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BARRIERS ON CONES FOR DEGENERATE
QUASILINEAR ELLIPTIC OPERATORS

MicHAIL BORSUK
DMITRIY PORTNYAGIN

ABSTRACT. Barrier functions w = |z|*®(w) are constructed for the first boundary
value problem as well as for the mixed boundary value problem for quasilinear elliptic
second order equation of divergent form with triple degeneracy on the n-dimensional
convex circular cone:

d _ _
—— (|| [ul | Vu| " Pug,) = plz|Tu|?  sgn u| V™,

dz;

where -1 < <0,¢g>0,m>1,7>m—n.

INTRODUCTION

Lately many mathematicians have been considering nonlinear problems for ellip-
tic degenerate equations; see e.g. [1] and its extensive bibliography. In the present
paper, we take a first step on the investigation of the behaviour of solutions of
boundary value problems for quasilinear elliptic second-order equations with triple
degeneracy. We study the problem

Lu= (|| |u|? | Vu|™ 2uy, ) = u\x!T\ulq_lsgn ulVu|™, =z € Gy,

da;

(1)

-1<u<0, ¢g>20, m>1, 7>m-—n,

where Gy is an n-dimensional convez circular cone with its vertex at the origin O,
having I'y as lateral area; and () is a domain, on the unit sphere, with a smooth
boundary 0. We shall construct functions playing a fundamental role in the
study of the behaviour of solutions to elliptic boundary value problems in the
neighbourhood of the irregular boundary point; see e.g. [2-6]. The special structure
of the solution near a conical point is of particular interest in physical applications,
[7-9]. It is also used for improving numerical algorithms, [10-12].

The proof of the estimates for the solution is based on the observation that the
function r*®(w) is usable as barrier in the above problem. By the weak comparison
principle in [2, chapt. 10], it is possible to verify that the assumptions of this
principle are fulfilled. Since (1) is equivalent to

i v m—2 _QV m—2 v o —1 v m_o
2o (V™ e, ) 7] 2Vl V) + (@ — )l s | Vuf™ = 0,
reGy, —-1<pu<0, ¢g>0, m>1, 7>m—n
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on the set where u # 0, one can obtain the bound for solution near conical boundary
point. In this setting, finding of exact value of the exponent A is very important
and very difficult. For the case of a planar bounded domain with corner boundary
points, the exact value of the exponent A will be calculated explicitly.

Let us transfer the above problem to spherical coordinates with the pole at the
point O.

1] = Trcoswiy,

To = T COS Ws Sin w1,

Tp_1 = TCOSWp_1SiNwWy,_9...sinwr,
Tp =TSINW,_1...SI0wW,

where r =|z| > 0,0 <w; <mfori=1,...,n—2,and 0 < w,_1 < 2.
The differential operator L takes the form

1<~ d J Ou
Lu= = el T q m—2_Y
=Y (rulo a2 2 52 ).

where J = r" !sin "_2w1,.. ,Sinwp_9; H =1, & =7r; §41 = w; and Hypq =

/@, for i ={1,n—1}; ¢1 = 1; ¢; = (sinws ...sinw;_1)? for i = {2,n — 1}.
We shall seek the solution of (1) as a function of the form u = r*®(w) with
®(w) > 0. Then ®(w) satisfies the equation

n—1 .
1
(—§ ( (A29? + |V, ®%)m- 2>/2|<1>|‘1 )
w

k=1

+ AN g+ m—1)+7+n—m](A\2®% + |V, ®|?) ™22 ||
= @21V + |V, B2 we R, (2)

where [V, ®[* = 377~ ) qu(ng) and j(w) = sin" 2wy ...sinw,_s.

THE DIRICHLET PROBLEM

First we consider the Dirichlet problem for (1) when u|r, = 0. On multiplying
(2) by ®(w) and integrating by parts over {2 we obtain

/ (X282 + v, 02) " V% |9)7| v, 2402
Q

=AMMg+m—1)+7+4+n—m)] / ()\2(1)2 + |qu)|2)(m—2)/2 |‘I)|q+2dQ
Q
—u/|<1>|q (A28 + |V,@2)"/? dn

E/(A2q>2+|vw<1>|2)(’”‘2)/2|<1>|‘1><

{AAg+m—1)+7+n—m]d* — u(A\*@* + |V, @|*)} d2.



EJDE-1998/11 Barriers on cones 3

Hence, it follows that

(1+u)/(A2<I>2+|Vw<1>|2)(m_2)/2|<I>|q|Vw<I>|2dQ

Q
“AMg+m—1—p)+7+n—m] / (X202 + |v,02) "% jg)rt2dq.
Q
Since ®(w) # 0 and p > —1, we have
AMAMg+m—1—p)+7+n—m]>0. (*)
We shall consider the case of ®(w) not depending on ws,...,w,_1; so that & is

a function of a single angular coordinate w3 = w € (—wp/2,wp/2), 0 < wo < 7.
Such function ®(w) satisfies the boundary value problem for ordinary differential
equation

[(m — 1)@ + A20%)d" + (\2®2 + '%)x
{(q—,u)<1>'2 +AMg+m —1—p)+7+n—m]d? —|—(n—2)<I><I>'cotw}

(ODE)
+(m— 2228207 =0,  we (—wo/2,wo/2)
D(—wp/2) = ®(wo/2) =0.
By making the substitution y = ®'/® and y’ + y?> = ®"/®, we arrive to
[(m = 1)y? + Ny’ + (m — 1+ — p)(y* + X*)?
+ A HFn—m)+(n—2ycot <|(BP+ A7) =0 we(—=, 2y (3)

Let us now verify that

o(—w) =2(w), y(-w)=-yWw), ¥ (-w)=y(w),
P (~w) = —¥'(w), VYwe (-2 20y
272
Putting w = 0 we obtain y(0) = 0. Therefore, it is sufficient to consider the
equation only on the interval (0,wq/2). Since cotw > 0 on (0,wp/2), from (3) and
(*) it follows that

Wo

[(m —1)y* + Ay + (n — 2)y(y* + A*) cotw < 0, w € (0, 7) . (4)
Let us solve the Cauchy problem
[(m = DF? + NI + (n = DFF + ) cotw =0, we (0, 3);

7(0) = 0.

‘We obtain

-1 —2 )\2
/ (mg@2 )ji )\—2'_) dy = —(n—2) /cot wdw + const
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which implies
7@ 4+ A2)(Mm=2/2 = Csin 27"
5(0) = 0.
This, in turn, implies C' = 0 and 3 = 0.
Comparing the solution of (4) with that of the Cauchy problem, we deduce that
y(w) < 0. Since cotw > 0 and y < 0 on our interval, by (3) we have
[(m = 1)y? + Ny + [(m = 1+ g — p)(A +¢%) + M7 + 1 —m)](\ +y?)
=—(n—2)y(y*> + A*)cotw >0, we (0, ?)
Thus, for (0,wy/2) we have,
[(m = 1)y* + N2y’ > —[(m — L+ g — @)\ + ) + A(T + 1 —m)](N* +y?)
y(0) =0.

Similarly by the comparison theorem, we obtain y(w) > z(w), where z(w) with
w € (0,wp/2) is the solution to Cauchy problem

[(m —1)22 + X2 = —[(m — 1+ q— ) (A% + 22) + A(7 + n — m)](\* + 22),
z(0) =0.

On solving the latter, we obtain the expression for z in the implicit form

m—1 4 m—2

m-ltg-p TERT™ arctan
2 T+n—m 2 T+n—m
\/)‘ T AT ey T+q—p \/)‘ )‘m T+q—p (5)
m R
w—+ ——— arctan =0.
twt m-n-—T (A)

By combining the obtained results, we conclude that

0> y(w) > 2(w). (6)

Let us now return to the equation for y(w). On making the substitution ¢ = In ®,
w(p) = y*(p),
w'(p) = 2yy'(¢) = 2y—y'(v) = 2/ (w),

we obtain
Slm — w4 X+ [(m — 14 g — )V +w) + A7 +n—m)] (3 +w)
—(n —2)yvw(w + A*) cotw = 0,

where we have used y = ++y/w and y < 0. As we did above, we obtain a differential
inequality for w,

%[(m—l)w—i—)\Q]w/—l—[(m—1—|—q—u)(>\2—|—w)—|—>\(T+n—m)](>\2—|—w) 0.
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Integrating the respective differential equation

1

Flm = Dw+ XNJ@ + [(m—1+q—p) (AN +0) + M7 +n—m)](\ +w) =0

we obtain

9
A—2 "2 (4 w)

m-—-n—T

m—1 m — 2
A 1 -1 — )N +w) + )\ _
Jr<m—1+q—uJr T+n—m) n((m —1+¢— A" +W) + A7 +n —m))

+2In® =InC'.

Solving the latter expression with the respect to ® we obtain

X

W A(m— m—n—r
$2(w) = 2 (M LTa =W +D) AT 40 —m) (m—2)/( )
A2 +w
[(m =1+ q— 1) (A% +T) + A(T + n — m)]~m=D/(m=Tta—)

Now it is evident that w = 2%(¢) and w = y?(p). From (6) and w < w, it follows
that

A(m—2) m—1

)\(7— +n — m) m—n—T1 m—1l+tq—p
@ 1) '

B2(w) = C2(22 4+ \2)m-1ra=s (m —1l+q—p+
Whence it follows that
(m—1)
P(w) ~ ]z\_m—u;—u as |z| = +o0.
Since y? < 22, it follows that 1/2? < 1/y?, and it is now clear that

im  z(w)=-00
w—(wp/2)—0
(since ®(wp/2) = 0). Furthermore, since y = % < 0and ® > 0on (0,wy/2), ' < 0.
i.e., ®(w) decreases on (0,wp/2) from the positive value ®(0) to ®(wp/2) = 0. @
does not vanish anywhere else in (0, wy/2), otherwise it should increase somewhere.
From this equation we have

2 | )2
+ 2%)
Y [(m +q—p)(y” + A7)+ AT +n m)](m—l)y2+)\2
2 )2
—(n—2)y( yl—)i_j+>\2cotw—>—oo as Yy — —00.
m—=1)y

That is to say y(w) decreases in the vicinity of the point —w, when y — —oo. It
is possible only at —w = wp/2, (when passing w — “ — 0). On performing the
passage to the limit w — %2 — 0 in (5), and taking into account that z — —oo, we

obtain

wo m— 2

T T4+n—m

_( m-1 Ly m-2 )()\[)\(m—1+q—u)+7+n—m]>_1/2.
m—14+q—p T+n—m m—14+qg—p
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Hence we obtain an explicit expression for X,

B T

C 2wo(m —14q—p

num—Qy—ﬂm—Qﬁ—#_Fvﬁ%+%m—2ﬁ+nﬂu%+%m—2ﬁ+@n—mﬂ
t+2(m — 2) t+2(m — 2) ’

A

)X

(7)
where t = (T +n — m)wo /7.
In the case of n =2, 7 =0 we obtain

A=

(m=1)  (m—wolm(r —wo) +/(m—2)°(x — wo)® + 4(m — )7
(m—1—pu+q) 2wo(2m —wp)(m —1—p+q) (8)

In the case of T = pu=q =0, n =2 we get the result of [13]. If m =n = 2, from

(7) we get
AT

21+q—p)

For the case n = 3, we assume that 7 = 0. We shall seek a solution of the form
u = 1 ®(w)sin® @, with ® € (0,7) and w € (—wo/2,w/2). Then we obtain for
®(w) a problem which coincides with (ODE) with n = 2, and so for A we have the
Expression (8).

THE MIXED BOUNDARY VALUE PROBLEM

Now we consider the mixed boundary value problem in the planar domain Gy =
{(r,w) | r >0, 0 <w<wy <7}, with a corner boundary point,

d m— — m
(1wl ) =l sgn ulVul™, @€ G,
L
ou
U|w2w0 = s —axQ = 0,
w=0

where wq is the angle with the vertex at the point O. By a process analogous to
the one above, we come to the expression

(m—1)
(m—1-p+q)
(1 — 2wp) [m(m — 2wp) + /(m — 2)2(1 — 2wg)? + 4(m — 1)72]
8wo(m —wo)(m —1— p+q) '

A=

+ (10)

Obviously, this expression coincides with (8) for the Dirichlet problem, if in the
latter we put 2wq instead of wy.

Therefore, barrier functions w = r*®(w) have been constructed for the first
boundary value problem for the equation (1), and for the mized boundary value
problem for (1) with 7 = 0.
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