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EXISTENCE OF SOLUTIONS FOR KIRCHHOFF-TYPE
PROBLEMS VIA THE METHOD OF LOWER AND UPPER
SOLUTIONS

BAOQIANG YAN, DONAL O'REGAN, RAVI P. AGARWAL

ABSTRACT. This article considers elliptic problems of Kirchhoff-type. We give
some new definitions of lower and upper solutions for the problem and establish
the method of lower and upper solutions when the upper and lower solutions
are well ordered, i.e., the lower solution is less than the upper one, and we also
consider the case when the upper and lower solutions have opposite ordering.
In addition we use the relation between the topological degree and strict upper
and lower solutions in both cases and using this we obtain multiplicity results
for nonlinear Kirchhoff-type elliptic problems.

1. INTRODUCTION

In this article, we consider the nonlocal elliptic problem

—a(/Q \Vu(x)\gdac)Au(:v) = f(z,u(z), Vu(z)) — g(z,u(x), Vu(z)), in Q, (L1)

u=0, on J%,
where  C RY is a smooth bounded domain and a € C([0, +0), (0, +00)) with
a(t) nondecreasing on [0, +00) and a(t) > a(0) > 0, V¢ € [0, +00). (1.2)

Problem (|1.1)) is a generalization of the classical stationary Kirchhoff equation

—a /Q [Vu(e)Pdr) Au(z) = f(z,u(x)), in €,
u=0, on 0f,

which was proposed by Kirchhoff as a generalization of the well-known d’Alembert’s
equation

(1.3)

0%u P, E (L ou 9 0%u
oo~ (7 + 3z ), 1aat) gz = 9@
for free vibrations of elastic strings; see [26]. Problem received attention after
the paper by Lions [32], where an abstract framework to the problem was proposed
and variational methods were applied to establish existence and multiplicity of
solutions for problem ; see [3| [7, 14, 22| 23] 25, 28, 29, [30, BT, 33, [34], 35], [38]
and the references therein.
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Note the nonlinearity f — g in contains the gradient term Vu, which makes
problem nonvariational. Thus the variational method cannot be used in a
direct way. It is possible to use other tools to discuss such problems. For example,
Huy and Quan [24] discussed the problem

7M<:c,/9 |Vu(x)\2dx) Apu(z) = Af(z,u(z), Vu(z)) — g(z,u(z), Vu(z), in Q,
u=0, on 0N,

where Apu = div(|Vu[P~2Vu) is the p-Laplacian, A is a real parameter and M :
QxR - RT, £, g: Q xRt xRY — RY are suitable functions and using the
fixed point index, they established existence results for both nondegenerate and
degenerate cases of the function M. The method of lower and upper solutions is
an important tool to establish existence of solutions for nonlinear boundary value
problems; see [4, B 6, 13, 15, 19, 21, 27, B6, B7, 42]. It would be natural to
try to define lower and upper solutions for Kirchhoff-type problems and consider
a corresponding comparison principle. Unfortunately, in [16], [I8], the authors
showed that the Kirchhoff equation does not enjoy the usual comparison principles
(both weak or strong) and the lower and upper solutions method has problems
(and errors in the literature). Therefore it is of interest to obtain the existence of
solutions for the Kirchhoff-type equation via a method of lower and upper solutions.

When f > 0 and g = 0, Alves and Corréa [2] established an existence result for
via the lower and upper approach, by using the theory of pseudomonotone
operators. In [4I], when f — g is independent of Vu, the authors established a
theorem on lower and upper solutions and obtained some existence theorems for
some special nonlinearities f — ¢g. Also some interesting results for the Kirchhoff
equation by the method of lower and upper solution can be found in [T} [8] @ [0} 111
12| 17, B9, 41] when f — g is independent of Vu. Usually in the literature authors
assume that the lower and upper solutions are well ordered, i.e., the lower solution
is less than upper one.

There are two main objectives in this article: (1) from some ideas in [I3] 30,
37, we obtain relations between the topological degree and strict upper and lower
solutions which are well ordered or opposite-ordered; (2) we obtain existence and
multiplicity results for the nonlinear elliptic problem of Kirchhoff-type (1.1).

The article is organized as follows. In Section 2, we list some conditions and give
the definitions of lower and upper solutions. Section 3 is devoted to proving a result
on lower and upper solutions using topological degree with well-ordered lower and
upper solutions. In Section 4, we use topological degree in the case of opposite-
ordered lower and upper solutions. In Section 5, we discuss the multiplicity of
solutions of problem . In section 6, two examples are listed to illustrate the
applications of our theory.

2. PRELIMINARIES

In this section, we list some conditions and give the definitions of lower and
upper solutions for problem (|1.1)). Throughout this paper, we suppose the following
conditions are satisfied:

(H1) f and g € C(Q x R x R, R) with
flz,u,2) >0, gz, u,z)>0V(z,uz) € QxRxRY; (2.1)
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(H2) there exists M > 0 such that
|f (2, u, 2) — gz, u, 2)| < M, Y(z,u,z) €[0,1] x R x RV, (2.2)

For f — g unbounded we can use the method of a priori estimates and replace
condition ([2.2) by conditions of growth or sign types.
Suppose G(z,y) is the Green’s function for —Au(z) = h and u|gq = 0 and set

M _
H(a) = o / V.Clzy)ldy, =@,

ap = a(0), bg:= a( A HQ(a:)dx>. (2.3)

Let
C'(Q) = {u:Q — R: u(x) is continuously differentiable on Q}

with the norm ||ul| = max{||ullo, [|Vullo}, where [Jullo = max, g |u(z)| and [|Vullo =

max, g \/Eil(%)z. Note that C1(Q) is a Banach space.

Definition 2.1. A function a € C?(2) N C1(Q) is a lower solution of (T.1) if

—Aa@)ggj%ua@LVa@»—j%ﬂmamLVa@»,mQ,

0 (2.4)

O‘|aQ <0,

where ag and by are defined by (2.3).
Definition 2.2. A function 3 € C?(Q) N C1(Q) is an upper solution of (1.1)) if

1 .
;Of(xvﬂ(x)vvﬂ(z)) - %g(fb,,@(CC),Vﬂ(l‘)), m Q? (25)
Blog =0,

where ag and by are defined by (2.3).

—AB(z) >

From the ideas in [I3], we give the following definition.

Definition 2.3. Let u,v € C1(Q). We say that u < v if u(x) < v(x) on Q and for
x € 9Q, either u(z) < v(z) or u(z) = v(z) and ¢ > 92

Remark 2.4. The set S = {u € C}(Q) : a < u < (} is open if a < 3.

We say that an open set S C C'(Q) is admissible for the degree (for the compact
map A) if the compact operator A has no fixed point on its boundary 95 and the
set of fixed points of A in S is bounded. In this case, we define

deg(I — A, S,0) = deg(I — A, S N B(0, R),0),

where R is such that every fixed point u of A in S satisfies ||u]| < R. From the
excision property this degree does not depend on R.
Suppose that (H1) and (H2) hold. Then the operators

a:CHQ) = (0,+00) : u s a(/Q [|[Vu(z)| — (|Vu(z)| — H(J;))JF\de)

and

N:CYQ) = C@Q):urs %[f(%u(x),Vu(x)) — g(z,u(z), Vu(z))]
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are well-defined, continuous, and map bounded sets of C'(2) to bounded sets in
C(Q); here (|Vu(z)| — H(x))* = max{0, |Vu(x)| — H(z)}. Then, for fixed \g > 0,
the operator A : C1(Q) — C1(Q)

Au = (A + Xo) 1 (Nu + \ou) (2.6)

is completely continuous.
If u is a fixed point of A defined by (2.6, then

ua) = 715 | Gl ulw). Vuly) =~ o(0.u(0). Tu(w)ldy
Q
and then
1
[Vu(z)| = |- /VmG(x,y)[f(y,U(y),VU(y))*g(y,U(y),VU(y))]dm
a(u) Jo

s%éww@wm
which implies
Mu)za([ﬂﬁhdwlfOVu@MAJ¥@D*F¢O::a(AJVUWN%m)

Therefore,

~a(J, |V11L(x)|2ds) LG(xvy)[f(ya“(y)7VU(y)) - 9(y,uly), Vu(y))ldy,
Q

i.e., u(r) satisfies (1.1]). Consequently, the existence of solutions of (1.1f) is equiva-
lent to the existence of fixed points of the operator A defined in (2.6]).

u(z)

Definition 2.5. A lower solution « of is said to be strict if every solution u
of such that o < wu on () satisfies o < .

In the same way a strict upper solution 5 of is an upper solution such that
every solution v < (3 is such that u < 3.

3. EXISTENCE OF SOLUTIONS TO (|1.1)) WITH WELL ORDERED LOWER AND UPPER
SOLUTIONS

In this section, we assume that (1.1) has a pair of well ordered lower and upper
solutions.

Theorem 3.1. Let Q C RY(N > 1) be a smooth bounded domain. Suppose that
conditions (H1) and (H2) hold. Assume o and 3 are the lower solution and upper
solution of (1.1]) respectively such that

alz) < B(z). (3.1)
Then problem has at least one solution u such that for all x € €,
o) < ulx) < B(a).
If moreover a(z) and B(x) are strict and satisfy o < 3, then
S={uecC'(Q): a<u=<p}
is admissible for the degree (for the map A) and deg(I — A,S,0) =1.
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Proof. Let
f(z,a(x),2), ifu<a(x);
?(J"vu7z) = f(x»uaz)a if a(x) <u< 5(£C),
f(z,B8(x),2), ifu>p=
and

Glou,2) = { gla,w,z), i ae) < u < Ao
g(x, B(x), z), ifu>p(x).
We will study the modified problem

d(lu) [ (z,u, Vu(z)) — g, u, Vu(x))] + Xoy(z, u(z)), e,

—Au+ Aou =

ulaq =0,

where y(z,u) = max{a(z), min{u, B(x)}} and A is as in ([2.6]).

Step 1. Every solution u of (3.2)) satisfies a(z) < u(z) < (z), z € Q.

Clearly, ||[Vu(z)| — (|Vu(z)| — H(x))*|> < H(z)?, which together with the mono-
tonicity of a(t) implies

(3.2)

ag < a(u) < a(/QH(ac)de) = by.

(a) We prove that a(r) < u(r) on Q. By contradiction, if a(x) £ u(x) on
Q, we have max q(a(z) — u(z)) = M > 0. Note that a(z) — u(z) # M on Q
(a(z) —u(z) <0,z € 0Q). If ¢ € Q is such that a(zg) — u(xg) = M, it is easy to
see that a(xo) > u(xo) and Vu(zg) = Va(zg). It follows from (2.4) that

1 1
—A(a(z0) = ulzo)) < 7-F (@0, al0), V(o)) = =9(z0, a(@o), Var(wo))

&(1u) [f(z0, u(xo), Vu(zo)) — g(w0, u(z0), Vu(z))]

+ Ao(u(zo) — (0, u(x0))

= - f(z0, (o), V(o)) - »
0

L F(ao, ulzo), V(o))

(u

Q

1
(u

- aiog@o,a(xo),wxo)) + 2y (o0 u(wo), Vu(wo))

Q

+ Xo(u(wo) — a(zo))
< %[f(xo, a(x0), Va(zo)) — [0, al0), Va(xo)))

+ aio[gu, a(z0), Va(zo)) — g0, a(z0), V(o))

+ Xo(u(zo) — a(xp)) < 0.

This is a contradiction because zg is a maximum point.
(b) Now we prove that S(xz) > wu(xz) on 2. By contradiction, assume that
min_ 5 (8(x)—u(z)) = —m < 0. Note that S(z)—u(x) # —m on Q (B(z)—u(z) > 0,
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x € 00). If zg € Q is such that S(xg) — u(xg) = —m < 0, it is easy to see that
B(xo) < u(xo) and Vu(zg) = VB(xg). It follows from (2.5) that

_A(Blao) — ulxo)) > a—lof(xo,mﬂcox VB(z0)) - %g(ﬂ?o, B(z0), V(o))
o T, u(a0). Vawo)) = (w0, u(wo). V(o))
+ Xo(u(zo) — v(xo, u(o))

= a—lof(xo,ﬂ(xo)v VB(w)) —

s}

—_

f(@o,u(x0), Vu(xo))

a

—~

0
— 2o, Bx0), VB(zo)) + =
0

+ No(u(zo) — B(xo))
> aiomxo,/s(xo), VB(x0)) — f(zo, Bl), VB(z0))]

=N}

(u)y(x()? u(iﬂo), VU({E()))

+ %[g@, B(z0), V(o)) — g(zo, Blxo), VA(x0))]

+ Xo(u(zo) — B(zg)) > 0.
This is a contradiction because xg is a minimum point. B
Combining (a) and (b), we have a(z) < u(z) < f(x), x € Q.

Step 2. Every solution of (3.2)) is a solution of (1.1).
Every solution of (3.2) satisfies a(z) < u(x) < B(z), z € Q. From the definitions

of f and g, we have
?(x,u(x), VU(Z‘)) = f(xvu(x)’ Vu(x)),
§(1’, u(x), VU(‘T)) = g(:z:, u(x), Vu(x)),

V(@) < o [ V.Gl ldy = Hiz), ze9
0 JQ
and so
itw) = o [ 190 = (Vu(o) = Ha)* Fdz) = o [ [Vua)z).

Thus, u is a solution of (L.1J).

Step 3. Equation (3.2) has at least one solution.
From (2.2)) and the construction of f and g, for every u € C1(Q2), we have

|$mx,u<x>, Vu(z)) - g, u(@), Va(@))] + oz, u(@))]
< aiOM+ Nolllallo + 18l0), vz € Q.

Define operators

N:CHQ) = C(Q) :urs L
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Note A is completely continuous and there exists a Ko > 0 big enough such that
for all v € A(C(€2)), we have

[[v]| < Ko. (3.3)
Let K = Ko+ 1 and

S ={ue Cl(ﬁ) s lu(@)|lo < K}
Now S is a open set in C1(Q) and (3.3 implies
A(Sl) g Sla
so deg(I — A, 81,0) = 1. Therefore there exists a u € S; such that u = Au.
Now Step 1 and Step 2 yield

()<5()
/|Vu |d9c x € £

so u(z) is a solution to .
Step 4. If a(z) and 5(3@) are strict lower solution and upper solution, we show
deg(I — A,S,0) = 1.

Since a(x) and B(z) are strict lower solution and upper solution, A has no fixed
point on 95 and so deg(I — A, S,0) is well defined. On the other hand, by step 1,
if u € S; is a fixed point in A, we have

a(z) <u(z) < B(z),
and u(z) is solution of (L.1). Since a(x) and B(x) are strict lower solution and

upper solution, one has o« < u < 3. Therefore, A has no fixed point in S; — S,
which implies that

deg(I — A, S1,0) = deg(I — A,S,0) = 1.

Set H(t,u) := u—(tAu+(1—t)Au), (t,u) € [0,1] x S. We show that H(t,u) # 0,
for all (t,u) € [0,1] x 8S. Suppose there is a (tg,up) € [0,1] x OS such that
H(tg,ug) = 0. Since ug € 95, we have

a(z) <up(z) < B(z)
and then y(ug(z)) = uo(x) for all x € Q, and

—Aug(z) = tOﬁ[f(% uo(z), Vuo(2)) — g(z, uo(x), Vuo(z))]
(1= 1)z (7o 10 (0). Vi) = 5l upfe). V(@) € 5
ug |0, = 0.
Hence,
[Vuo(z)] < 2—2/9 VoG (@, y)|f (y, uo(y), Vuo(y)) — g(y, uo(y), Vuo(y))|dy
+ 1 [ VLGl )00l Tao(w) = 5.0l Tuo )|y

M
s—/wwmmm
ap Jo
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which implies
(uo) = a(/ |Vu0(x)|2dm), zeQ.
Q

Then ug(x) satisfies

—a( [ 1Vun(a) ) Auole) = @, uo(a). Vuo(o) = . uo(a), Vun(e), @ € 5
ug =0, on 0.

Since a and [ are strict lower and upper solutions, one has a < ug < [ which
contradicts ug € 0S. By the homotopy of topological degree we have

deg(I — A, S,0) = deg(I — A, S,0) = 1.
The proof is complete. O

4. EXISTENCE OF SOLUTIONS TO (|1.1)) WITH OPPOSITE-ORDERED UPPER AND
LOWER SOLUTIONS

In this section, we suppose that (1.1]) has upper and lower solutions with opposite
order.

Theorem 4.1. Let Q C RY(N > 1) be a smooth bounded domain. Suppose that
the conditions (H1) and (H2) hold and «, 8 are lower solution and upper solution

of respectively. If
a, B are strict and satisfy B < a, (4.1)
then deg(I — A, So2,0) = —1, where
Sy ={uecC Q) : |lullo < B,3r, € Q such that B(z.,) < u(r,) < a(z,)}

with B > ||lo + || B]lo + % Jo |G(z,y)|dy + 1, i.e. problem (LI) has at least one
solution in Ss.

Proof. Let
flz,u,z) — M, ifu>B+1;
fla,u,2) =< f(z,u,2) — (y — B)M, if B<u< B+ 1;
flzyu, 2), ifu<B
and
g(z,u,z) — M, ifu<—-B-—1;
glz,u,2) =< g(z,u,2) — (y+ B)M, if —B<u<-B-1;
g9(z,u, 2), if u>—B.

From the construction of f and g, we have
If (2, u, 2) — Gz, u, 2)| <2M, Y(z,u,z) € Ax R xRV,
Set

a(t) = {a(t), t € [0,t0];

a(to), t> to,
where to = [, H?(x)dx; here H(z) is defined as in (2.3).
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Now we consider the modified problem

fz,u, Vu(z)) — gz, u, Vu(z))

—Au = — , xT€Q,
a( [, |Vu(z)|?dx) (4.2)
u|8Q =0.
Let @(r) = —B — 1 and B3(x) = B+ 1. Clearly, @ < 8, a < 8.
First, if u is a solution of , we have
()| = | Jo G, y)(f (y, u(y), Vuly)) — gy, uly), Vu(y)))dy|
a( fo [Vu(2)?dx)
2M
< —/ |Gz, y)|dy < B,
ao Jo
which implies that
if u is a solution of (4.2), then |jufo < B (4.3)
and so @(z) < u(z) and u(z) < B(z) for all z € Q. Clearly,
—AB(z) =0, —Aa(z)=0 (4.4)
and for all x in €,
1- 1_
@0 0 (4.5)

1-—
%f(xv a(x), VO[(CC))

Combining (4.4) and (4.5)), we have
1- 1
—Aa(z) < b—f(a:,&(x), Va(z)) — —g(z,a(x), Va(z)), =z €Q,
0

— —g(z,a,Va(x)) > 0.
ao

ao
a|aQ <0,
and
~AB(@) > aioﬂx, B(z), VB(z)) - %m, B(x), VB()), zeq,

B‘ag >0,

which guarantees that @(z) and B(z) are lower solution and upper solution of
problem . From the construction of f and g, it is easy to see that o and 3 are
strict upper solution and lower solution of problem also.

From the boundedness of f and g, the operator

[z u(@), Vu(@)) — gz, u(z), Vu(z))
a( [ |Vu(z)|?dz)

is well-defined, continuous, and maps || - [|o-bounded sets of C1(Q) to bounded sets
in C(Q). Then, for fixed A\g > 0 in (2.6), the operator A* : C1(Q) — C1(Q)

Ay = (—A + /\0)71(N*U + /\QU)

is completely continuous and a fixed point of A* is a solution of (4.2]).
Let

N*:CHQ) = C(Q) :urs

Ss={uecC'(Q): a<u=<pl,
S4={U€S3ZO(-<U}, S5={u653:u<5}.
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From the proof of Theorem [3.1] we have
deg(l — A*,53,0) =1, deg(I — A*,54,0)=1, deg(l— A*,S5,0)=1.
The additivity of topological degree implies that
deg(! — A*,S3 — Sy U S5,0)
= deg(I — A*,S5,0) — deg(I — A*,S4,0) — deg(I — A*,S5,0) = —1.
It is easy to see that
S3—S,USs ={u€ S3:3r, € 0:B(zy) < ulzy) < afwy)}.

From (4.3)), A* has no fixed point in S3 — Sy U S5 — So. The excision property of
topological degree guarantees that

deg(I — A*, Sg - S4 @] 55, O) = deg(I - A*, SQ,O) =—1.
From the definitions of A and A*, we have A*u = Au for all v € Sy. Then
deg(I—A, Ss,0) = —1, which guarantees that problem ([1.1]) has at least one solution
in Ss. The proof is complete. ([l
5. MULTIPLICITY RESULTS

In this section, using Theorems[3.1]and [£.1] we obtain several multiplicity results

for problem (L.1)).

Theorem 5.1. Let (H1) and (H2) hold and let oy, as, ag be strict lower, upper,
and lower solutions of (1.1) with

a1 < ag < os. (5.1)
Then has at least two different solutions u, v satisfying o < u < as and
as(zy) < v(zy) < ag(zy), for ax, € Q.
Proof. Let
S ={uecC(): a1 <u<ay},
Sy ={ueCYQ): |jullo < B,3z, such that as(zy,) < u(zy) < az(z.)},

where 011
B> flaallo + fasllo + 2 / G (e, y)\dy.
ap Jo

Now , Theorems and guarantee that
deg(l — A,51,0) =1, deg(l — A, S2,0)=—1,
which implies that has at least two solution u and v with a1 < u < asy
as(xy) < v(zy) < ag(zy), for a z, € Q.
The proof is complete. (]

Theorem 5.2. Let conditions (H1) and (H2) hold and let oy, s, az be strict
upper, lower, upper solutions of (1.1)) with

o] < g < Q3. (52)
Then (1.1) has at least two different solutions u, v satisfying as < v < as and

o1 (zy) < u(xy) < az(zy), for an x, € Q.
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From condition (5.2)) and Theorems [3.1] and the argument of the proof for
Theorem [5.2] is the same as that in Theorem so we omit the proof.

Theorem 5.3. Let conditions (H1) and (H2) hold and let oy, as, as, ay be strict
lower, upper, lower and upper solutions of (L.1)) with

o1 <y < g < oy (5.3)
Then has at least three different solutions u, v, w satisfying
a1 <u < ag, az3=<v<ay,
Tz such that ao(xy) < W(Ty) < ag(Ty)-
Proof. Let
S={uecC'(Q): a; <u<ay},
S ={uelC'(Q): a <u=<a},
So={uecC'(): az <u=<a}.
Now and Theorem [3.1] guarantee that
deg(I — A,S5,0) =1, deg({ —A,S51,0)=1, deg(I—A,5,0)=1. (5.4)
From the additivity of topological degree, we have
deg(I — A, S,0) = deg(I — A, S1,0) +deg(I — A, So,0) +deg(I — A, I —(S1USs),0),
which together implies that
deg(I — A, T — S US5,0) = —1. (5.5)

From (5.4)-(5.5)), (L.1) has at least three different solutions u, v, w satisfying oy <
u < g, ag<v=<aqand Jz,such that as(z,) < w(zy) < as(z,). The proof is
complete. ([l

6. EXAMPLES
In this section, we give two examples to illustrate the theory.
Example 6.1. We consider the problem
1
—(1 + / \Vu|2da:) Au =sin®u 4+ 1 4 = cos*(|Vul?) —sin*u, z € Q,
Q 2 (6.1)
u(z) =0, x €N,

where ) is a bounded open domain with smooth boundary. We conclude that (6.1
has at least one positive solution.

Proof. The proof is divided into three steps.
Step 1. We show that (L.2)), (H1) and (H2) hold.
Set a(t) := 1+t for t € [0,400); f(z,u,z) :=sin*u+ 1+ 1 cos*(|z|?), g(z,u,z) :=
sin u for (z,u,2) € Q x R x RV, We have

(1) f and g € C(Q x R x RV R) with

flz,u,2) >0, g(z,u,2) >0, Y(z,u,z)€ QxR xRY;
(2) with M = % >0,
|f(x,u,2) — g(x,u, 2)] < M,Y(x,u,2) € 2 x R x RY;
B)at)=14+t>1=ag>0fort>0.
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Step 2. We construct a strict upper solution as in Definitions [2:2] and 2.5
Set B(x) := 8e(x), where e(x) is the unique positive solution of the problem

“Au=1, =z€Q,

u(z) =0, z €. (6.2)

Suppose G(z,y) is the Green’s function for —Au(z) = h and ulgq = 0 and set

7

H@) = [ V.Glayldy = [ V.Gl yldy. o€,
o Jq Q

bp =1+ (/QHQ(x)d:C)

From
 fl, B(e), VB()) — -9l 5(a), VA@) < 2 <8, z€Q
0 0
and
—AB(x) =8, xz€, (6.3)
with we have
1 1
—Ap(x) > ;Of(x,ﬁ(x),vﬂ(w)) - %g(w,ﬂ(f)vvﬂ(ﬂf)), T €, (6.4)

ﬂ’agzo’

which implies that § is an upper solution of problem (6.1)) as in Definition
Now we claim that 8 works for Definition that is, if u(x) is a solution of
problem (6.1)) with v < 8, we have u < 5. In fact, since u is a solution of problem

(6.1), we have

1 1
—Au

- Wf(%u(x)vv(x)) - 1_i_fﬂ|Wg(av,u(m),Vu(ars))

5
§§<8, .IEQ,

which together with yields
—A(B(z) —u(z)) >0, ze€Q p[x)—ulx)=0, zecodf.

The strong maximum theorem guarantees that

B(x) —u(x) >0, VaeQ.

Now, for given x € 0f, one has
B() — ulw) = 0,

Bly) —uly) >0 VyeQ,

—AB-u)(y) >0, yeL
The Hopf Lemma guarantees that

9(B —u) 9B(x) _ Ou(x)

on |$ Y T S Ton

Consequently, u < 8, which together with (6.4) implies that 8 is a strict upper
solution of problem (6.1).

<0, Va € o9 (6.5)
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Step 3. We construct a strict lower solution as in Definitions [2.1] and 2.5
Suppose that ¢1(x), with |1 = 1, is the eigenfunction corresponding to the
principle eigenvalue A; of the problem

—Au=Au, x €,
u(z) =0, z €.
Let ¢/ < 1/A1. Then
—AB(z) —'p1(x) =8—e'X\1 >0, 2€Q; B(z)—¢cpi(z)=0, xe€d.
The strong maximum theorem implies that
B(z) —€'p1(x) >0, Vre.
A similar argument to that in proving shows that
0B (x) - e’ p1(x)

Q.
o 9 Va € 0
Hence, &'¢7 < B.
Let 0 < g9 < &’ be small enough such that
. 1
250 < mln{m, 1},
1
(280(,01 (x))4 + 60/\1(,01(33) < b7’ Vx € Q, (66)
0
gop1 < B.
Set a(x) := g1 (). From (6.6), we have
1 1
5. f (2, a(2),Va(z)) - —g(z,a(z), Va(z))
0 ao
1, 11, 1
> o (— _—
= sin® a(x) > ™ (Qbo) > oy x €N
and —Aa(z) = eghp1(z), x € Q, which implies
1 1
—Aa(z) < —f(x,a(x), Va(z)) — —g(z,a(x), Va(zx)), in Q,
(0) < - f(w,0(2), Va(e)) - ~g(e.a(s), Va()) o

O‘|aQ =0,

which guarantees that « is a lower solution of problem (6.1)).
Now we claim that « works for Definition that is, if u(x) is a solution of
problem (6.1)) with v > «, we have

a < u. (6.8)

We prove that u(z) > a(z) for all z € Q. Arguing by contradiction, we suppose
that there exists an 2’ € Q such that u(z’) = a(z’). Since u(x) — a(x) is continuous
at a’, there exists an r > 0 small enough such that a(z) < u(z) < a(x) + gop1(x)
for all z € B(2/,r) C Q. From (6.6, we have
1

_A - -
u(x) 1+ [, |[VuPdz

(1 + sin® u(z) 4 cos*(|Vul?)) sin? u(x)

T+ [, [VulPda
1

> (2e0¢1 (2))*
0

> eop1(z), x € B(2',r),
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and then
—A(u(z) —ax)) >0, z2€Q, (ulx)-— a(x))’zeaB(x,’r) > 0.

The strong maximum theorem guarantees that u(z) > «(z) for all z € B(a/,r).
This contradicts u(z’) = a(z’). Thus, a(z) < u(z) for all x € Q. A similar
argument to that in proving shows that
(u— a) | du(x) - Oax)
on = on on ’
Hence, (6.8) holds.
From (6.7)) and , « is a strict lower solution of problem . Consequently,
Theorem [3.1| guarantees that problem has at least one solution between o and
8. The proof is complete. ([

<0, e VY € 0f).

Note that the problem
—u" =1, te(0,1),

u(0) =u(1)=0

has a unique positive solution e(t) = %t(l —t). From [20], the two-point boundary
value problem

(6.9)

4 2
—u" = 5 Wuﬂr ) te (Oa 1)5
2+ 3 (6.10)
u(0) =u(l) =0
has a positive solution ug. Let Ty = 1 + max;¢(o,1] uo(t) and
827”1‘27 |U| < T07
f(u) = ) (6.11)
82712, |ul > Th.

Example 6.2. We consider the problem
—(1 + arctan (/ |Vu|2)dx>u” = f(u), te(0,1),
Q

u(0) = u(l) =0.
We conclude that (6.12]) has at least two positive solutions.

(6.12)

Proof. We present the existence of positive solutions of problem ([6.12)) in four steps.

Step 1. We show that (1.2)), (H1) and (H2) hold.
(1) Let f(t,u,2) = f(u) be defined in (6.11) and g(t,u,z) = 0 for t € (0,1) x
R x R. Now
fltu,2) >0, g(t,u,z)=0,V(t,u,2) €[0,1] x R x R.
(2) With M = 82T > 0,
|f(z,u,2)| < M,¥Y(t,u,z) €0,1] x R x R.
(3) a(t) =1+ arctant > ag = 1 > 0 for ¢t > 0.

Step 2. We construct a strict upper solution as in Definitions and
Choose M; > 82nT¢ + 1 big enough such that ug < Mie, where ug is the positive
solution of problem and e is the unique positive solution of problem .
Set B(x) := Mye(t).
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Suppose that G(t, s) is the Green’s function of problem (6.9). Set

M
1) = o [ (Giltslds =M [ (Gi(es)lds, te (o)

1
by := 1 + arctan (/ H2(t)dt).
0

Obviously by <1+ 7. From

L f(6,8(2), VB()) < 822TF < My, 1€ (0,1)
0

and
- B"(t)=M;, te(0,1), (6.13)
we have
~6"(t) > (6O F(0), tin (0,1)
B(0) = B(1) = 0.

Now we claim that g works for Definition that is, if u(t) is a solution of
problem ([6.12) with v < 3, we show that

u =< S. (6.15)

(6.14)

Since
1

1+ arctan [, |[u/|?dt
which together with (6.13]) yields
—(B(t) —u(t)” >0, te€(0,1); B(0)=u(0)=p8(1)=u(l)=0.
The strong maximum theorem guarantees that 5(t) > u(t) for all ¢ € (0,1).
We now show that

ft,u(t),u'(t) < 827T% < My, x€Q,

B'(0) > u'(0), A'(1) <a(1). (6.16)
Since B(t) > u(t) for t € (0,1), it is easy to see that §'(0) > w/(0) and £'(1) < u/(1).
If 5'(0) = v/(0), we have

(B(t) — u(t)) = / (B(s) — u(s))"ds < 0, ¥t e (0,1),

which implies 8(t) — u(t) is decreasing on [0, 1]. Since 5(0) — u(0) = 0, one has
B(t) —u(t) <0 for all t € (0,1). This contradicts B(¢) — u(t) > 0 for all ¢t € (0,1).
Thus, 8/(0) > «/(0). From a similar argument we get 5'(1) < u/(1). Hence,
holds. Therefore, we have (6.15)).

Now (/6.14) and (6.15)) imply that 3 is a strict upper solution of problem .
Step 3. We construct a strict lower solution as in Definitions and
Set a(t) = ug(t), t € [0,1], where ug is the positive solution obtained in problem

(6.10). Then

—a'(t) = 842%5(” < %f(t,a(t),o/(t)), tin (0,1),

a(0) =a(l) =0.

Now we claim that o works for Definition that is, if u(t) is a solution of problem
(6.12) with u > «, we claim that

(6.17)

a < u. (6.18)
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We only prove that u(t) > a(t) for all ¢t € (0,1). Arguing by contradiction, we
suppose that there exists an ¢y € (0,1) such that u(tg) = a(to), v'(to) = o' (to).
Since u(t) — a(t) is continuous at ¢ = to, there exists a § > 0 such that a(t) <
u(t) < a(t)+1=wuo(t)+1 < Tp for all t € [to, o+ ], where Ty is defined in (6.11)).
Hence

1 2ra?(t
—(u(t) — at)" = - (&mﬁfgﬂég
1 + arctan fo |u/|2dt 2+ 3
82ma(t
> L (somar) - Bm)
241 241

1
=3 g827r(u—|—cv)(u—a)

>0, te(to,to+9).

Then
t

(u(t) — a(t)) = / (u(s) —a(s))’ds <0, te(to,to+9),

to
which contradicts that ¢ is the minimum point of u(t) —a(t). Thus, a(t) < u(t) for
allt € (0,1). A similar argument to that in proving shows that o/(0) < /(0)
and o/(1) > u'(1). Hence, (6.18) holds. From (6.17) and (6.18)), we have that a(t)
is a strict lower solution of problem (6.12)).
Step 4. We construct another strict upper solution of problem as in Defini-
tions 2.2 and 2.5

Choose g9 > 0 small enough such that
o€ < ug, 164meg < 1. (6.19)
Set (t) := epe(t), t € [0,1]. Then

—"(t) = o, (6.20)
1
;f(t,’y(t),’y’(t)) S 82’/T€g,
0
which together with (6.19)) and (6.20]) yields
1 .
_W(t)//(t) > aiof(ta’}/(t)fyl(t))a tin (Oa 1)7
7(0) =~(1) =0.

Now we claim that « works for Definition that is, if u(t) is a solution of
problem (6.12)) with u <+, we have

(6.21)

u <. (6.22)

From ([6.19)), we have
1
1+ arctan [, |v/|?dt

which together with (6.20]) implies
—(y(®) —u(t)” >0, t€(0,1); ~(0)=u(0)=~(1) =u(l) =0.
The strong maximum guarantees that v(¢) > u(t) for all ¢t € (0, 1).

ft,u(t),u' () < 827rsg <eg, te(0,1),
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A similar argument to that in proving (6.16)) shows that
7 (0) >4’ (0), ~'(1) <u/(1).

Hence, (6.22) holds.

Now and imply that () is a strict upper solution of problem (6.12).
Consequently, Theorem guarantees that problem has at least two positive
solutions. The proof is complete. O
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