4)

This implies

_ p(o)
Ulwo) < M1+ kp(wo)u(ao)) = A((1+ & o bzo)u(x) )

Since p(x)/b(x) is bounded in Q \ Qg, we only need to check that b(xq)v(zg) is
bounded. By some calculations, (2.4) implies

m(U(xo) n (1 —mA)(1 ;:0(%)”(%)))2
+ (b@o)v(zo) = A - %)(1 + kp(o)v(wo))? < 0.
Therefore
b(xo)v(wo) < A + % :
and so
(1—mA)?

p(xo)
Ulxo) < A(l + kb(xz) ()\ 0

Therefore, there exists a positive constant C; independent of p such that

U(zo) =maxU < (.
Q

)) for 29 € Q\ Q.

By (1.2), we have
u/ vdx:/c()\u—UQ)dxgc/\/udxgc)\/ Udz < cAmax U|Q|,
Qq Q Q Q Q

where || denotes the volume of §2. This implies
cC’l)\|Q|
—

We apply Harnack inequality (Lemma 4.3 of [15]) to the v-equation of (1.2 and
obtain

[oll0, <

d
maxv < Coyminv < C’gfﬂv * < C’Qccl)\ =: Cs.

ol ol 1Y) U

Consequently, we show that |Ul|c,0 and ||v]|ec,0, are bounded. As a result, by
elliptic regularity theory and Sobolev embedding theorem, we obtain the conclusion.
d

The following proposition gives a priori estimates of any positive solution of (2.2))
for large k£ > 0.
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Proposition 2.2. Letn < 3. For any given u > 0 and large k(> M), there exists a
positive constant C independent of k such that any positive solution (U,v) of (2.2
satisfies

||U||cl-,9(§) < C and ||UHCL6(§1) <G,
where 6 € (0,1).

Proof. Integrating (2.2)), and applying the Holder inequality, we obtain

b
[atar= [u(3= 2V ar < [ wde < N2
0 0 1+ mu Q

2,Q-
Thus ||ul|2,0 < A2, Further we have
Q02 infu < Jlul2.0, < [lull20 < AQM2.
0
This implies
infu < A(|Q|/]Q0])2.
Qo
Denote
1 U b(x)v(1l + kp(z)v)
m(z) = (A_ ~ b(@)v( ( )
1+ kp(x)v 1+ Ekp(x)v 1+ kp(x)v+mU
Then
A u b(x)v b(x)
< <A .
m(@)| < | 1+ k:p(sc)v‘ + 1+ kp(x)v| + (14 kp(z)v)(1 + mu) IS Atu+ Mp(x)

Thus ||m(z)||2,o < C1. Then we apply Harnack inequality to obtain

maxU < CyminU < Cinfu < CoM(19]/190])Y/2 =: Cs,
Q Q 0

where Cjs is independent of p and k.

The upper bound of v in {2 can be obtained by the same argument as in Propo-
sition Hence, by elliptic regularity theory and Sobolev embedding theorem, we
have the conclusion. O

For p > n, we define
X1 =WaP(Q) x WaP(Q),  Xa = LP(Q) x LP (),
where W2?(0) = {w € W??(0) : d,w = 0 on d0}. We also define
E = Cp(Q) x Cp (),

where C}(0) = {w € C*(O) : 9,w = 0 on JO}. Hence, it follows from the Sobolev
embedding theorem that X; C E. For any A > 0, system (2.2 has a semitrivial
solution: (A,0). Therefore, system ([2.2]) has a curve of semitrivial solution:

Ty = {(\U,v) = (A, 1,0): A > 0},
Then the following local bifurcation property holds.

Proposition 2.3. For any fized u > 0, a branch of positive solutions of (2.2))
bifurcates from Ty if and only if X = A\(u), moreover, positive solutions of (2.2))

near (A, As,0) € R x X1 can be expressed as

L5 ={(A, U, 0) = (Au(s), 5(ds + U(s)), 5(¢x +0(s))) : s € (0,0)}
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for some § > 0, where

o= e - 42

and P, is a positive solution of

cb(z) s

C A, —
¥ 1+ mA,

Ve = —pthy in Q1,  Opthe =0 on 09Q;.

Here (M\(s),U(s),v(s)) is a smooth function with respect to s and satisfies
(A(0),U(0),2(0)) = (A+,0,0)
and fQ $)hedx = 0.

Proof. Denote z :=U — X in (2.2) and define an operator ® : R x X; — X5 by

[ Az+ fi(z+ )
D(\, z,v) = (Av + f;(z—i— )\70)) ’

where

filz+A\0) =

z4+ A ( ozt b(@)u(L + kp(x)v) )
14+ kp(x)v 1+ kp(x)v 14 kp(x)v+m(z+ A)

B ch(x)(z+ )
falz + A 0) = ”(_“+ 1+l<:p(x)v+m(z+)‘)).

By direct calculations, we obtain

A¢— o+ (kpl)A — 25 )
cb(x) A
Ay — (N - JT&) ¥
It follows from the Krein-Rutman theorem [24] that @ ,,)(A,0,0)[¢, ] = (0,0) has

a solution with ¢ > 0 if and only if A = A\.(u). Hence, by further calculations, we
obtain

q)(z,v) ()‘7 07 O) [¢v ’(/}] =

ker é(z,v)(A*a 07 0) = Span{(¢*7 1/)*)},

range @ (. .y (A, 0,0) = {(6,1) € X» - /g b udz =0},
2

which imply that dimker @, ,)(A«,0,0) = codimrange ® . ,y(A«,0,0) = 1. More-
over,

‘I)/\ (z,v) ()‘*7 0’ 0)[¢*7 d)*]

( ¢« + 2kp(z) A — (141;(772))\
cb(x)

. )27/) ) ¢ range ®(. ) (\«,0,0).
(14+mA)2 7*

By applying the local bifurcation theorem [I] to ® at (A.,0,0), we can obtain the
result stated in Proposition [l
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3. PROOF OF MAIN RESULTS

First, we apply the global bifurcation theorem [16, Theorem 6.4.3] for proving
Theorem [L11

Proof of Theorem[1.1. We first establish the necessary condition for the existence
of positive solutions of (1.2]). Suppose that (u,v) is any positive solution of (1.2)).
Then v is a positive solution of the equation

cb(z)u

—Av — 1 +muv =—uv, x €,
Opv=0, x€0Q.
Then
b b b
_u:Af’(— ch()u ,Ql) > >\{V<— ¢ (x),Ql) =< —/\{V(— ¢ (x)le).
14+ mu m
Therefore, has no positive solution when p > —)\{V( — %, Ql).

Next, we establish the sufficient condition for the existence of positive solutions
of (1.2)). Define an operator

F\U,v) = (Z) — (((__ii?)il[[g: };1((55))]]) '

For any fixed A > 0 and g > 0, the elliptic regularity theory ensures that the second
term of F' is a compact operator.

By the similar argument to [I0, Theorem 3.2], we can verify that the conditions
of [I6l, Theorem] hold. Consequently, it follows from [16, Theorem 6.4.3] that the
local bifurcation branch I's obtained in Proposition [2.3]is contained in I'j; which is
a component (i.e., maximal connected subset) of S where S = {(A\,U,v) e Rx E :
F(AU,v) =0,(A,U,0) # (As; Ay, 0); that is,

D5 € Tar € {0 U, 0) € (R x EN{(\, A, 0)} : F(ONU,v) =0}, (3.1)

Moreover, by [16, Theorem 6.4.3], I'y; satisfies one of the following three alterna-
tives:

(1) I'as is unbounded in R x E;

(2) Tps contains a point (A, A, 0) and X # A;
(3) T'ps contains a point (X, ¢, ) and (X, ,¢) € R x (Y \ {(},0)}), where
Y={(p,9)eE: | ¢ ¢*=0} (32)

Qq

We next claim that only case (1) can occur. Define Py = {w € CL(0) : w >
0 in O}. We first prove that

'y CR x Py XPQl. (33)
Assume that (3.3]) is not true. Then there exist a point
()\007 UOO,UOO) el'y N (R X 8(PQ X PQl)) (34)

and a sequence {(A;,U;,v;)}52; C Ty N (R x Py X Pq,) such that
hm (/\17 Ui,vi) = ()\007 Uomvoo) in R x E.
1—00

It follows from the maximum principle that (Uso, voo) satisfies one of the following
three alternatives:
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(a) Uso =01in Q, vo =0 in Qy;
(b) Uso > 0in Q, v =0 in OQy;
(€) U =01in Q, v > 0in Q.
By integrating the second equation of with (U,v) = (U;,v;), we obtain

cb(z)U; )
| - = for all N. .
/lez< 'u+1+k,0(x)vi+mUi)d$ 0 forallie (3.5)

Suppose that (a) or (¢) occurs. Then for sufficiently large ¢ € N, we have
cb(x)U;
ETTY kp(z)v; + mU;
because of y > 0. This contradicts (3.5). Suppose that (b) occurs. Then
AUy = Us(Aoo —Uso) in ©Q, 9,Usx = 0 on 09,

and thus U, = Ay in Q. As a result, we must have (Moo, Uso, Voo) = (As; Ak, 0) b
Proposition This is a contradiction with (3.1) and (3.4). Consequently, (3.3]

is true.

In view of (3.3), case (2) cannot occur. By (3.2)), (3.3) and the fact that ¢* > 0

in O, case (3) cannot occur. Hence, the only possibility is that case (1) occurs;
that is, I'p; is unbounded in R x E. By Proposition for any fixed p > 0, (2.2)
has at least one positive solution if A > A,. O

<0 ian

=l

Proof of Theorem We need the following two lemmas.

Lemma 3.1. Let n < 3. For any given A > \,(u) and 0 < pp < =AY (— %,Ql),
Let (ug,,vk,) be any positive solution of (L.2) with k = k; and lim;_, k; = oo,
and denote Uy, = (14 k;p(x)vk, )ug,. Then there exists some non-negative function

U € CYQ), by passing to a subsequence if necessary, such that
lim (U, vx,) = (U,0) in CH(Q) x C*(Q).
71— 00
Proof. By Proposition[2.2] the standard elliptic regularity theory ensures that there

exists a pair of non-negative functions (U,7) € C*(Q) x C*(€1), by passing to a
subsequence if necessary, such that

lim (Uy,,vx,) = (U,7) in CH(Q) x C1 ().
1—00
Recall that p(z) > 0 for each x € ;. Then for each = € Q4, we have
lin W (@R (@) Uk, (z) ve(@)

oo 1+ mug, (x)  i—oo 1+ kip(@)vg, (z) 1+ mug, (z)
Hence, we apply the Lebesgue dominated convergence theorem to get

0= lim Uk, ( —p+ M)dx = / —podz.
o o

i—00 1+ mauy,

This means that 7 = 0 in Q;. This completes the proof. ]

Lemma 3.2. Let n < 3. For any given A > A\(p) and 0 < p < 7)\{\{(7 iwf),ﬁl).
Let (uy,,vk,) be any positive solution of with k = k; and lim;_, o, k; = 0o, and
denote Uy, = (1 + kip(x)vx, )ug,. If {maxg kv, }72, is bounded, then by passing
to a subsequence if necessary,

lim wy,, =@ uniformly in Qi, lim kg, = @ uniformly in C*(Qy),
11— 00 1—00
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where (U, W) is a positive solution of (|1.3).

Proof. Set wy, = kjvg,. Then (uy,,wy,) satisfies

b(x)v
A[(1 + p(x)w, )uk,] + vk, ()\ — Uk g 4(—7)m]jk ) =0, z€Q,
ch(x)ur, \
Awk’+wkl<_ﬂ+1+mukl)_0’ erh (36)

Onug, =0, x €09,
Opwg, =0, € 0.

From the assumption that {maxg kv, }72; is bounded, it is clear that vy, — 0
uniformly in Q. Moreover, the elliptic regularity theory and Lemma ensure that
there exists some non-negative function w € C'(Q;), by passing to a subsequence
if necessary, such that

lim (Ug,, vk, , wg, ) = (U,O,ﬁ) in Cl(ﬁ) X Cl(ﬁl) X Cl(ﬁl). (3.7)
1— 00
Therefore,
lim —L—'ﬂ>0 in C1(Q) (3.8)
oo T 14 pl)yw ' .

By letting ¢ — oo in ogether with and , we see that (u,w) is a
non-negative solution of (1.3).

It remains to prove that @ > 0 in Q and @ > 0 in Q;. In view of and ,
we have that U is a non-negative solution of

_ T T _
A - —0inQ, 8,0 = Q.
U+1+p(x)w( 1+p(x)m) 0inQ, 8,0 =0o0nd

It follows from the maximum principle that either U>00rU=0inQ. fU=0
in 2, by (3.8), then lim; o, ux, = 0 uniformly in ;. Due to A > 0, we see that for

large i,
b .
/ Uk, ()\ — U, — M)d:lc > 0.
Q 1+ muy,

This ia a contradiction. This implies that U > 0 in €, and thus > 0 in Q.
Similarly, by the maximum principle and the second equation of (|L.3]), we see that
either w >0 or w=01in Q. If w =0 in Q¢, then u satisfies

Au+a(A—u)=0inQ, d,u=00ndQ, u>0in Q.

This implies that 7 = A in Q. Then from the equation of vy,, we have

ozAfV(u—M o)

1+ mug,’
i b i @A)
A (M 1+m\ 1) <A (M 14+ mA(p)’ 1) 0

by assumption A > \.(u). This is a contradiction, which means that @ > 0 in €.
Consequently, (7, w) is a positive solution of (|1.3)). O
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Proof of Theorem[I-3 Let (uy,,vy,) be any positive solution of (1.2) with k = k;
and lim;_,o k; = co. We claim that {maxﬁ1 k;vk, 1524 is bounded. Otherwise, we
assume that {max§1 k;vk, 152, is unbounded. Note that k;vg, satisfies

cb(z)ug,

Alkivr,) + (kiow,) (= o+ ) =00 ki) =0 on 90,

1+ muy,
By Harnack inequality [I5], there exists some positive constant C' independent of i
such that

max k;vg, < Cmin k;vg, .
Ql Q1

This means that {ming k;vg, }72, is unbounded. Then by passing to a subsequence
if necessary, we assume that

lim min kg, = oo. (3.9)
1—> 00 Ql
By Proposition and (3.9)), we have
Uk,
li = lim ————— = iformly in ;. 1
R (310

Let ok, = vk, /maxg, vk,. Then oy, satisfies

cb(z)uy,
1+ mug,
OnUk, =0 on 0Qy,

max Uy, = 1.
Q1

Afzki+ﬁki(—u+ ):o in Q)

By the elliptic regularity theory, we may assume that

lim @, = ¢ in C1(€), maxd = 1,
1—00 Q1

where © € C1(€;) is some non-negative function. Thus by (3.10)), the maximum
principle ensures that v is a positive solution of
AV —puv=01in Qy, 0,0 =0 on 09;.

However, due to ¢ > 0, we must derive © = 0 from above equation. This ia a
contradiction. This means that {maxg, kivg, }72, is bounded. Consequently, by
Lemma [3.2] we complete the proof of Theorem O

Proof of Theorem Set U = (1 + p(z)w)u. Then is written as
AU + (U, w) =0, =€,
AW+ go(p, U, w) =0, x € Qy,
0,U =0, xecof,
O, w =0, xz€d,

(3.11)

where
— U U
w) = - 0
(U, ) 1+ p(x)w (/\ 1+ p(x)@)’ vE
— _ cb(z)U
7U7 = - — | S Q
92(n, U, ) w( [ 1+p(mm+mU) re
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For any given A > 0, (3.11) has a semitrivial solution: (A, 0). Therefore, (3.11))
has a curve of semitrivial solution:
'y = {(M,U,W) = (1, A,0) : p> 0}
By fixing A > 0 and regarding p as a bifurcation parameter, we show the following

local bifurcation result.

Lemma 3.3. For any fized X > 0, a branch of positive solutions of (3.11) bifurcates

from Tz if and only if 1 = p.(X), where p (A) = =AY ( — i%fgi‘,ﬂ ), moreover,

positive solutions of near (u«(A\), A,0) € R x X1 can be expressed as
Ts = {(1, U, @) = (1(5), A+ 5(¢ + U(s)), 51w +0(s))) : s € (0,0)}

for some & > 0, where

b= (A +A)g [p(2)N*.].
Here (u(s),U(s),w(s)) is a smooth function with respect to s and satisfies
(1(0), U(0),(0)) = (1(),0,0)
and fQ P (s)dz = 0.

The proof of the above lemma is similar to that of Proposition 2.3] we omit it.
The following lemma gives further information on the bifurcation curve I';.

Lemma 3.4. Let n < 3. For any fized A\ > 0, there is an unbounded connected
set Tpr of positive solutions of (3.11) in R x E which bifurcates from {(u, U, w) =
(1, A,0) o > 0} at (p(N), A, 0) and remains bounded until 1 approaches 0, where

it blows up. Moreover, (0,u.()\)) C Proj, Ty C (0, =AY (- Cb(r) M), Uy, is
bounded in C*(Q) and lim,,_,ow, = oo in C1(Q), where (u, Uﬂ,w#) ely.

Proof. Define an operator G : R x E — E by

G(u, U, w) = (U; /\) - ((( AA—:-II)-)QI[[[J;U +Ag;L(/~gL’1§]Uw)])]> .

It is clear that (3.11]) is equivalent to G(u, U,w) = 0. It follows from [16, Theorem
6.4.3] that the local bifurcation branch I's is extended into a global curve. Let
I'pr € R x E be the maximal connected set satisfying

s C Ty © {(11, T, @) € R x E\{(1a(N), A, 0)} : G(u, U, @) = 0} .

Similar to Theorem | we can show that I'ys is unbounded in R x E.
We show that [|[Uy|ci @) < C, where C'is independent of pi. Let (1, Uy, w,) €
I'ps. Integrating the first equation of (3.11)) over 2, we get

U, 2 / U . U,
Tk Vde =)\ ——F gy < ANQYR—— ’
/Q(ler(x)wM) v L+ p(x)w, z < Al H T oz )—M||2,sz

and thus

7,
|y, e < MUY (3.12)

Hence, we apply Harnack inequality [15, Lemma 4.3] with p = 2 to the first equation

of (3.11)) and derive

maxU, < C*minU, (3.13)

2
Ql
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for some positive constant C* independent of p. Then (3.12)) yields

. = — U
20l ?minT,, < |U,ll2.0, < gyl X AQ2.
Qo + Wy,

plx)
This means that ming, U, < A(|2/|Q])"/?. By (8:13), we have

max U, < C*A(1Q]/[Q])"?.
Q

This shows that U, is bounded in €. Then the boundedness of {”UMHCI@)} is
obtained by elliptic regularity theory and Sobolev embedding theorem.

For any point (1, U, w,) € Tar\{(«(X), X,0)}, U, > 01in Q and w,, is a positive
solution of

o c(z)U o . o
— Aw,, — E W, =—pw, in N, O,w, =0 on 0. 3.14
n 1+ p(a)@, + mU, W Hwy, 1 " 1 ( )
Thus
b b(z)U,
)\{V(—C(I),Ql><—u:>\{v<— b(z)U, —. ) <0;
1+ p(z)w, +mU,
that is,
b
0<u<fA{V(fC (x),m).
m
As a result, Proj, I'ns C (O, —)\{V( — #,Ql)).

According to the unboundedness of I'y; in R x E, we must have {[[w,[|c1q,)}
is unbounded. Hence, we apply Harnack inequality [I5, Lemma 4.3] to (3.14) and
derive that {ming W} is also unbounded. Thus, there exists some i € [0, 7] and
a sequence {p; 152, such that

lim p; = ploo and lim minw,, = oo.
11— 00

1—00 Ql
Let @y, = Wy, / maxg, W,,. Then
R R cb(2)U .
Awm‘*’“’m(_ﬂi‘F (i> £ ):07 x €y,
1+ p(z)w,, +mU,,
8,1117,“ = O, S 891,

maxw,, = 1.

Q1
The elliptic regularity theory ensures us to obtain lim; . @,, = @ in C*(Q4),

where W is a positive solution of

AW — poo® =01in Qy, 9,w =0 o0n 92y, maxw = 1.
(o5
Here we use the fact that p(z) > 0 in ;. From above equation, we must have
foo = 0, which implies that (0, z2.(A)) C Proj, I'as. Thus, (0, 1.(A)) C Proj, I'ns C

(0, =AY (= <5 ). B

Proof of Theorem[I.3 By Lemmal[3.4] it remains to show the convergence result of
Uy Since p(x) > 0 in €y and limy, o ming W, = oo, we have

lim w, = lim U

Jim, Jim, % =0 uniformly in ;. (3.15)
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Dividing the first equation of (3.11)) with (U,v) = (U,,v,) by U, and integrating
the resulting equation over ), we get

- 7712
JRCEA I
o 1+ p(x)w, o U

m

/ (A —1,)dx < —/ AT g,
50 Q\ﬁo 1 + p(x)wﬂ

Passing p1 — 0 in above inequality, we obtain

/, (A —Tp)dz < 0. (3.16)

Qo

Thus

On the other hand, we integrate the first equation of (3.11)) with (U,v) = (U,,v,)
to derive
/ Uy (N =Ty, )dr + / Uy (X =Ty )dr = 0.
Qo O\ Qo
Letting p — 0, together with (3.15]), we obtain

/7 ﬂo(/\ — ﬂo)dﬂ? =0. (317)

Qo

By (3.16) and (3.17)), it is obvious that
ﬁ (N —Tp)?dx = A/ﬁ (A —Tg)dx — / To(\ — Tp)dx < 0.

Qo Qo 50

Hence, Ty = X in Q. The proof of Theorem [1.3]is complete. O

Acknowledgments. This work was supported by the Natural Science Foundation
of China (11801431, 61872227, 61672021), by the Postdoctoral Science Founda-
tion of China (2018T111014, 2018M631133), by the Natural Science Foundation of
Shaanxi Province (2018JQ1004, 2018JQ1017), by the Scientific Research Program
Funded by Shaanxi Provincial Education Department (Program No. 18JK0343)

REFERENCES

[1] M. G. Crandall, P. H. Rabinowitz; Bifurcation from simple eigenvalues, J. Funct. Anal., 8
(1971), 321-340.

[2] R. H. Cui, J. P. Shi, B. Y. Wu; Strong Allee effect in a diffusive predator-prey system with
a protection zone, J. Differential Equations, 256 (2014), 108-129.

[3] Y. H. Du, Y. Lou; Some uniqueness and exact multiplicity results for a predator-prey model,
Trans. Amer. Math. Soc., 349 (1997), 2443-2475.

[4] Y. H. Du, J. P. Shi; A diffusive predator-prey model with a protection zone, J. Differential
Equations, 229 (2006), 63-91.

[5] Y. H. Du, X. Liang; A diffusive competition model with a protection zone, J. Differential
Equations, 244 (2008), 61-86.

[6] Y. H. Du, R. Peng, M. X. Wang; Effect of a protection zone in the diffusive Leslie predator-
prey model, J. Differential Equations, 246 (2009), 3932-3956.

[7] X. He, S. N. Zheng; Protection zone in a diffusive predator-prey model with Beddington-
DeAngelis functional response, J. Math. Biol., 75 (2017), 239-257.

[8] S. B. Li, S. Y. Liu, J. H. Wu, Y. Y. Dong; Positive solutions for Lotka-Volterra competition
system with large cross-diffusion in a spatially heterogeneous environment, Nonlinear Anal.
Real World Appl., 36 (2017), 1-19.

[9] S. B. Li, J. H. Wu; Effect of cross-diffusion in the diffusion prey-predator model with a
protection zone, Discrete Contin. Dynam. Syst., 37 (2017), 411-430.



14

Y. DONG, S. LI, Y. LI EJDE-2019/44

[10] S. B. Li, J. H. Wu, S. Y. Liu; Effect of cross-diffusion on the stationary problem of a Leslie

prey-predator model with a protection zone, Calc. Var. Partial Differential Equations, (2017)
56: 82.

[11] S. B. Li, Y. Yamada; Effect of cross-diffusion in the diffusion prey-predator model with a

protection zone II, J. Math. Anal. Appl., 461 (2018), 971-992.

[12] S. B. Li, J. H. Wu; Asymptotic behavior and stability of positive solutions to a spatially

heterogeneous predator-prey system, J. Differential Equations, 265 (2018), 3754-3791.

[13] S. B. Li, J. H. Wu, Y. Y. Dong; Effects of a degeneracy in a diffusive predator-prey model

with Holling II functional response, Nonlinear Anal. Real World Appl., 43 (2018), 78-95.

[14] S. B. Li, J. H. Wu, Y. Y. Dong; Effects of degeneracy and response function in a diffusion

predator-prey model, Nonlinearity 31 (2018), 1461-1483.

[15] C. S. Lin, W. M. Ni, I. Takagi; Large amplitude stationary solutions to a chemotaxis system,

J. Differential Equations 72 (1988) 1-27.

[16] J. Lépez-Goémez; Spectral Theory and Nonlinear Functional Analysis. Research Notes in

Mathematics, vol. 426, CRC Press, Boca Raton, FL, 2001.

[17] Y. Lou, W. M. Ni; Diffusion, self-diffusion and cross-diffusion, J. Differential Equations, 131

(1996) 79-131.

[18] K. Oeda; Effect of cross-diffusion on the stationary problem of a prey-predator model with a

protection zone, J. Differential Equations, 250 (2011), 3988-4009.

[19] K. Oeda; Coexistence states of a prey-predator model with cross-diffusion and a protection

zone, Adv. Math. Sci. Appl., 22 (2012), 501-520.

[20] Y. X. Wang, W. T. Li; Effects of cross-diffusion on the stationary problem of a diffusive

competition model with a protection zone, Nonlinear Anal. Real World Appl., 14 (2013),
224-245.

[21] J. H. Wu; Global bifurcation of coexistence state for the competition model in the chemostat,

Nonlinear Anal., 39 (2000), 817-835.

[22] J. H. Wu, H. Nie, G. S. K. Wolkowicz; The effect of inhibitor on the plasmid-bearing and

plasmidfree model in the unstirred chemostat, SIAM J. Math. Anal., 38 (2007), 1860-1885.

[23] J. H. Wu, G. S. K. Wolkowicz; A system of resource-based growth models with two resources

in the unstirred chemostat, J. Differential Equations, 172 (2001), 300-332.

[24] Q. X. Ye, Z. Y. Li; Introduction to Reaction-Diffusion Equations (in Chinese), Beijing, Sci-

ence Press, 1990.

YAYING DoNG

SCHOOL OF SCIENCE, XI’AN POLYTECHNIC UNIVERSITY, XI'’AN 710048, CHINA.
SCHOOL OF MATHEMATICS AND STATISTICS, XI'AN JIAOTONG UNIVERSITY, XI’AN 710049, CHINA

Email address: dongyaying@xpu.edu.cn

SHANBING LI (CORRESPONDING AUTHOR)

SCHOOL OF MATHEMATICS AND STATISTICS, XIDIAN UNIVERSITY, X1’AN, 710071, CHINA
) s ) )

Email address: 1ishanbing@xidian.edu.cn

YANLING L1

COLLEGE OF MATHEMATICS AND INFORMATION SCIENCE, SHAANXI NORMAL UNIVERSITY, XI’AN,
710062, CHINA

Email address: yanlingl@snnu.edu.cn



	1. Introduction and statement of main results
	2. Preliminary results
	3. Proof of main results
	Proof of Theorem ??
	Proof of Theorem ??
	Acknowledgments

	References

