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ON THE WAVE EQUATIONS WITH MEMORY IN
NONCYLINDRICAL DOMAINS

MAURO L. SANTOS

ABSTRACT. In this paper we prove the exponential and polynomial decays
rates in the case n > 2, as time approaches infinity of regular solutions of the
wave equations with memory

t
uge — Au +/ g(t — s)Au(s)ds =0 in Q
0

where @ is a non cylindrical domains of R?*1, (n > 1). We show that the dis-
sipation produced by memory effect is strong enough to produce exponential
decay of solution provided the relaxation function g also decays exponentially.
When the relaxation function decay polynomially, we show that the solution
decays polynomially with the same rate. For this we introduced a new mul-
tiplier that makes an important role in the obtaining of the exponential and
polynomial decays of the energy of the system. Existence, uniqueness and
regularity of solutions for any n > 1 are investigated. The obtained result
extends known results from cylindrical to non-cylindrical domains.

1. INTRODUCTION

Let © be an open bounded domain of R™ containing the origin and having
C? boundary. Let 7 : [0,00[— R be a continuously differentiable function. See

hypothesis (1.11))~(1.13) on . Consider the family of subdomains {€;}o<t<oo Of
R™ given by

Q=T(), T:yeQ—z=1Q)y

whose boundaries are denoted by I';, and let the noncylindrical domain of R**! be

@ = Up<t<oofl x {t}
with lateral boundary
S = Up<teools X {t}.
Let us consider the Hilbert space L?(€2) endowed with the inner product

(u,v)z/gu(x)v(m)dx
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and corresponding norm Hu||2LQ(Q) = (u,u). We also consider the Sobolev space
H'(Q) endowed with the scalar product

(u,v) g1 ) = (u,v) + (Vu, Vo).

We define the subspace of H!(£2), denoted by H} (), as the closure of C§°(£2) in
the strong topology of H(Q). By H~'(Q) we denote the dual space of H}(Q).
This space endowed with the norm induced by the scalar product

((ua v))Hé(Q) = (Vuv V”U)
is a Hilbert space; due to the Poincaré inequality
[ull20) < ClIVullzq)-

For 1 < p < oo, we define

iy = | fute)ld.

and for p = oo,
||| o< () = esssup |u(zx)|.
zeQ

In this work we study the existence and uniqueness of strong global solutions, as
well the exponential and polynomial decays of the energy for the wave equation

uy — Au —|—/ g(t — s)Au(s)ds =0 in Q, (1.1)
O —_—

u=0 on Z, (1.2)

u(z,0) = up(x), wue(x,0) =ui(z) in o, (1.3)

where w is the transverse displacement. The method used for proving existence and
uniqueness is based on transforming our problem into another initial boundary value
problem defined over a cylindrical domain, whose sections are not time-dependent.
This is done using a suitable change of variable. Then we show the existence and
uniqueness for this new problem. Our existence result on non-cylindrical domains
will follows using the inverse transformation. That is, using the diffeomorphism
T @ — @ defined by

7:Q — Q, (z,t)thH(y,t):(—t,t) (1.4)

and 771:Q — @ defined by

T (1) = (2,8) = (1 (D), ). (1.5)
Denoting by v the function
v(y,t) =uoT(y,t) = u(y(t)y,1) (1.6)

the initial boundary value problem (1.1))—(1.3]) becomes

¢
vy — 72 A +/ g(t — s)y"2(s)Av(s)ds — A(t)v +a; - VOw+az - Vo =0 in Q,
0
(1.7
vl =0, (1.8)

V|t=0 = Vo, Utlt=o =v1 inQ, (1.9)
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where
A(t)v = i Oy, (a;ij0,,v)
1,7=1
and
ai(y,t) ==Yy "’y (Gji=1,...,n),
ar(y,t) = =297y, (1.10)
az(y,t) = =7 2y(Y'v + () (n — 1)).

To show the existence of strong solution we will use the following hypotheses:

7Y <0 ifn>2 >0 ifn<2 (1.11)
v() € L7(0,00),  dnf () =10 >0, (1.12)
7€ W2%°(0,00) N W21(0, 00). (1.13)

Note that the assumption means that Q is decreasing if n > 2 and in-
creasing if n < 2 in the sense that when ¢ > ¢’ and n > 2 then the projection of
Q4 on the subspace t = 0 contain the projection of 2; on the same subspace. The
opposite holds in the case n < 2.

The above method was introduced by Dal Passo and Ughi [14] to study certain
class of parabolic equations in non cylindrical domains.

We only obtained the exponential and polynomial decays of solution for our
problem for the case n > 2. The main difficulty to prove the exponential and
polynomial decays for the case n < 2 are in the Lemma and where
appears the boundary terms, since we worked directly in QA) To control those terms
we used the hypothesis (1.11). Therefore the case n < 2 is an important open
problem.

The equation can be seen as a model of propagation of seismic waves, where
the function g represents the medium of propagation of waves. In the considered
case, the medium is elastic.

The wave equations with dissipation was studied by several authors. All of them
consider essentially two types of dissipative mechanisms (or a combination of them):

(a) The frictional dissipation, obtained by introducing a frictional damping that
can be acting either on the boundary or in a neighborhood of the boundary;

(b)The viscoelastic dissipation given by the memory effects as in [IT], 16, 17, [I§].

The frictional damping is the simplest dissipative mechanism when one is working
either in the whole domain €2 or over a strategic part of the domain (locally). It
was proved by [l 2, B (4, [7, M2, 13, 19, 20] that the first-order energy decays
exponentially to zero as time goes to infinity.

Finally, the memory effect produces a suitable dissipative mechanism which de-
pends on the ralaxation function (see [16] 17, [I8]). They proved that the energy
decays uniformly exponentially or algebraically with the same rate of decay as the
relaxation function.

In a non cylindrical domain, the problem of existence, uniqueness and exponen-
tial decay of the solutions for the wave equations with memory and weak damping
was studied by Ferreira and Santos [5]. They proved that the energy decays uni-
formly exponentially to zero as time goes to infinity.
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The main result of this paper is to extend the result obtained by Ferreira and
Santos [5]. That is, to remove the term wu; of the equation

t
ugy — Au + / g(t — s)Au(s)ds +u; =0
0

in [5].

The main technical difficulty it is to control the term th |u¢|?dx of the total en-
ergy of the system 7. To solve this problem we introduced a new multiplier
(g * u)¢, that makes key role to obtain the exponential and polynomial decays.

The present paper extends the results from cylindrical to non cylindrical do-
mains.

To see the dissipative properties of the system we have to construct a suitable
functional whose derivative is negative and is equivalent to the first order energy.
This functional is obtained using the multiplicative technique following Komornik
[6], Lions [8] and Rivera [10].

The notation we use in this paper are standard and can be found in Lion’s book
[8.@]. In the sequel by C' (sometimes Cq,Co,...) we denote various positive con-
stants which do not depend on ¢ or on the initial data. This paper is organized as
follows. In section 2 we prove the existence, regularity and uniqueness of solutions.
We use Galerkin approximation, Aubin-Lions theorem, energy method introduced
by Lions [§] and some technical ideas to show existence regularity and uniqueness
of regular solution for the problem (L.1)-(L.3). Finally, in the section 3 and 4, we
establish the results on the exponential and polynomial decays of the regular solu-
tion to the problem 7. We use the technique of the multipliers introduced
by Kormornik [6], Lions [8] and Rivera [II] coupled with some technical lemmas
and some technical ideas.

2. EXISTENCE AND REGULARITY

In this section we shall study the existence and regularity of solutions for the
system ((1.1)—(1.3). For this we assume that the kernel g : R, — R is in W1(0, c0)
and satisfy

9,—9 >0, (2.1)
it [ gl s =5 >0, (22
0
where v1 = supy ;oo Y(t). Note that (2.2]) implies
¢

_ _ 1

52 [ glon s)ds < .

0 g0

On the other hand, since all the dissipation of the system is contained only in the
memory term, we also have to require that g # 0, and this explains (2.2)).

Typical examples of functions v and g satisfying (1.11))—(1.13) and (2.1)—(2.2))
are

V() =e 7" + a1, g(t) = o9e 7
where o;, 1 = 0,1,2,3, are positive constants. To simplify our analysis, we define
the binary operator
Vu(t)

50 :/0 9t = 70) /Q IVu(t) = Vu(s)*dz ds.
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With this notation we have the following statement.

Lemma 2.1. Forv e CH0,T: Hl(Q)) and g € Cl(O,oo) we have

[[7%

Vvds Vudx

/ |Vo|*da]
t /
7'(s) 2
+ / g(t—s) / |Vu|*dz ds.
0 72(s) Ja
The proof of this lemma follows by differentiating the term

Vu(t)
Y(t)
The well-posedness of system ((1.7))-(1.9) is given by the following theorem.

dxds.

Theorem 2.2. Let us take UO € H} Q)N H?(Q), vy € HYQ) and let us suppose

that assumptions and . . ) hold. Then there exists a unique

solution v of the problem satzsfymg
v e L>(0,00 : Hy(Q) N H?(Q)),
v € L>(0,00 : Hy(Q)),
v € L(0,00 : L2()).

Proof. The main idea is to use the Galerkin method. To do this let us take a basis
{w;}jen to Hi(Q) N H?(Q) which is orthonormal in L?(£2) and we represent by V;,

the space generated by wy,ws, ..., wy,. Let us denote by
m m
vyt = Z(vo,wj)wj, ot = Z(vl,wj)wj.
j=1 j=1

Note that for any (vg,v1) € (Hg(2) N H?(Q)) x HL(Q), we have vJ* — vg strong in
HY(Q) N H?(Q) and v — v; strong in H}(Q).
Standard results on ordinary differential equations imply the existence of a local
solution v™ of the form
’H’L Z gjm wg,

to the system
/vttwjdy v~ /Av w]dy—i—/ / (t—s)v "= (s)Vv™(s) - Vw;dsdy
A(t)v"w;dy +/ ay - Vvl w;dy —|—/ az - Vo"w;dy =0, (j=1,...,m),
Q Q
(2.3)

O (@,0) = o, of(2,0) = o}, (2.4)

The extension of this solution to the whole interval [0, 00) is a consequence of the
a priori estimate below.

Q
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First estimate. Multiplying the equation (2.3) by g/,,(t), summing up the prod-
uct result in j = 1,2,...,m, and using the Lemma we get

1d

—— £ (tv )+/ A(t)vmvtmdy—l—/ a - vanvfldy—&—/ az - Vo™u'dy

1 g(t) 1, Vo™
Vo™ +=¢'0
27 (0 )|| ||L2(Q) 9

t
—ﬂwmniz(m / gt — )7 ()73 (s)ds / Vo 2de,

where
1 Lg(t—s) Vo™
£7(t, ™) = |[o|? + —/ ds)||Vo™||? .
1( ) ” t ||L2(Q) (72@) 0 ’}/2(8) )” HL2(Q)
Taking into account - - and ([2.2) we obtain
1 m m
57 X1 0™ <O T+ DL (). (2.5)

Integrating the inequality (2.5 , taking account (|1.13)) and using Gronwall’s Lemma
we get
L7, 0™) < C, ¥YmeN, vtel0,T). (2.6)

Second estimate. From equation (2.3)) we get
Differentiating the equation (2.3)) with respect to the time, we obtain

/vmw]dy 772/ Av” wjderQ—/ Av™w;
d m
"(t — s)y"*(s) Vo (s) - Vw,dsdy + dt(A(t)U Jw;dy (2.8)

/dt - Vo) w]dy—I—/ o (a2 - Vo™)w;dy = 0.

Multlplylng 8)) by gjm( ), summing up the product result in j =1,2,...,m and
using similar arguments as (2.6) we obtain

0 wjidy

t
£7(t, v +/ o ()22 (qyds < C, Vit € [0,T], ¥m € N. (2.9)
0

The first and second a priori estimates allow us to obtain a subsequence of (v,y)
which from now on will be also denoted by (v,,) and a function v :  x (0,00) — R
satisfying:

v™ — v weak star in L>(0, 00; Hy (Q))
v — v weak star in L>°(0, 00; Ha ()
vl — vy weak star in L°(0, 00; L*(12)).

The above convergence allows us to pass to the limit in the problem (2.3)-(2.4]).
Letting m — oo in the equation (2.3) we conclude that

t
Vi — 7 2Av + / g(t — s)y"2(s)Av(s)ds — A(t)v + a1 - VO + ag - Vo = 0
0
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in L>°(0,00 : L?(€2)). Therefore, using the elliptic regularity, we have that

v e L>(0,00 : H} (Q) N H*(Q)).

Uniqueness. Suppose we have two solutions v and v in the conditions of Theorem
Then ¢ = v — ¥ satisfies the same conditions and ¢(0) = 0, ¢:+(0) = 0. Let us
prove that ¢ = 0 on 2 x [0, co].

Multiplying the equations by ¢, summing up the product result and using
the Lemma [2.7] we get

1d

37 £1(80) < C(W T+ D £a(b),

where

1 bt — \Y4
£1(6,6) = 600y + (o — / o S)ds>||v¢>||i2<m+gmj’

73(t) 7(s)
Integrating with respect to the time the above inequality and applying Gronwall’s
inequality we conclude that ¢ =0 on Q x [0, ool. O

To show the existence in non cylindrical domains, we return to our original
problem in the non cylindrical domains by using the change variable given in
by (y,t) = 7(x,t), (x,t) € @ Let v be the solution obtained from Theoremand
u defined by 7 then u belongs to the class

u € L*(0,00 : Hy(Q4)), (2.10)
ug € L>(0,00 : HY (%)), (2.11)
uge € L°°(0, 00 @ L2(Q)). (2.12)

Denoting by
u(xv t) = ’U(y, t) - (”U o T)(.T, t)a
from (|1.6) it is easy to see that u satisfies

uy — Au + /tg(t —8)Au(s)ds =0 in L>®(0,00: L*()). (2.13)
0

Using regularity elliptic, we obtain
u € L(0,00 : HY () N H?(Q)). (2.14)

Let uq, us be two solutions to 1D and vy, vo be the functions obtained through
the diffeomorphism 7 given by . Then vy, v9 are the solutions to (1.7). By the
uniqueness result Theorem we have v1 = V2, SO u; = ug. Therefore, we have
the following result.

Theorem 2.3. Let us take uo € HY(Qo)NH?(Q), ur € HE () and let us suppose

that assumptions D and . . ) hold. Then there exists a unique
solution u of the problem 1.3) satisfying (-) '
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3. EXPONENTIAL RATE OF DECAY

In this section we show that the solution of system (1.1)—(1.3)) decays exponen-
tially. To this end we will assume that the memory g satisfies:

g'(t) < —Cig(t) (3.1)

for all ¢ > 0, with positive constant C;. Additionally, we assume that the function

~(+) satisfies the conditions

v <0, t>0, n>2, (3.2)
1
!
< — .
0<Ogg>golv (1)) < 7 (3.3)

where d = diam(2). The condition implies that our domains is “time like” in
the sense that

lv| < 7]
where v and 7 denote the t-component and z-component of the outer unit normal
of £. To facilitate our calculations we introduce the notation

(gOVu)(t / / (t — 8)|Vu(t) — Vu(s)|?ds dx.
Q
First, we prove the following two lemmas that will be used in the sequel.

Lemma 3.1. Let F(-,-) be the smooth function defined in Q; x [0, 00[, (¢t € [0, 00].
Then

/

d d _
pn o F(z,t)dx = /Qt aF(x t)dx + ; F(z,t)(x - 7)dly, (3.4)

: Ty
where U is the x-component of the unit normal exterior v.

Proof. By a change variable x = v(t)y, y € Q, we have

& | e =5 [ oo
oF., , - ~ OF. ,
= [+ 3 [ T

+n / A ("L () F (v (B, Dy,
Q

If we return at the variable x, we get

d oF ~' ~'

— F(z,t)de = —dx + — / r-VF(x,t)de +n— F(x,t)dz.

dt Jo, (=) Q, Ot v Ja, (=) v Ja, (@)
Integrating by part in the last equality we obtain the formula (3.4]). O

Lemma 3.2. For any functions g € C1(Ry) and u € C*((0,T) : H*(£)), we have

// (t — s)Vu(s) - Vuyds dx
o, Jo

:_59() V() 2dz + gDVu—;jt[gDVu—(/()tg(s)ds)/ﬂ \vuP]

// (t = )| Vu(t) = Vu(s)*(7 - 2)dL,
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—;;/F/Og(t—s)|Vu(t)|2(1/-x)dFt.

Proof. Differentiating the term ¢gl0Vu and applying the lemma [3.1] we obtain
d t
—g0OVu = / / g (t — 8)|Vu(t) — Vu(s)|?ds dx
dt Qt 0

t
- 2/ / g(t — s)Vu(s) - Vueds dz
Q. Jo
t

+(/O g(t—s)ds)/ﬂ %Wu(tﬂzd:p

A t | 2, -
+7/rt/0 g(t — 8)|Vu(t) — Vu(s)|*(z - 7)dsdly.

From where it follows that
t
2/ / g(t — s)Vu(s) - Vuyds dx
Q: JO
d t
:——{gDVU—/ g(t—s)ds/ |Vu(t)|2dx}
at ; o
t
+/ / g'(t—s)\Vu(t)—Vu(s)\stda:—g(t)/ Vu(t)2de
Q; J0 Qy
/ t
+%/ / gt — 8)|Vult) — Vu(s)P(x - 7)dsdT,
Iy JO

/ t
- 2l/ / g(t — 8)|Vu(t)|*(@ - z)dL;.
Y Jr, Jo
The proof is complete. O

Let us introduce the functional
t
B() = lluelagany + (1 - /0 9()ds) [Vull32 0, + 90V

Lemma 3.3. Let us take ug € H(Q0) N H?(Qo), u1 € HE(Qo) and let us suppose

that assumptions (L.11)—(1.13) and (2.1)—(2.2) hold. Then any regular solution of
system (1.1))—(1.3)) satisfies

d 7/ _ 2 2
—_ — ~—(v- V T
th(t) /Ft 7(V o) (Jwe]® + [Vu|7)dly

— llﬁ.gg t — 8 u — u525 t
/m< >/Og<t ) [Vu(t) — Vus) PdsdT
1

1
_77/ g(t)|Vul?dz 4+ = ¢'O0Vu.
2 Jo, 2

Proof. Multiplying the equation (1.1)) by u; and integrating over 2; we get

1 [ d 1 [ d ’
2,/Qtdt|Ut|2dx+2/Qt dt|Vu|2dm—/Qt/0 g(t — s)Vu(s) - Vupds dz = 0.
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Using Lemmas [3.1] and [3:2] we obtain

th(t);;/ (7 - 2) g |2dT, — - (1/Otg(s)ds) /Ft(y~x)|Vu|2dFt

/ / v-2)g(t — 8)|Vu(-,t) — Vu(-, s)|>dsdl;
'y
= —fg(t)/ |Vul|*dx + fg’DVu.

29 | 2

The proof is complete. O

For the estimate of the term [, |u¢|*dz we introduced the functional

1
o(t) = */ Ut(g*u)tdIJr*/ g * Vu|?dx
Q, 2 Ja

where (g *u); = g(0)u + ¢’ * u.

Lemma 3.4. Let us take uo 6 HY(Q0) N H?(Q), u1 € HY (Qo) and let us suppose
that assumptzons - and . . ) hold. Then any reqular solution of
system (1.1] satzsﬁes

1d o — 2
Mwwh/rt(mng*w ar,
< _9©) |ut|2dm + 397(0)/ \Vul|?dz + g(t) [ |Vu|*dx
2 2 o
)2
( )
(Jo lg'(s)lds) Ids

—gt) [ JulPde + P=m

o 9(0)

Proof. From the equation (|1.1)) and using the fact that u = 0 on the boundary we
get

d
- /Qt up(g * u)dx

= / (—Au + g * Au)(g * u)dz — g(0) ug|?dax — / us(g' * u)dx
Qy Q4 Q¢

1 [ d (3-5)
2
—9(0) | uf?da - / uilg’ * u)rde,
Q Q
Using Lemma, we have
1 [ d . ) ) 2
Q/Qt dt|g>|<Vu\ dx = th/ lg * Vu|?dx — 7/1“t(y x)|g * Vul?dly.  (3.6)

Define
t
I ;:/ Vu~/ g'(t — s)Vu(s)ds du;
o, 0
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then we have

n= [ orvutass [ vue [Tt - u, )dsds

< A Vul*dz) 1/2/ 19 ()lds) /2 (lg'|BV) /2 + g(t) A Vul*dz.

(3.7)

Define

/’U,t g*u
Q

/ u (g’ (t)ug + g’ * ug)dx
Q

:_/ g(t)utuodx—/ﬂt 9()|u|*dz

/QtUt/ (t — 8)(ue(-y8) — ue(-, t))ds dx;

then thanks to the Young inequality, we obtain

&

9(0) 2 2, lgt) —g(0)
L] < =—= — de+———=|¢ |Cu;. (3.8
| 2| =9 0 |ut a, |ut| T+ g(O) |g | Ut ( )
Substituting the inequalities (3.6)), (3.7)) and (3.8]) into (3.5)) we obtain the conclu-
sion of lemma. O

For the estimate of the term [ o |g*Vu|?dx we introduced the following functional

t
n(t) = 1/ gDutdx—/ (/ g(s)ds)|ut|2dx— 1/ lg * Vul|?dz.
2 Q Q 0 2 Q

Lemma 3.5. Let us take uo 6 H(Q0) N H%(Q0), u1 € H () and let us suppose

that assumptzons - and | - . ) hold. Then any regular solution of
system ([1.1] . satzsﬁes

/

d
%n(t)—i-l/ (T - x)|g * Vu|*dl;

/r/ gt = 8)ue(-,t) = us (-, 5)|*dsdl,
+7 <” x)(/o g(s)ds)|uq|*dTy

2y
0
< —g(t) \ut|2dx + ¢'Ouy — M
Q 2 Qy

+g()/Q Vul*dz +f029(;) )|g’|DVu.

|Vu|?dx
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Proof. Multiplying the equation (|1.1) by ¢ * u; and using similar argument as in
the lemma [3.4] we obtain

d ! _
dt ()—i-%/ (v- x)\g*Vu| dr';

/r/ 7 2)g(t = )|ue(-,t) — ue (-, 5)*dsdls

+— (v-x)(/o g(s)ds)|u, |2 dT; (3.9)

2y

1
- 7§g(t)/ g |*da + ig’Dut —g(0) |Vu|2d
Q4 Q

+g(t) A |Vu|2dﬂc—|—/Q Vu/o gt —s)(Vu(-,s) — Vu(-,t))ds dx

Noting that
t
/ Vu/ g (t — s)(Vu(-,s) — Vu(-,t))ds dx
o) 0

1/2 t 1/2
< ([ wupas) ([ olas) (g 10V,
Q 0

considering the inequality ab < § + % and using the Cauchy-Schwarz inequality
we deduce that
/

d Y — 2
gl (t)+2’y/ (7 - z)|g * Vu|?dl;

/r/ gt = 8)u(-,t) = ug(-, 5)|*dsdl,

+ 2 [ x)(/o g(5)ds) ug 2T,

2y
1 0
< —500) [ s+ 50~ 22 [ Vups
Qy
(Jy l9'(s)Ids)
d Uo l9(5)1ds) OVu.
wot) [ Va4 S0 EEEg O9
The proof is complete. ([
To estimate the term (1 — fo s)ds) fQ |Vu|?dx, we introduced the functional

w(t):/Q upuda.

Lemma 3.6. Let us take uo 6 H(Q0) N H?(Q0), u1 € H () and let us suppose

that assumptzons - and | - . ) hold. Then any regular solution of
system (1.1] . satzsﬁes

d t
%w(t) <-(1 7/0 g(s)ds) /Qt |Vul?dz + g(0) /Qt |Vu|2dx

fo gDVu + ug|*da.

+
49(0) Q
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Proof. From we get
7w / [Vul dx—i—/ Vu/ (t — s)Vu(-, s)dsdx + |ug | dx.
[N [N

Considering the inequality ab < “— + % making use of the Cauchy-Schwarz in-
equality and using similar arguments as in the lemmas and follows the
conclusion of lemma. (]

The following lemma is the key to obtain exponential decay.

Lemma 3.7. Let f be a real positive function of class C*. If there exists positive
constants vy, v1 and Cy such that

f'(t) < =0 f(t) + Coe™ ™,
then there exist positive constants v and C such that
F&) < (f(0) + C)e .
Proof. First, suppose that 79 < 1. Define
Co
F(t) = f(t) + ——e M,
(t) = f(t) So—
Then c
Fl(t) = f/(t) - =
71—
Integrating from 0 to ¢t we arrive at
C
F(t) < F(0)e ™t = f(1) < ( £0) + 7°)eﬂot.
71—
Now, we shall assume that ~y > 7. In this conditions we get
@) <—nft)+Coe™ ™t = {e"'f(t)} < Co.
Integrating from 0 to ¢ we obtain
f(#) < (£(0) + Cot)e ™.
Since t < (1 — e)e(Vl’e)t for any 0 < € < 1 we conclude that
Ft) <{f(0) + Co(n — e)}e™
This completes the proof. O

et < o F(t).

Let us introduce the functional
L(t) = N1E(t) + Nan(t) + ep(t) + (1), (3.10)
with N3 > Ny > 0 and € > 0 small enough. It is not difficult to see that L(t)
verifies
koE(t) < L(t) < k1 E(t), (3.11)
for kg and kq positive constants. Now we are in a position to show the main result
of this paper.

Theorem 3. 8 Let us take uo € H0 (Q0), up € L2(Q0) and let us suppose that

assumptions (3.2 j and ) hold. Then any regular
P (C12), (L13), 1), 22, y reg
1))~ 1-

solution of system (1.1 ) satzsﬁes
) < Ce $'E(0), Vt>0

where C' and & are positive constants.
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Proof. We shall prove this result for strong solutions, that is, for solutions with
initial data ug € Hg(Qo) N H2(Q), u; € HE(p). Our conclusion will follows by
standard density arguments. Taking N, N» large enough, with N7 > Nj, € > 0

small enough and using the lemmas (3.3)), (3.4)), (3.5) and (3.6]), we conclude that
there exist positive constants ag and Cy such that

d
L 2(1) < —a0L(t) + Cog* (DE().
Using the lemma [3.7] we obtain
L(t) <{L£(0)+ C}e

where C and «; are positive constants. From equivalence relation (3.11) our con-
clusion follows. O

4. POLYNOMIAL RATE OF DECAY

In this section we assume that the memory g satisfies:
1
g (t) < —Crg' 7 (t) (4.1)
o= / glfi(s)ds < oo (4.2)
0

for some p > 1 and t > 0, with positive constant C;. The following lemmas will
play an important role in the sequel.

Lemma 4.1. Suppose that g and h are continuous functions, g € L1+%(O,OO) N
L'(0,00) and g" € L'(0,00) for some 0 <1 < 0. Then

/|gt—s s)|ds
{[ = ore = meiasy ™ { [ ot = orincias}™

Proof. Without loss of generality we can suppose that g, h > 0. Note that for any
fixed ¢t we have
m

> " g(t — si)h(si)As;.

lim
[|Asi||—0 4
i=1

/ g(t — s)h(s)ds =
0

Letting
I =Y g"(t = 5;)h(s;)As;,
j=1

we may write

Zg(t_s S’L AS’L ZSDZ )

i=1
where ” Jh(s)A

_r - g"(t —s;)h(s;)As;
@i = (9" " (t—s)I},), 0= ( T ).

Since the function F(z) := |#| 147 is convex, it follows that

m m

F(Zg(t_si) 81 Asl Z@z i) < ZeiF(QDi),
=1 =1
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so, we have

{Zg (t — s;)h(s;)As; }Hq <|IT\q Zg1+ (t — si)h(s;)As;. (4.3)

i=1

In view of
¢
lim I;:/ "(t — s)h(s)ds,
| Asif|—0 0 g he)
letting ||As;|| — 0 in (4.3)), we get

{/0 g(t—s)h(s)ds}H% < {/0 gr(t—s)h(s)ds}uq{/o ngi

from which our result follows. O

Lemma 4.2. Let w € C(0,T; H(Q4)) and g be a continuous function satisfying
hypothesis (4.1)-(4.2). Then for 0 <r < 1 we have

t JEE 1 _(=mp
gOVw < 2{/ grdSHwHC(O,T;Hé(Qt,))} tHEe {QHEDVw} H0-nP
0
while for r = 0 we have

t 1y P
giVuw < 2{/0 ||w(5)||§{5(9t)d5+t||w(f)\|§{3(9t)}{91+5}1”’-

Proof. ;From hypotheses on w and Lemma we get
t
gOVw = / g(t — s)h(s)ds
0

t .
S {/ gr(tfs d5}1+”<1 r){/ tfs (s)ds}% (4.4)
0

< {¢"OVw) 7= {gH OV} T

where

h(s) = |Vw(t) — Vw(s)|*ds.

Q
For 0 < r < 1, we have

t t
g OVw = /Q /0 g"(t — 8)|Vw(t) — Vw(s)|*ds dx < 4/0 g"(s)||w||é(07T:H(1Qt))7

from which the first inequality of Lemma [.2] follows. To prove the last part, let us
take r = 0 in Lemma [£.1] to get

t
1OV = / / Ve(t) - Vw(s)Pds de
Q¢ JO
t
<2tfw®)Z o) +2 [ 1)1 30
0 0 0

Substitution of the above inequality into (4.4) yields the second inequality. The
proof is complete. |
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Lemma 4.3. Let f be a non-negative C' function satisfying

PO < kol FO] +

for some positive constants kg, k1 and p > 1. There exists a positive constant Cq

such that
pf(0) + 2k
(1+t)p
Proof. Let h(t) := ﬁ and F(t) := f(t) + h(t). Then
2k
(1+t)ptt

< —kolf(8)]'F7 —

ft) <G

F'(t) = f/(t) -
kq
(1+¢)ptl
1+1
< —ko{[FOF + L ln(e) 3 }.

2kok?

From which it follows that there exists a positive constant Cy such that
F'(t) < ~Co{[f ()] 5 + (D)7},
which gives the required inequality. ([

Theorem 4. 4 Let us take ug € Ho QO) u1 € L2(Q ) and let us suppose that

assumptions , 1 13), . , and hold. Then any regular

solution of system (1.1)—(1.3) satzsﬁes
Y <CE0)(1+1t)"?
where C' is a positive constant and p > 1.

Proof. We shall prove this result for strong solutions, that is, for solutions with
initial data ug € H}(Qo) N H%(Qo), u1 € HE(Qo). Our conclusion will follows by
standard density arguments. From the Lemmas and we get

t
iﬁ(t) < —Co{ e[ dz + (1 —/ g(s)ds)/ |Vu|*dz — g'DVu}
dt 0 Qq

Q¢
+ () / o |2d.
Qo

Using hypothesis (4.1) we have

%E(t) < —C’o{ /Qf lue|dz + (1 — /Otg(s)ds) /Qt |Vu|2dx}

— Chg' T ()DVu—i—ng (t )/ |u0|2dx.

Qo

for some positive constants Cy, C1 and Cs. Let us define the functional

Nt = | |JwlPde+ | |Vul*de.
Q¢ Q
Since the total energy is bounded, Lemma implies
(4(-r)p)

N(t) > CoN(t) a=»
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A+@1=r)p)

gH‘%(t)DVu > Cy{ gOVu} Ta=p

It is not difficult to see that for N7, N» large enough, with N; > N», and € small
enough the inequality

CE(t) < L(t) < C3{N(t) + gOVu} < CLE(t)

holds. From this follows that

%ﬁ(t) < —CsL(t) T 4 Cog(t) / luo|2d.

Qo

Using Lemma we obtain

1

£(1) < CLLO) + Cob o

where C' and Cy are positive constants independent on the initial data. From which
it follows that the energy decay to zero uniformly.
Using Lemma [42] for r = 0 we get

(d+p)
)

N(t) > CoN(t) >
gH%(t)DVu > Cg{gDVu}%.

Repeating the same reasoning as above, we obtain

L(t) < C{L(0) + Ca}ﬁ

From which our result follows. The proof is now complete. O
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