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PERIODIC ORBITS OF THE SPATIAL ANISOTROPIC KEPLER
PROBLEM WITH ANISOTROPIC PERTURBATIONS

MENGYUAN LI, QIHUAI LIU

ABSTRACT. In this article, we study the periodic orbits of the spatial anisotropic
Kepler problem with anisotropic perturbations on each negative energy sur-
face, where the perturbations are homogeneous functions of arbitrary integer
degree p. By choosing the different ranges of a parameter 5, we show that
there exist at least 6 periodic solutions for p > 1, while there exist at least 2
periodic solutions for p < 1 on each negative energy surface. The proofs of
main results are based on symplectic Delaunay coordinates, residue theorem,
and averaging theory.

1. INTRODUCTION

Celestial mechanics has stimulated the development of many branches of Math-
ematics [12] [14]. The two-body problem or Kepler problem is the basic model of
celestial mechanics, which attracts the vivid interest of many mathematicians who
have studied its classical form with different types of perturbations. The anisotropic
problem arises in many areas, and it studies the motion of particles, where the in-
teraction law is different in each direction of the space. The study of the dynamics
of the planar anisotropic celestial problem mainly includes the anisotropic Manev
problem and the anisotropic Kepler problem with perturbations, see [24], [3T].

The plane anisotropic Kepler problem with perturbations is described by the
Hamiltonian

H=txreyy L P (1.1)

2 N TR TR e
where [ is a constant, p is a integer and € is a small parameter.

The Hamiltonian for 8 = 0 and pu = 1 corresponds to the classical Kepler
problem. In this respect, quite mature work has been done. See for example the
books [B] [38] for a detailed introduction. If 8 # 0 and p = 1, we have the Kepler
problem with perturbations which are symmetric with respect to the origin. Vidal
[46] proved that each circular solution of the unperturbed problem gives rise to a
periodic solution of the perturbed system.
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For 8 =0 and p # 1, the Hamiltonian (1.1]) becomes
1

and we have the anisotropic Kepler problem which comes originally from quantum
mechanics. It has been studied by Gutzwiller to establish a link between quantum
mechanics and classical mechanics, see [211, 20} 22] [24], and these results were later
extensively extended by Devaney [8 [0 [10], Casasayas and Lliber [3]. Devaney
[8] studied the collision manifold of the anisotropic Kepler problem and obtained
that, for all 4 > 1, the primary bi-collision orbits along the z-axis are transversal
heteroclinic solutions of the system. Moreover, based on the invariant boundary
(McGehee’s method) to “blown up” the singularity, he obtained a qualitative pic-
ture of the behavior of a mechanical system near a singularity, see [9,[10]. Casasayas
and Llibre exhibited phenomena such as non-integrability and chaotic behaviour,
and also surveyed the recent techniques and results from the anisotropic Kepler
problem, see [3]. By using the Lyapunov characteristic number (LCN), Contopou-
los and Harsoula studied the degree of order and chaos for the anisotropic Kepler
problem, calculate the asymptotic curves from unstable periodic orbits, and conjec-
ture that there are stable orbits of high multiplicities for larger values of y. These
curves go through the collision orbits and continue beyond these points, see [4].

The existence of periodic orbits of the anisotropic Kepler problem is of special
interest for many mathematicians. Firstly, Gutzwiller studied numerical periodic
solutions of the plane anisotropic Kepler problem, and show that periodic orbits in
the plane anisotropic Kepler problem with mass-ratio five are found numerically up
to length five; see [23] for details. By using the McGehee coordinates and averaging
theory, Abouelmagd, Llibre and Guirao [I] proved that at every energy level the
anisotropic Kepler problem with small anisotropy has at least two periodic orbits.
These result has been generalized by Lliber and Valls in [31].

When 5 # 0, p =1 and p = 2, we have

H= %(X2+Y2) - (1.2)

1 es
Va2 i ty?

which corresponds to the Manev problem. One of the advantages of the Manev
problem over the Keplerian is that it explains the perihelion advance of the inner
planets with the same accuracy as relativity [44]. Firstly, Delgado et al. founded an-
alytic solutions of Manev systems corresponding to and described completely
the global flows by using the McGehee coordinates and topological methods, see [7].
They showed that if the energy constant is negative, then the orbits are generically
precessional ellipses; for zero energy, the orbits are precessional parabolas, and for
positive energy, they are precessional hyperbolas. Lliber, Teruel and Fuente [30]
characterized the global flows of Manev systems, and gave the phase portraits.
Szenkovits, Mioc and Stoica 2] tackled the Manev problem from the standpoint
of topology and pointed out the first integrals of energy and angular momentum.
We can refer to [17, [34] B3], 36}, 37, 39, [40] 43] for related developments.

When 6 # 0, o # 1 and p = 2, the corresponding problem is called the
anisotropic Manev problem (AMP) which is inspired by the anisotropic Kepler
problem. One of the main purpose for studying the anisotropic Manev problem, is
to further analyze the similarities between classical mechanics and quantum the-
ory. This was introduced by Craig, Diacu, Lacomba and Pérez in [6]. With the

H= %(X2+Y2) - (1.3)
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McGehee coordinates, they found a positive-measure set of collision orbits and tack-
led capture and escape solutions in the zero-energy case. Santoprete [41] studied
the existence of periodic solutions for weak anisotropy and found that the sym-
metric periodic orbits of the Manev system are perturbed to periodic orbits in
the anisotropic problem. Moreover, Diacu and Santoprete proved that for weak
anisotropy, chaos shows up on the zero-energy manifold by using an extension of
the Poincaré-Melnikov method, see [I5]. Recently, Based on the method of averag-
ing, Llibre and Yuan showed that the Kepler problem has a unique elliptic periodic
solution can be continued to the plane anisotropic Manev problem under a certain
condition, see [32] for details. We refer to the related papers [11, [16].

If 8 #0, u# 1, two kinds of models are considered. On the one hand, the plane
Kepler problem with anisotropic perturbations is given by the Hamiltonian

1 €8
/22 + 42 (pa? + yQ)P/2 ’

has been first studied by Diacu, Pérez-Chavela and Santoprete in [13], where p is
near 1 and 3 is a constant, p is a integer and € is a small parameter. They obtained
that for p > 2, the sets of initial conditions leading to collisions/ejections and the
one leading to escapes/captures have positive measure; for p > 2 and p # 3, the
flows on the zero-energy manifold are chaotic and for p = 2, the infinity manifold of
the zero-energy level has heteroclinic connections with the collision manifold. The
results are extended by Escalona-Buendia and Pérez-Chavela in [I8]. On the other
hand, the plane anisotropic Kepler problem with anisotropic perturbation has been
considered by Miguel, Raquel and Juan in [33]. Based on averaging theory, by
using symplectic Delaunay coordinates they analyzed the sufficient conditions for
existence and kind of stability of periodic orbits.

The planar models in celestial mechanics are naturally extended to the spatial
cases and there also are a few results about the dynamics of the spatial anisotropic
problem. See for example[I9, 29]. The spatial anisotropic Kepler problem with
anisotropic perturbations is given by the Hamiltonian

1 - e
p(z?+y2) +22 (p(@?+y?) +2

H=

(X2 4+7?) - (1.4)

NN

H=-(X"+Y*+2%) — (1.5)

N

2)17/27

where 3 is a constant, p is a integer and € is a small parameter.

The spatial Kepler problem and the spatial Manev problem are corresponding to
the Hamiltonian with the parameters S =0, y=1and 8 #0, u =1, p =2,
respectively. One of the advantages of the Manev problem over the Keplerian is
that it explains the perihelion advance of the inner planets with the same accuracy
as relativity [45].

If 8 =0 and p # 1, we have spatial anisotropic Kepler problem. The existence of
periodic orbits is firstly studied by Guriao, Llibre and Vera in [19], where periodic
orbits of the perturbed spatial Keplerian Hamiltonians with axial symmetry, such as
Matese-Whitman Hamiltonian and spatial generalized van der Waals Hamiltonian
were considered.

If 8 #£0, u# 1 and p = 2, we have spatial anisotropic Manev problem (SAMP).
Llibre and Makhlouf have proved the existence of periodic orbits on the every level
H = h < 0 by using the method of averaging in [29]. Later, the results were
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generalized by Alberti and Vidal in [2] by using symmetry conditions. They found
the existence of new families of periodic orbits.

In this article, inspired by the study of plane anisotropy Kepler problem with
anisotropy perturbations, we study the existence of periodic orbits on negative
energy level H = h (h < 0) for the spatial anisotropic problem with the Hamiltonian

1 7 es
p(a®+y2) +22 (n(a? +y?) +2

fl 2 2 2\
H72(X +Y?+ 2% (1.6)

2)p/27

where p is near 1, 3 is a constant, p is an arbitrary integer and € is a small parameter.
Originally, in quantum mechanics, the parameter p of (|1.6) is taken as p # 1 and
the problem is called a spatial anisotropic problem.

In this paper, we always assume that y = 1 — €. As usual, firstly we use a series
of canonical transformations to transform (|1.6)) into the spatial Delaunay variables
(see [5], B8])

1
H:_ﬁ+EHl(lagaL7G7K)+O(e2)? (17)
where Hy(l,g, L, G, K) is equal to

2 -P
— L(L—-+L?-G@G? E
AL (L —VI? - GZcos ) o (x( cos 7))
72(G2—K2) ((LcosE—VLQ—G2)sing+GSinEcosg)2
AG?L (L — VI? = GPeos E)”

and £ = E(I,L,G) is defined by | = E — esin F, | is the mean anomaly, g is the
argument of the perigee of the unperturbed elliptic orbit measured in the invariant
plane, L is the square root of the semimajor axis of the unperturbed elliptic orbit,
G is the modulus of the total angular momentum, and K is the third component
of the angular momentum.

To state our main results, for any fixed constant h, p, we define two functions as
follows

(m+p—2)!
ml(p — 2)!

x ((1 —p)(1 — GV=2h) — m) (1&%27)%1

p—2
Dy(G;h,p) = —pV=2R "GNy oo
m=0

and

-m—p+1)!

X ((1 —p)(1— GV=2h) — 2m) (;g\/\/::;’;)ml.

The existence of periodic orbits of Hamiltonian system corresponding to is
determined by the functions D1 (G} h,p) and Dy(G;h, p). Considering the calcula-
tion of abnormal integrals for averaging systems, we divided into two cases, p > 1
and p < 1. Now we state the first result as follows.

_ —p—1 1-p . !
D(Gsh,p) = =2 V=20 (GV=2h + 1) g ZCi"—pm,( (1-p)!
m=0 '
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Theorem 1.1. Assume thatp > 1. For every ko € [0, 27), there exists a sufficiently
small positive constant ey such that, for each € € (—eg,€p), on every energy level
H = h < 0, the spatial anisotropic Kepler problem with anisotropic perturbations
given by the Hamiltonian has
(1) Two 2m-periodic solutions v (1) = (g(l,€),k(l,€), L(l,¢),G(l,€), K(I,€)) if
1
A< i — e

such that
lim 7. (0) = (:I: 1arccos (=B2° " p(p — 1)(=h)P™ 1) ko L O).
0 € 2 T V=2n’ V=2
(ii) Four 2m-periodic solutions v, (1) = (g(1,€), k(l,€), L(l,¢), G(l,€), K(l,€)) if

ve(- 21’“(—’%)1’1‘119(19 -1’ )

and G; are two nondegenerate zeros of D1(G;h,p) + (QG\/—h—l— \/5)72,
such that

, 1 _
Tim 7. @ (0 :( ,k,i,Gi,O), —Oorm i=1,2
Jim 77 (0) = (90, ks —= 90

(iii) Four 2m-periodic solutions .V (1) = (g(l,€), k(l,€), L(l,€), G(l,€), K(l,€)) if
1
2 O rRpnG )
and G; are two nondegenerate zeros of D1(G;h,p) — (QG\/chr \/5)72,
such that

i (D (0) =
lim ~¢+/(0) (i

s 1
= ko, ———
2 v —2h

Theorem establishes a generic result on the existence of periodic orbits of
the spatial anisotropic Kepler problem with anisotropic perturbations, which gen-
eralizes the results of Lliber and Makhlouf in [29], where the only case p = 2 has
been considered. The proof of Theorem [I.1] combines the Hamiltonian perturbation
theory, Residue theory in complex analysis and the average theory. In the proof of
Theorem we have proved the functions Dy (G;h, p) + (2GvV—h + \/5)72 have
at least two different zeros. Owing to lots of calculations, the proof is so long that
we arrange the proof of Theorem in Subsection [6}

Similarly, we can obtain the following result for the case p < 1.

,é,;,o), i=1,... 4.

Theorem 1.2. Assume thatp < 1. For every ko € [0,27), there exists a sufficiently
small positive constant ey such that, for each € € (—eg,€p), on every energy level
H = h < 0, the spatial anisotropic Kepler problem with anisotropic perturbations
given by the Hamiltonian (1.7) has
(i) Two 2m-periodic solutions v. (1) = (g(I,€),k(l,€), L(l,€), G(l,€), K(l,€)) if
1
< )
A< it = Dl

such that
lim 7. £(0) = (:I: 1arccos (B2PTH(1 — p)p(—h)P™ 1), ko ! ! O).
e—0 '€ 2 T ’
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(ii) Two 2m-periodic solutions v.(1) = (g(l,¢€),k(l,€), L(l,¢),G(l,€), K(l,¢€)) if
p<0,
1
ge (e 2 (p - 1)p(*h)”*1)’

and G is a nondegenerate zero of the Da(G} h, p) + (QG\/—h + \/5)_2, such
that

. 1 =
2%76 (0) (gOak07 \/_72h7G70)7 9o 0 or T 1 1a2
(iii) Two 2m-periodic solutions v.*(1) = (g(l,¢€), k(l,€), L(l,€),G(l,€), K(I,¢€)) if
p <0,
1

<2”“(p = Lp(=h)p=t

and G is a nondegenerate zero of the Do(G; h, p) — (QG\/—h + \/i)_Z, such
that

RS

+oo),

lim 7,4(0) = ( + g, ko, \/%%,G,O).

The proof of Theorem shows that Dy(G;h,p) + (2G\/—7h+ \/ﬁ) ~? have no
zero points for the case of p = 0,1, while for p < 0, these functions have at least
one zero point. The case p < 0 is corresponding to the anisotropic perturbations
without singularities. We arrange the proof of Theorem [I.2]in Subsection

The rest paper is organized as follows. In Section 2, we give some applica-
tions related to spatial anisotropic problem. To demonstrate the applications of
Theorems and we consider two cases p = 2 and p = —1. The numerical
simulations of periodic orbits are shown in configuration space xyOz. In Section 3,
we introduce two canonical transformations. One is the spherical transformation
U : (z,y,2,X,Y,Z) = (p, 0,6, P,0,®P), and the other one is the spatial Delaunay
transformation ¥, : (p, 0,9, P,0,®) — (I,9,k,L,G, K), which transforms Hamil-
tonian into Hamiltonian with the Delaunay coordinates. In Section 4, we
obtain the Hamiltonian system corresponding to the Hamiltonian , and reduce
this system to a two dimensional system on the energy surface 2, see (4.4). We
emphasize on that we are different from [29] in methodology in this content. In Sec-
tion 5, we use the Residue theorem to obtain the average system of the Hamiltonian
system corresponding to the Hamiltonian for p > 1 and p < 1, respectively.
This is the preparation for the next section to use the averaging method to find
the equilibrium points of system. In Section 6, we use averaging theory to prove
Theorem and Theorem [I.2] and calculate the equilibrium points of the average
system in three cases.

2. APPLICATIONS RELATED TO SPATIAL ANISOTROPIC PROBLEMS

In this section, we give some applications related to spatial anisotropic problem.
The main purpose is to demonstrate the applications of Theorems and We
shall consider two cases p = 2 and p = —1. The first case is corresponding to
the spatial anisotropic Manev problem. Although this situation has been studied
in [29], only the transformed system is considered. We will return the result of
Theorem [1.1] (see Theorem below) to the original system with the Cartesian
coordinates. Moreover, some numerical examples will be exhibited. The second
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case is corresponding to the spatial anisotropic Kepler problem with anisotropic
perturbations.

2.1. The spatial anisotropic Manev problem. When p = 2, we have the spatial
anisotropic Manev problem, which is given by the Hamiltonian

1 1 1965

H= - .
2 u(@?+y2) + 22 (e y?) 4

(X?+Y?*+2°%) —

(2.1)

Without loss of generality, we consider the periodic orbits of the spatial anisotropic
Manev problem on the energy level H = h = —1. By using Theorem we have
the following result.

Theorem 2.1. For every ko € [0,27), there exists a sufficiently small positive
constant €y such that, for each € € (—e€p,€y), on energy level H = h = —1, the
spatial anisotropic Manev problem given by the Hamiltonian (2.1)) has:

(i) Two 2m-periodic solutions CE(t) = (x(t,€),y(t, ), 2(t,e), X (t,€),Y (t,¢€),
Z(t,€)) if | 8] < 1/16, such that (. (0) tends to

11 1
(5, 3 cos go sin ko, 3 sin go, \/ﬁsingo cos ko, \/isingo sin kg, —\/§C0590>,

as € = 0 where .
go = :|:§ arccos (—160) .
(ii) Four 2m-periodic solutions
Cei(t) = (a:(t,e),y(t,e),z(t,s),X(t,6),Y(t,e),Z(t,e))
if B € (— 1/16, O), such that ¢.*(0) tends to

(j: %(1 /1 —2G3) cosko,i%(l /1 —2G3) sinko,0,0,0,%),

as € — 0 where
228+ V28

Go —1-48

(iii) Four 2m-periodic solutions
() = (x(t,6),y(t7e),z(t,a),X(t,e),Y(te), Z(t7e))
if B € (0,1/16), such that ¢."(0) tends to

1 2|Gy| cos kg 2|Go| sin kg
0,0,+£=(1—4/1-2G2),+ ,+ ,0),
( 2( 0) 1—/1-2G2" 1-/1-2G2 )

as € — 0 where

o _2V23+ /28
0T T4

Proof. When |B| < 1/16, from the statement (i) of Theorem [L.1] we obtain

1 1 1
lim 7. (0) = (:i:farccos —168) , k ’7777())7
e (0) = (g arccos (H166), ko, 75 75

or equivalently,

1 1 1
fY(Z)E = (l03907k07L07G07K0) = (Oa :l:i arccos (716B) 9 kOv 72, 7;0)
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We insert p = 2 and h = —1 back into the function D;(G; h,p)+ (2G\/—h + \/5) -

when g € (— %70), then obtain

2 G2428(GV2+1)
D1(G;h,p) + (ZG\/—h + \/5) = i 2) . (2.2)
2G2 (GV2+1)
By direct computation, equation (2.2]) has two zero points as
o _ 228+ V2B
0 — 1 45 )
and these zero points are nondegenerate, i.e.,
d —2
= (D1(Go) + (260 +v2) ) #0.
dG
From statement (ii) of Theorem [1.1} we obtain
o 1 2v28+/-2 .
ll_r}%")% (0)_(907k0,\/§’—51—465,0), 90:001'71',1:1,...,4,

or equivalent to

. 1 2V28+ V=28
b=l ko, Lo, Go, Ko) = (0 ko, —, —————,0
Y0 (0790a 0, 40,70, 0) ( » 90, R0, \/5’ 7174ﬂ ’ )7

g=0ormi=1,...,4.

We insert p = 2 and h = —1 back into D1(G;h,p) — (2Gm+ \/5) ~? when
B € (0,1/16), then obtain

~G? 428 (GV2 +1)°
267 (Gv2+1)°

Dy(G;h,p) — <2G\/Th n x/i) o (2.3)

The zero points of (2.3]) are

o V28 +£V28
0T T4

We derive D1(G) — (2G + \@)_2 and replace G in the derived equation with Gy,
obtain

% (D1(Go) — (260 + \@)_2) £0.

Therefore, Gy are the nondegenerate zero of the D1 (G) — (2G + \/5)72. From the
statement (iii) of Theorem we obtain
1 2v28+ V25

: ™
li JO:(i—,k,—, ,0), =1, .4,
Jimy 7<'(0) 2" 1—48 !

or equivalent to

i T 1 2v28+ 208
Yo = (l03907k0aL07G07K0) = (03 iivko, ﬁ; KW;O>;
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To study periodic solutions of the system corresponding to Hamiltonian (2.1]), we
need two to transform the Delaunay coordinates (I, g, k, L, G, K) into the Cartesian
coordinates (z,y, z, X,Y, Z). Firstly, inserting

1
V2’
into the Delaunay transformation ¥y (see (3.3), and transforming the Delaunay

coordinates (l, g, k, L, G, K) into the spatial spherical coordinates (p, 8, ¢, P, ©, ®),
we have

1
r=3 (1—\/1—2G2),9:k0,¢:g—g,on,G):O,(I): Gl (24)

Then we put (2.4]) into the spherical transformation ¥ (see (3.1)) and obtain

1
x== (1 —V1- 2G2) cos g cos kg,

(1o, ko, Lo, Ko) = (0, ko, —=,0), ko € [0,2)

2
y= % (1 — m) cos g sin kg,
1
—_ _ _ 2 i
z = 5 (1 m) sin g, (2.5)

cosg (X cosko+ Ysinkg) + Zsing =0,
1
5 (1 —V1- 202) cosg (—Xsinkg + Y coskg) =0,
1

3 (1 —V1- 2G2> [sing (X cosko + Ysinky) — Z cosg] = |G|.

Considering the statement (i) of Theorem [1.1 we insert

(90,Go) = (i % arccos (—164) , \%)

into ([2.5) to obtain
COi = (an Yo, 20, XO; YO) ZO)

(1 1 1 e 1 .

= = cos gg cos kg, = cos gg sin kg, = sin

2 90 05 2 9o 05 2 90,
V2sin go cos ko, V2sin go sin kg, —V/2 cos go) .

Similarly, considering the statement (ii) of Theorem we take

(907 GO) = <0 orm, W)

into ([2.5) to obtain
_ 1 1
gg:(ii(l—,/l—QGg) cosko,i§<1—,/1—203) sin ko,
2|Go| .
0,0,0,1—>, i=1,...,4.
1—+/1-2G3

Considering the statement (iii) of Theorem we take

™ 2\/§5i\/ﬂ)

(QOaGO):(iga 1_46
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into to obtain

(20, Yo, 20, Zo) = (0,0,%(1— \/1—2G3),0), (2.6)

j:%(l— \/1—26%) (Xo cos ko + Yosinko) = |Go- (2.7)

Inserting (2.6) and H = h = —1 back into Hamiltonian (2.1]), we obtain
4(1—/1-2G3
X24v2o o4 X Go) + 8¢5 (2.8)
(1—/1—2G2)?
When ¢ — 0, combining (2.7) with (2.8]), we obtain
2|G0|COS]€0 + 2\G0|sink0 )

—/1-2G2" 1-/1-2G3

(X0, Y0) = (i )

Therefore,
P 1 2|G0|COS ]CQ 2‘G0|Sink0
- 0,0,17(1—,/1—202),1 + ,o),
% ( 2 0TI -V1I 262 1 \/1-2GE
for i =1,...,4. Thus the proof is complete. (I

From Theorem [2.1} when 3 € (0,1/16) or 8 € (—1/16,0), for sufficiently small
le| < 1, the spatial anisotropic Manev problem corresponding to Hamiltonian
have at least six kinds of periodic solutions, which constitute a continuum of peri-
odic solutions by continuously changing k¢ on the interval [0, 27).

To demonstrate Theorem we take the parameter 8 = 1/32 and kg = 7/3.
According to Theorem there exists six periodic orbits (!(t) such that

lim ¢.*(0) = ¢*(0)

e—0
é%*%*%*%ﬁ%) for i =2,
(0,0,%— 10;“5,7§+\/4—72ﬂ+2,7§+\/m+2\/§,0>,
T) (00,8 -V 2 VA ay a4 ¥ 4 V12 6v3 +2V5,0),
(0,0, 0-v2_ 1 ¥2 192 ,@—Jmfz\/?},o),
(0,0, 10;“277%,—@7\/mfzf?—\/m—wio).

For numerical demonstration of periodic orbits, we take ¢ = 0.002 and p = 0.998.
Since for sufficiently small |¢] < 1, the initial values of periodic solutions (¢(t),i =
1,2,...,6 are near (*(0), we plot the curves of the solutions starting at (*(0) on the
time interval ¢ € (990, 1000), see Figure [1} As is shown in Figure [} the solutions
starting at ¢*(0) are periodic. Since the flows of autonomous Hamiltonian system
have the semigroup property, two different periodic solutions may be have the same
orbits. In order to test different periodic orbits, we plot the periodic orbits ?(t)
(i=1,2,...,6) on the projective configuration space xOyz, see Figure a). As can
be seen from Figure a), there are five differential periodic orbits, since periodic
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FIGURE 1. Periodic orbits of Hamiltonian with the parame-
ters e = 0.002, 8 = 1/32 and ko = 7/3. In the i-th (i =1,2,...,6)
line, the curves represent periodic orbit (!(¢) corresponding to the
initial value ¢%(0), respectively. On the left, the pictures denote by
the curves z(t),y(t), z(t), while on the right, the pictures denote
by the curves X (t),Y (t), Z(t).

solutions ¢! (¢) and ¢(t) have the same periodic orbit. Moreover, we plot the orbits
on the projective configuration space xOyz starting from the initial values

1 1. V3 /3 3 . 1
o) = (é_L cos ko, Zsmko, i \/;cos ko, \/;smkzo,—ﬁ)

by varying ko = im/6,i=1,2,...,6, see Figure[2(b). As is shown from Figure 2{b),
if we continuously change kg on the interval (0, 27), all of periodic orbits are full of
an ellipsoid.

2.2. The spatial anisotropic Kepler problem with perturbations. In this
subsection, we consider the spatial anisotropic Kepler problem with anisotropic
perturbations. We only consider p = —1 as an example for the case p < 1. In
this case, the integral computation of the perturbations does not need the Residue
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ko =m/3 and (z¢(t), ye(t), 2((t))

FIGURE 2. Periodic orbits on the configuration space xOyz,
where we choose the parameters as ¢ = 0.002 and 8 = 1/32. We
plot the periodic orbits ¢'(t) (i = 1,2,...,6) on the projective
configuration space xQOyz on the left, while on the right we
plot the periodic orbits starting from the initial values ¢!(0) =
(cos ko/4,sin ko/4,v/3/4,/3/2 cos ko, \/3/2sin kg, —1/1/2) by

varying ko = iw/6,i =1,2,...,6.
theorem. The Hamiltonian is

H:%(X2+Y2+ZQ)— = —eﬁ\/m- (2.9)

pw(x? +y?) + 22

Without loss of generality, we consider the periodic orbits of the spatial anisotropic
Kepler problem with anisotropic perturbations on the energy level H = h = —1.
By using Theorem [1.2] we have the following result.

Theorem 2.2. For every kg € [0,27), there exists a sufficiently small positive con-
stant €y such that, for each ¢ € (—eg,€p), on energy level H = h = —1, the spatial
anisotropic Kepler problem with anisotropic perturbations defined by the Hamilton-

ian (2.9) has:

(i) Two 2m-periodic solutions
(1) = (a(t, 0),y(t €), 2(t,2), X (1, 0), Y (t€), Z(t, €)
such that if | 8] < 1/2, then ¢.=(0) tends to
(% cos go cos ko, % cos go sin ko, % sin go, V2 sin go cos ko, \/§Singo sin kg, —V/2 cos gg) ,
as € — 0, where
go = i% arccos (—20).
(ii) Two 2m-periodic solutions

(1) = (a(t, 0),y(t €), 2(t,€), X (1, €), Y (t€), Z(t, €))
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such that if B € (—o0,—1/2), then (. F(0) tends to

(i %(1 - m> Cosk’o,i% (1 — M) Sink0,0,0,07$1\2/|f0|72G2
h — 240

as € — 0, where

o B9 5 )
0~ 3v24 +3\/§\/ﬁ+3(\/W—9) 3
(iii) Two 27-periodic solutions
(1) = (2(t,€), y(t €), 2(t,€), X (t,€), Y (t,€), Z(t, )
such that if B € (1/2,400), then ¢.(0) tends to

1 2|Gy| cos ko 2|Gy| sin ko
0,0,17(1—\/1—202),1 L+ ,0),
( 2 0TI 1-2G T 1-/1-2G2
as € — 0, where

(8 — (3v3/BE2B +27) + (B +27)8%)'/*)*
3ﬁ6(3\/§ 828+ 27)+ (B+ 27)52) 1/3 "

S

13

)

Proof. By using Theorem in each case we can obtain two periodic solutions
of Hamiltonian such that lim. 0. (0) = (go, ko, Lo, Go, Ko). Then we use
the Delaunay transformation ¥ (see ) to change the Delaunay coordinates
(0, go, ko, Lo, Go, Ko) into the spatial spherical coordinates (po, 6o, o, Po, ©q, Po)-
Subsequently, we use the spherical transformation ¥q (see (3.1])) to transform the
spatial spherical coordinates into the Cartesian coordinates (xq, Yo, 20, X0, Yo, Z0)-
The rest proof of Theorem is similar to the one of Theorem To avoid

repetition, we do not do it.

04
02
0.0

o Jy } I } ‘ YIg
Zoaf 2| ; 1 | | a0

-0.8
08

AR,
el Wl % W W)

-0.2
-04 Lok . . L . .
990 992 994 996 998 1000 990 992 994 996 998 1000

FIGURE 3. Periodic orbits of Hamiltonian with the param-
eters € = 0.002, § = —1 and ko = 7/3. In the i-th (i = 1,2)
line, the curves represent periodic orbit (!(¢) corresponding to the
initial value ¢%(0), respectively. On the left, the pictures denote by
the curves z(t), y(t), z(t), while on the right, the pictures denote
by the curves X(t),Y (¢), Z(t).

O

From Theorem [2.2] when 3 € (—o0,—1/2), 8 € (-=1/2,0) or 8 € (0,1/2),
B € (1/2,+00), for sufficiently small |¢| < 1, the spatial anisotropic Kepler problem

with perturbations corresponding to Hamiltonian (2.9 have at least two kinds

of
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ko = /3 and (21 (1), i (), 2(1)) .6)

FIGURE 4. Periodic orbits on the configuration space zOyz,
where we choose the parameters as ¢ = 0.002 and g = —1.
We plot the periodic orbits (i(¢t) (i = 1,2) on the projective
configuration space xQOyz on the left, while on the right we
plot the periodic orbits starting from the initial values ¢!(0) =
(0.140795 cos kg, 0.140795 sin ko, 0,0, —3.49357) by varying ko =
in/6,i=1,2,...,6.

periodic solutions, which constitute a continuum of periodic solutions by continu-
ously changing ko on the interval [0, 27).

To demonstrate Theorem we take the parameter 5 = —1 and kg = 7/3.
According to Theorem there exists two periodic orbits ¢?(¢),i = 1,2 such that

(0.070398,0.121932, 0,0, 0, —3.493567)

lim ¢.*(0) = ¢*(0) =
iy () = ¢*(0) {(0.070398, —0.121932,0,0,0,3.493567) .

For numerical demonstration of periodic orbits, we take ¢ = 0.002 and p =
0.998. Since for sufficiently small |¢] < 1, the initial values of periodic solutions
Ci(t),i = 1,2 are near *(0), we plot the curves of the solutions starting at ¢*(0)
on the time interval ¢ € (990,1000), see Figure |3} As is shown in Figure [3] the
solutions starting at ¢*(0) are periodic. In order to test different periodic orbits, we
plot the periodic orbits ¢ (¢) (i = 1,2) on the projective configuration space 2Oyz,
see Figure (a). As can be seen from Figure a), there are two differential periodic
orbits. Moreover, we plot the orbits on the projective configuration space xOyz
starting from the initial values

¢1(0) = (0.140795 cos ko, 0.140795 sin ko, 0, 0,0, —3.493567)

by varying ko = im/6,i = 1,2,...,6, see Figure b). As shown IN Figure b), if
we continuously change ko on the interval [0, 27), all of periodic orbits are full of
an ellipsoid.

Similarly, to demonstrate Theorem we take the parameter § = 1/32 and
ko = 7/3. According to Theorem there exists two periodic orbits (!(t), i = 1,2
such that

(ﬂ%@\/j@_\/j) fori—1
lig C1(0) = (0) = § pIVZTIETRE S B |
e—0 (\/ﬁ 35 V17 V17 \/85717_@) for 1 = 2.

16v2’ 16v2° 8v2’ 8 7
For numerical examples of periodic orbits, we take ¢ = 0.002 and p = 0.998.
Since for sufficiently small |¢| < 1, the initial values of periodic solutions (!(t),i =
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FIGURE 5. Periodic orbits of Hamiltonian with the param-
eters € = 0.002, § = 1/32 and ko = 7/3. In the i-th (i = 1,2)
line, the curves represent periodic orbit (!(¢) corresponding to the
initial value *(0), respectively. On the left, the pictures denote by
the curves z(t), y(t), z(t), while on the right, the pictures denote
by the curves X(t),Y(t), Z(t).

7\"””7"”7‘ e s
N e e TS

04

ko = m/3 and (x((t), y((t), 2((t))

FIGURE 6. Periodic orbits on the configuration space zOyz,
where we choose the parameters as e = 0.002 and 8 = 1/32.
We plot the periodic orbits (i(t) (i = 1,2) on the projec-
tive configuration space xOyz on the left, while on the right
we plot the periodic orbits starting from the initial values
¢H(0) = (V15 cos ko /8v/2,V15sin ko /8v/2,V/17/8V/2,+/17 cos ko /4,
V17sinko/4, —/15/4) by varying ky = in/6,i=1,2,...,6.

1,2 are near ¢%(0), we plot the curves of the solutions starting at ¢*(0) on the time
interval ¢ € (990, 1000), see Figure As is shown in Figure the solutions starting
at ¢*(0) are periodic. Since the flows of autonomous Hamiltonian system have the
semigroup property, two different periodic solutions may be have the same orbits.
In order to test different periodic orbits, we plot the periodic orbits ¢i(¢) (i = 1,2)
on the projective configuration space xOyz, see Figure |§|(a). As can be seen from
Figure @(a), there is only one periodic orbit, since periodic solutions ¢!(t) and
C2(t) have the same periodic orbit. Moreover, we plot the orbits on the projective
configuration space xOyz starting from the initial values

V15 V15 . V1T V1T V17 | V15
—— cos kg, —=sin kg, ——= —cosko,—smko,f—)
8v2 8v2

¢o=( 0375 ) )
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by varying ko = iw/6,i =1,2,...,6, see Figure @(b) As is shown from Figure @(b),
if we continuously change kg on the interval (0, 27), all of periodic orbits are full of
an ellipsoid.

3. CANONICAL TRANSFORMATIONS

In this section, we introduce two canonical transformations, which will be used
to transform Hamiltonian with the Cartesian coordinates (z, vy, z, X, Y, Z) into
Hamiltonian with the Delaunay coordinates (I, g, k, L, G, K). The content of
this part is known and we can refer to some classical books (for example, see [5] [38])
for details.

3.1. Spherical coordinates. Firstly, we shall introduce a symplectic transforma-
tions

\IIO : (xvyazv)(,YaZ) — (p,@,(ﬁ,P,@,@)
by ‘1102

x = pcosfsing, y= psinfsing, z = pcos g,
cos @(Ppsin ¢ + P cos ¢) — O sinf csc o

X =
p
v — © cos B csc ¢ + sin O(Ppsin ¢ + P cos ¢) (3.1)
p )
® sin ¢

Z = Pcos¢p — ,
p

which is generated by the Mathieu generating function
Wo(p,0,X,Y,Z) = pX cosOsin ¢ + pY sinfsin ¢ + pZ cos ¢.

Under the symplectic transformations ¥y, the Hamiltonian (|1.6) becomes

1
H==

2
: Py —

P> PP+ ut (1 p)cos(2)) 7”3
_ 28+ (p2(1 Yt (1-p) cos(2¢)))_p/2).

(62 csc?(¢) 2v/2 n o2

3.2. Spatial Delaunay elements. To change from the spherical coordinates
(p,0,¢, P,©,®P) to the Delaunay elements (I, g, k, L, G, K) with the first three vari-
ables defined mod 27, we consider the generating function

¢ K? \1/2 PooGE 1 2\
w 797 7L7G7K =0K Gz— d / - — = — 4+ - d¢,
79 ) +/w/z( sin2€) o po( £ L2+§> ¢

where pg = L?(1 — /1 — G2/L?).
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Then the change of coordinates is Wy:

p:(fﬁfiﬁ)”{

P> L* p
0=K,
K2 \1/2
o=(c2- )",
sin” ¢
1 [* G? 1 2\"l/2 (3.3)
== - = 73T dg, :
L3 po( €2 12 g)

o [ e [ ) e

Po

¢ 2 (- 2
k= 9/7#2 (- si[r;f) 1/2(8525)@.

The first integral in (3.3) can be obtained explicitly by

1 [ ( G 1 2\71/2

== —————1—7) dé=F —esinkE, (3.4)
L3 o e L2 ¢

where E is determined by p = a(1 — ecos E) with a = L? and e = /1 — G2/L2.
Thus we can see that the variable p = p(I, L, G) depends on I, L,G. We use —o, f
to denote the second integral and the third integral, respectively, where cos¢ =
sinosini = sin(f 4 ¢) sini with

cosi = K/G, pcosf=a(cosE —e), psinf= %GsinE.

From the equalities above, we know that the variable ¢ = ¢(l, g, L, G, K) depends
onl,g,L,G, K. The last equation of implies that sin(k—6) = (cot @)/, 7> =
(G? - K?)/K>.

Under the symplectic transformations ¥y, the Hamiltonian becomes

1 1 V2

T T it n k(L= 1) cos29)) (3.5)
, -p/2
— 258 [pQ (14_#4-(1 — 1) cos(2¢))] )

where p = p(I, L,G), ¢ = ¢(l, g, L, G, K). We emphasize that the Hamiltonian (3.5|)
is independent of the variable k, which implies that K(t) is always constant.
Let 4 =1 —e. We expand the Hamiltonian function (3.5) at ¢ = 0 into

H =

B 1 _, . 1—cos(2¢)
H=— =% ”*T)

(3.6)

3 —4cos(2¢) + COS(4¢))> O

8p

— éez (QBpp_p(l — cos(2¢)) + 3(

Since

p?cos? ¢ = p?sin®(f + g)sin®i = (psin fcosg + pcosfsing)2 (1 — cos?i),
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by using the relationships between various variables, we know that
p? cos(2¢) =2 (psin f cos g + peos fsing)? (1 — cos?i) — p?
a ., . . 2 K? 9
=2 (ZGsmEcosg—l—a(cosE —e) smg) (1 - @> —p-.
Substituting (3.7) and p = a(1 — ecos E) into (3.6)), we obtain
1 1 -p
— te¢ - (L(Lf\/L27G2cosE>)
212 (QL (L—VL?—G?cosE) v
(G2—KQ)((LcosE—\/L?—GZ)sing+GsinEcosg)2 )
+ O(e%)
2G?L(L — VL? — G?cos E)3
:=Ho(L) + eH,(l,9,L,G, K) + O(e?),

H=—

where E = E(l, L,G) is defined by | = E — esin E.
4. REDUCTION OF SYSTEM ON ENERGY SURFACE

The Hamiltonian system corresponding to the Hamiltonian (3.8) is given by
a_om 1
dt oL L3

d OH 8H
g _ 1,9, L,G,K) + O(e),

+0(e),

at ~ G~ ‘oG
%:g% %f[?(zg,LGKHO( ), W)
% _ _%I _ _eagl (1,9, L, G, K) + O(e2),
%:_% 88Hl(lg,LGK)+O( ),

dK  O0H 0
at ok 7
where the last equation is owing to that H is independent of k, see (3.5)).
For sufficiently small |¢| < 1 and L > 0, we know that dl/dt = 1/L3+ O(e) > 0
Then we regard the angular variable [ as a new time variable. From , we can
obtain a new system of differential equations

dg 38H1

o =L 5a (L, LG K) +0(),

dk ,OH, )

a eL 8K(l g7LaGaK)+O(€ )a

dL ___ 50M, )

aG 36H1

ﬁ__L 39 (l,g,L,G,K)+ O(e )
dK _ _oH _
a0k

Since [ is an angular variable defined mod 27, H, H; and system (4.2)) are also
2m-periodic in [. For any h < 0, we define the energy surface by

Q={(,9,k L,GK)eR:H(,9,k L,G K)=h}. (4.3)
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For sufficiently small |e| < 1, we obtain that L = 1/+/—2h+O(€). By using the first
order expansion of L, we can discard the third equation in system . Moreover,
from the last equation of we have K (1) = Ky, where Ky is a constant to be
determined later to guarantee that k(l) is 2m-periodic, since the right side of the
second equation of dose not depend on k. Therefore, to prove the existence
of periodic solutions of ([4.2), we only need to consider

d9 _ a9y o1 GoR) o),

dr oG (4.4)
el ;OH, , :
ﬁ__L ag (lvg7LanK)+O(€ )a

where K = K and L = 1/y/—2h are considered as constants in system (4.4)) at
this stage, and the high order part O(e?) depends on I, g,h,G, K.

5. STANDARD FORM OF AVERAGING

To investigate the existence of 2m-periodic solutions of system (4.4)), we perform
the method of averaging. The averaged system of (4.4]) is

dg L® [*" 0H,
A~ “2n ), oG
dG L* [*" 9H,
o on /0 99
Since Hy,0H;/0G and 0H;/Jg are continuous, system (5.1)) is equivalent to
dg L* 9 ( m

—(,9,L,G,K)dl
(5.1)
91,9, 1, G, K)dl.

Hl(langaG7K)dl)a

dg _ L° 9
d(; 27;?(2 2m (5:2)
F=- %89( Hl(l,g7L,G,K)dl).

To obtain an explicit expression of system ([5.2)), we have to calculate the definite
integral above. It can be seen from (3.4) that, E varies form 0 to 27 when the
integral variable [ varies form 0 to 2. By the integral method of substitution, we
have

L QﬂH(l LG K)dl = — %Hl LGK)dl)dE (5.3)
o 1 9, 1 95 dE .
Recall that p = L%(1 — ecos E), and by we have
di

P
Ezl—ecosE:ﬁ.

For convenience of calculations, we divide H; - dl/dE into two parts:

dl jin”
Hi(l,9,L, G, K) 7= = Lpz ( —Bp~" = 51n2p(¢))

_ (B sin®(¢)
B (_ L2 ) * (_ 212 )
= HlO(EagyLaG;K)+H11(E7g7LvG3K)‘

Since

p?cos? ¢ = p?sin®(f + g)sin®i = (psin fcosg + pcosfsing)2 (1 — cos?i),
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by using the relationships between various variables, we know that
p?sin? ¢ =p® — (psin fcosg + pcos fsing)? (1 — cos? i)
&)
Substituting (5.4), e = L? and p = a(1 — ecos E) into Hyg and Hi;, we obtain
_ 1-p
Bpt=P B (L*(1 — ecos E)
HlO(E7g7L7G7K):_ 2 == ( 2 )
L
(1 —ecos E)p—1

2
=p® — (%GsinEcongra(COSE —e) Sing) (1 B

and
Hll(Evg7LaG’K>

sin®¢ _ (sin f cos g + cos fsin g)? GZC;KQ -1

212 212
_ i((G—K)(G-I—K)(LSing(COSE—6) + G'sin E cos g)? B 1)
2L? G2?L%(ecos E —1)?
sin® E'sin® g (G2 — K?) N sin® E cos? g (G? — K?)
414 (ecos E —1)2 414 (ecos E — 1)2
sin E'sin g cos g (G? — K?) (cos E — e)
GL3(ecos E — 1)
cos? g (G* — K?) (cos E — e)? sin® g (G2 — K?) (cos E —e)?
4G?L2(ecos E — 1) 4G?L2(ecos E — 1)
G2—|—K2
s
= P, + Py + Py + Py + Ps + Ps.

5.1. Calculation of integral for Hy. To calculate the definite integral (5.3)), we

calculate the integral for Hyg
o = — QWIJ (E,g,L,G,K)dE = ! BL—%i/Qw ! dFE
0= 5 ), TS 27 o (I—ecosE)P—1"

In the following, by using Residue theory of complex functions we calculate the

definite integral
2
1
————dF
/0 (1 —ecos E)p—1

with two different cases for the range of the integer p.

Case I: p > 1. Let z = ¢F then cos E = (2 + 271)/2. When E experiences the
interval [0,27], z goes through the unit circle |z|] = 1 one round in the positive
direction. Then it follows that

27 —-1_p—2
1 1 2p—1 P 1
———————dE:f/ dmzf/ 2)dz.
/0 (1—ecosE)P~1 i Jizj=1 (—e2? — e+ 22)P ! v J|z)=1 1)

The function

2p—1,p=2 2p—1,p=2

H T e T G (e ey G ey
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has only a singular point zg = (1 —+/1 — e2)/e in the open unit disc, which is a pole
of order p — 1. At the same time, the function f is continuous on the unit circle
|z| = 1. Let

2r—1,p—2

(Z) - 1 T—e24+1\P—1
T G (e - A=)

Using the Leibniz expansive formula, we have

dr—2
WQ(Z)

Z=Z0

- S e () )
P

e

/\

e z=2zq
p—2
-2 l m —m—p+1
=S oy m(m++)(1 —V1- e2) (\/1 - 62)
=0 :
p—2

L

)

e (mAp—2)! G\™ G\ —m-—
= > e EEEE By Gy

— 177
m! L

m=0
where u(™ (z) denotes the m-th order derivatives of u with respect to z, and the

last equality is obtained by using e? = 1 — G?/L?. By the Residue theorem, we
have

/% L dp = 2 / 2T
. _dE=- 2
o (1—ecosE)P—1 i Jia=1 (—ez? — e+ 22)P 70

=27 Res f(»)

1—y/1—e2
I

1 a2
(p —2)! dzp—2 g(z)’z_lm

e

=27

Therefore,

p—2
7. — m —-m (m +p— 2)' G\™ G\ —m-ptl
Hip=-BL™ n;) Cp=2? m!(p —2)! (1 a f) (7)

) Z m _g-m 77”2”1 ;) (L—G)"G-m—rHL,

Case II: p < 1. In this case,

o 1 1 (—ez? —e+ 2z)1_p 1
—dF =~ — .
/O (1 — €Cos E)pil d Z /Zl_l 2171)2271) dZ Z /Z_l f(Z)dZ

We know the singular point z = 0 is a pole of order 2 —p. With the same argument
above, we obtain

e 9,)\17P
1/ ( ez e+ z) 4e
[z]=1

21-py2-p
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dz

1

1 (_6)1—1;(2_ 1’@)1_1)@ . \/@H)l—p
/IZI—l 21=pz2-p
= 2m Res,—o f(2)
(_e)l_p 1—-p . l—m 1—py\ (1—m—p)
o S o (- Y5E) )
V1—eZ+1\1-r\(m)
(=)

e

z=0

1-p
1-— | m —m—p+1
:27r2p’1ZC{”_p ‘ 1-p) '(1*\/1*62> (\/1*62+1)
m! !

m=0 (_m -p + 1)

e S e 0§ ()

m=0

Therefore,

Hig

1-p
S O ) Gy"(G Ly
= —BL™ 2P 12_:001—pm!(_m_pp+1)!(1_> <7+1)

1-p
A pop— 1—p)!
— _BL 1 PP 1 m (
p ZCl_pm!(—m—p+1)!

m=0

(L—G)" (L+G) ™ P,

5.2. Calculation of integral for Hy;. With the same argument for calculating
the integral of Hy1, we also use the Residue theorem to calculate the integral of
Hi1. To calculate the integrals of the first two terms Py, P> of Hy1, we consider the
following definite integral

27 102 2 2
E 1 -1 1
/ LQdE:,_/ S ) MY ;:f/ fi(z)dz,
o (ecosE—1) tJz=1 z(ez? +e—22) v J|z=1

by setting z = e'¥. The function fi(z) has two singular points z; = 0 and 2z, =
(1 —+v/1—e?)/e in the open unit disc. Moreover, z; is a pole of order one while 29
is a pole of order two. Then by using the Residue theorem we have

2 i 02
sin® B
—=dE =2 R
/0 (ecos E —1)? szl z:ezif(z)

) ( 1 N —e2—2V1—e2+2 )
=271 — —
et e2y/T—e? (\/1—62—1)2

=27
e2y/1 —e?
B 2w L?
- G(GH+L)
Therefore,
B, = 1 2 _sin2 Esin?yg (G2 — K2) 4B — _s1112g (G2 — K2)

27 Jo 4L*(ecos E —1)? 4GL>(G+ L) ~’
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4IA(ecos E —1)2  4GLA(GH+ L)

Py i= —
2 2T

_ 1 /2” Sin2Ecoszg(G2 —K2) coszg(G2 —K2)
0

With the same argument, to calculate the integrals of the first two terms Py, Ps;
we consider the definite integral

2 _5)\2 —2 2 1 2
/ MdEf 1/ (“2es 42+ 2 dz ::1,/ fa(z)dz.
o ( l2=1 (e2? 4+ e —22) b jzl=t

ecosE—1)2 i
The function f>(z) has a pole of order one z; = 0 and a pole of order two zo =
(1 —+v/1—e2)/e. Then by using the Residue theorem we have

/2” ((COSE_e)QdE =21 ) Res/(2)
0

ecos B —1)? — z=z

_an(4 (¢ 1) (ez+2m_2))

¢ ei—e(Vi—e-1)°
=27 L
V1—e2+1
2nL
T G+L
Therefore,
B, 1 m _cos’yg (G* — K?) (cos E — e)? AE — _cos’g (G* - K?)
Y or ), AG2L%(ecos E — 1)? T 4GLG+ L)
— 1 (> sin®g(G? — K?) (cosE —e¢)? sin’g(G? — K?)
5T op 0 4G?L2(ecos E — 1) B 4G?L(G+ L)

Since the term Pj5 is an odd function with respect to E, we know the mean value
of P3 along a period 27 is zero, that is, P3 = 0. Moreover, the term Ps does not
depend on E, then we have the mean value of Py Pg = P.

Finally, we conclude that

e 1 27

Hyp = — Hll(EvgaL7G7K)dE
2w 0

=Py + P2+ Py +Py+ Ps+ Pg

sin? ¢ (G2 — K2) cos? g (G2 — K2)
4GL*(G+ L) 4GL?2(G+ L)

cos? g (G2 — Kz) sin’ g (G2 — KZ) (G2 —+ Kz)
AG?L(G + L) AG2L(G + L) 4G22

~ c08(29)(G - K)(G+K)(G-L) (G°+K?)

4G?L2(G+ L) 4G2L2
c0s(29)(G - K)(G+ K)(G—L)— (G*+ K?) (G+ L)
AG2L2(G + L) '
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5.3. Averaged system. Now we state the averaged system of (4.4)) into an explicit
expression. Since Hig is independent of g, the averaged system (5.2)) becomes

dg 3 aﬁlO 3?11

— =€l s LK i LK) ) = €eF! s h, K

di € ( G (g7Ga ’ )+ a9G (vaa ) )) € 1(g7Ga ) 0); (5 7)
g__ﬁaﬁu( G; L, K) := eFy(g, G; h, Ko) .
di = —¢€ ag g,G; L, = er2\g,Gih, ),

where K = Ko and L =1 /v/—2h are considered as constants. Taking the partial
derivative of H1; with respect to the variable g and substituting L = 1/v/—2h, we

obtain
_sin(?g) (1 - G\/i%) (G2 - Kg)
2V/—2hG2(GV—2h+1)

Moreover, taking the partial derivative of Hy with respect to the variable G and
substituting L = 1/4/—2h, we obtain

Fz(g,G; tho) =

1
VZRRGB (2GV =R + V2)

x ((cos(2g)( — G*V=2h + 2G*hEG + GV=IRKE + K3
+ K2 (2G2h — 2Gv/~2h — 1))

Fi(g,G;h, Ko) = D(G; h) —

where for p > 1,
oG

D(G;h) =L (9.G; L, K)

p—2
_ — 2p—3 m —m(m+p—2)'l
S A W R

m—1

(_ m(G\/%Th - 1) (GvV=2n)"
+(1 Gx/—Th)H)

X

‘p>(ﬁ‘1)m(

_ / 2p—3 m —-m (m +p— 2)' l
== BV ) G2 ml(p—2)! G

m=0

X ((1fp)(1fG\/i2h)fm)(

m—1

1
G\/—ithl) (

p—2
I Wy X P m g-m (M AP —2)!
=-pv=2n" "G m2::0(1,,,22 iy 2!

X ((1 —p)(1 — GV=2h) — m) (ﬁ)m_l

GvV—2h)""

:DI(G7hap)7
and for p <1,

,0H 1
D(G;h) =L?

(9,G; LK)
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! — G/—2h\m—1
VS o I (G

p+1D!'\1+GvV=2h
x (Gv=zh+1) p_1<(—2m —p+1)—(1 —p)G\/—Th)
=— g R (Gv=ah 1) ! 12?01 T pp)'+ 5

T (ov g 1) ch "y L-p)

—m —p+1)!
% ((1=p)(1 = Gv=2h) —2m) (112\/\/%)%1

:DQ(Ga h7p)

6. PROOF OF MAIN RESULTS

In this section, we give the proofs of Theorems[I.I]and [[.2} The proofs are based
on the method of averaging; For example, see [25] 28] 26] 27]. Generally, averaging
method involves two steps: transforming to standard form; solving the averaging
equation. Now we compute the equilibrium points of the averaged system .
From the second equation of the averaged system , it is easy to have that

sin(2g) (1 — Gv—2h) (G* — K3) =0.

Proof of Theorem In this subsection, we always assume that p > 1. We
separate the computation of equilibrium points in three cases.

Case I: (1 — G\/—Qh) = 0. This means that G* =

must satisfy the first equation of the averaged system (5.7). Inserting G* back into
Fi(g,G; h, Ky) = 0, we obtain

1
Filg, ——=;
1(9 —on
Therefore,

12h. The equilibrium points

, 1
h,KO) = B2 2p(p — 1)(=h)"~ + < cos(2g) (2hKF +1) — hEG =0,

8(— 527 2p(p — 1)(—h)P~' + hK7)

2 =
c0s(29) OhKZ + 1

which possesses the solutions

= :I:1 arccos (8 (*52p*2p(p — DR+ th))
775 2NKZ + 1 ’
which exist when
8 (=p2°2p(p — )(=h)P ' + hK})
2hK3 +1

Therefore, we have two solutions
(8 (—B2r2p(p — 1)(—h)P~" + th)) 1 )
2hK3 +1 ’ '

e [-1,1].

1
(g*,G"; h, Ky) = (:t 5 arccos
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The Jacobian determinant of the averaged equations at these two solutions is

4 (82Pp(p — 1)(—h)P + 4h2K2)*
a(Fth)‘ :i(Zth+1)z<1_ (52plp — () + 412K5) )
d(g,G) lg.6+) 16 h2 (2hK2 +1)

Only when
1 8hKo® + |2hKo” + 1|
K — — 9
o7 vV—2h 11 # 2r+1p(p — 1)|hjp—1

we can get the nonzero Jacobian determinant.

There exists two 2m-periodic solutions (g(I,€), G(l,€)) = (¢g* + O(e), G* + O(e))
of the system ([£.4). In order for k(I) to be 2m-periodic, we plug (g(l,€), G(l,€))
back into the second equation of the system , and obtain

dk 30H; 9
i el ﬁ(l,g(l,e),L,G(Le),K) + 0 (e ) .
Next, we prove that there exists K = K such that
2m aHl
F3(Ko,€) := L 8—K(l,g(l,e),L,G(l,e),Ko)dl +O0(e) = 0.
0
Since the H; and 0H; /0K are continuous, and we obtain
27 aHl
F3(K0,€) = L 87(1,9(17E),L,G(Z,GLK())CU+O(E)
0
. a 2
=3 — Hi(l,g9(l,e), L,G(l,€), Ko)dl + O(e).
oK J,

Substituting L = 1/v/—2h and (g(l,€),G(l,€)) = (¢* + O(e), G* + O(¢)), we obtain
Ko (—cos(2g*) (1 — G*V=2h) + G*vV/—2h + 1)

Fa(Ko.€) = V2h(G*) (G 2k + 1) ol
= —vV=2hn Ky + O(e).

Hence there exists (Ko, €) = (0,0) such that
d
F3(0,0) =0, T%F3(Ko,€)|(0,o) # 0.
Using implicit function theorem we obtain that there exists Ky = Ky(e) such that
F5(Ko(€),e) = 0. Therefore, there exists K = Ky(e) such that k(I) is 27-periodic.
We plug Ky = 0 back into the two solutions (¢g*, G*; h, Kg), and obtain
1 1
*G*h :(:I:farccos —portl —1)(=h)P! ,7)
(9 ) 9 ( B p(p )( ) ) \/_72}1

with
1

< .
1< e
Then, statement (i) of Theorem is proved.

Case IL: (G? — K3) = 0. This equation have two solutions G* = +Kj. Because
the equilibrium points must satisfy the first equation of the averaged system ([5.7)).
Inserting G* back into Fy(g, G; h, Ky) = 0, we obtain

N cos(2g) (1 — v=2hK) B
2v/—2hK, + 2V —2hK, (1 +V—2hKy)

Fl(g7 iKOv h7 KO) = Dl (:l:K(h h7p)
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Because we consider the existence of periodic orbits of the system, when K near
to origin. Ky = 0 is the singular point of function Fi(g, £Ko;h, Kp), so this case
can not be discussed.

Case III: sin(2g) = 0. This equation has four solutions g* = 0,+7,7. Next we
consider four subcases.

Subcase A: g* = 0. The equilibrium points must satisfy the first equation of the
averaged system (5.7]). Inserting g* back into Fi(g,G;h, Ky) = 0, we obtain

1
VZ2RGE (2GV =R+ v/2)
x (- ¢*v=2h+26°nKE + GV=2mKg + K3) (O
+ K3 (2G%h - 2GV=2h ~ 1)) = 0.
We restrict Ky to a sufficiently small neighborhood of the origin, and obtain

Fl(oa Ga h7KO) :Dl(Ga hap) -

1
F1(0,G; h, Ko) =D1(G; h,p) + (Gﬁ+ 7 + O(Ko)
— g/ gt Z W
< (=)L~ GV=2h) —m) (15%—7)’”—1
: 5 T O(Ko)
ey (6.2)
—— V=R G (a-p) + W
LGV ) m(m+p—2)
) <_pG7\/—72h - 1) Z p22” m
x ((1 —p)(1 - GV=2h) - m) (G\ijT?)ml)
: S+ O(Ky).
2(GV—2h+1)

From this equality, we obtain that F(0,G;h, Ky) have two singularities G =
——=570. Therefore G € (—1/v/~2h,0) U (0,1/V~2h).

When G — —1/v/—2h , we obtain Fy(0,G;h, Ky) — +0o. When G — 0 and
B > 0, we obtain F1(0,G;h, Ky) — +oo, while if 8 < 0 we obtain F(0,G;h, Ky) —
—00. When G — 1/4/—2h and

8> .
204 (—h)P=1p(p — 1)
we have F(0,G; h, Ko) > 0, while if
1
B<-

2P (—h)P=1p(p — 1)

we have F1(0,G;h, Ko) < 0.
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Using zero point theorem, we obtain that when

v (- =)

there exist two solutions Gy (Ko, h) € (=1/v/—2h,0) and Gy (Ko, h) € (0,1/v/—2h)
of (6.1). Therefore, when

ve (- w5 )

we have two solutions (g*, G*(1); Ko, h) = (O,él(Ko,h)) and (¢*,G*?); Ky, h) =
(07 G2(K07 h))

Next, we calculate the Jacobian determinant of the averaged equation at these
solutions. Firstly, we consider the derivative of D (G;h,p) with respect to G,

d
D' (G;h,p) =g P1(Gihp)

p—2
et KR (mAp—2)! (1= G2\ m2
SN e mZZOQ T ( N )

< ((1=p(1=6v=2R) = m) ((-1=p)(1 - GV=2h) +1-m)
+G(p— 1)V=2h(1 - G\/—2h)).
Therefore we can obtain the derivative of Fi(g, G;h, Ky) with respect to G. Then

we plug (¢*, G*@; Ko, h) = (0,G;(Ko,h)), i = 1,2 back into the derivative, and
obtain

d
EFI (97 Ga h7 KO)’(g*’G*(i))

- V=2hG3 — 6G2hK? + 3v—2hGi Ko? + Ko
— Di(Ghp) - e o+ Ko)

G3(V=2hG, +1)°
— (D4(Gis b, p)GE (V=20G +1)°
— (V22RGE - 6G2hKY? + 3V =2hGiKo? + Ko?) ) /(GF (V=2hGis +1)°).

The Jacobian determinant of the averaged equations with these solutions are

O(Fy, Fy)

(g,G) l(g=,c=®)

= L R GRED, . i L E(0. G K)o
ac 119, G5 N, I (g%,G*(D) dg 219, G5 N, Ko (g%,G*(D)

_ (V=2hGi-1)(G? —K02)< d

~ ~ 7F ’G7h)K * (i .
VG (1 + V_2hC) 19, G s K)o

dG
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We restrict Ky to a sufficiently small neighborhood of the origin, and obtain
a(Fla FQ) ’
9(9,G) lgm.c=®)
(V=2hG; - 1)G?

d
(55F1(9: G5 M) e ooy ) + O(K0)

T V2hG2 (1 + v—2hG;) NG

(VG- (DG p) (VG 1) VIR (6.3)
V=2h(1 4+ V=2hG,) (V=2hG; + 1)
(V=2hG: — 1) (D4(Gi h,p) (V—2hC + 1)° — V=2R)

- V2h(V2hCh 1 1) + OHo)

Because CNY'Z' # +1/4/—2h, to get a nonzero Jacobian determinant, expression (6.3))
needs to satisfy

(D;(éi; h,p) (V—=2hG; +1)° = v= h) £ 0.

Because G; is the nondegenerate zero of (6.2)) and

d 1 , v —2h
2(GV=2h+1) (GV=2h.+1)
we have
~ ~ ~ v —2h
(D4(Gishop) (V=2RGi +1)" = V=2R) = D}(Giih.p) = ————3
(GivV—=2h+1)

Then there exists 2m-periodic solutions (g(, €), G(l,€)) = (g* + O(e), G*¥) + O(e)),
i = 1,2 of the system (4.4)). Similarly, in order for k() to be 2m-periodic, we plug
(9(l,€),G(l,€)) back into F5(Kp,€), and obtain

7Ky (= cos(2g*) (V2 — 2G*D/=h) + 2G*D/—h + V/2)
VZ2R(GH)? (2G4 /=R + /2)
27TKO

T GG/ 2k + 1) +0(©).

There exists (Ko, €) = (0,0), such that

F3(Koy,¢€) =

+ O(e)

d
———F3(Ko, €)|(0,0) # 0.

F3(0,0) =0
3(7) ) dK,

Using implicit function theorem we obtain that there exists Ky = Kq(€), such that
F3(Ko(€),€) = 0. Therefore there exists K = Ky(€) such that k(1) is 2w-periodic.
Then, statement (ii) of Theorem [1.1]is proved when g* = 0.

Subcase B: g* = w. The proof of statement (ii) of Theorem [1.1| when ¢g* = 7 is
completely similar to case g* = 0.



30 M. LI, Q. LIU EJDE-2021/63

Subcase C: g* = Z. The equilibrium points must satisfy the first equation of the
averaged system (5.7]). Inserting g* back into Fi(g,G;h, Ky) = 0, we obtain

1
VZIRGS (26v =R + V2)

x (( ~ G3V 2R+ 2G2hKE + GV —2hKE + Kg) (6.4)
~ K3(2G%h - 26V=2h — 1)) = 0.

We restrict K to a sufficiently small neighborhood of the origin, and obtain

Fl(gaG; thO) :Dl(thap) +

Fi(5.G:ih, Ko)

1
= D1(G; h,p) — 2(0¢-Th+1)2 + O(Ko)
p— —p—lp m m(m+ -2)!
= pVG Y o
1—G\/—72h m—1
< ((1=p0=Gv=a) —m) (5 )
_;_’_O(K) (6.5)
2(Gv/—2h +1)° ’
:—Bmp”(;w((l_pH (p1)2(p2>(_p1G%2hﬁ_l>
m m(m+p— 2)
+ZC L T ((1*17)(1*(?\/772}1)7771)
1—G\/j m—1 1
) (W> )_WM+O(K°)'

From this equality, we obtain that Fi(%,G;h, Ko) have two singularities G =
—1/v/—2h,0. Therefore G € (—1/v/—2h,0) U (0,1/+/—2h).
When G — —1/v/—2h, we obtain Fy(n/2,G;h,Ky) - —oco. When G — 0 and
B > 0, we obtain Fy(n/2,G;h,Ky) = +00. When G — 0 and 8 < 0, we obtain
Fi(n/2,G;h,Ky) — —o0. When G — 1/+/—2h, and
1

2 R - 1)

we obtain Fy(7/2,G; h, Ko) > 0.
Similarity, when G — 1/v/—2h, and
1

T RTTEY

we obtain F(7/2,G; h, Ky) < 0.
Using the zero point theorem, we obtain that when

B e (0’ 2p+1(—h)p1‘1p(p - 1)>7
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there exist two solutions G (Ko, h) € (—1/v/—2h,0) and Go(Ko,h) € (0,1/v/—2h)
of (6.4]). Therefore, when

0, ).
8¢ (O =1
we have two solutions

* * T =
(9", G* s Ko, h) = (5, Gu(Ko, b))
* * T =
(9. G Ko, h) = (5, CalKo, ) -
Next, we calculate the Jacobian determinant of the averaged equation with these

solutions. Firstly, we consider the derivative of Fy(g, G;h, Ky) with respect to G.
Then we insert

(g*7G*(Z)’ h,Ko) = ( 767;(}17[(0))7 1=1,2

9B

back into the derivative, and obtain

d
@Fl(ganhﬂKO)‘(

g*,G*('i))
921G + 120G Ko? — Gi8v—2h K2 — 3K,
G vV=2h (Giv—=2h +1)°

— _ __ 3
— <D’1(Gi; h,p)GiV/—2h (Gi\/—Th+ 1)

= D (Gi; h,p) +

+ ( — G + 120G Ko? — Gi8V—2h K2 — 3K02))

= (@v=an (G —2h+ 1)3).

The Jacobian determinant of the averaged equations with these solutions are

8(F1,F2)‘

(g, G) l(g*.6*®)

= —iFl(g G;h K())’ ; 'iFg(g G;h KO)‘ .
dG s Ty 1y (g*,G*(1) dg s Iy 1y (g*,G*()

Giv=2h—-1) (G - K?) , 4
= J—) ( ) (EFl(gaG; h7K0)|(g* G*(i)))
—G;V—2h (1+ G;v—2h) ’
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We restrict Ky to a sufficiently small neighborhood of the origin, and obtain
6(F17 FQ) ‘
99, G) lig=.c=»)

Giv—2h-1)C d
— ( ) (7F1(g’G;h’)|(g*,G*(i))) +O(Ko)

 _GoVERR(1+ V=2RG) NG
_ (@=Rh-1) (Di(Gihep) (Giv/=2R+ )% 4+ v=2R) (6.6)
—V=2h(1+Giv=2h) (G2 +1)°
+ O(Ky)
(Giv/=2h — 1) (D}(Gi; h,p) (Giv/—2h +1)° + /—2h)
- — 1 +O(K0)
—V=2h (Giv=2h +1)

Because G; # +1/v/—2h, to obtain the nonzero Jacobian determinant, needs
to satisfy

(D;@; ) (Giv—2h+1)" + \/7—2h) £ 0.

Because G is the nondegenerate zero of (6.5 and

L (oG - — ) =i+ L
G (Dl(G, h,p) 2(G\/—T‘h+1)2) D(G:h,p) + TN
we have
1A — L 57,
(Dl(Gi;hm)(\/—iQhGi + 1)3 + \/_7%) — D|(Cy: h,p) + W\/Z_l)?)

There exists 2m-periodic solutions (g(1,€), G(l,€)) = (g% + O(e), G*D + O(e)), i =
1,2 of the system (4.4). Similarly, in order for k(I) to be 2m-periodic, we plug
(9(l,¢€),G(l,¢€)) back into F3(Kjy,¢€) to obtain

ko (= cos(2g%) (V2 = 2G*DV/=h) + 26" V=R +2)

F3(Ko,€) = VZ2R(GHD)? (2G40 =T + 1/2)

+0(e)

o 27TKO
© Gi (GivV—2h+1)

There exists (Ko, €) = (0,0) such that

+ O(e).

d
——F3(Ko, €)|(0,0) # 0.

F =
3(070) Oa dK()

Using the implicit function theorem we obtain that there exists Ko = Ky(¢), such
that F3(Ko(e),e) = 0. Therefore there exists K = Ky(e¢) such that k(l) is 27-
periodic. Then, statement (iii) of Theorem is proved when g* = /2.

Subcase D: g* = — 7. The proof of statement (iii) of Theoremwith gt =-m/2
is completely similar to that of case g* = 7/2.
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6.1. Proof of Theorem In this subsection, we always assume that p < 1.
We separate the computation of the equilibrium points in three cases.

Case I: (1—Gv-2h) = 0. This means that G* = 1/v/—2h. The equilibrium
points must satisfy the first equation of the averaged system (5.7). Inserting G*
back into Fi(g, G;h, Ky) = 0, we obtain

Fy (g, \/%Zh

Therefore,

1
:h, KO) = —62p72(17p)p(7h)p71+§ cos(2g) (2hKo® + 1) —hKy® = 0.

8 (hKo® + B2P=2(1 — p)p(—h)P~1) .

cos(29) = WKy + 1

It possesses the solutions

g = i% arccos (8 (hK02 + 5217_2(21 - P)p(_h)p_l) ),
2hKp~ + 1
which exist when
8 (hKo? + 2P 72(1 — p)p(=h)"~")
2hKo* + 1

Therefore, we have two solutions:

€ [-1,1].

8 (hK? + B2P=2(1 — p)p(—h)P—l)) 1 )

2hK2+1 "V=2n/
The Jacobian determinant of the averaged equations at these two solutions is
2

1
(g%, G"; h, Ko) = (:t 5 arccos (

O(F1, F: 1 4 (4h*KZ + B2°P(p — 1)p(—h)P
(F1, 2)) o :7(2th+1)2(1_ ( oth8 (5 )g( ) )
9g,G) e 16 h2 (2hKE + 1)
Only when
1 8hKy® + [2hKo® + 1]
Ko # =
0 7& m |ﬁ| # 2p+1(p o 1)p‘h|p—l

we can get the nonzero Jacobian determinant.

There exist two 2m-periodic solutions (g(l, €), G(I,€)) = (¢* + O(¢), G* + O(¢)) of
system . Similarly, in order for k(I) to be 2m-periodic, we plug (g(I,€), G(l,€))
back into F3(K,¢), and obtain

B 77TK0 (— cos(2¢g*) (\/§ — QG*\/Th) +2G*V/—h + \/5)

Frllfo0 = VARG (26 1 VD) o
= —V=2hn Ky + O(e).

There exists (Ko, €) = (0,0) such that

F3(0,0) =0, (Ko,€)|(0,0) # 0.

d
—F
dK, " *
Using implicit function theorem we obtain that there exists Ky = Ky(e) such that
F3(Ko(e),€) = 0. Therefore there exists Ky = Ky(e) such that k() is 2m-periodic.
We plug Ky = 0 back into the two solutions (¢*, G*; h, K() and obtain

(67.G751) = (& garecos (527 (1 = o)) =),
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with
181 < !
2P+ (p — 1)p|h|p—1

Then, statement (i) of Theorem [1.2is proved.

Case II: (G — K¢) = 0. This equation have two solutions G* = +£Ko. Due to
the equilibrium points must satisfy the first equation of the averaged system ([5.7)).
Inserting G* back into Fi (g, G;h, Ky) = 0, we obtain

1 cos(2g) (1 — vV—2hK,) B
2v/—2h K, + 2V —=2hK, (1 +v—2hKy)
We consider the existence of periodic orbits of the system for the case that K is

near the origin. Since Ky = 0 is the singular point of function Fi(g,+Ko;h, Ky),
this case is not feasible.

Fl(ga :l:K()?haKO) = DZ(:I:K07 h7p) +

Case III: sin(2g) = 0. We have four solutions g* = 0,+7, 7. Next consider four
subcases.

Subcase A: g* = 0. The equilibrium points must satisfy the first equation of the
averaged system (|5.7)). Inserting g* back into Fi(g,G;h, Ky) = 0, we obtain

1
V=2RG (2GV =R +/2)°
% (= G*V=3h +2G°hEKE + GV=3hKE + K3 (6.7)
+ K2 (2G2h — 2GV/~2h — 1)) = 0.
We restrict Ky to a sufficiently small neighborhood of the origin, and obtain

Fl (07 Gv ha KO)

Fl(O,G, thO) :DQ(G’ h7p) -

1
. p— 2p—2 p)l
_por-1y/ah (G\/f2h+ 1) ZO o= s 7T
x ((1 —p)(1— GV=2h) - 2m) (L‘Lg\h ”:zh)m*l
1
2(Gv=2h+1) o) (6.8)

— gty (G\/TM+ 1) 7%1 ((1 —p)(1+GvV—2h)
+(1=p)? ((1=p)(1 — GV=2h) —2) + ch T p;+1)
(00 ) (S EEE))

1+ GvV—-2h
+ O(Ky).

1
2(GvV—2h+1)°
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When p =1 or p =0, we obtain

1
Fl(OaG; haKO) = 2 + O(KO)a

2 (GvV—2h+1)
there is no solution G(Kjy, h). When p < 0, from , we obtain that F} (0, G; h, Kj)

has one singularity G = —\/%Qh. Therefore G € ( —1/v/=2h,1/v/=2h).

When G — 0, we obtain Fy(0,G;h, Ky) — 1/2. When G — 1/v/—2h and

1
B> e - D

we obtain F1(0,G;h, Ko) > 0, while if
B<-—

we have Fy(0,G; h, Ky) < 0.
Using the zero point theorem, we obtain that when

ve ( T T - 11)p(—h)p‘1)’

1
2P+ (p — 1)p(—h)P~1’

there exists a solution G(Ky, h) € (O, \/_17%) of (6.7)).
Therefore, when p < 0 and
1
re ( T T - 1)p(—h)”‘1)
we have a solution (¢*, G*; Ko, h) = (0, G(Ko, h)).
Next, we calculate the Jacobian determinant of the averaged equation at this
solution. Firstly, we consider the derivative of Dy(G; h,p) with respect to G,

D5(Gs h, p)

d
= 35 P2(Gih.p)
ET gl (L)
= B2/ =2n (G\/—Th+ 1) n;cl,pm!(im s
1 — Gv—=2h\m—2
) (m) ((V=2h(=p = D)(1 = GV=2R) + (1 = m)(1 + V=2h))

X ((1 —p)(1-GvV=2h) - 2m) — GV=2h(1 - p)(1 - G\/—Qh)).

Therefore we can obtain the derivative of Fi(g,G; h, K() with respect to G. Then
we plug (¢*, G*; Ko, h) = (0, G(Kyp, h)) back into the derivative, to obtain
d
@Fl (g, Ga h’a KO)|(9*,G*)
V=2hG? — 6G2hEKy? + 3vV—2hGK,? + Ko?)
G3(V=2hG + 1)’
~ ~ ~ 3 - ~ ~
DY (G h, p)GP (\/—2hG + 1) - (\/—QhG?’ — 6G2hE,2 + 3V —2hG K2 + K02)

63(@§+ 1)3

= Dy(G; h,p) — (
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The Jacobian determinant of the averaged equations with this solution is
F17 FQ) ‘ d d
=— —Fi(9,G; h, Ko)|(g= g) - —
’ 95,0) I~ ag @G Folleme g
~ (V=2RG - 1) (G2 - Ky?) ( d

Fl(vaa h7K0)|(g*,G*)

Fi(g,G;h, Ko)l(y ,G*))~

V=2hG2(1+ V=2hG) \dG
We restrict Ky to a sufficiently small neighborhood of the origin, and obtain
M‘
Ag,G) lg=.c)
—2hG —1)G?
(\/7 ) ( d (Q,G h’ g*,G*)) +O
V2GR (1+ Vo2hG) \d
(VoG —1)  (D4(Gihp)(V2RG +1)" - ) o (6.9)
- = +
V=2h(1 + V—2hG) (V=2hG + 1)’ 0
(V=G — 1)(D4(G; h,p) (V=2RG +1)° ~ V=2h)
- + O(Ky).

V=2h(V=2hG +1)"

Because G # £1/+/—2h, to obtain the nonzero Jacobian determinant, needs
to satisfy

(D;(é; h,p)(V=2hG +1)* - \/—Qh) £0.

Because G is the nondegenerate zero of and

d 1 v —2h
= (D2(Gip) + 5) = Dy(Gihyp) — —————.
2(GV=2h+1) (GV—=2h.+1)
Therefore,

. . ~ JV=2h
(D;(G; h,p)(V=2hG +1)° - x/—2h) — DY(Gih,p) — —————— £ 0
(GV=2h+1)
There exists 2m-periodic solutions (g(l,€), G(l,€)) = (g* + O(e), G* + O(¢)) of the
system (4.4). Similarly, in order for k(1) to be 2m-periodic, we plug (g(l,€), G(l,¢€))
back into F3(Kj,€), and obtain

ﬂKo(—COS@g*)(\/i—EG*F)+2G*F+\f)

V=2R(G*)? (2G*V=h + V2)

- Ko +0(e).

G (G\/wa 1)

There exists (Ko, €) = (0,0) such that

F3(Ko,€) = — +O(e)

d
F3(0,0) =0, T%F3(Ko,€)|(o,o) # 0.

Using implicit function theorem we obtain that there exists Ko = Ko(€), such that
F5(Ko(€),€) = 0. Therefore there exists K = Ko(¢) such that k(l) is 2m-periodic.
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When p = 1 or p = 0, we obtain Dy(G;h,p) = 0. Solving F;(0,G;h, Ky) =0
with respect to G, we obtain

~V—=2hK3 +\/-K? — 2hK}.

Then, we plug g* and G back into F5(Kj, €) to obtain

Ko (—608(29*)(f—2G* V=h) + 2G5 V=h+V?2)

+ = — €
Fi (Ko.€) = G GG T 1 77 +0()
o/ —2hn K («/th(lJrQth) ﬂF\fth) o

= — + O(e).

V2RS4 2hK3) (/REG (1 + 2hK3) + V/2hK})

There not exists Ky(e) such that F3(Ko(e),e) = 0. Therefore there not exists
K = Ko(e) such that k(l) is 2m-periodic. Then, statement (ii) of Theorem is
proved.

Subcase B: ¢g* = 7. The proof of statement (ii) of Theorem [1.2| when g* = 7 is
completely similar to case g* = 0.

Subcase C: g* = Z. The equilibrium points must satisfy the first equation of the
averaged system (5.7]). Inserting g* back into Fi(g,G;h, Ky) = 0, we obtain

1
V=ZRGB (2GV—h + V2)
< ((-6*v=2h+26°n K + GV=2hKg — k3)  (6:10)

- K3(2G%h—26V=2h 1)) =0.

Fy (5, Gih. Ko) =Da(Gsh,p) +

We restrict Ky to a sufficiently small neighborhood of the origin, and obtain

Fl(g7Ga haKU)

1
=Dy (G h,p) — _+0
D 2 (2GV-h+2) +OKo)

= — gy VR (GvERh+1) ch [ — —

p+1)!
x ((1=p)(1 = GV=2R) — 2m) (Hg‘/\/_:;h)m_l

1
C2(Gvmam+ 1)
__ gor-ly g (G\/—Zh n 1) o ((1 —p)(1 + GV—2h)

+ O(K)o)

+(1=p) ((1=p)(1 - GV=2h) - 2) + ZC (1=p)!

—m —p+1)!
((1=p)(1 - GV=2R) - 2m) (ﬂ)m*)



38 M. LI, Q. LIU EJDE-2021/63

1
- 5 + O(Ko). (6.11)
2 (GV—2h+1)
When p =1 or p = 0, we obtain
0 1
F]. 77G;h7K0 - — +O(K0)7
G )= (GV=2h +1)°
there is no solution G(Kjy, h). When p < 0, from (6.11]), we obtain that Iy (3, G; h, Ko)
has one singularity G = — \/_17% Therefore G € (— 1/v/—2h, 1/\/—2h).
When G — 0, we obtain Fy(r/2,G;h, Ko) — —%. When G — \/%% and

5> -
20 (p — Dp(=h)p— 1
we obtain Fy (7/2,G;h, Kg) > 0, while if

8< :
2041 (p — )p(=h)r=1’
we have Fy (7/2,G;h, Kj) < 0.
Using the zero point theorem, we obtain that when
1
Be (2p+1(p — 1)p(_h)p_l,+<>o),

there exists a solution G(Ko,h) € (0,1/v/=2h) of (6.10). Therefore, when p < 0
and

1
ve (0’ 20+ (p — 1)p(—h)p‘1)’
we have a solution
(4", G" Ko, h) = (5, GKo, ).
Next, we calculate the Jacobian determinant of the averaged equation at this
solution. Firstly, we consider the derivative of Fi(g,G;h, Ky) with respect to G.

Then we put (g%, G*; h, Ko) = (5,G(h, Ko)) back into the derivative, and obtain

(g7 G; h, K0)|(g*,G*)

WG + 120G Ko? — 8GV/—2h K% — 3K,?
GW=2h (GvV=2h +1)°

_ <D’2 (@ h, p) GV TR (G2 + 1)°

d
wch

= Dy(G; h,p) +

T (-2hé4 + 120G K2 — 8GV—2hK,? — 3K02) )

+ (G'V=2n(GvV—2h+1)%)
The Jacobian determinant of the averaged equation with this solution is
O(Fy, Fy)
9(9,G)

d d
=— —F G:h. K, . ey - — B G h K .
e~ ag e G o)l 6o - g Fa(9, Gk Kol av)

GG K) d
G V=3h (1+ GV=2h) (GG 0.1 Koll- o)
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We restrict Ky to a sufficiently small neighborhood of the origin, and obtain

O(Fy, Fy)
99,G) g e .
_ (G\/—Th —1) (D’ (G h,p) (GvV/—2h + 1)3 +/~2h) (6.12)
—2h (1+ Gv/—2h) (GvV=2h + 1)
+ O(Ky)
 (GV=2h — 1) (D(G; h,p) (GV—2h +1)° + /~2h)

J— 1 +O(K0)
—2h (GV—2h +1)

Because G # +1/+/—2h, to obtain the nonzero Jacobian determinant, (6.12)) needs
to satisfy

(D;(é; h,p) (GvV—2h+1)° + \/—Qh) £ 0.

Because G is the nondegenerate zero of (6.11]) and

. R S e A
ac (PatGinn)- 2 (GV=2h + 1)2) -G (Gv=2h+1)*
Therefore,
(D5(G: 1 p) (V=20G + 1)" 4+ V=2R) = D4(G: b, p) + W%

There exists a 2m-periodic solution (g(l,€), G(I,€)) = (g* + O(e), G* + O(¢)) of sys-

tem (4.4)). Similarly, in order for k() to be 2m-periodic, we plug (g(l,€), G(l,¢))

back into F3(Kj,€), obtain

Ko (— COS(Qg*) (V2 = 2G*V=h) +2G*V/~h +2)
V=2R(GY)? (267 =R+ V2)

+ O(e).

FS(K(),G) = — O(E)

27TKO
(G\/T—&- 1)
There exists (Ko, €) = (0,0) such that
d
F3(0,0) =0, T%F3(Ko,€)|(o,o) # 0.

Using the implicit function theorem we obtain that there exists Ko = Ky(¢€), such
that F5(Ko(e),e) = 0. Therefore there exists K = Ky(e) such that k(l) is 27-
periodic.

When p =1 or p =0, we obtain Dy(G;h,p) = 0. Solving Fy(7w/2,G;h,Ky) =0
with respect to G, we obtain

—h (V2RES + K7 4 K2))*/® — 91/6 g2
21/6(7}1)5/6( 2hK6+K4+K2)1/3 .

o
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Then, we plug ¢* and G* back into F3(Kp,¢€), and obtain

B _7rK0 (— cos(2g*) (\/5 - QG*\/Th) +2G*V/—=h + \/ﬁ)
F3(Ko,€) = V(G (26 —h + V3 +O(e)
2%/6/=hhK (V2hKS + K* + K?)

( (—h (VZRES + KT + K2))*° - 21/6hK2)2
x ( — V2hK? + (—h (\/2hK6 Ny K2))1/3
42105 (2 (VERRS+ T+ KQ))2/3)_1.

There is no Ky(e) such that F3(Ko(e),e) = 0. Therefore there is not K = Ky(e)
such that k(l) is 2m-periodic. Then, statement (iii) of Theorem is proved when
gt =m/2.

Subcase D: g* = —7/2. The proof of statement (iii) of Theorem with ¢g* =

—m /2 is completely similar to case g* = 7/2, and we do not repeat again. Therefore,
we conclude the proof of Theorem

7. CONCLUSION

In this article, the periodic orbits of the spatial anisotropic Kepler problem with
anisotropic perturbations on the energy surface are discussed by using canonical
transformations, Residue theory in complex analysis and the averaging method, see
Theorem and Theorem Moreover, we also give some applications related
to spatial anisotropic problem. Comparing the previous work, we are not limited
to the study of the spatial anisotropic Manev problem when p = 2, but we extend
p to the integer domain. This is a new result in this context. From the view point
of a physical application, it might be reasonable to use the averaging principle to
replace a mathematical model by the corresponding averaged system, to use the
averaged system to make a prediction. The study of this paper exactly gives a frame
for application of the averaging method to spatial anisotropic Kepler problem with
anisotropic perturbations.
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