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PULLBACK ATTRACTORS FOR A CLASS OF
NON-NEWTONIAN MICROPOLAR FLUIDS

GERALDO M. DE ARAUJO, MARCOS A. F. ARAUJO,
FLANK D. M. BEZERRA, MIRELSON M. FREITAS

ABSTRACT. In this article we study the long time behavior of the two-dimensional
flow for non-Newtonian micropolar fluids in bounded smooth domains, in the
sense of pullback attractors. We prove the existence and upper semicontinuity
of the pullback attractors with respect to the viscosity coefficient of the model.

1. INTRODUCTION

This article concerns the long time behavior of the two-dimensional flow of a non-
Newtonian micropolar fluid in the sense of pullback attractors. We are interested
in a class of models of non-Newtonian micropolar fluids, where the relation between
the viscous stress tensor and the symmetric component of the gradient (derivative
with respect to position) of the flow velocity is nonlinear and it is defined by a class
of non-negative and continuously differentiable functions, we consider the following
mathematical model of a non-Newtonian micropolar fluid

O —V-7(e(w) + (u- V)u+ Vp=2v,rotw + f(x,t), €, t>r,
Vou=0, z€Q,t>r, (1.1)
Ow — 1 Aw + (u- Vw4 dv,w = 2vprotu + g(x,t), x€Q, t> T,
with corresponding initial-boundary condition
u(z,7) = u,(x), wlz,7)=w(x), z€l,

1.2
u(z,t) =0, w(x,t)=0, €N t>r, (12)

where Q is a bounded smooth domain of R?, the positive constants v, v, represent
viscosity coefficients, u = (uy,us) is the velocity field, p is the pressure, and w is
the scalar microrotation field, commonly interpreted as the angular velocity field of
rotation of particles, the fields f = (f1, f2) and g are external forces and moments,
respectively.

The map 7 : R2, — R2__ denotes the extra stress tensor given by

sym sym
T(e(w)) =2 (v + vy + M(le(w)]*)) e(u), (1.3)
where jom represents the set of all symmetric 2 x 2 matrices, v > 0 represents the

usual Newtonian viscosity, M : (0, +00) — (0,400) is a continuously differentiable
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function which denotes the generalized viscosity function, and e : R? — Rf;m

denotes the symmetric part of the velocity gradient, as well as in [I}, O] [I5]; that is,
1
e(u) = 5 (Vu+ (Va)T).
whose components are defined by
1 .
eij(u) = 5 ((%jui —l—@miuj) , 4,7 =1,2.

Our motivation for considering the equations of micropolar fluid in is the
works [II, 111 [13] 18], 23]. Many works have been studied the model of micropolar
fluids in many theoretical issues; namely, about existence, uniqueness, regularity
and stability of solutions, see e.g. [II, 4 [7, 8 [, [10] [I7] and references therein; and
on asymptotic behavior of solutions, in the sense of attractors, see e.g. [2] 3], [, [
10l [12], 14, 19] 20, 2T), 22] and references therein. Since the operator stress tensor
in this paper is given by we assume that there exist positive constants c1, co
and c3z such that for any ¢ > 0,

c(14+ V)2 < M) < ea(14 V)2, (1.4)
0< M)Vt < es(1+ V1) (1.5)

in order to recover embedding theorems for Sobolev spaces, as well as in [9], and
consequently to prove the existence and upper semicontinuity of the pullback at-
tractors.

To better present our results we introduce some terminologies. The space V), is
the closure of

¥ ={(e1,92) € (C5°(Q))* : V- (1, 2) = 0}

in the space (W?(Q))? with norm [|[Vull, = ([, |Vul[Pdz)?, 1 < p < oo. For p =2
we denote V = V5 and the inner product and norm in V is denoted, respectively,
by ((u,v)) = Z?,j:l Joy Oz, 1i0s,v;dz and |ul| = ((u,u)) /2.

The space H is the closure of # in the space (L*(£2))? with inner product and
norm defined, respectively by (u,v) = Z?Zl Jq uividz and |u| = (u,u)*/?. Note
that V and H are Hilbert spaces, and we have the following embedding V — H —
V' where the first embedding is compact.

We introduce the bilinear form a : V' x V' — R defined by

a(u,v) = i / Oz Ui O, vidx.
ij=1"%
We also introduce the maps B : V x V — V' defined by
B(u,v) = (u- V)v,
B1:V x H}(Q) — H71() defined by
Bi(u,w) = (u- V)w,
and K : V; — V/ defined by
Ku=—V-[2M(le(u)]*)e(u)].
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Definition 1.1. Let f € L*(r,T; H), g € L*(7,T; L*(Q)), u, € H and w, € L*(Q).
A weak solution of problem (|1.1)-(1.2) is a pair of functions (u,w) such that for
each T > T,

ue L>®(r,T; H) N L*(7,T; Va),
w € L>®(r,T; L*(Q)) N L*(1,T; Hy (Q)),
with o' € L¥3(r,T;V]) and w' € L?(7,T; H-*(Q)) such that u(z,7) = u, (),
w(z,T) = w,(z) and satisfying the following identities for all p € V; and ¢ € H}(Q),
%(u(t% @) + (v + vr)a(u(t), ) + (Ku, ¢) + (B(u(t), u(t)), ¢)
= 2v,(rot w(t), ) + (f(t), )

(1.6)

and

%(W(t), ¢) +vi(Vw(t), Vo) + (Bi(u(t), w(t)), ) + 4vr(w(t), ¢)
= 2vp(votu(t), d) + (9(t), ¢)

in the sense of scalar distributions on (7, 00).

(1.7)

System was investigated in [I] on a bounded smooth domain of R?, the
authors proved the existence of weak solution for d < 3 and uniqueness for d =
2 under these same conditions in M; namely, the authors proved the existence
and uniqueness of solution of problem — in the sense of Definition
Moreover, for each ¢t > 7 the map (u,,w;) — (u(t),w(t)) is continuous as a map
defined in H x L?(Q).

Now we recall the definition of nonlinear evolution process (or non-autonomous
dynamical systems) and pullback attractors, for more details we refer the reader to
[l [0, [16] and references therein.

Definition 1.2. An evolution process in a Banach space X is a family of continuous
maps {S(t,7) : t > 7 € R} from X into itself with the following properties:
(i) S(t,t)x ==z, forall t e R and z € X
(ii) S(t,7) = S(t,$)S(s,7), forallt = s > 7;
(iii) (¢,7)+— S(t,7)x is continuous for t > 7, z € X.

Let D be a nonempty class of parameterised sets D = {D(t) : t € R} € P(X),
where P(X) denotes the family of all nonempty subsets of X.

Definition 1.3. An evolution process {S(t,7) : t > 7 € R} in a Banach space X
is said to be pullback D-asymptotically compact if for any t € R, any D € D, and
any sequences 7, — —oo and x,, € D(7,) the set {S(¢, 7,) Ty }nen 1S precompact in
X.

Definition 1.4. Let {S(¢,7) : t > 7 € R} be an evolution process in a Banach
space X. The family B is pullback D-absorbing for the process {S(¢,7) : t > 7 € R}
if for any ¢t € R and any D € D, there exists a 79(B,t) < ¢ such that

S(t,7)D(r) C B(t) for any T < 70(B,1).

Observe that in the above definition the set B does not necessarily belong to the
class D. In the sequel we introduce the concept of pullback D-attractor.
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Definition 1.5. Let {S(t,7) : t > 7 € R} be an evolution process in a Banach
space X. A family A = {A(t) : t € R} C P(X) of subsets of X is said to be the
pullback D-attractor for the evolution process {S(t,7) : t > 7 € R} if the following
conditions are satisfied

(i) A(t) is compact for all ¢t € R;

(ii) A invariant, i.e., S(t,7)A(7) = A(t) for all t > 7;
(iii) A pullback D-attracting, i.e.,

lim dist(S(¢,7)D(r), A(t)) =0, forall D€ D andteR.

(iv) A is minimal in the sense that if C = {C(t) : t € R} C P(X) is a family of
closed sets which is pullback D-attracting, then A(t) C C(t) for all t € R.

Theorem 1.6. Let {S(t,7) : t > 7 € R} be an evolution process in a Banach space
X. Suppose that the process {S(t,7) : t > 7 € R} is pullback D-asymptotically
compact and that B € D is a family pullback D-absorbing. Then {S(t,7) 1t > T €
R} has a unique pullback D-attractor A given by

A(t) = A(B,t) = Ny<iUr <sS(t, 7) B(7).

Let us investigate the existence of pullback attractor for the problem ([1.1))-(|1.2).
For this, let us consider the class of all families tempered in H = H x L?(Q),
equipped with the usual norm, as the attraction universe D, i.e.,

D={D:D={D(t):t€R}, lim | D(r)[|=0, Ve >0},

where ||D(7)|| := sup(, v)ep(r) I(w; v)[l3 for 7 € R. The main result of the paper
is as follows.

Theorem 1.7. Let H = H x L?(Q) equipped with the usual norm. Assume that

t
/ e (| f(s)]* + |g(s)[*)ds < 00, for allt € R,

— 00
where ay > 0 is constant. Then

(i) The evolution process/\genemted by problem — POSSESSES G UNIqUE
pullback D-attractor A = {A(t) : t € R} in H;

(ii) For each v, € [0,1], the family of pullback D-attractor A, = {A, (t) :
t € R} in H is upper semicontinuity at v, = 0 in the sense of Hausdorff
semidistance in H, that is, for each t € R,

lim dist(A,, (t),Ag(t)) := lim su inf ||z — =0.
Jim, Ay, (1) Ao(0) = Jim s int eyl

This article is organized as follows. In Section [2| we prove the existence of pull-
back attractor for the evolution process generated by the problem - in
H. In section [3] we prove that the family of pullback attractors indexed by v, con-
verge upper semicontinuously to the pullback attractor associated with —

as v, — 0.
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2. EXISTENCE OF PULLBACK ATTRACTOR

In this section we prove the Theorem i) via Theorem

Lemma 2.1. For eacht € R and D € D, there exists TO(ZA),t) < t such that the
solution (u,w) of the problem (L.1)-(1.2)) satisfy the following estimate

t

ult, )+ e ) € by [ IR + g ds

= Ry (t) < 0.

uniformly in (u;,w,) € D(t) and 7 < 7o(D,t), where ay and oz are positive
constants.

Proof. From (1.6)) and m with ¢ = u and ¥ = w we see that

2 2 2 _
2dt|u| + (v ||ull —|—2”21/ M(le(u |e”( )|° dz = 2v,.(rot w, u) + (f, u),

and
1d
2.dt
By Schwarz’s inequality, we also deduce that

—|w|* + vi||Jw|)? + 4v,|w|* = 2v, (rot u, w) + (g, w). (2.3)

2v, (rot w, u) = 2v,.(w, ot u) < 2ur|w|2 + %“UHQ
and using Korn’s inequality (see e.g. [I7]) and (| we have
[ MOe@P)ies P do > e [ fe)tde > ek lulfyaye 24)
and by Poincaré inequality
1
(fsu) < |fllul < —=]lulllf]
VA1

where A; > 0 is the first eigenvalue of the Stokes operator A. Thus, from (2.2)),
(2.4) and (2.5) we obtain that

d 1
Sl vl + der K Julltys oy < dvelwl® + VTllf|2~ (2.6)

v 1
< = lul]? + ——1f|? )

On other hand, we have
2vp(rot u, w) < 2vp||ul||w| < 21/,«|’LU‘2 Yr ||u||2

and again by Poincaré inequality

1 141 2 1 2
< S 0= Sy 5o 1917
(9:w) < lgllul < =gl < Sl + 5ol

where A > 0 denotes the first eigenvalues of the negative Laplacian operator —A in
L?(Q) with domain D(—A) = H?(Q) N H}(Q).
Using above estimates in ([2.3)) we also deduce that

1o
—~1g|?. 2.
Vl/\\9| (2.7)

2w+ nllwl® + v fwl* < veflul” +



6 G. M. ARAUJO, M. A. F. ARAUJO, F. D. M. BEZERRA, M. M. FREITAS EJDE-2018/23

From ([2.6) and (2.7) we obtain that
d 1

(el [wl?) vl 4 v flwl|* 4 dea K3 flull g aape < |f|2 1A|9|2' (2.8)

Settmg
ag =min{v, 11}, az =agmin(A;,\), a3 =ma ( L ) (2.9)
=mi = =max (—, — . .
1 s V1S 2 1 1 ) 3 V)\1’ Vl)\

Then from ([2.8) we have

d
—(ul? + [wl?) + ar([ull® + wll®) + der K Julltwr.aape < as(f1” + lg), (2:10)

and by Poincaré inequality

d
dt(‘uﬁ + [w]?) + az(uf® + [w]?) < az(|f1* + |gf*)- (2.11)
Now multiplying (2.11)) by e*2t, we get
d
dt {e® (Jul® + [w]*)} < aze®='(|f(t)]* + lg()) (2.12)

Integrating (2.12) from 7 to ¢, we obtain

lu(t, T, uT)\2 + |w(t, T, wT)|2
t

< e D (fur |+ ) + as/ =2 UTI(f(s)* + Lg(s)[?) ds

r
t

< e (Jug 2 + ) + as/ e~ 2U=(|f(5)” + lg(s)[?) ds.

— 00

Since (ur,w,) € D(7) and D € D it follows that there exists a 7o(D,t) < ¢ such
that
¢

ult, 7w )| + Jw(t, 7 owe )P < 1+ a3/ e U f(s)? + 1g(s)|?) ds,

— 00

for all 7 < 1 (ﬁ, t). The proof is complete. O

Lemma 2.2. For eacht € R and D € D, there exists 70(15, t) <t given by Lemma
such that the solution (u,w) of the problem (1.1)-(1.2]) satisfy the estimate

t+1
/t (lu() 1 + llw()I* + luls)[twr.))2) ds < Ra(t) < oo (2.13)

uniformly in (ur,w,) € D(T) and 7 < To(ﬁ,t), where Ry(t) is given by (2.14)).

Proof. Integrating (2.10)) from 7 to ¢, we see that

t+1 t+1
m[ mwﬂﬁﬂm@WM&wqm/‘nwwmmmw@

< (Ju®)? + () +%/ () + lg(s)]?) ds

t+1
< (P + [w@P) +as [ e I(f(6)E +lg(o)) ds.

o
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Taking ¢ = min(ay,4c; Kj), applying the Lemma we get that for any 7 <
TO(D7t)a

t+1
/ (lu()I1? + llw(S)I1” + [lu(s) [ (wragay2) ds < Ra(t),
t
where

1 N . ,
Ra(t) = ;{1+2a3/ eI (f(s)P + lgs)P) dsy. (2.14)

—00

The proof is complete. O

Lemma 2.3. For anyt € R and De D, there exists To(ﬁ t) <t given by Lemma
such that the solution (u,w) of the problem (1.1] . satisfy the estimate

lut, 7, ur)I* + [lw(t, 7, wT)H2 < Ry(t) < oo.
uniformly in (u,,w;) € D(7) and T < 70(D, t).
Proof. Using du as a test function in ((1.6) we get
V+v,
B + L L 2 4 Z / i (e(u))es; (Pru)da

3,j=1

(2.15)
= — Z /uz Og, uj)0vuj dx + 2vy (rot w, Opu) + (f, Opu).
7,7=1
where 7;; is a tensor given by 7;;(e) = 2M ([e|?)e;;.
Using the definition of the potential
lef?
D(e) = M(t) dt, (2.16)
0
tt follows that
d
— [ ®(e(u))dx = / Ti;(e(uw))ei; (Oyu) du. (2.17)
Using Young’s inequality we have
1
2u,.(rot w, du) < 4v2|lw|* + 1|(9tu|27
and
1
(f, 0u) < |f* + Z\Otu|2. (2.18)
By (18), [17) and (Z18) we get
1 d v+,
o+ 5 (5P + [ ae(w) o)
(2.19)

=S / o110, 10 | i+ 402 ]2 + |21

i,j=1
Note that

S [ Inloncuas e < ol + 1o

3,j=1
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By embedding W4(Q2) — L>°() for ¢ > 2, there exists ¢ > 0 such that

Z/\uzllaxfugl\atujldz cllull w2 lull® + IatUI2 (2.20)

1,7=1

and from and ([2.20) it follows that
1 d -
1100+ 5 (Nl + [ (et do)
< cllullfwaay lull® + 407wl + |17
By Korn’s inequality, (1.4) and (2.16)) we have
/ O(e(u))dx > cl/ le(uw)|? dz > c1 K2 ||ul)?. (2.22)
Q Q

(2.21)

Thus,

V+ vy
Jul” < & ( \HF / @(e(w) d). (223)
where kg = C% Employing (2.23) in we obtain
182

d v
gﬂ”g”nw?+4¢@w»M)
v+ v,
@MWWWA——MFLQWMQMMMMW?
If we denote

V—I—VT
y(t) = 20 )2 1 / Dle(u) dr, () = chollulPyns e,

h(t) = v |lw]® + [ fI%,

(2.24)

then

W < g(opte) + ) (2.25)

Using (|1.4) we obtain
ewl?
B(e(n)) < cQ/ (14 VD)2 dt
0

le(w)|
< 2c2/ (1+t)3dt
0

C2
= S+’ =1
c
<201+ Je(w)))".
Integrating the above estimate over €2, we have

e + le(uw)])* da
/Q(l + le(w)[*) da (2.26)

c2ki
2
C2 kl
2
where || is the Lebesgue measure of the set Q.

<

02k‘1
< 19 + = llull w42
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By Lemma [2.2] and (2.26) we have
t+1
1
/ y(s)ds < 5[(1/ + Uy + cok1)Ra(t) + c2k1|Q]] = &5(t) < o0,
t

for all 7 < 70(D, t),
1/2

t41 t41
/ g(s)ds < ckq (/ \|u||?W1,4(Q))2 d8> < cko/Ra(t) = &1(t) <
t t

for all 7 < To(ﬁ,t), and

t+1 t+1
/ h(s)ds < 4> Ry (t) —|—/ |f(s)|*ds
t ¢

t+1
< 41/3R2(t) Jr/ efq?<t*8)|f(s)\2 ds = &(t) < oo,

— 00

for all 7 < To(ﬁ,t).

o,

From uniform Gronwall Lemma and the above considerations we conclude that

v+ v,

2
< (&(1) + &(1) 8D < 0o, for all T < 79(D, t).
Since, by ([2.22]) we have

Hu(t+1)||2+/Q<I>(e(u(t+l)))da:

lul® < ko /Q B(e(u)) de,

by (2.27)) we conclude that
lult + 1,7 u7) [ < ko (&3(t) + &a(8)) €5 = R(t) < oo,
for all 7 < To(ﬁ,t).
Now, let us use d;w as a test function in (1.7]), we obtain
141 d

d
2 2
=z 2w —
5 t||wH + 2v, t|w|

2
=— Z / ;0 wOw dx + 2v,(rot u, dyw) + (g, Orw).
Q

ij=1

|Oyw]? +

By Young’s inequality we have

1
2u,.(rot u, dpw) < 4v2||ul|* + Z|5tw|2,

1
(gvatw) < |g‘2 + Z|atw|27

2
1
> [ sl ol o <l ayellol? + 1000

ij=1
1
< cllullfwra e llwll® + Z|8tw|2'

Employing (2.30) and (2.31) in (2.29) we have
1 d
Tl + = (Sl + 2v,ful?)
< cllulltw s ellwll® + 42 ul® + (g2

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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4cv,

< cllullfwra e llwll* + —=llulltwr.s ) lw]* + 407 [ull* + |l

vy
2c 121
=l o (% 1l + 20 fwl?) + a2l + gl

Hence

L) < WG + N (),

where
() = Dol + 20wl Gt = 2 ful]? N(t) = 4v7||ul]* + lgI”
B) w r| W[, ™ u (W14(Q))2» || U gl .

By Lemmas [2.1] and 2.2] we have

t41 ~
/ U(s)ds < VIR;@) +2u,.R1(t) = (3(t) < o0, forall 7 < 79(D,t),
t

t+1 % t+1 4 1/2 2%
o6 as < ([ Tuhwooe) < VRl = G0 < o
t t
for all 7 < 70(D, t),
t+1 t+1
/ N(s)ds < 42Ro(t) + / 19(s)[2 ds
t t
41
<Rt + [ glo) P s = Gale) < .
for all 7 < 7o(D, t).
Thus by uniform Gronwall Lemma we deduce that
2 .
ot + 1,7, w2 < == (Gs(1) + Ga(t)) €41 = R(t) < 00 (2.32)
1
for all 7 < 70(D, t); by (2.28) and (2.32) we conclude the proof. O

Let us finally verify that the evolution process is pullback D-asymptotically com-
pact in H to conclude the proof of the Theorem u(l)

Theorem [1.7(i). Let {S(t,7) : t > 7 € R} be the evolution process generated by
the problem (1.1)-(1.2) in H, and let B = {B(¢) : t € R} and K = {K(t) : t € R}
be families of sets given by

B(t) = {(u,v) € H = [u’ + [v]* < Ry (1)},

K(t) = {(u,v) € K+ |uf* + [v]* < Rs(t)}

where Rj(t) is given by Lemma and R3(t) is given by Lemma By Lemma
B € D is pullback D-absorbing for {S(t,7) : t > 7 € R} in H and Lemma
it follows that K is pullback D-absorbing for {S(t,7) : t > 7 € R} in V =
V x H(S), equipped with the usual norm, and {S(¢t,7) : t > 7 € R} is pullback
D-asymptotically compact in H, thus the proof is complete by Theorem ([

Remark 2.4. In face of previous results and following the same arguments of [22] it
is possible establish that there exists a unique family of Borel invariant probability
measures on the pullback attractor.
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3. UPPER SEMICONTINUITY OF PULLBACK ATTRACTORS

In this section, we investigate the upper semicontinuity of pullback attractors
as v, — 0. To indicate the dependence of solutions on v,., we write the solution
of problem (L.I)-(L.2) as (w,,w,,) and the corresponding evolution process as
{8, (t,7):t > 7 € R}. Thus (u,,,w,,) satisfies

Opuy, — V-1(e(uy,)) + (uy, - Vu,, + Vp =2v,.rotw,, + f(z,t),
reN t>T,
V-ou, =0, z€Q, t>rT, (3.1)
Oywy,, — v1Aw,, + (uy, - V)w,, + 4v,w,,. = 2v,rotu,, + g(z,t),
reQ t>T,
with the corresponding initial-boundary condition
Uy, (¢, 7) = ur(x), wy, (z,7) =w,(x), z€Q,
Uy, (z,t) =0, wy, (z,t) =0, €, t=>T.
For v, = 0 the problem — reduces to
Ou —V - {2(v+ M(le(w)*)} + (u-V)u+Vp = f(x,t), z€Q, t>T
V-u=0, x€Q,t>r, (3.3)
ow — 1 Aw + (u-Viw = g(z,t), z€Q, t>r,

(3.2)

with corresponding initial-boundary condition
w(z, 7) =ur(x), wlx,7)=w(x), =z,
u(z,t) =0, w(x,t)=0, =z, (3.4)
=T
Throughout this section, we assume v, € [0, 1]. It follows from previous sections
that for each v, > 0 the process {S,, (¢,7):t > 7 € R} has a pullback D-attractor
Ay, ={A, (t):t € R} in H. Tt is clear that problem ({3.3)-(3.4) generates a process
{So(t,7) : t > 7 € R} and possesses a unique pullback D-attractor Ag = {Ag(t) :
t € R} in H.
In the this part we assume that there exist a constant C' > 0 time independent,
such that ,
[P sy ds < €. vieR (3.5)
— 00
Proof of Theorem [1.7](ii). By [0, Proposition 1.20] it is suffices to prove that:
(i) There exist 6 > 0 and ¢y € R such that

Uy, (0,6) Us<to A, (5)

is bounded.
(ii) For any t € R, T > 0 and all bounded set B C H,
lim sup ISy, (t, )z — So(t, T)z||x = 0. (3.6)

vr—=0 re[T—t,1],2€B

To prove (i), consider the t-dependent term involved in Ry () given by (2.1). Using

(3.5) we obtain that
Ri(t) <1+ a3C :=R.
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Thus, the family By = {By(t) : t € R} of sets given by By(t) = B(0, R) is pullback
D-absorbing for {S(t,7) : t > 7 € R} in H. In particular, we have that By € D.
By the invariance of A, = {A, (t):t € R}, for any t € R and v, € [0,1] we have
A, (t) € B(0, R), we conclude (i).

To prove (ii), for any z € B and t > 7, we write U,, = u,, —u and W,, = w,, —w,
then

U, — (v +v)AU,, — v Au+ Ku,,, — Ku + (uy, - V)u,, — (u-V)u

= 2v,rotw,,,
W, — AW, =2u.rotu,, —4v,w,, + (u-V)w — (u,, - Viw,,,
v-U, =0.
Hence, we obtain
1d 9 9
ialUuJ + @+ )| U, |17 + (Kuy, — Ku, Uy,)
= 2v,(rotw,,,U,, ) — v.(Vu,VU, ) — (B(U,,,u),U,.), (3.7)
1d ’
- Wu 2 WV 2
LW+ W |
= 2u,(rotu,, , W, ) — dvp(w,, , W, )+ (B1(Uy,, W,,), w).
We estimate the terms on the right-hand side. Note that
2, (rot wy, , Uy, ) = 2v,(w,, ,rot U, ) < 2vp|w,, |* + %HUZ,T 2
v (Y, VU, )| < Sl + S0, |12,
c v
(B ), U < Sl (U0, + 20,12
8 2
2v,.(rot uy, , Wy, ) = 2vp(uy, ,rot W, ) < “r |, |2 + %HWV 2
181
1 1612
[0 1 W) < A0 |5 IW, | < 0 P 4+ 220, .
Finally, by Holder’s inequality and by following inequality
lElla < el elM?, e € Hg () (3.8)

see e.g. [9], we obtain
(B1(U,, Wo,,), w) < ||Us, [la|Wo, [l|w]l4
elUs, 210, 1MWy, o] o] 2

V1
gIIVVVTH2 + ca|Uy, |[w][| Uy, [[[|w]]

NN N

IN

%1 v
2 W 12+ 10 + efUs, [ [[e]]*.
Using the above estimates in (3.7)) we conclude that

d
(U P+ W0, %) + w0, + 2|0, |

< c(llull? + [wPllwl®)|Us, 2 + cvp(lwy, 2 + [lull) + e (fu, |* + [w,, [*),
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where we have used the fact that (Ku,, — Ku,U,,_ ) > 0. Hence

d
(00 2+ W0, %) S k@) (U, [ + W, 2) + v (2),

where

h(t) = c(lwy, [* + [lull®) + evr (Juw, |* + |w, [?),
k(t) = c(l[ull® + [w]?[[w]®).

Then, by Gronwall’s lemma we have

t
U0 @O + W, (O < v, [ h(s)el 201 s,

and thus .
1S, (8,7)2 — Solt, 1)z < ur/ h(s)elt 9 g,
t—T
for any 7 € [t — T,t] and z € B. Thus the proof is complete. O
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