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ON THE FIRST EIGENVALUE OF THE STEKLOV
EIGENVALUE PROBLEM FOR THE INFINITY LAPLACIAN

AN LE

ABSTRACT. Let AD be the best Sobolev embedding constant of W1P(Q) —
LP(0Q), where Q is a smooth bounded domain in RY. We prove that as
p — oo the sequence A, converges to a constant independent of the shape and
the volume of €2, namely 1. Moreover, for any sequence of eigenfunctions uy,
(associated with Ap), normalized by |lupl|o090) = 1, there is a subsequence
converging to a limit function us which satisfies, in the viscosity sense, an
oo-Laplacian equation with a boundary condition.

1. INTRODUCTION

Let © be a bounded domain in RV with smooth boundary. The minimum AP of
the Rayleigh quotient, among all nonzero functions in the Sobolev space WP (Q),

Jo(IVulP + ulP)dz
Joq lulPdz

is the first eigenvalue of the problem

—Apu+ |[uP2u =0, inQ,

1.1
Ou = Mu[P"%u, on 0Q. (1)
ov

where Apu = div(|Vu[P~2Vu) is the p-Laplacian and d/dv is the outer normal
derivative along 9. The eigenvalue problem (|1.1)) is understood in the weak sense,
ie, (u,\) € WHP(Q) x R is an eigenpair if

[VulP~?

/(|Vu|p_2Vqu + [u|P"2uv)dx = )\/ lulP~2uvds, Vv € WHP(Q).
Q o0

The first eigenvalue AL = A; is the best constant of the compact embedding
WLP(Q) — LP(9Q) and it satisfies

Apllull e o) < llullwre), Yue WHP(Q).
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In this paper we are interested in finding the limit as p — oo of A,. Alternatively,
we want to look at the limit of the minimum, as p — oo, of the ratio

(Jo (IVul? + [u[?)dz)"?
1/ :
(Joq lulPds) '
It is easy to see that for any positive numbers a and b,

lim (a” 4+ bP)'/? = max{a, b}.

p—00

Thus we anticipate that

1
 Uo(Vul? + [uf)de) P max{||Vaull e ), [ull L0y}

P b)) Iellz=om
However, the minimization problem, with minimum value equal 1,
max{||Vul Lo (o) [l L= @)}

ue€W 1% (Q)\{0} [l Lo (a0

has too many solutions. In fact, given a minimizer, we can modify it on any ball
inside the domain to obtain another one. The correct Euler-Lagrange equation
turns out to be

, (1.2)

max{u — |Vu|, —Axu} =0, in €,

1.3
min{|Vu| — u, %} =0, ondQ, (13)

where the operator

EN: ou 0%u Ou

3% Ox;0x; Ox;

i,j=1
is called the oo-Laplacian.

It is clear that for each p > 1 the Sobolev embedding constant A, depends on
the shape and the volume of domain 2. We show that when passing to the limit, A,
converges to a constant independent of the domain €2, namely 1. We can also choose
a sequence of first eigenfunctions u, such that the sequence converges uniformly in
C*(Q) to a function u., that satisfies . in the viscosity sense. In this case we
say (oo, 1) is an eigenpair of (L.3). Our main result is:

Theorem 1.1. For the first eigenvalue of (1.1)) we have
lim Al/p =1

P—00
For each p > 1, let u, positive eigenfunction be a positive eigenfunction associated
with Ab such that lupl|Loe (o) = 1. Then there exists a sequence p; — oo such that

Up, — Uoo 0 C(Q). The limit us is a solution of (.) in the viscosity sense.

7

To complete the introduction let us mention some recent work on the subject.
In [7, [§] the authors study eigenvalue problem for the oco-Laplacian with Dirichlet
boundary condition. In [I], Steklov eigenvalues for the co-Laplacian are studied
when one considers the limit as p — oo of the eigenvalue problem

—Ayu =0,

(1.4)

V- 23u
v

= Mul[P"%u, on 9.
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It is known that the structure of the spectrum of is the same as that of
, see [3] and [12] . However, the first eigenvalue of is 1 for any p > 1
with corresponding constant eigenfunctions in W' (Q); thus, theorem is trivial
for problem . Some arguments and technicalities used here are adapted from
[, 7, 18].

2. Main Results

We first recall the definition of viscosity solutions. Let
F:RY xRxRY x S(N) — R,
B:RY xRxRY - R,
where S(IV) denotes the set of N x N symmetric matrices.
Consider the boundary-value problem
F(x,u, Vu, D*u) = 0,

2.1
B(z,u,Vu) =0, on 9. (21)

Definition 2.1. (i) An upper semicontinuous function u is a viscosity subso-
lution of (2.1)) if for every ¢ € C?(Q) such that u — ¢ has a strict maximum
at the point xo € Q with u(z¢) = ¢(z), we have

min{F (20, ¢(z0), Vo(x0), D*¢(20)), B(wo, p(w0), V(x0))} <0, zo € I,

F(x0, p(x0), Vé(0), D*$(x0)) <0, 9 € Q.

(ii) A lower semicontinuous function w is a viscosity supersolution of ([2.1) if for
every ¢ € C?(Q2) such that u — ¢ has a strict minimum at the point zg €
with u(zg) = ¢(xo), we have

maX{F(an ¢($0)7 qu(.’lfo), D2¢(.’I}0))7 B(l‘o, (b(xo)a V¢(l‘0))} > 07 To € 897

F(x0, p(x0), Vé(0), D*d(x0)) >0, 1z € Q.
(iii) w is a wviscosity solution of (2.1) if it is both a supersolution and a subsolu-

tion.

In (i) and (ii) the extrema at xy need not be strict. We refer to [4] for the theory
of viscosity solutions in general and [2] for viscosity solutions with general boundary
conditions.

If u is a smooth eigenfunction of (|1.1)) then by differentiation we get

—|VulP72Au — (p — 2)|Vu|P " Asu + [ulP"2u =0, in Q,

ou (2.2)

|Vu|p_28— — MulP™?u =0, on 0.
v

In this case,
F(z,2,X,8) = —| X|P"%trace(S) — (p — 2)|X|P~*(S - X, X) + [2[P7%2,  (2.3)
B(z,2,X) = | X|P72(X, v(z)) — Mz[P 22 (2.4)
It is known that eigenfunctions of are in C1*(Q), see [0, [10] and references

therein. Thus it makes sense to talk about viscosity solutions. The following lemma
tells us that an eigenfunction is a viscosity solution.

Lemma 2.2. A weak solution u of (1.1)) is a viscosity solution of (2.2]).
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Proof. We present the details for the case of supersolutions. Let zg €  and a
function ¢ € C%(Q) such that u(zo) = ¢(z0) and u(z) > ¢(x), for x # x9. We want
to show that

~| Vo2 A¢(wo) — (p — 2)|VOP ™ Assp(wo) + |u"~?u(o) = 0.

Suppose that this is not the case, then by continuity there exists a radius » > 0
such that, for any = € B(xq,T),

—|VoP2Ag(x) — (p - 2)| VOl Ascd(@) + [ulP"*u(z) < 0.

Set m = inf{u(z) — ¢(z) : |[x — xo| = r} > 0 and let ®(z) = ¢ + im. The function
® satisfies & < u on 9B(xq,7), ®(x0) > u(zo) and

—div(|Ve[P2V®(2)) + |uP2u(x) < 0.
Multiplying by (® — u)™ extended by zero outside B(xq,r) we get
/ VO[P2VD - V(P —u) + / |u[P~2u(® — u) < 0. (2.5)
{®>u} {®>u}

Since u is a weak solution, we have
/ |Vu|P~2Vu - V(® —u) + / |u[P~?u(® — u) = 0. (2.6)
{®P>u} {P>u}
Subtracting (2.6)) from (2.5 we get
/ (IVOIP2VD — |VulP2Vu, V(P —u)) < 0.
{®>u}
We obtain a contradiction since the left hand side is bounded below by
{®P>u}

where C (N, p) is a positive constant depending only on N and p.

Let A be the eigenvalue corresponding to u in . If g € 002 and ¢ is a
function in C?(€2) such that u(xg) = ¢(zg) and u(x) > ¢(z), for x # xo. We want
to prove that either

VP2 Ad(w0) — (b — DITHP A d(z0) + [P~ u(zo) > 0,
o 1V 22 (ag) — Mul?~2u(ao) > 0.

Suppose that this is not the case. We repeat the previous argument to obtain

/ |VO[P2V® - V(P —u) + / [ulP~2u(® — u)
{®>u}

{P>u}
< )\/ [ulP~2u(® — u),
9N {d>u}

and

/ |VulP2Vu - V(® — u) + / |ul[P~%u(® — u)
{@>u}

{o>u}
= )\/ [u|P~2u(® — u),
aN{®>u}
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which implies
/ (IVO|P2Vd — |Vul[P~2Vu, V(P — u)) < 0.
{P>u}

A contradiction is established. This proves that w is a viscosity supersolution. As
mentioned, the proof that v is a viscosity subsolution is similar. O

We are ready to pass to limit as p — oo in the eigenvalue problem. Using the
characterization

(Jo(IVul? + |uf)dz) "

A, = min (2.7)
u 1/
70 (foo lulpds)
one can show the following statement.
Lemma 2.3.
limsup A, < 1.
p—00
Proof. Let v(z) =1, x € Q. Tt follows from (2.7) that
A < UalVop + jol)n)'? _ jope
p > = >
(faQ |’U|pd5>1/p |8Q‘1/p
where || is the Lebesgue measure of Q and |0€2] is the boundary measure of 9.
Letting p — oo we obtain the inequality. [

We recall from [0, TT] that the first eigenvalue AP is isolated and simple. Any
eigenfunction associated with AD is either positive or negative in 2 and any other
eigenfunction (not associated with AD) has to change sign. We show that A, con-
verges to Ay, = 1, the minimum value of . We also construct a minimizer of

2.

Proposition 2.4. Given u,, a positive eigenfunction of (L.1)) associated with eigen-
value AL, normalized by ||up||L~@0) = 1. Then there exists a sequence p; — o0

such that up, — uee in C*(S2), where the limit uo is a minimizer of (1.2)) and
lim A, =1.

p—00

Proof. Fix ¢ > N. For any p > ¢, one has

1/q 1
([ 19uaplt+ fuplt) ™ < 1008/ [ (17 4 fuy 0]
Q Q
1/p
< @)D= ([ [Tuyl? 4 Jur)
Q

_ 1/p
= (2|Q|)(1/q) (1/17)/\1)(/8Q |up|p)
< Ap(2|Q|)(1/‘1)*(1/P)|aQ|1/P_

/P

(2.8)

In above expression, the first inequality follows from a Holder inequality. We have
used that (a + b)" < 2"71(a” +b"), r > 1, for the second inequality and that
lup|lLo< a0y = 1 for the last inequality. We obtain from that {w,} is uni-
formly bounded in W4(£2). Thus there exists a subsequence {u,, } converging to
a function us, weakly in W9(2). Since ¢ > N, the Sobolev compact embedding



6 A. LE EJDE-2006/111

Wha(Q) — C*(Q) holds for any a € (0,1 — N/q). It follows that {u,,} converges
t0 Us uniformly in C*(Q). Moreover, as p; — oo, (2.8) becomes
Va . . 1 1
(/ IV ttoo |7 + |uoo|q) < liminf A,, (21Q))/9 < (2]Q))V/4. (2.9)
On the other hand,
1/q
maX{HVuooHLq(Q), ||uoo||Lq(Q} < (/ |Vuoo|q + |uoo|q> (2.10)
Q
Letting ¢ — oo, (2.9) and (2.10) imply that
max{[| Vool o (0, [[tos [ Lo (@) } < 1.
The uniform convergence of {u,,} in C*(Q) gives ||uoo|r=(00) = 1. Hence
[Vttoo [[Loe () < 1 and [Jucol| L () = [[tios || Lo (a02)) = 1.
Clearly, uoo is the minimizer of (1.2)). Furthermore,
1/q
1 = Juso | z=ey < lim (/ [Vatoe|? + fuoe|7) " < liminf A,
a—co \ Jq Pi—00

which together with the lemma [2.3] gives lim,, oo Ay, = 1. Since the limit holds
for any subsequence, we conclude that lim, .., A, = 1. The proof is complete. [

Let us verify that the limit of (2.2]) as p — oo is (1.3) in the viscosity sense. We
obtain from proposition that there is a sequence of positive eigenfuntions {u,, }
converging to ., uniformly in Q as p; — oco. Consequently, us, > 0 in Q.

Lemma 2.5. u., is a viscosity solution of , i.e.,

max{teo — |Veo|, —Acctloo} =0, in £,
2.11
min{|Vuee| — u, ag—;o} =0, on . (211)

Proof. First let us check
max{teo — |Vtoo|, —Asclicc} =0 in . (2.12)
Fix zp € Q and a function ¢ € C?(Q) such that us(z0) = ¢(79) and u(z) < ¢(z),
for x # xg. Also fix R > 0 such that B(xg,2R) C Q. For 0 < r < R we have
sup{uco(x) — ¢(z) : © € B(xg, R) \ B(zg,r)} < 0.
As u,, — Us uniformly in B(zg, R), for i large enough we conclude that
sup{up, (z) — ¢(z) : @ € B(wo, R) \ B(xo,7)} < up, (20) — (x0)-
Therefore for such indices i, u,, — ¢ attains its maximum at z; € B(xg,r). By
letting » — 0 we obtain x; — x¢ as i — oo. We relabel and denote by {z;} and
{pi} the subsequences {z;.} and {p; }. Since u,, is a subsolution of (2.2) and
g € QQ,
— V[P 2 A(x;) — (pi — 2) VP Aood(@i) + |up, [P 2up, (2;) <0. (2.13)
e Case 1: ¢(xo) = u(xo) > 0. Then up,(z;) > 0 for large ¢, which implies that
|Vo(z:)| # 0 due to (2.13)). Dividing by (p; — 2)|Ve(x;)[Pi* we get

[VoI2Ap(;) Uy, () \Pi—tud (x;)
T2 Asp(ri) < _(IVsb(mm) S (2.14)
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Letting p; — 0o we obtain from (2.14]) that

@) - |
Ty = 1A~ Bood(ai) <0.
Therefore,
max{6(z0) — [V(w0)], ~ Do)} < 0. (2.15)

e Case 2: ¢(xg) = u(xg) = 0. If |[Ve(zg)| = 0, then A p(xg) = 0 and thus (2.15)
holds. If |V (xzo)| # 0, then |Vé(z;)| # 0 for i large. We then obtain (2.14). The
right-hand side of (2.14)) tends to zero as p; — oo, since

. ui(xl) pi_4_
Jm (o)

Thus —Ax¢(x;) < 0 and holds in this case. From both cases we conclude
that u, is a viscosity subsolution of .

Next we claim that u, is a viscosity supersolution of in Q. Fix a point
2o € Q and a function ¢ € C2(Q2) such that u. (7o) = ¢(x0) and U () > ¢(2),
for x # xy. We will show that

max{¢(zo) — [V (zo)|, =Aood(20)} = 0. (2.16)

If [Vo(xo)| = 0, there is nothing to prove. It suffices to show that if [V (xg)| # 0
and ¢(zg) — |Vé(xo)| < 0, then —Asp(xg) > 0. We follow the arguments made in
the subsolution case. An analogue of (2.14]) is

Vo[> Ag(;) up, () \Pi—tup (2:)
_ YA ) > — ‘ L . 2.17
o2 Aoz (giey) s (@17)
Since ¢(xg) — |[Vp(xo)| < 0, IV(#;J(CSZ)\ < 1. Letting p; — oo it follows from ([2.17)
that —As¢d(xg) > 0 as claimed. Therefore uq, is a viscosity solution of (2.12)).

We next need to check on the boundary using definition 2.1} Fix zo € 99 and a
function ¢ € C?(Q) such that u.(79) = ¢(70) and U (z) < ¢(z), for x # x¢. Using
the uniform convergence of u,, to u., we obtain that u,, — ¢ attains a maximum
at x; € Q with z; — xo. If holds for infinitely many x;, we use the argument
before to obtain . Thus we may assume that, for infinitely many z; € 09,

pi72upi (xl)

|V(z;)

U’Pi

500 .
pi—2 ) Pi
ov (@:) < Ap

If [V (xo)| = 0, then 92 (zq) = 0. If [Vg(20)| # 0 we obtain

¢ Ap, [up, (z5)]\Pi—2
5(%‘) < (MW) A2 up, ().

Since A,, — 1 as p; — 0o, we conclude that either

(o) 09
W Z 1 or %(ﬂjo) S 0,

which implies that min{|V¢(zo)| — ¢(xo), %(mo)} < 0. Therefore, at xo,
min { max{6 — [V|, ~ A}, min{ V6|~ 6, 20}} <0 (218)

14
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Fix xg € 0Q and a function ¢ € C?(Q) such that us(20) = ¢(z0) and us(x) >
¢(x), for x # x¢. Using the uniform convergence of u,, to us we obtain that u,, —¢
attains a minimum at z; € Q with z; — xo. If

— VP2 AG(2:) — (pi — 2) VP T Ao (i) + |up, [Py, (2:) 2 0

holds for infinitely many x;, we use the argument before to obtain (2.16]). Thus we
may assume that, for infinitely many z; € 92,

V(a2 9% (@) > AL

P, (27).

upi

If [Vé(zo)| = 0,
max{¢(zo) — [Vo|(z0), —Axc(z0)} >0
If [Vé(z0)| # 0 we obtain
9¢ Ap,Jup, (i) \Pi=2
2,002 Togtar ) 4

We conclude that b(z0) 96
Zo
> d — >0
Vool =+ M 5,020

which implies that min{|V¢(zo)| — ¢(x0), %(mo)} > 0. Therefore, at xo,
0
max { max{p — V6], ~Bs}, min{ Vol ~ 6, 901} 0. (2.19)
Inequalities (2.18]) and (2.19) prove that u., satisfies in the viscosity sense the
13).

boundary condition of ( O
Theorem [I.1] follows from proposition [2.4] and lemma [2.5
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