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FENG’S FIRST-INTEGRAL METHOD TO TRAVELING WAVE
SOLUTIONS OF THE OSTROVSKY SYSTEM

KEHUA LI, ZHIHONG ZHAO

ABSTRACT. In this paper, we apply Feng’s first-integral method to study trav-
eling wave solutions to a two-component generalization of the Ostrovsky sys-
tem. We convert the two-component generalization of the Ostrovsky system
to an equivalent autonomous system. Then we use the Divisor Theorem of two
variables in the complex domain to seek the polynomial first-integral to this
autonomous system. Through analyzing the derived first-integral, we obtain
traveling wave solutions to the two-component generalization of the Ostrovsky
system under certain parametric conditions.

1. INTRODUCTION

The Ostrovsky equation [I6] describes weakly nonlinear waves in continuous me-
dia with two kinds of dispersion: small scale dispersion typically for the Koretweg-
de Vries (KdV) equation and large-scale dispersion typically for electromagnetic or
optic waves in wave guides, or because of the effect of background rotation for inter-
nal and surface waves [II]. If we neglect small scale dispersion, then the Ostrovsky
equation becomes the nonlinear evolution equation

(ue + puty)y = yu, (1.1)

where p is the nonlinear coefficient and + is the dispersion coefficient. This equation
is the reduced Ostrovsky equation [17, [I9] (also known variously as the Ostrovsky-
Hunter equation [I] or the Vakhnenko equation [18| 2I]). Equation has been
previously studied numerically and theoretically, see [T}, Bl 10, 5] 19, 20, [21].
In this article, we consider traveling wave solutions for a more general Ostrovsky
system in the form
(us + ru + uy)r = 3u+ (1 — p),

Pt + (pu)x =0,

where r is a real constant, u and p are functions of x and ¢. If r = 0 then (1.2))
reduces to a generalized two-component of the Ostrovsky system [6]

(us + uug), = 3u+ (1 — p),
pt + (pu)z = 0.

(1.2)

(1.3)
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System is integrable because of the existence of Lax pairs and has multi-soliton
solutions. In this study, we apply Feng’s first integral method [12] 22] to find loop
soliton solutions, kink-profile wave solutions, and cusped solitary wave solutions
under certain parametric conditions. The key idea of Feng’s first integral method
[7, 8, @] is to utilize the Division Theorem based on ring theory of commutative
algebras to derive the first integrals [3]. Then making use of this first integral, we
reduce the second-order nonlinear differential equation to a first-order integrable
differential equation.

The rest of this article is organized as follow. In Section 2, in order to study
the dynamical behaviors and obtain different kinds of exact traveling solutions of
system , we transform into an equivalent two-dimensional autonomous
system. By applying Feng’s first-integral methods we explore the first integral of
this autonomous system. In Section 3, Some traveling wave solutions of system

(1.2) are presented explicitly.

2. TRAVELING WAVE SYSTEM

Assume that system (1.2]) has the traveling wave solution of the form

u(z,t) =u(§), plz,t)=p(E), §=z—uwt, (2.1)
where w (w # 0) is the wave speed. Substituting (2.1]) into (1.2)) gives the ordinary
differential equation

(—wu’+ru—|—uu')/:3u+c(1—p), (2.2)
—wp' + (pu)' =0, '

where the prime denotes differentiation with respect to £. Integrating the second
equation of (2.2) once with respect to £ gives

g
= 2.3
Peu—w (2:3)
where g (g # 0) is the arbitrary constant of integration. Substituting (2.3)) into the

first equation of (2.2)) yields
(u —w)*u” + (u — w)(u')? — (u—w)(Bu +¢) + r(u —w)u' + cg = 0. (2.4)

Let ’;—Z = y. Equation (2.4) can be changed into an equivalent planar system

du_y

ac Y
dy _ (u—w)Bu+ec) — (u—w)y? —r(u—w)y—-cg (2:5)
i€ (u—wp? |

Since this system possesses a singularity at u = w, we can remove it by introducing
the parameter 7 such that

dr 1 ¢ ds
€T u—w2 &)= /o (u—s)? 20

Except at u = w where dr/d€ is not defined, and d7/d¢ > 0. Thus 7 has an inverse
7~ which in principle can be derived from (2.6). We then have a topologically
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equivalent system

du 2
) e (2.7)
% =3u? — (3w —)u— (u—w)y? —r(u —w)y — c(w+ g).

System does not possess any singularity. So we can apply Feng’s first-
integral method to study the first integral of autonomous system . This in-
novative method was initially proposed in [7, [8 O], which is based on the theory
of commutative algebras and Division Theorem for two variables in the complex
domain C to seek the first-integral for two-dimensional systems. In order to present
our results in a straightforward manner, let us first recall the Division Theorem for
two variables in the complex domain C.

Lemma 2.1 (Divisor Theorem). Suppose that Py(w, z) and Qo(w,z) are polyno-
mials in Clw, 2], and Py(w, z) is irreducible in Clw, z]. If Qo(w, z) vanishes at all
zero points of Po(w, z), then there exists a polynomial G(w, z) in Clw, z] such that

Qo(w, z) = Po(w, 2) - G(w, 2).

Suppose v = u(7) and y = y(7) are nontrivial solutions of system (2.7), and
P(u,y) = > 1" a;(u)y’ is an irreducible polynomial in Clu,y] such that

Plu(r),y(m)] = > _ ai(w)y’ =0, (2.8)
=0

where a;(u) (1 =0,1,...,m) are polynomials of v and all relatively prime in C[u, y],
and a,, (u) # 0. The equation (2.8) is called the first-integral of the polynomial form

to system (2.7). We start our discussion by assuming m = 2 in (2.8). Note that

g—f is a polynomial in v and y, and p[u(7),y(7)] = 0 always implies <& = 0. By the

T

Division Theorem, there exists a polynomial H(u,y) = a(u)+ (u)y in Clu,y] such
that
dp _ Opdy  Opdu
dr  Oydr = Oudr
2
=3 (g B — (3w — cu— (u— w)y? — 1w — wly — clw + 9)
=0

£ ) -y =

= [a(u) + Bu)y] [i aiwy'].

By equating the coefficients of 3 (i = 3,2,1,0) on both sides of , we have
aj(u)(u — w)? = az(u)[2(u — w) + B(u)],
ay (u)(u — w)? = az(u)[a(u) + 2r(u — w)] + ar(W)[B(u) + (u — w)],
ap(u)(u — w)? = —2as(u)[3u? — (3w — c)u — c(w + g) (2.10)
+ ar(u)[a(u) +r(u—w)] + ao(u)B(u),
ap(u)a(u) = a1 (u)[3u? — (3w — c)u — c(w + g)].
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For simplicity, we denote equation (2.10) by
a'(u) = A(u)a(u),
ao(u)a(u) = a1 (u)[3u? — (3w — c)u — c(w + g)],

where a(u) = (az(u), a1(u), ag(u))?, and

5(“()j3£7;;w) 0 0

a(uw)+2r(u—w B(u)+(u—w

Au) = e Aot o
—2[3u? —(3w—c)u—c(w+g)]  a(u)+r(u—w) B(u)
(u—w)? (u—w)? (u—w)?
Setting f(u) = lyu + lp. Solving the first equation of (2.10]) directly, we have
as(u) = D(u — w)H2e” e , (2.11)

where D is an arbitrary constant. Since ag(u) is a polynomial and w is the wave
speed, by (2.11), we deduce that Iy = lp = 0, namely, 8(u) = 0. For simplicity, we
take the constant of integration D = 1; then

az(u) = (u —w)?.

Substituting as(u) and S(u) into (2.10)) yields

aj(u) = a(u) + 2r(u — w) + 21_(127
ap(u) = —2[3u* — (3w — c)u — c(w + g)] + 7:1(u) T a1(u)a(1;)7 (2.12)

—w (u — w)
ao(u)a(u) = ay (u)[3u* — (3w — c)u — c(w + g)].

We suppose that dega;(u) = m, degag(u) = n and dega(u) = k, where m,n, k
are non-negative integers. Since aq(u) is a polynomial, by the first and the third
equations of (2.12)), we conclude that m > 1, ag(u) # 0 and a(u) # 0.

Step 1. We show that k& > 1. In fact, if k& = 0, namely, a(u) = d; # 0. By
the second equation of (2.12)), we have that m = degai(u) > 2. Consequently, by
the third equation of (2.12)), we conclude that degag(u) = n = m+ 2 > 4 and
dega((u) > 3. Since

ay (u)a(u)

(u—w)?’

by the second equation of again, we have n — 1 = m — 1, namely, n = m.
This is a contradiction with n = m + 2. Consequently, we have k > 1.

Step 2. We claim that m > 2. Actually, by the first equation of , we claim
that m — 1 > k, namely, m > k+ 1 > 2. Otherwise, if m — 1 < k, then we have
afu) +2r(u—w) =0and 0 <m—1< k =dega(u) = 1. That is, m = k = 1.
By the second equation of , it follows that n» = 3. Substituting m = k =1
and n = 3 into the third equation of yields that 34+ 1 =1+ 2. This is a
contradiction.

deg rai(w) > deg
U—w

Step 3. We prove that n > 1. If n = 0, without loss of generality, we suppose
ap(u) = dy # 0. By the first equation and the third equation of 7 it leads to
k<m—1and k =m + 2. Apparently, this is a contradiction.

Step 4. By the third equation of , we have that n + k = m + 2, namely,
n=m-k+2>14+2=3. If n=m+k—1> 3, by the last two equations of
, we obtain that n — 1 = m + k — 2 and n + k£ = m + 2, which implies that
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k = 3/2. This yields a contradiction with k € ZT. Consequently, only possibility is
n = 3. By the last two equations of again, we have that 0 <m+k —2 <2
and 3 + k = m + 2, which implies that m = 2 and k = 1.

Thus, we now have that m = 2, n = 3 and k£ = 1. By the first two equations
of (2.12), we assume that a1(u) = A;(u — w)? + Ag(u — w) and a(u) = By (u — w).
Substituting a; (u) and a(u) into (2.12), we have that A; = By + 2r and

ao(w) = —2u + (30— o) + AL
+ [2¢(w +g) + (r + B1)(4g — Aww)]u + h, (2.13)

ao(u)By = 3A1u® 4 [3(Ag — Ajw) — A1 (3w — ¢)]u?
— [(Ao = A1w)(Bw — ¢) + Arc(w + g)Ju — (Ao — Aw)(w + 9),

where h is an arbitrary constant. Substituting the first equation of(2.13)) into the
second equation of (2.13) and equating the coefficients of u* (i = 3,2,1,0), we have

—2B; = 34,

[(Bw —¢) + M%%}Bl =3(4p — A1w) — A1 (3w — ¢),

[2¢(w+ g) + (r+ B1)(Ap — A1w)]|B1 = —[(4p — A1w)(Bw — ¢) + Arc(w + g)],
—c(Ag — Ajw)(w+g) = hB;.

Solving this equatiobn, we find that the solutions only exist under the parametric
restriction
3rt (Bw+c)?

“om 12 (2.14)

cg
and they are

3 2
Thus, we obtain that az(u) = (u — w)?, a1(u) = & (u — w)[u+ % — 32=¢] and
2 5  2rt 2r2Bw—¢) (Bw—c)?
7[2—57(3wfc)]u Jr[@wL = - 5 Ju
22 3w—c
+c(w+g)(%— 9 )
Substituting a;(u) (i = 0,1,2) into , we derive a first integral of the poly-

nomial form for system ([2.7)),

3

ag = —2u

2

4r T 3w—c¢ 2r2
P(u,y):(u—w)2y2+€(u—w)[u+2—57 G ]y—2u3—[%—(3w—c)]u2
2rt 223w —¢) (3w — c)? 212 3w-—c
ot g et - T5)

Changing to the original variables, we obtain a first-integral of the polynomial form
to equation (2.4) as follows

4r 2 3w-—c 2r2
20, 1\2 3
(u—w)*(u) +€(u—w)[u+2—5— G Ju' —2u —[g—(3w—c)]u2
2rt 2r2(3w—c¢) (3w —c)? 2r? 3w-—c
g+ g Jerelera(FE - Tg) =0

(2.15)
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3. TRAVELING WAVE SOLUTIONS

In this section, we consider traveling wave solutions of (2.7 through the first
integral (2.15)) in different cases in terms of values of the parameter r and the
constant of integration g.

3.1. First we consider r # 0, and consider two parts according to the values of the
constant of integration g.

3.1.1. ¢=0. In (2.3), g = 0 implies p = 0, then equation can be reduced to
(ug + 17U + uty)y = 3u + c. (3.1)
By using the transformation of traveling wave, equation can be converted into
(u —w)u" = 3u— (u')* —ru’ +c. (3.2)

So system ([2.7)) becomes
du
di = (’LL - w)yv
J T (3.3)
el =3u?4c—y*—ry.
dr
As in the preceding section, we suppose that Plu(7),y(7)] = Z?:o a;(u)y'=0 is
the first-integral of the polynomial form to system (3.3). Then, by the Division

Theorem, there exists H(u,y) = a(u) + S(u)y such that
do _dpdu_ dpdy _

L _ 2 = =H P . 4
By a straightforward computation, we derive that a(u) = —%, (u) =0 and
P(u,y)
4r r?2 3w-—c 272
— 2,2 3
=(u—w)y +€(u—w)[u+%— G Jly—2 —[g—(?)w—c)]u (3.5)
2rt 2123w —c¢) (3w —c)? 2r2 3w —c
ot —m s relm oo

with the parametric restriction
r (3w + ¢)?

625 36

Case 1. When Z = 3%¢ equation (3.5) can be reduced to

25 6
4 2 2¢(6w — 2¢?
(u—w)2y2+€r(u—w)(u+§)y—2u3+2(w— g)UQ—i— o o; c)u cgw

Solving this equation gives

_du  —6r(3u+c) £5(3u+c)\/6(3u+c)

de 45(u — w) '
Thus, we obtain two traveling wave solutions to (3.1)) as follows

2Bu+c) | 2r
5l

where £ = x — wt and D is an arbitrary constant.

Y

2 6
ch}ln|\/3u+cq: %|:ﬁ:gln|3u+c\ =46+ D, (3.6)
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FIGURE 1. Traveling wave solution of (3.6, when ¢ = —3. Red
dotted line: r = —1; black solid line: » = 0; and blue dashed line:
r=1.

Case 2. When g—; = —3‘”6+C, equation (3.5 can be reduced to

4 2 -2 2cw?
(u—w)2y2+§(u7w)2y—2u3+2(2w—g)uz— w(3o; C)u— C;J =0.

Solving this equation, we obtain

du 2r

y:d—gz——ﬁ:\@(u—w);

5
thus we obtain two traveling wave solutions to (3.1)) as:
2r 2r
2(u—w):lzgln{ 2(u—w)$€|:i§+D, (3.7)

where £ = x — wt and D is an arbitrary constant.

FIGURE 2. Traveling wave solution of (3.7)), when ¢ =3 and D =
1. Black solid line: » = 5, and red dashed line: r = 0.

Remark 3.1. Let us take a closer look at (3.4)). Since H(u,y) = fg, we have that

dp _ 6r

ar 5P (3.8)
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Solving equation ([3.8), we get two new quasi-polynomial first integrals of explicit
form for equation (3.2)) as:

(u—w)2y2+g(u7w)[u+r—— 3w*6]y72u37 [zif(?)wfc)]uz

5 25 6 25
2rt 2r2(Bw—c¢) (3w —c)? 2r2 3w -—c (3.9)
ot 6 urelm o
— 1676’1“/57
with the parametric restriction
i ~ Bw+e)?
625 36

In the case of % = (3“’6+C), equation ([3.9) can be reduced to

4 2 2¢(bw — 2c?
(u—w)2y2+g(u—w)(u—|—g)y—2u3+2(w—§)u2+ C(L; C)u—|— ng

= e 0"/5,

In the case of % - _ (3w6+6)’ equation (3.9) can be reduced to

4 2w (3w — 2 2cw?
g(u—w)Qy—Zu‘g—i—Q(Zw—g)uQ— w u;) C)u— C;:)
3.1.2. Now we consider g = —w. By (2.14)), we have g—; = f3u=c,

Case 1. When g—; = 39=¢ equation (2.15)) can be reduced to

= Je 0/5,

(u—w)?y® +

4 2
P(u, ) = (u— w)?(u')* + g(u — w)uu' — 2u® + g(?:w —c)u® =0,

Solving this equation, we obtain

) %iu\/2u+4[%—3“6_0}__2%uium

U = —

(3.10)

u—w u—w
Integrating this equation directly, we obtain two exact traveling wave solutions to
equation (1.2)) as
Sw Sw  2r

+ 2u—ﬂlnu+(7—€)ln(5\/ﬁi2r)+§:l). (3.11)

FIGURE 3. Traveling wave solution of (3.11), when ¢ = 3 and
D = 1. Black solid line: » = —5, and red dashed line: r = 5.
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Case 2. When g—; = 73“’6_0, equation (2.15)) can be reduced to

4r(u — w) 2r2 82 , 8t
TR 2 —

P(u, v') = (u—w)?(u')* +
Solving this equation gives
2y + ) £ (ut 20 )y/2(u+ )

W - 25 25 5 (3.12)

u—w

By using a transformation v = 4/2(u + %), from (3.12)) we obtain

ﬁ—zi—w)dv

d§=(2 25

Y -

Integrating directly, we obtain another two traveling wave solutions to equation

[ as
2 2
+2L 7—1 5\/2u+— )T 2r) + (= 5“)1n(u+22i5):§+D,

where £ = x — wt and D is an arbitrary constant.

FIGURE 4. Traveling wave solution of (3.13]), when D = 1. Black
solid line: ¢ = —3 and » = 5. Red dashed line: ¢ = 3 and r = 5.
Blue dashed line: ¢ = 3 and r = —5.

3.1.3. Now we consider g as an arbitrary constant. We are looking for general

traveling wave solutions to equation(|l.2]) through (2.15). Denote equation ([2.15)
by

ay® + by +e=0,
where

4r 2 3w-—c
b—E(U—W)[ +275_ 6 ],
272 2r4 (Bw—rc) (Bw—rc)?
=3 [ — 2 _
¢ S5 — Gw—alv”+ [553 75 G
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Combining this with (2.14]), we have

— w)?(6r2 + 25¢ — Thw + 150u)3 r? 3w—c\3
e 421875 Blu—w)ut 55—
If (u+ % — Swgc) >0, theny =u' = Z’g can be expressed in terms of u as

2

T r2 w—c T w—c r2 w—c
di Tt - B E (et i - ) 20+ i - 359

& - (u—w)
Using the transformation v = \/ 2(u+ % — 32=¢) gives us
2
v _ FET
df % o % B 3w6+c

Solving this equation yields

5Bw+c) f]

508w +c¢)
o E In(5v + 2r) F [ ———

6r

where D is an arbitrary constant. Substituting v = \/2(u + % — 3”6*6) and £ =

x — wt into equation (3.14), we obtain two exact traveling wave solutions to (1.2
as

\/2(u+r2— Jwocy [5(3”+C) —g] 1n|5\/2(u+r2— Sw_c)izr}

v +g]lnvj:§:D, (3.14)

25 6 6r 25 6 (3.15)
5B8w+c) 7 r? 3w-—c

—]1 — — +é&=D
T LU S B

FIGURE 5. Traveling wave solution of (3.15), when D = 1 and
¢ = 3. Black solid line: » = 5 and w = 3. Red dashed line: »r = —5
and w = 3. Blue dashed line: » =5 and w = —3.

3.2. Now we consider r = 0. For the sake of simplicity, we assume that ¢ > 0 in
this subsection. If r = 0, then equation (1.2)) can be reduced to

(us + uug), = 3u+ (1 — p),
pt + (pu)z = 0.
At the same time, equation (2.4)) and system (2.7)) can also be reduced to

(u—w)*u” + (u—w)(u')? — (u—w)(Bu+c¢) +cg =0,

(3.16)
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with the associated Hamiltonian system

Zﬁ = ('LL — W)Qy,
] T (3.17)
% =3u? — (3w —c)u— (u—w)y? —c(w+g).

By the characteristics of the Hamiltonian system, we can obtain the first integral
of polynomial form of system (3.17)) as

P(u,y) = (u —w)?y? — [2u® — (3w — c)u? — 2¢c(w + g)u] = p, (3.18)

where p is an arbitrary constant.

Let Ay = (3w + ¢)? + 12¢g. Obviously, system has two equilibrium points
at (u1,0) and (ug,0) in the w-axis when A; > 0, has one equilibrium point at
(u12,0) in the u-axis when A; = 0, has no equilibrium point in the u-axis when
A7 < 0, and has no equilibrium point in the straight line u = w, where

_ Bw—ct VA _Bw—c
D —

U2 = .

U1,2
6

From ([3.18)), we have
P(w,0) = w(w? + cw + 2¢g) = ps,

1
P(u12,0) = —m@?w?’ —27cw? + 9w — ) = pia,

1

P(u1,0) = Q(Al VAL + 27w + 2Tcw? + 9¢(6g — c)w — ¢ — 18¢%g) = p,
1

P(uz,0) = —5—4(A1 VAL = 27Tw? — 27cw? — 9¢(6g — ¢)w + ¢ + 18¢%g) = po.

For a fixed ¢, by using the properties of the equilibrium points and dynamical
systems [I4], we obtain the following bifurcation curves of system (3.17):

Ci: g=0,
1

Cri g=—15 (9" + 6aw+c?) i= g,
1

C3: g=—15(9" +6aw+c?):=g"

For ¢ > 0, we get g* > g*.

3.2.1. Loop soliton solutions. For a given p = p; in 7 we know that there are
three open curves defined by P(u,y) = p1: two of them approaching the straight
line u = w, and a curve v = uy(y) defined by P(u,y) = ps, respectively. One
curve passes through the point (u,,0) and connects with the saddle point (uq,0),
and another curve connects with the saddle point (uq,0), if and only if one of the
following conditions holds:

(i1) w #0, g > 0,
(i2) w<e/3g*<g<O,

where u,, = %(3w —c¢—2y/A1). In the (u,y)-plane, their formula expressions are

_ :I:(ul —u)y/2(u — um)7 (3.19)

u—w
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for u € [tm,us(y)) U (w,u1) or u € [tm,w) U (us(y),ur), and
::I:(u_ul) 2(u—um)7 U < u < +00.
U — w

Corresponding to ([3.19)), we can obtain one loop soliton solution of (3.16)) as follows

w(€) = um + (U1 — Up,) tanhg(als),

— 3.20
0= tm tanh(a s), (3.20)

€= (m—w)s ==

where o = %(ul — U, ), and s is a new variable parameter.

FIGURE 6. Loop soliton solution of (3.20]). a: Condition (il) ¢ = 1,
w=1,g =2 b: Condition (i2) ¢ = 1, w = =2, g* = —25/16,
g=—1/8.

3.2.2. Smooth solitary wave solutions. For a given p = p1, we know that there is
a homoclinic orbit defined by P(u,y) = p; which connects with the saddle point
(u1,0) and passes through the point (u,,0), if and only if one of the following
conditions holds:
(iil) w < —¢/3, g* < g < g%,
(ii2) w> —¢/3, g* < g <O0.
In the (u,y)-plane, its expression is
_ 20t — uy,
_ :|:(U1 w)/2(u — Up,)
U—w

Corresponding to (3.21)), we can get one smooth solitary wave solution of (3.16) as
(3-20).

y U Su<up. (3.21)

3.2.3. Kink-like wave solutions. For a given p = p;, we know that there is one
open curve defined by P(u,y) = p; connecting with the saddle point (u1,0) and
approaching the straight line v = w when w > —¢/3 and ¢g* < g < 0. In the
(u, y)-plane, its expression is
_ 2(u —
y = :I:(u ) V2w um)7 up < u < w. (3.22)

u—w
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S5 -1.25

FIGURE 7. Smooth solitary solution of (3.20). a: Condition (iil)
c=1,w=-2 g*=-25/16, g* = —25/12, g = —2. b: Condition
(ii2) c=1l,w=1,g*=-4/3, g =—-1/2.

Substituting Z—Z =y into (3.22)) and integrating it along the curve, we have

v (s —w)ds /’E
=+V2 [ ds, 3.23
/uo (s —u)v/s — um 0 (3.23)
where u; < ug < w. Letting £ — &; in (3.23)), we obtain

o (s —w)ds &
=+V2 / ds. 3.24
/w (s —u1)V/S — Unm 0 (3:24)
From (3.23) and (3.24)), we get the kink-like wave solutions of equation (3.16) as

rsinh (ags) 4 wy (ug — 2uy, ) sinh? (%2s) + uouy cosh? (%5) — uoUm

uld) = (Vttg = i sinh(%2s) 4+ /u1 — tm cosh(%s)) ’
&= \f( s+ Vug — —Vu —um> —00 < € <&,
and
ul€) = rsinh (aas) + uq (ug — 2uyy,) sinh? (%2s) + uouy cosh? (72 8) — Ul

(\/uo — Uy, SiNh (%2 8) + /U1 — Uy, cosh(%Es )
&= \[( S+ Vg — Uy — VU —um) - < €<+

where

k=u\/(Uo — Upm) (U1 — Up), 2
&= \/§<\/uo—um—\/w—u
(Vw = um — Vur —um) (Vo — tm + V1 — um)
(VW = um + Vur = um) (Vo — s — Vur — )’
and s is a new variable parameter.

For a given p = p12, we know that there is one open curve defined by P(u,y) =
p12 connecting with the cusp (u12,0) and approaching the the straight line u = w

w — Uy

g =
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FIGURE 8. Graphs of kink-like wave solutions: a: p = p1, ¢ = 1,
w=1l,g=g"=-1.b:p=pa,c=1Lw=1,g=g"=—-4/3.

when w > —c¢/3 and g = ¢g*. In the (u,y)-plane, its expression is

_ 2 —
== (u U121)L — (f)u u12)7 U < u < w. (3.25)

Substituting (3.25)) into Z—? = y and integrating it along the open curve, we have
v (w—s)ds /5
=+v2 [ ds, 3.26
/uO (s —u12)V/s — u12 0 (3.26)
where w12 < up < w. Letting £ — & in (3.26]), we obtain
@ (w—s)ds f/éz
=2 ds. 3.27
/UO (s — u12)V/s — u12 0 ( )
From (3.26) and (3.27)), we get the kink-like solutions of equation (3.16) as

1 2
u(§) = u12 + ( 1 3 ) )
Vuo—urz  2(w—uiz)
1 1
€= VAL s+ vin = - — ), —w<E<é
Vuo—uiz  2(w—uiz)
and
1 2
u(§) = ui2 + ( 1 3 ) )
Vuo—u12 o 2(w—wu12)
1 1
gz_\/i(§s+\/u0_ul2_ 1 s )7 _§2<§<+OO7
Viuo—uz  2(w—u1z)
where

W — U2
&= \/5(\/% —ur2 — 2w — w1z + 7)
VU — U12

3.2.4. Cusped solitary wave solutions. For a given p = ps, we know that there is
one open curve defined by P(u,y) = ps connecting with the saddle point (u.,0)
and infinity approaching the straight line u = w when w < —¢/3 and g = g*, where
u, = 3(w — ¢). In the (u,y)-plane, its expression is

_ i(u* —u)y/2(u—w)

u—w

o w<u < Uy (3.28)
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Corresponding to ([3.28)), we can obtain one cusped solitary wave solution of (3.16))
as

u(€) = w+ (uy —w) tanh?(ass),

&= (us —w)s — U 7% tanh(ass),
a3
where Q3 = /3 (uy — w).
-051
-0.55
-06
-0.65
-0.7
> -075
-0.8
-0.85
-091
-0.95
-1-8 6 4 2 0 2 4 6 8
¢
FIGURE 9. Cusped solitary wave solutions: ¢ = 1, w = —1, g =
gt =—1/4.

3.2.5. Periodic loop soliton solutions. For a given p € (ps, p1), we know that there
are three open curves defined by P(u,y) = p, p € (ps, p1): two of them approaching
the straight line u = w and a curve u = us(y) defined by P(u,y) = ps, respectively.
One curve passes through the points (3, 0) and (72, 0) and another passes through
the point (1, 0), if and only if one of the following conditions holds:

(ivl) w #0, g > 0,
(iv2) w< —¢/3, g* < g <0,
where 71, 2 and 3 (3 < 72 < 1) are real roots of
2X° + (e = 3w)X® —2c(w+¢)X +p=0, pE€ (ps,p1).
In the (u,y)-plane, their expressions are
IR T P [T
u—w
for u € [y3,w) U (us(y),¥2) or u € [v3,us(y)) U (w, 2], and

Y- i\/Q(U—%)(U—%)(U—%)

, (3.29)

, M1 <u<+oo,

respectively. Corresponding to (3.29)) , we can get periodic loop soliton solutions of
(13.16)) as
w(€) =73 + (v2 — 73) sn’(aas, k1),

Y2 — 3
e E(am(ays, k1), k1),

(3.30)

§=(m—w)s—
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1 Y2 — 73
ag=1\/5(n—73), F1=4—FT
2( ) =3

sn(-, ) is the Jacobian elliptic function, E(:,-) is the elliptic integral of the second
kind, and am(vy, -) is the amplitude vy (see [2] and [4]).

where

FIGURE 10. Graphs of periodic loop soliton solution of (3.30). a:
Condition (ivl) c=1,w=1,9g=1,ps =4, ;1 = w and
p =4.22. b: Condition (iv2) ¢ =1, w = =2, g* = —25/16, g = —1,
ps =0,p; = 713‘/;2*35 and p = 1.5.

3.2.6. Smooth periodic wave solutions. For a given p € (p2,ps) or p € (pa2,p1), or
p € (ps, p1), we know that there is one periodic orbit defined by P(u,y) = p passing
through the points (3, 0) and (72, 0), if and only if one of the following conditions
holds:

(Vl) w 7é 07 g > 07 p € (p25p5)7

(v2) w>—¢/3,g* <g<0,pé€E (p2,ps)s
(V3) w < _0/37 g* < g < 07 pe (p27ps)a
(v4) w> —¢/3, g* < g < g*, p € (p2,11),
(vh) w< —¢/3,g* <g<g*, pé€ (p2,01),
(v6) w>—¢/3,9* <g<0,pé€E (ps,p1)-

In the (u,y)-plane, its expression is

y— jE\/2(’71 —u)(y2 — u)(u —73)

u—w

Y3 S U S Y2, (3.31)

where 71, 72 and 3 (with v3 < 2 < 1) are real roots of
2X? 4 (¢ — 3w)X? = 2c(w+ g)X +p=0.

Corresponding to (3.31), we can get the smooth periodic wave solutions of (3.16))
as (3.30)).

For a given p = ps, we know that there is one periodic orbit defined by P(u,y) =
ps passing through the points (u,,0) and (uy,0), if and only if the following con-
dition holds:

(Vi) w> —¢/3, g < g <0,
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Z-05

FIGURE 11. Graphs of smooth periodic wave solutions of (3.30).

a: Condition (vl) c =1, w=1,g=1,p; =4, ps = %7
p=0. b: Condition (v2) c=1, w=1,¢*=-1,g= %7 ps =1,
D2 = %?‘H?’, p=13. ¢ Condition (v3) c=1,w=-2,g=g"=
-2 ps=19,py =35 p=22.d: Condition (v3) c=1, w = -2,
g*:_%vg:_lvpszov P2 = 713\é1773+35a :%

where uy,, = %(w —c++/Ay) and Ay = ¢ + 6cw + 9w? + 16¢g. In the (u,y)-plane,

its expression is

n V2(w —u)(uy — uy)(u — uy)

u—w
Corresponding to (3.32)), we can obtain the smooth periodic wave solutions of ((3.16])
as

y = , U, <u<un. (3.32)

u(€) = up + (un — up) sn?(ass, k),

— 3.33
£= ME(am(aw, ka), ko), ( )
045]62
where a5 = /§(w — ) and ky = o=
CONCLUSIONS

In this work, we have applied Feng’s first-integral method to the two-component
generalization of the reduced Ostrovsky equation, and found some new traveling
wave solutions, loop soliton, kink-like wave cusped solitary wave, periodic loop
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0.4 025

02r

0.05

FIGURE 12. Graphs of smooth periodic wave solutions of .
e: Condition (v4d) c=1,w=1,9g=¢" = -1, p1 =8/27, po =0,
p = 4/27. f: Condition (v4) ¢ =1, w =1, g* = —1, ¢g* = —4/3,
g = —-7/6,p = \/27“, Py = = 227“, p = 0. g: Condition (v5)
c=1 w= -2 g~ =-25/16, g* = —25/12, g = =2, p1 = 3,
p2 = 80/27, p = 2.98. h: Condition (v6) ¢ =1, w =1, g* = —1,
g=—2/3, p1 = 22H0 p, = 2/3 p=0.7.

soliton, and periodic wave for the two-component generalization of the reduced
Ostrovsky equation. Bifurcations of phase portrait of traveling waves were also
provide and discussed under various parametric conditions. It is worthy to men-
tion that we can apply this powerful method to solve traveling wave solutions for
nonlinear partial differential equations described in [I3] 17, 8] 19, [23]. We believe
that this method is advantageous for a rather diverse group of scientists.
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of China under grant 11601029.
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