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PULLBACK ATTRACTORS FOR NON-AUTONOMOUS
BRESSE SYSTEMS

RICARDO DE SA TELES

ABSTRACT. This article concerns the asymptotic behavior of solutions of non-
autonomous Bresse systems. We establish the existence of pullback attractor
and upper semicontinuity of attractors as a non-autonomous perturbations
tend to zero. In addition we study the continuity of attractors with respect to
a parameter in a residual dense set.

1. INTRODUCTION

An important problem in dynamical systems is the study of the asymptotic
behavior of evolution processes associated with mathematical models that appear in
many applications to natural sciences. Our attention will be in evolution processes
associated with non-autonomous problems, where the pullback attractor theory
has been applied quite successfully. This theory is an extension of the autonomous
concept of global attractor. A good presentation about this theory can be found in
the book by Carvalho, Langa and Robinson [6].

Let L > 0 be given. This article concerns the long-time dynamics of the non-
autonomous Bresse system for vibrations of curved beams,

p1oee = k(pe + 1 + lw)e — kol(waz — lp) + g1(01) + f1le, ¥, w) = ha(x,t), (1.1)
ptht - bwrz + k(@m + 1/) + lw) + 92(%) + f2(§071/)7w) = hg(l',t), (12)
P1Wit — kO(wx - ZSO)I + kl(%% + w + lw) + g?)(wt) + fd(@adJ?w) = hg((E,t), (13)

defined in (0, L) x R, where ¢, 1, w represent, vertical displacement, shear angle,
and longitudinal displacement, respectively. The coefficients p1, p2, b, k, ko, [ are
positive constants, g1(¢:), g2(¢t), gs(ws) are nonlinear damping terms, f;(p, ¥, w),
i =1,2,3, are nonlinear forces and h;(z,t), ¢ = 1,2, 3, are time-dependent pertur-
bations. To this system we add the Dirichlet boundary condition

0(0,1) = o(L,t) = ¢(0,1) = (L, 1) = w(0,t) = w(L,t) =0, t=7,  (14)
and the initial condition (for t = 7),
SD(WT) = 9070—a QOt(‘,T) = <)0Ia w('»T) = 1#8»

1.5
G =@l wlr) =g, ) = uf. )
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In recent years, the Bresse system has been studied by many authors. There
are several works concerned with decay rates of solutions. For the linear case, see
for instance [T}, 2} 8 9], and for the nonlinar case see [7, 12]. On the other hand,
the long-time dynamics in autonomous case (h;(z,t) = 0) was discussed in [I3],
where the authors prove the existence of a global attractor and compare the Bresse
system with the Timoshenko system, in the sense of upper-semicontinuity of their
attractors as [ — 0. The non-autonomous case was not discussed there. Motivated
by this, we study the long-time dynamics of the non-autonomous Bresse system
— characterized by pullback attractors. To the best of our knowledge the
first work concerned with Bresse systems with non-autonomous forces was [3], where
the authors establish uniform decay rates of the energy.

Since our problem has damping terms in all of the equations we shall not assume
any equal wave speeds assumption which is a remarkable stability criteria to the
Bresse systems. For more details see [3, [13].

The content of the paper is as follows:

(i) Under appropriate assumptions on the forcing terms and on h;, i = 1,2, 3,
we establish the existence of a pullback attractor. Our main result is pre-
sented in Theorem [B.11

(ii) We show the upper-semicontinuity of a family of pullback attractors as the
non-autonomous perturbations tend to zero. To this end, we replace h; by
eh; and let € — 0. See Theorem [£:1}

(iii) We apply a recent result by Hoang, Olson and Robinson [11] to study the
continuity of a family of pullback attractors A, when € € J, a residual
dense set of [0,1]. See Theorem [5.1

2. PRELIMINARIES
Let the L? norm be denoted by ||u||, when p # 2, and by |lu|| when p = 2. In
the Sobolev space H'(0, L) we have

L
Jull < —|luzll (2.1)

™

and |[ul| g2 = |luz . We consider weak solutions in the phase space H = H}(0, L) x

L?(0,L)3, equipped with the norm

IyllEr = ezl + l1all® + lwa 1 + 1811+ 911 + [lo]1?,
where y = (¢, ¥, w, @, z/;, ). For convenience, we use the equivalent norm
Iyll3; = pull@l* + p2lllI* + pull@l* + bllall + Ellpe + 3 + lwl]* + kollwe — lp]*.

In fact, as proved in [13], there exists constants 3 > 0, 72 > 0 and 73 > 0 such
that

yll3 < nllyli, (2.2)
Iyl < v2llyll3,, (2.3)
lpall® + 12l + lwe l* < 4 (bll$all® + Ellgs + 9 + lwl® + kollws — lpl®). (2.4)

<
<

Next we present some definitions and results about pullback attractors, taken
from [6] and [I5]. Let (X, d) a metric space and {U(¢t,7) : t > 7 € R} a evolution
process in X.
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Definition 2.1. Let A and B be non-empty subsets of X. We define the Hausdorff
semidistance

ist x (A, B) = sup inf :
distx (A, B) :lelgblgBd(a,b)

The Hausdorff metric in X is
dx (A, B) = max{distx (A, B),distx (B, A)}.
Definition 2.2. A process {U(t,7) :t > 7 € R} in X is a two-parameter family of
maps U(¢,7) : X — X such that
(i) U(t,t) = I, where I is the identity operator in X, for all ¢t € R,
(ii) U(t,s) o U(s,7) =U(t,7), for all t > s > 7 in R,
(iii) (¢,7,2) — U(t, 7)zx is continuous for all ¢ > 7 and z € X.

Definition 2.3. A family of compact sets A = {A(t) : t € R} in X is the pullback
attractor for the process U(,-) if
(i) A is invariant: U(t,7)A(T) = A(t), for all ¢ > 7,
(ii) A is pullback atracting: for any bounded set D C X and ¢ € R,
distx (U(t,7)D, A(t)) = 0 as T — —oo,

(iii) A is minimal, that is, if {C(¢)} is any other family of compact sets that
satisfies (i) and (ii), then A(t) C C(t), for all t € R.

The following definitions are useful to guarantee the existence of pullback at-
tractor for a process.

Definition 2.4. A family {B(t)} of non-empty subset of X is called pullback
absorbing for the process U(-,-) if given ¢t € R, € > 0 and bounded subset D of X,
there exists 7. < t such that

U(t,7)D C B(t),
for all 7 < 7.

Definition 2.5. An evolution process U (-, -) is called pullback asymptotically com-
pact if, for each t € R, each sequence {7} C (—o0,t], and each bounded sequence
{z1} C X such that

(i) 7 — —o0 as k — o0, and

(ii) {U(t, 7%)zx} is bounded,
it follows that the sequence {U(t, 7% )x) } has a convergent subsequence.

The following result gives conditions for obtaining the existence of pullback at-
tractors for an evolution processes.

Theorem 2.6. Let {U(t,7);t = 7 € R} be an evolution process in a metric space X .
Assume that the process {U(t,T)}i>r is pullback asymptotically compact and pos-
sesses a pullback absorbing family B = {B(t)}ter. Then the family A = {A(t) }ter
given by

A(t) =U DCX, (A](D,t)
bounded

is a minimal pullback attractor for the process U(-,-), where

W(D7 t) = msétUTésU(t, T)D(T)

Next, we present a sufficient condition for pullback asymptotic compactness of
an evolution process.
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Definition 2.7. Let X be a Banach space. Then, one says that the function W :
X xX — Ris contractive on a bounded subset B of X if given a sequence {z,,} C B
there exists a subsequence {x,, } such that limy_,c lim; oo ¥(2pn,, Zn,) = 0.

Theorem 2.8. Let X be a Banach space and U(-,-) be a process which admits a
pullback absorbing family of bounded subsets of X, B = {B(t)}ter. Suppose that
for allt € R and € > 0 there exist 7. <t and a contractive function U, on B(7.),
such that

||U(t,TE)£L' - U(t,Ts)y”X <e+ \Ije(xa y)v for all ;x,y € B(Te)'
Then {U(t,7) : t = 7 € R} is pullback asymptotically compact.

Let A, a family of pullback attractors for a process U.(,-), with € in a metric
space A. We establish conditions ensuring the continuity of pullback attractor with
respect to a parameter.

Definition 2.9. We say that a family of pullback attractors {A.}cea is upper
semicontinuous at €y € A if

lim distx (Ac(t), A(t)) = 0,

€E—r€Q

for all t € R.

Analogously, if we interchange A. and A., in the above limit, then we say that
A, is lower semicontinuous at €y € A.

Then, A, is continous at € € A if

lim dy (A, A, ) = 0.

E—r€Q

Proposition 2.10. Let U, : X — X be a family of parametrized processes with
e €10,1). Suppose that

(i) Ue has a pullback attractor A for all € € [0,1),

(ii) For everyt € R, T > 0 and bounded subsets D C X,

sup  d(Uc(t+ 7,t)uo, Up(t + 7,t)ug) = 0, ase— 0,
T€[0,T),u0 €D

(iii) There exists 6 and tg € R such that U.e(o,5) Us<t, Ae(s) is bounded.

Then the family of processes Uc(t,7) : X — X is upper semicontinuous at € = 0.

We shall use a recent result in [I1] for the continuity of pullback attractors with
respect to a parameter.

Theorem 2.11. Let U.(+,-) a family of processes on X with € in a metric space A.
Assume that U(-,-) has a pullback attractor for every e and
(i) There exists a bounded set B C X such that A.(t) C D, for every e € A
andt € R,
(ii) For every Tt € R and t > 7, Uc(t, T)x is continuous in €, uniformly for x in
bounded subsets of X,
(iii) For every eg € A and t € R, there exists § > 0 such that

UB (co,8) Ae(t) (2.5)

1§ compact.

Then there exists a residual set J C A such that for every t € R the function
e = A(t) is conlinuous at each e € J.
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2.1. Assumptions. Our hypothesis are similar to those in [I3]. We consider f7,
fa2, fs are locally Lipschitz and gradient type. Let us assume there exists a C?
function F : R? — R such that

VF:(f17f25f3)7 (26)
and satisfies the following conditions: There exist 8, mg > 0 such that
F(u,v,w) = —B(lul® + |v]? + |w|?) = mp, VYu,v,w € R, (2.7)
where
i 2.8
0<B8< —, .
<o (28)
and there exist p > 1 and Cy > 0 such that, for i = 1,2, 3,
IV fi(u,v,w)| < Cp(L+ [ufP~ + [oP~! + |wP™h), Vu,v,w € R. (2.9)

In particular, there exists C'r > 0 such that
F(u,v,w) < Cp(1+ [ulP™ + |vo/PT™ + |w[Pt™), Yu,v,w €R.
Furthermore, we assume that for all u,v,w € R,
VE(u,v,w) - (u,v,w) — F(u,v,w) = —B(ul* + |[v]* + |w|*) — mp. (2.10)

With respect to the damping functions g; € C1(R), i = 1,2, 3, we assume that
g; 1s increasing, ¢;(0) = 0 and there exist constants m;, M; > 0 such that

m; < gi(s) < M;,Vs € R. (2.11)

Furthermore, we assume hq, he, hy € L2 _(R; L?(0,L)) and satisfy, for some con-
stant Cp, > 0,

t
/ e (|ha(s)13 + [|h2(s)[13 + [|ha(s)[|13)ds < Ch, Vit ER, (2.12)
—00
with o € [0, 0¢], where oo > 0 is a constant dependent only on the parameters py,
p2, b, k, 1, B, and will be defined later.

2.2. Energy of the system. The energy of the system along a solution y(t) =
(‘p(t)7 w(t)a w(t)7 ‘Pt(t)v Qljt(t), wt(t))7 t > T, is

1
E(t) = §||(<P(t)7w(t%W(t),sot(t),wt(t),wt(t))\\% (2.13)
and
L
£(t) = E(t) +/ P, v, w)da. (2.14)
0
Then, multiplying (1.1)-(1.3)) by ¢¢, 1, wy, respectively, we obtain by integration
over [0, L],

d L
ag(t) = */ (91(2e)pr + ga(¥e)¥s + g3(wi)wy)da
0 (2.15)

L
+/O (R1(t)pe(t) + ha(t)e(t) + hs(t)wy(t))dz, Yt =T

The following inequalities will be useful in next sections.
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Lemma 2.12. There exists By > 0, krp > 0 such that
E@) = Bol|Ut, 7)2||F — Lmp, VYt =71, 2 (2.16)
E) <kp(L+ UGG, VE=T (2.17)
Proof. From and ,
Et) = E(t) = B(llel® + 101> + lw]|*) — Lmp

20v3L?
2

> (1- )Ei(t) ~ L.

Then, we take S5 = 1 — 2’8172]“2 Now, using (2.9) and the embedding of H'(0, L)
in LP(0, L) we obtain (2.17)). O

2.3. Well-possedness. We shall write the system (1.1])-(1.5]) as an abstract Cauchy

problem,

Sult) — (By+ Ba)y(t) = Fly(0),0), u(r) = s, (218)

where

y(t) = (o), ¥(1),w(t), ¢'(t), ¥ (1), w'(t) € H, ¢ =@, ' =ty v =uwy,
and
Yr = (o7, Y7, w7, 07, YL, w)) € H
is the initial condition. We let By : D(By) C H — H be defined by

90/

’

Y

k. l kol _l )
o (pz + Y+ lw)y + 2wy — lp)

_ﬁ—?(wx — 1)y — %((px —|—¢+lw)_

with domain D(B;) = (H?(0,L) N H(0,L))® x HE(0,L)%, and By : H — H, is
given by

By =

with domain D(Bs) = H. Also, we have the nonlinear function F : H — H defined
by
_ 0 -
0
0
Fly,t) = | _fletdw) | b
P1 P1
_falebw) | ho
P2 P2
We establish the following result on the existence and uniqueness of a solution.
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Theorem 2.13. Assume that (2.6)-([2.12) hold and hy, ho h3 € L (R; L*(0,L)).
Then for each initial time 7 € R and data y, € H, problem (|1.1] . has a unique
weak solution y = (@, 1, w, pi, Uy, wy) satisfying

y € C([r,00); H), y(7) =y
In addition, if y, € D(B1), then the solution is strong. Also the weak solutions
depend continuously on the initial data.

Proof. Tt follows from [7, Theorem 2.2] that B; + Bs is maximal monotone in H.
Then the Cauchy problem

7Y = (Bi+ Ba)y(t) =0, y(7) =y, (2.19)

has a unique solution. We will show that (2.18)) is a locally Lipschitz perturbation
of (2.19). Then from classical results in [5], we obtain a local solution defined in
an interval [T, tmax), and if ¢,.x < 00, then

lim |[jy(t)|lg = +oo. (2.20)

t—tmax
To show that F(y,t) is locally Lipschitz in y, for each t, let y!, y* € H,
yl = (<p1’ ¢17w17 @%’wg7wt‘1)7 y2 = (<p2, w2’w27 @%’wt27w§)'

From (2.10)), there exists a constant C,. > 0 depending of r = max{||y*||x, [|v?||x},
such that

L

| 1560 = £6APdr < Gl =2

Then

1F (") = F*)II* <3Cly' = v* 11,

which shows that F is locally Lipschitz on H.
To verify that the solution is global, that is, t,ax = 00, we consider the energy

of system defined by (2.14]). By density argument, we can assume that y is a strong
solution. Then, of (2.15]), we obtain

d h 2 h 2
D ety <m0 — ma ()2 — m g (ay 2 + 2O (2]
1 ma
h 2
+ O 00 2+ 22 )17 + 201 (221)
IO | 1@ | sl
miq mo ms

It follows that

E(t) < &(r) + s)I* + lha(s)II* + Ilhs(s)|*)ds, Yt =T

h
mm{ml,mg, ms} / 7
By Lemma [2.12] we have that there exists a constant C' > 0, independent of ¢, such
that

ly®lE < CEW)+C, Vi
Consequently, [ly(t)||r < oo, t > 7, which shows that #;,.x = oo.
Finally, using (2.9) and (2.11]) we can check that for any solution of (L.1))-(1.5),

vt = (Nt wh o b wy),  y = (0%, 97w of R wi),
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with corresponding initial data yl, y2 € H, respectively, there exists constant
C > 0, such that
ly' () = > F < Cllyy — v2ll3r, V€ [T,

for all T" > 7. This shows the continuous dependence of solutions on the initial
data. [l

Theorem m shows that the solution operator U(t,7) : H — H, given by
U(ta T)y = (@(t)» ,(/J(t)7 w(t)ﬂ QDt(t), wt(t)7 wt(t)); t 2 T
defines a continuous evolution process.
3. PULLBACK ATTRACTOR

Our main result reads as follows.

Theorem 3.1. If (2.6)-(2.12)) hold, then the evolution process generated by the
problem (1.1))-(1.5) possesses a pullback attractor A = {A(t)}1er in the phase space
H.

The proof of the above theorem will be completed after the following two lemmas.

Lemma 3.2. The process generated by problem (1.1)-(1.5) possesses a pullback
absorbing family.

Proof. From ([2.15)), we have

L
G0 == [ (@eec+ mv+ mlwou)ds

I (3.1)
+ [ @) + ha(eyin) + a0y 1)) .
We define the perturbed energy
Ea(t) =E(t) + a®(t) (a>0), (3.2)

where
L

L L
B(t) = pr / o(t)pu(t)da + pa / P (t)dx + py / w(tywy(t)de.  (3.3)

Using Holder’s and Young’s inequalities, (2.1)) and (2.3), we can estimate ([3.3)):

1 L L
|®(t)| < 5 max {pl,pz,pl?ng}wllyllﬁ (3.4)

2
Using Lemma and choosing oy = (max{p1, p2, p1%, p2 )71%’7271, we obtain

A1) < aol®(t)] < 5(E() + LMp).

since o < . So that

Ealt) = £+ ad(t) < gé’(t) + gMp (3.5)
Ea(t) = £ +ad(t) > %5(75) - éMF, (3.6)

for each a € [0, ap].
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Now we estimating ®'(¢),

'(t) = p1lleel? + p2llvoel* + prllwel?

L
4 / o[+ k(pn + 0+ L)y + hol(ws — 19) — g1 (0) — fi]de
0

L (3.7)
+/ Y [he 4 bee — k(@ + ¥ + lw) — g2 (1) — fo]da
0
L
+ / w[hg + k()(wz — lﬁp)z - k’l(Sﬁz + 1/1 + lw) — gg(wt) — fg] dx.
0
From Green’s Formula and using (2.6) in (3.7)) we obtain
o' (t) = prlleel® + pallvell* + prllwel” = kllw + 9 + w]* = kollw, — lp||
L L L
Ul [ emedo— [ vmuids — [ wgs(wds
0 0 0
L L (3.8)
—/ VE(p,¥,w) - (p,%, w)dz +/ phydx
0 0
L L
—|—/ Phodx —|—/ whadx
0 0
Using £(t) in (3.8), we have
@'(t)
1 3
=—£(t) - 5(’6”% + ¢+ w|? + kollwy — lol|” + bll]?) + §P1||90tH2
3 2, 3 2 k
+ s p2llel” + Sporllwel* + [ [Fe,9,w) = VE(p, 9, 0) - (9,4, w)]da
2 2 0 (3.9)

L L L L
*/0 @gl(Wt)d$*/0 1/’92(%)6595*/0 w93(wt)d$+/0 phidx

L L
+ / ¢h2dx + / ’U)hgd!)?
0 0

From ([2.1), (2.4)), (2.10)), (2.11) and Holder’s and Young’s inequalities, we can write
L
/ [F(%Z/Jaw) - VF(QO7¢7U}) ! ((Pawvw)}d‘r
0

BL? (3.10)
< g (sl + klle + 0+ bl + kollws — ll]?) + M
L
/ g1 (pt) + 1ga(tr) + wgs(we)|dx
0
L2fy 9
= 507(2 (max{ My, Mo, M3})" (|l |> + [[e]® + [Jwe ) (3.11)
B
+ ZO(bH%HQ + ks + 0 + lw||? + kollw, — Lo]?),

L 2
L
[ It o+ whalda < (Il + el + ol
0 4 0 (3.12)
0

+ I(bH%IF + ke + v + lwll* + kollws — lol|?).
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Using (3.10)-(3.12)) in (3.9)), we find that

@'(1)
3 L2y
—E(t) + | 51 oy (max (M, My, M52 i
3p2
[7 My, M})? |95
(3.13)
[i o My, My })?] ]
L2y
+ (||h1H2 + hall® + [1hs]f?) + Mp
ﬁ B
+ 05 1 50) (P + Rl + 9+ ol + Kollws — T]).
As [3+ g =0, by (3.13) we obtain
(1) < ~E(8) + erllpll? + el |2 + e _
+ es(llBall? + A2 + llhs2) + M, |
where

3p1 , L?vs 2
= [7 + Bon? (maX{Ml,MQ,Mg}) }

_ [3/72 L3
Cy = |—

2

5+ go? (max{M;, My, Ms}) }
P LQVs
> Bor?’

From (2.15)), (3.2)), and (3.14)), taking ¢4 = max{ci, c2}, we obtain
d my 2 M2 2 M3 2
—&. () < —— _ 2 _ 3
L (1) <~ el = 2 el — 2
2
+ (= +acs) (Il + ha + lhs)?)  (319)
min{my, mg, ms}

+aca(leell® + el + lwell*) + aMp — a€(2).

Setting ov = min{ao, 1, m} and using (3.5]), we obtain

d 2 L+3

D £a(t) < —S0a(t) + s (Il + ol + Is)?) +o(Z22) br, (310
where ¢5 = 2 + acs.

min{mq,m2,m3}

Using Gronwall’s inequality and (3.5)), (3.6) in ,

t
(1) < 3E(r)e ) 1 20, [ (Il ol + s
+ (3L +3)Mp,
with

2
op = 2 (3.18)

3
From we can rewrite as
E(t) < 38(1)e™ 7T 4 2¢5¢), + (3L + 3) M. (3.19)
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Using (2.17) and (3.19) we can write, for y € H, that
Coolier LM
Ut m)yll3, < %[kp(l + gl et 4 £y

/30 Bo
where ¢ = 2¢5¢p, + (3L + 3)Mp.
So, there exists a uniformly bounded pullback absorbing family B(t) = Byx(0, R),
with R? > £ + LBIE for all ¢ € R. O

(3.20)

Lemma 3.3. The process generated by system (1.1)-(1.5)) is pullback asymptotically
compact.

Proof. Let y =1y1 — y2 = (¢, ¥, w, @, ¥, wt) be a solution of the problem
prow — k(e + 19 +lw)e — kol(ws — 1)
—[91(e1) — g1(0D)] + [1(£% 0%, w?) = fi(e", ot wh)],
P2t — b + k(pz + 1 + lw)
= —[92(¥1) — 2(¥])] + [fo(¢® 0%, 0?) = fale 0! 0],
prwee — ko(wy — l@) s + kl(@r + ¢ + lw)
—[g3(0t) — g3(0})] + [f3(*, 0%, w?) — f3(p', 0t wh)],
with initial condition
((7), (1), w(T), 01(7), e (7), wi(7)) = yr — v2 (yr, 3 € B(t)).
Multiplying the above equations by ¢y, ¥y and w;, respectively, and integrating in
[0, L], we obtain

—G(t)
L L
/ g1 <Pt 91(90?)]% 7/0 [92(1/)7:1) - 92(1/1?)]1/%

0

L L
/ g3(wy) 93(wt)]wt+/ [f1(e® 02 w?) = fileh 0t wh)] e (3.21)

0

b‘

+/ [Fal? 02, 0?) — fal, 9t )]

(=)

L
+/ ol 02 0?) — falo! )],

o

where

p p p b k
G(t) = Slloel® + 2wl + S llwel® + 5 1wl + % e + 1 + ]
2 2 2 2 2
ko

+ ?wa - 190”2-

We define

with

L L L
U(t) =p1 / ppidx +p2 | YYdr + p1 / wwde.
0 0 0
‘We observe that I L
[W(t)| < 72 max {p1, pa, PL Pzg}G(t)
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Choosing n9 = 375 ' (max{p1, pa, p1 £, p2£}) ™", since 7 € [0,7], we have

LG < Gylt) <

o w

G(t) Vt=r.

Now we estimate U’(t),

v'(t)

= prlledll® + p2llell? + prllwell? = bllvsa|* = Kllw + 1 + lw||?

L L
~ Kollws — Iy ‘/0 [glwt)—gl(sot)]w—/o [02(0) — ga(4?)] ¥
L L
_/ [93(wtl)_g3(wt2)}w+/ [fl(QOQ,?l)Q/lUQ)_f1(<,017’§/11,w1>]§0
0 0
L
+/O [f2(<ﬂ2ﬂ/’2aw2)—f2(80171/’17w1)]¢

L
+/ [f3(§0271/}2aw2)_f3(@17w17w1)]w
0

1 3p
= —G(t) = 5 (kllgw + ¥ + bl + kollws — Lpl> + Bl1gall?) + 2 o)

3p2 3p1 L
222 2 4 2 2 4 / 0100} — a1 (2)] ¢
L

- / [92(61) — g — / (g5 (w}) — g5 (w?)]w

0
L
+/O [f1(9? % w?) — fi(e', v wh)]e
L
+/0 [f2($02»1/}27w2)_fz(@17¢17w1)]1/1
L
+/0 [f3(9027¢2’w2)—f3(80171/’1,w1)]w
‘We observe that
L
—/0 [91(01) — 91(07)] 0 < —malipeI?,
L
—/0 [2(8) — 2 (W2)] e < —ma i,

L
- / (95 (1) — g3(w?)]wr < —ms |,
L

L’Yg
91(¢1) — 91(97) ] <

™
Ly My lell* + 7||@0||2,

h

L’}/3M2

)
A

g2 d}t — 01 wt ]1/) HthQ + 7”1/’“2

L
L'ng3 2 9
< — 2 _—
~ [ nwh) = b < L2 P + ol

(3.23)

(3.24)

(3.25)
(3.26)
(3.27)
(3.28)
(3.29)

(3.30)
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Replacing (3.24)-(3.30) in (3.22)), we see that

d 3p1  LyaM? ) 2
— < — _ -
ZGy(t) < G+ (= my+ Dy + L) |
3 Lys M2
(= ma+ 20+ T ) 2
2 2T
3 L3 M.
+ (= ms+ L+ )
2 2T

[f2(902,1/)27w2) - f2(80171/)17w1)]¢t (3.31)
[f3(p% 92, w?) — f3(o*, v, wh)]w
L
+/0 [f1(0% 02 0?) — fi(oh 9t wh)] g
L
+ [ 1l - et vt

L
+/ [f3(90271/}27w2)_f3(5017¢17w1)]w
0

Taking

27rm1 27rm2 27rm3 }

= min ) 13 ; )
! {UO 3p1m + Lys M7’ 3pam + LysM3’ 3pim + Lys M3

from (3.31) we have

d L
&Gn(t) < —nG(t) +/ [f1(?, 02, w?) — fi(e", 0" w')] e
0

L

+ |:f2(g027w27w2)_fQ(Soluwlawl):l/wt

+
~

o\c\o\ho\o\

[fS(@2,7/127w2) - f3(<)013 ¢17w1)]wt
(3.32)

+ [fl(@27w2vw2)_fl((plﬂwlvwl)](p

~

+ [ [fo(0% 02 w?) = falo, 0t wh) ]
L

+ [f3(9027w27w2)_f3(§01ﬂ1/}17w1)]w
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Using (2.9), and Holder’s and Young’s inequalities, we can estimate the terms on
the right-hand side of (3.32]),

L
/0 [f1(3027w21w2)7f1(901a¢17w1)]30

L
L A N R AR R
° (3.33)
+/O ol 0%, w?) — ol 0t wh)w
< CL(1+ Il + llwelib ) (lell3, + 10113, + wll3,)
=: k1 (7, ) (llell3, + 113, + lwll3,),
for some constant C; > 0; and

L
/ [f1(?, 0%, w?) — fi(", 0", w')] e

/ [fal0? 0%, 0?) — foloh, 0t w0h)] e

/ (a0, w0?) — fo(oh, 0t )]y
o (3.34)

2(p—1 2(p—1
< (U 5™+ Dl 7) (lell3, + 113, + lol3,)
+ (B lleel® + 2 well® + 2w ?)
(B llee® + 22 well® + 2w 2)),
for some constants Cy > 0 and € > 0.
Replacing (3.23)), (3.33)) and (3.34)) in (3.32), we obtain
d 2
ZGolt) < (= 30+ 26)Gol®) + () (013, + 013, + wll3,),  (3:35)

with k(7,t) = max{k;(7,t), ka(7,t)}.
Now, we take € > 0 sufficiently small such that o; = —%77 +2e¢ < 0 and oy < o1,

where o9 was given in (3.18]). Using Gronwall’s inequality in (3.35)andfrom(3.23)),

we infer that
t
G(t) < 3G(r)e” ™77 42 Sl[lp]k(T S)/ e (lollzp + 1¥ll2p + [lw]l2p) ds
se(T,t T
As G(t) = 3|U®, 7)yt — Ut 7)y2||3, and e=7¢=%) < 1, for each s € [r, 1], since y!,
y2 € B = B(t) C Bx(0, R) (defined in the Lemma 7 we have

||U(t7 T)y'} - U(t7 T)y72'||%-l

t
<Bllyr — 2377 + 4 sup k(r, 8)/ (Iellzp + 1¥ll2p + llwll2p)ds

s€[r,t]

(3.36)

t
<3R%e™ 77 14 sup k(T,S)/ (Iellzp + 1¥ll2p + llwll2p) ds

s€[T,t]



EJDE-2022/05 NON-AUTONOMOUS BRESSE SYSTEMS 15

Let t € R and € > 0. Then there exists 7. = 7(t, B, €) such that
3RZem1 (7T < 2,
We defining ¥, on B(7.) by
U (z1,22) = Z(C’tﬁe /
So, we can rewrite as 6

|U(t, o)y — U(t,TE)ZH%_[ <e+ U (y,2)

t

2 2 2 1/2
(13, + 1013, + lwl3,))

for any y, z € B(7.).
Let us prove that U, is a contractive function. In fact, let {z,} be a sequence in
B(7). We have
NU(s,7e)zn|lg < R < o0
for any s € [7,t]. So, since U(s,7)zn = (™, ™, w™, @}, ¥, wit), we obtain
(™, 9™, w™) is bounded in L*(7,t; H} (2)%),
(@', wi) is bounded in L?(7, t; L?(92)%)

From the embedding H{ (0, L) < L22(0, L) < L*(0, L) there exist a function z and
a subsequence {z,, } such that

Zn, — 2 strongly in L?(7,t; L*?(Q)?).

Then, U, is contractive on B(7.). Consequently, the process generated by ([1.1))-
(1.5) is pullback asymptotically compact. O

4. UPPER SEMICONTINUITY

We consider (L.1)-(L.F), with &;(x,t) replaced by eh;(z,t), with i = 1,2, 3; that
is,
prpee — k(pz + 9 +lw)y — kol(we — 1p) + g1(0t) + f1(p, ¥, w) = eha (),
P2ttt — bbue + k(e + ¥ +1w) + g2(¢0) + falip, 1, w) = eha(,t),
P1Wet — kO(wz - l@)z + kl(@z + 7/) + lw) + 93(wt) + fd(¢7¢7w) = ehl’)(xvt)a

As we will take e — 0, we can assume without loss of generality, that e € [0,1]. The
same procedure used before yields an evolution process U(t,7) : H — H, for each
e € [0,1].

Noting that for e = 0, the above problem becomes autonomous and has a C°
semigroup associated S(¢) on H. As proved in [I3], S(¢) admits a global attractor
Ap. Furthermore, we can see that S(¢) is a evolution process defined by Uy(¢,7) =
S(t — 7). Then the constant family Ay = {Ap}, for any ¢ € R, is the pullback
attractor by the process Uy(t, 7).

As the R from the absorbing ball, given in the Lemma is independent of €
and ¢, we have {B.(t)} with B.(t) = B(0, R) is a absorbing family by the process
Uc(t,7) that absorbs all bounded sets in H.

Theorem 4.1. The pullback attractors family A is upper-semicontinuous as € —
0, that is,
lim dist(Ac(t), Ao) =0, VteR.

e—0
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Proof. From Lemma [3.2] there exists a uniformly bounded family By(¢t) = B(0, R).
From the invariance of the attractor, we have that A.(t) C B(0,R), for all t € R
and € € [0,1]. And this prove (ii) from the Preposition 2.10]

Given z € D (D C H bounded) and 7 < ¢, let

UG(t7T)Z - ((pl?wl?wl?(p%)qb]fl?wtl) ul?
Uo(t,7)z = (9%, 0%, w?, o2, 07 w?) = 2.

Then, we can see that u = u; — us solves the problem

p1ow — k(o + 0 +lw)y — kol(w, — lp)

= —[91(e1) — 1 (eD)] + [f1(0% 0%, w?) = fi(e", 4% wh)] + eha,
p2et — bor + k(pz + 9 + lw)

= —[92(0}) — g2(¥7)] + [fo (&, w?) = fa", ¥, w")] + €ha,
Wi — ko(wz — o)y + kl(ps + 9 + lw)

= —[gs(w}) — gs(w})] + [f1(e? * w?) — fi(e",¥* w")] + ehs,

with null initial conditions. Multiplying the first equation by ;, the second equa-
tion by v, and the third equation by w;, we obtain

d
2 [orlled® + pall 1P + prllwell® + Blla |l + Kllpr + ¥ + lw]]* + kollw, — lo]?]

L L
S / [01(61) — 01(¢)] prdd — 2 / [92(61) — g1 (42)] dda

L L

o / [gs(w}) — g(w?)|weda + 2 / (1% 0% w0?) — fuloh, ot )] e
0 0
L

+2/0 |:f2(8025’¢}2aw2)_f2(90171/}17w1)]wt
L L

+2/ [f3(<ﬂ2,1/127’w2)*f3($0171/11,w1)]wt+26/ [h1or + hotby + how; ] d.
0 0

(4.1)
Estimating the terms on the right-hand side of (4.1]), we obtain

L

9 / [91(6)) — 91(92)] prdr < —2mal 0] < 0,
L

) / [92(6) — g (03] deda < —2mal|i |2 < O,

0

L
-2 [ lgstud) — oot < ~2mafa? <o,
0
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L
2/ [fl((p27w27w2)_fl(soladjlvwl)]@t
0

~

[fQ(@27w27w2) - f2(<plaw17w1)}wt

L
[f3(9027¢2»w2) - f3((p17’lp17w1)}wt

<O+ Jur 387 + [zl 2P 7D) (el + 1l + llwal?)
+

1
5 Uleoell® + el + [lewe 1)

for some constant C > 0. Also

+ 4+
o o
hc\

L
26/ [hupt + hot)y + hgwt] dx
0

1
<26 ([P l® + l2l* + 1Ra %) + 5 (lell + [12el* + llwe ).

Replacing this estimates in (4.1]), we can write

%[mll%“2 + o217 + prllwel|® + bllve |1 + Ellpe + 4 + lwl]|®
+ kollw, — lp])?]
<O T,D)[pilled” + p2ll9 1 + pallwl® + bllvoa | + klles + ¢ + lwlf?
+ kollwe — lpl*] + 26 [[|ha[|* + (1o + || ha]1?],
where C(t,T, D) depends on ¢, T and D.
Applying Gronwall’s inequality in , we obtain

t
lur = ua %, < 262/ TPy (s)[1? + [|ha ()% + [1a(s)]1*] ds

and, thus

1Ue(t, 7)z = Uo(t, 7213,

t
< 262/t ; TN [y (5)[12 + (A2 ()1 + [lha(s)|*] ds,

17

(4.2)

for all 7 € [t — T,t] and z € D. As hy, ha, and hs are locally integrable, we verify
(#i1) of Preposition m Consequently, we prove the upper semicontinuity of A,

when € — 0.

5. CONTINUITY OF ATTRACTORS

O

Our last result establishes the continuity of pullback attractors with respect to

some parameter.

Theorem 5.1. Let t € R. In the context of Theorem[3.1 there exists a set J dense
in [0,1] such that Ac is continuous with respect to any parameter €y € J, that is,

lim dgr(Ac, Ae)) =0 Veo € J.

E—r€Q



18 R. S. TELES EJDE-2022/05

Proof. We can apply Theorem Assumptions (i) and (ii) of Theorem hold
because of Theorem [3.I] and Lemma 3.2
Let D C H bounded. Given €1, €3 € [0,1], 2 € D and 7 < t, let us denote

U€1(7 )Z:((pl d)l 1a<pt17wtlawtl):ulv
U52(7 )Z_(SD ¢ wa‘ptvwwwt)_u?

Then, u = u; — us is solution of

p1ew — k(pe + 1 + lw), — kol(w, — lp)

—[g1(et) = g1())] + [[1(* 0%, w?) = fi(p", 0% wh)] + (61 — €2)l
P2ttt — bz + k(pe + 9 + lw)
= _[92(%1) - 92(1/%2)] + [f2(<p2,¢2,w2) - f2(8017¢2aw1)] + (e1 —€2)ho
prwy — ko(wa = l9)e + kl(z + ¢ + lw)

*[93(%1) - 93(wt2)] + [f1(5027w2aw2) - fl(ﬁplail)z,wl)] + (€1 — €2)hs

Multiplying the first equation by ¢, the second equation by vy, and the third
equation by wg, we can write

D [onlloull + ool + prllwel? + bl + Kl 416+ bl + kol — L)
L
S / (91 (1) — 1 (63)] udlac — 2 / (92(00) — 91 (42)hude
L 0 L
2/ 93 wt 93(wt )]wtdx + 2/ [fl((pza'(/}Qawz) - fl(@l,'l/}17w1)]§0t
0 0

+2 [ [fo(@* 0% w?) — faoh 0t wh) oy

b‘

+2 f3 90 ¢ w) f3(<01»¢17w1)]w

0

+ 2(61 - 262)/ [hl(pt + h21/}t + hQILUt} dzx.
0
(5.1)
Estimating the terms on the right-hand side of (5.1]) we have

L

9 / (91 () — 91(92)] prdr < —2male]® <O,
L

) / [92(61) — g1 ()] wnde < —2mal > < 0

0

L
-2 [ lostud) — oot < ~2mafa? <o,
0
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L
2 2 2 1 1 1
2/ [fl(@ﬂﬁvw)—fl(‘ﬂ,l/’?w )](pt
0

L
+2/0 (ol 02 w?) — faloh, ot wh)]n
L
+2/0 a2 62, 0?) — fo(oh, ot )] wy
<O+ Jur 387 + [zl 2P D) (el + 1l + llw|?)
1
+ 5 (el + el + flwe]1?)

for some constant C > 0. Also
L
2(e1 — 62)/ [h1pe + hatyy + howy]dx
0

1
<2ler = e (1P l* + 1h2l* + 1Rs %) + 5 (lell + [1el* + e ).

Replacing these estimates in ([5.1)), we obtain

d
S [orlledl + pall el + prllwe | + bllva|® + Kl pe + ¢ + L]

+ kollwa — lg||] (5.2)
< C(t, T, D) [plleel” + pal9ll* + prllwel? + blloa |1 + Ellor + 9 + L]
+ kollwe — 1o]1?] +2]er — ea* [[7a |1 + [|h2]|® + [|hs]|],

where C(¢,T, D) depends on ¢, T and D.
Applying Gronwall’s inequality in (5.2]), we obtain

t
lur — 2|3, < 2ler — 62l2/ e“ETPIEI [y (s)[1? + [|ha ()% + [Ia(s)]1%] ds

T

and, therefore

1Ue(t, 7)2 = Uo(t, 73
t
< 2er — €2|2/ TP |1y (8|12 + [lhz(s) I + [1hs()]%] ds,
t—T

for all 7 € [t — T,t] and z € D. As hy, hg, and h3 are locally integrable, from (ii)
of Theorem This completes the proof. O
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