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NORMAL FORMS FOR SINGULARITIES OF ONE
DIMENSIONAL HOLOMORPHIC VECTOR FIELDS

ANTONIO GARIJO, ARMENGOL GASULL, XAVIER JARQUE

ABSTRACT. We study the normal form of the ordinary differential equation
2 = f(z), z € C, in a neighbourhood of a point p € C, where f is a one-
dimensional holomorphic function in a punctured neighbourhood of p. Our
results include all cases except when p is an essential singularity. We treat all
the other situations, namely when p is a regular point, a pole or a zero of order
n. Our approach is based on a formula that uses the flow associated with the
differential equation to search for the change of variables that gives the normal
form.

1. INTRODUCTION AND MAIN RESULT
This note provides a proof for the following result:

Theorem 1.1. Let f(z) be a one-dimensional holomorphic function in a punctured
neighbourhood U C C of a point p. Consider the ordinary differential equation

d

d—j = f(z), zelU, teC. (1.1)
Then, in a neighbourhood of p, this equation is conformally conjugate, in a neigh-
bourhood of the origin, to

(a) =1, 14 f(p) #0,

(b) 2= f'(p)z, if p is a zero of f of order 1 (i.e. f'(p) #0),

(c) 2 = 2"/(1 + cz" 1), where ¢ = Res(1/f,p), if p is a zero of f of order
n>1,

(d) 2=1/2", if p is a pole of order n.

Statements (a), (b) and (c) are well-known, see for instance [I]. To our knowledge
statement (d), as it is presented here, is new. Just topological conjugacy between
equation and Z = 1/z™ has been proved in [4,[5, 6, §]. In [3] a similar result is
also given. Our approach is based in the one dimensional version of a nice formula,
as far as we know, firstly introduced in the unpublished thesis of Pazzi [7] and
recently used in [2 [0, [0]. This formula allows to look for the conjugacy between
the original differential equation and its normal form by using the flow of
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the primer. In Lemma [2.I] for the sake of completeness, we prove it in the one
dimensional framework. Notice that the case of f having an essential singularity
at p is not covered by the above theorem. In a forthcoming paper we will consider
this situation.

Also we observe that by using Theorem it is easy to describe the phase
portrait, for t € R, of meromorphic equations in a small punctured neighbourhood
of their singularities and poles. Furthermore, except for the simple zeroes of f, it
can be shown that the index at the point fully characterizes the dynamics near the
singularity.

2. PROOF OF MAIN THEOREM

Without loss of generality, we assume that the point p in Theorem [1.1]is moved
to the origin. The solution of passing through z € U at ¢ = 0 is denoted by
P (t, 2).

Let f and g be analytic functions in a punctured neighbourhood of 0. It is said
that the differential equations z = f(z) and 2 = g(z) are conformally conjugated
near the origin if there exists a conformal map ® : V — W, ¥V and W being two
open neighbourhoods of 0, such that ®(0) = 0 and

D(py(t,2)) = pg(t,®(2)), forall zeV\{0}, (2.1)

and all ¢ for which the above expressions are well defined and the corresponding
points are in V and W.

Lemma 2.1 ([2, [10]). Let z,w € C be given implicitly by the equation z =
of(h(w),w). Then if h is a holomorphic function, the expression of in the
w-variable is

f(w)

ST T )b ()
Proof. By taking derivative with respect to t of z = s (h(w), w), we obtain
: Iy oy ;
— (p' () CFT gpf
Thus

z= (B (w)f(z) + %(h(w)ﬂu))w . (2.2)

To compute dyy(t,z)/0z we note that it is the solution of the Cauchy problem
given by the variational equation @ = f’(¢¢(t, z))u with initial condition u(0) = 1.
Observe that the function f(ps(t, 2))/f(z) is the solution of this Cauchy problem.
Hence by the uniqueness of solutions we have

% 2) — f(‘:of(tv Z))
0z (t,2) f(2)
)

Evaluating the above expression at (¢,z) = (h(w),w) we obtain

—~

dof _f®)
g(h(w), w) = .

Consequently (2.2]) becomes

as desired. O
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This lemma points out that a suitable choice for the function h may reduce
equation to its normal form, as it is stated in Theorem Before proving
the theorem we show, in two steps, a useful condition for two differential equations
to be conformally conjugated.

Lemma 2.2. The equation z = @y(t,w), associated to the flow of (1.1) is, in a
punctured neighbourhood of the origin, implicitly given by the equation

exp (/w Tl(s) ds) = exp (z), when ¢ ;= Res(1/f,0) # 0, (2.3)
or by

1
/w m ds =t, when Res(1/f,0)=0. (2.4)

Observe that the case Res(1/f,0) = 0 also includes the situation in which 1/f is
holomorphic at z = 0.

Proof. To show the first statement, where ¢ # 0, we claim that, on one hand, both
sides of equation are well defined in a punctured neighbourhood of the origin,
and, on the other hand, the solution, z = n(¢,w) (such that n(0,w) = w), of the
equation is indeed the flow associated to equation . To see the claim we
integrate 2 = f(z) in the “formal” way to obtain

! ds=1 2.5

W 7o B (25)
The left-hand side of the above equation is not well defined since its value depends,
in general, of the path from w to z in C. In other words, the integral is only defined
in a neighbourhood of z = 0 slit along the negative real line. However, from the
Residue Theorem, we know that such difference is either zero, if the two paths do
not cross the negative real line, or it is +27¢ times the residue of 1/f at z = 0, if
they enclose z = 0. Thus, dividing by ¢ # 0 and taking exponential, we uniquely
determine the value of the left hand side of equation and, moreover, it has
meaning in a whole punctured neighbourhood of z = 0 (including the negative real
line).

To complete the proof of the claim, we need to show that the solution, z = 7(t, w)
(such that n(0,w) = w # 0), of the equation is the flow associated to equation
(1.1). To do so we use the Implicit Function Theorem. If we denote by F(z,w,t) =0
the equation we note that

0 = q 1
CF(zw,t) = ( d ) 0
g r et =e (| 5 )7 #
Hence we know of the existence of z = n(t, w) with (0, w) = w. Now, if we compute
2n(t, w), we easily get

n(tw) 1 0 1 t
exp (/ f(s) ds) oty a1 w) = g o),

or, equivalently, %n(t,w) = f(n(t,w)), as desired.

The latter statement of the lemma, i.e. when Res(1/f,0) = 0, follows from the
fact that, under this hypothesis, the left-hand side of equation is well defined
in a punctured neighbourhood of the origin. (I
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Proposition 2.3. Let f(z) and g(2) be holomorphic functions in a punctured neigh-
bourhood of the origin and set ¢ = Res(1/f,0). Assume that the function

f(z)—g(z) _ 1 1
H(z):= = — (2.6)
f(2)9(z) g(z) f(Z)
is a holomorphic map at z = 0, and define h(z fo s)ds. Then the transfor-
mation z = @¢(h(w),w), which is not necessamly bzyectwe tmnsforms the equation
Z2 = f(2) into the equation w = g(w). Moreover, in a punctured neighbourhood of
the origin, the transformation can be implicitly written as

exp (/ %(5) ds) = exp (%/0 (ﬁ - %) ds)7 (2.7)

w

71 z 1 1
/w@ds:/o (@—m)ds, (2.8)

when ¢ = 0. Moreover, this later equation simplifies to

/Owg(ls)ds—/ozf(ls)ds, (2.9)

if 1/g(2) and 1/ f(z) are both holomorphic at the origin.

when ¢ # 0 or as

Remark 2.4. Note that by using the above proposition, but interchanging the
roles of f and g, it can be shown that the local inverse of the map z = ¢ (h(w), w)
is given by w = ¢4(—h(2), 2).

Corollary 2.5. Under the hypotheses of Proposition let w = W(z) be a so-
lution, in a punctured neighbourhood of the origin, of (2.7) if ¢ # 0 or of if
¢ = 0, satisfying that W (z) tends to 0 when z tends to 0. If this solution can be
extended to a conformal map in a full neighbourhood of the origin, then the ordinary

differential equations

dz

dz
E:f(z% and EZQ(Z%

are conformally conjugated near the origin.

Proof of Proposition[2.3 We define w = W(z) as a solution of z = ¢¢(h(w),w),
satisfying W (0) = 0, where h is an unknown function. By Lemma the suitable
condition over h which implies that the expression of 2 = f(z) in the variable w is
w = g(w), reads as

f(w) — g(w) 1 1
W (w) = H(w) = = - )
(0= 1) = gt~ aw) ~ Flw)
By hypothebib the right hand side of the above equation is holomorphic Hence
choosing h(w) = [, H(s)ds, the transformation given by z = ¢g( ;" H(s)ds,w),

transforms z = f( ) 1nto w = g(w). When Res(1/f,0) = c# 0, we apply equatlon
(2.3) in Lemma to write equation z = ¢f(t,w) as

exp (/z Tl(s) ds) = exp(z).

w

Hence equation z = ¢s(h(w),w) writes as

exp /7ds —exp(h(cw)):exp<(1:/0 (ﬁ—%) ds).
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which is equivalent to (2.7) by using that

w 1 1 ? 1 1 w 1 1
LG @=L Gom' | Gy )

When ¢ = 0 we can perform similar computations but using (2.4]) instead of (2.3)
to arrive to the desired result. Finally if both, 1/f(z) and 1/g(z) are holomorphic
at zero, easy manipulations transform equation (2.8)) into ([2.9). ([

It only remains to prove the main theorem.

Proof of Theorem[1.1. We deal first with statements (a) and (d), i.e. for f having
either a regular point (n = 0) or a pole of order n at the origin. Hence n € NU{0}.
In these cases f(z) = 1/(2"G(z)) with G(0) = go # 0. We choose g(z) = 1/(goz").
Notice that H(z) = 2"(go — G(z)) is a holomorphic map at z = 0 and we are under
the hypotheses of Proposition Furthermore, since 1/f(z) and 1/g(z) are also
holomorphic, again by Proposition |2.3] the transformation z = ¢y (h(w), w), writes

as ([2.9), which is
/ gos™ ds = / s"G(s) ds.
0 0

w=W(z) =z ¢ (n+1) Jy 5"Gls)ds

goz" 1

Thus

)

is a conformal change of variables (notice that W (0) = 0 and W'(0) # 0) between
z =1/(z"G(z)) and w = 1/(gow™). A new change of variables w — aw, for a
convenient o € C, finishes the proof of cases (a) and (d).

We consider now statement (b). Write f(z) = z/G(z), with G(0) = go # 0 and
g(z) = z/go. Thus H(z) is a holomorphic map at z = 0 and we are again under
the hypotheses of Proposition Arguing like in the precedent case, but using

equation ([2.7) instead of (2.9), we get that z = ¢¢(h(w),w) writes as

exp(/zéds) :exp<glo/ozgo_8G(S)ds>.

w

It is easy to see that the function

w=Wi(z) ::zexp</OZG(8)_gods),

gos

is a solution of the above equation. Furthermore it is a conformal map and satisfies
W(0) = 0,W’(0) # 0. Hence by Corollary it is a conformal conjugacy between
2 =2z/G(z) and w = w/go, as stated.

Finally we deal with statement (c). In this case f(z) = 2" /G(z) where n > 2 is
an integer number, and G(0) = go # 0. As usually, if G(2) = go+ gmz™+O0(m+1),
by considering a conformal change of variables of the form z = 2z (1 + az]") we get
z21 = 27/(go + [(m + 1 —n)ago + gm|27" + O(m + 1)). Hence, if 1 < m < n —2,
we can choose the parameter a in such a way that 2; = 27/(go + O(m + 1)), and
s0, it is not restrictive to assume that f(z) = 2"/(go + gn_12""" + G(2)), G(2)/2"
being analytic at the origin. We consider g(z) = 2"/(go + gn—12"""), and we
proceed as in the previous cases. It is convenient, however, to deal with the cases
Res(1/f,0) = gn—1 # 0 and g,—1 = 0 separately. We start with the case g,—1 # 0.
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By using (2.7) we get that z = ¢ (h(w),w) writes as
z n—1 z _é
exp (/ Mds) = exp (/ () ds). (2.10)
gnflsn 0 gn,18”

w

Although the above equation is well defined in a punctured neighbourhood N of
the origin, in order to take logarithms (principal determination), we consider it
restricted to N slit along the negative real line. Thus, it writes as

90 1 1 z “ G(s) B

T e il +gn,1loga+/0 o ds=0, (2.11)
We note that if g,—1 = 0, using (2.8) instead of (2.7)), we would have arrived also to
(2.11)). So, in what follows, we proceed with the two cases together. By multiplying
the above equation by z"~! and introducing the new variable u = z/w we get the
equation

G(s)

S’I’L

ds = 0.

F(U,Z) — go [1 _ un—l] +gn_1zn—1 logu + Zn—l/

1—n 0
Note that F(1,0) = 0 and 0F(1,0)/0u # 0. Therefore, by the Implicit Function
Theorem, near (u, z) = (1, 0), there exists a unique analytic function v = U(z) such
that F(U(z),z) = 0 and U(0) = 1. Hence w = W (z) := z/U(z) is a conformal
solution of on N slit along the negative real line, which is indeed a solution of
(2.10) on V. Furthermore, since it is also conformal at the origin and W (0) = 0, by
using Corollary we know that it gives a conformal change of variables between
the equations 2 = 2" /(go + gn_12""' + G(2)) and W = w"/(go + gn_1w™ ).

By introducing a final change of the form w — aw we can impose that gy = 1
and the expression of the normal form given in the theorem follows. It is easy
to check that Res(1/f,0) = g,—1 is an invariant for conformal conjugation, see
Remark[2.6]or [1]. Hence c is Res(1/f,0) and the proof of statement (c) in Theorem
[Tl follows. O

Remark 2.6. As we have already mentioned, in [I] it is proved that under the
hypotheses of Proposition a necessary condition for equations 2 = f(z) and 2 =
g(z) to be conformally conjugated near the origin is that Res(1/f,0) = Res(1/g,0).
Notice that the condition in Proposition implies, among other things,
that Res(1/f,0) = Res(1/g,0).

Remark 2.7. Observe that in case that both Z = f(z) and Z = g(z) have a pole
at the origin (not necessarily of the same order), the map given by transforms
one equation into the other. However, this transformation is not bijective (so, it is
not a change of variables) unless both poles have the same order.

Remark 2.8. In case (c¢) of Theorem it is not difficult to find other simple
models for the normal form. For instance, the one given in the statement can be
replaced by 2 = 2 — /(=1 n+1l op by 2 = 2" — 2201,

Remark 2.9. The main results given in this paper remain true for real analytic
vector fields. Only some constants have to be added in the real normal forms.

Concluding Remarks. If we are not interested in a constructive proof of items
(a), (b) or (d) of Theorem we can check the following assertions, which give a
straightforward proof (modulus a final rescalling of the variable w in cases (a) and

(d)):
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(i) For n € NU {0} the conformal change of variables

nt1 (TL + 1) foz SnG(S) ds
gozn+1

transforms z = 1/(2"G(z)) with G(0) = go # 0 into w = 1/(gow™).
(ii) The conformal change of variables

wzexp(/OZG(Sg)OSgods)7

transforms 2 = z/G(z) with G(0) = gy # 0 into w = w/go.
As it has been shown in the previous section, the change of variables which
proves item (c) is not explicit.

w=z ,
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