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ASYMPTOTIC SHAPE OF SOLUTIONS TO NONLINEAR
EIGENVALUE PROBLEMS

TETSUTARO SHIBATA

ABSTRACT. We consider the nonlinear eigenvalue problem
—u"(t) = f(hu(t), uw>0, wu(0)=u(l)=0,

where A > 0 is a parameter. It is known that under some conditions on f (A, u),
the shape of the solutions associated with A is almost ‘box’ when A > 1. The
purpose of this paper is to study precisely the asymptotic shape of the solutions
as A — oo from a standpoint of L!-framework. To do this, we establish the
asymptotic formulas for Ll-norm of the solutions as A — oo.

1. INTRODUCTION

We consider the nonlinear eigenvalue problem

—u"(t) = f(\u(t), tel:=(0,1), (1.1)
u(t) >0, tel, (1.2)
u(0) = u(1) =0, (1.3)
where A > 0 is a parameter. The nonlinearities considered here are as follows:
F(Au) = Asinw, (1.4)
f(Au) = Asinu — g(u), (1.5)
FOLu) = Mu —u?). (1.6)

Equation — with the nonlinearities and are called the simple
pendulum type equations (SPE), and that with is derived from the logistic
equation of population dynamics (LEPD). Throughout this paper, in , we
assume that g(u) satisfies the following conditions:

(A1) g € C*(R) and g(u) > 0 for u > 0.

(A2) g(0) = ¢'(0) = 0.

(A3) g(u)/u is strictly increasing for 0 < u < 7.
Nonlinear eigenvalue problems and singularly perturbed problems are intensively
investigated by many authors. We refer to [5, [9] and the references therein. One of
the most interesting problems to study in these fields is to clarify the asymptotic
shapes of the solutions. We know (cf. [2[3]) that for a given A > 72, there exists a
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unique solution u € C?(I) to (L.1)—(1.3)). We denote by ug,x, ux and vy the solutions
u of f with , (1.5) and , respectively. Let my := min{m > 0 :
f(A,m) =0}. Then it is well known (cf. [2, 3] and Appendix) that ||ug xllecc < mx
(resp. [Jualloo < M, |lUallee < my). Clearly, my = 7 and my = 1 for and
, respectively. By (A1), we see that 0 < my < 7 for . Furthermore, it is
known (cf. [2,[6]) that

Uy — W, Uy — T, Uy —1 (1.7)

uniformly on any compact interval in I as A — oo. In other words, the asymptotic
shape of these solutions are almost boxes. Therefore, a natural question we have to
ask here is “how close to the boxes are the shape of the solutions ug x,ux and vy
asymptotically?

The purpose of this paper is to answer this question from a viewpoint of L!-
framework. More precisely, we restrict our attention to the typical nonlinear-
ities 7, and establish the precise asymptotic formulas for L'-norm of
llwoallzs [Jualls and |jvalls as A — oo. By these formulas, we understand well

(i) The difference of the shape between up x and uy from a non-local point of
view, and
(ii) The difference between ||vy|l; and ||Jvy|l2 when A > 1.
The first approach to the study of the asymptotic shape of the solutions of (SPE) is

to investigate the asymptotic behavior of the L>°-norm of the solutions as A — oo
and the following results have been obtained in [0 [8]:

o rlloo = 7 — 8e™YA/2 4 o(e=VM2), (1.8)
g(m)  g(mg(x) 1
lusllso =7 = =7 + =3 +ol53)- (1.9)

By and 7 we understand the difference between the pointwise (local)
behavior of ug,» and uy. However, we do not know the difference between the total
mass of ug » and uy, which gives us the important information about the non-local
property of up » and uy. Therefore, it seems meaningful for us to establish the
asymptotic formulas for ||ug x||1 and ||uz||1, which give us the better understanding
of the difference between the original (SPE) and the perturbed (SPE).

We now state the results for (SPE).

Theorem 1.1. As A — oo

1 8 —Vx2 L _vxe
U =1—-—C1—+ —=e +o(—=e , 1.10
|| O,A”l 1\/X \/X (\/X ) ( )
1 g(m) O(log)\)

uri=7-Ci— — ==
” >\||1 1\/X b\ )\\/X

(1.11)

where
/4
C, = 8/ log(cot 6)db.
0

Roughly speaking, the second terms in (1.10) and (|1.11)) are derived from the
width of the boundary layers of up » and uy, while the third terms come directly

from the second terms in (1.8 and ([1.9).

We next consider (LEPD). The motivation to consider the asymptotic behavior
of [[ux]]1 as A — oo is as follows. Recently, from a viewpoint of L2-bifurcation theory
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and nonlinear eigenvalue problems, the following formula for ||vy||2 as A — co has

been obtained.
[[vall _1_\/2_l+0(1) (1.12)
Az XA Y '

This has been obtained by using [7, Theorem 1]. On the other hand, since (LEPD)
is a model equation of population density for some species, ||vall; stands for the
total population of the species with A, which describes the reciprocal number of
its diffusion rate. Motivated by this biological background, it is also important to
investigate the asymptotic behavior of ||vy]|; as A — oco. Furthermore, since (|1.6)
is a special nonlinearlity, we also obtain the asymptotic formula for ||vy |/ better

than (1.8) as A — oo.

Now we state our second results.
Theorem 1.2. As A — oo

2v/2log 2

2v2log2 127V £ o(e™ V), (1.13)
VA

1 — 4o VAV2 _ge=2VA/V2 _ 24\@\66—3\5/\/5 + 0(\56—3&/\/5).

(1.14)

We see from and that the third term of ||vy||1 and ||vy]|2 are totally
different each other. The further direction of this study will be to treat more general
nonlinear term f (A, u) and extend our results to PDE cases.

The remainder of this paper is organized as follows. In Sections 2 and 3, we

prove ([L.11) and ({1.10) in Theorem respectively. By using the properties of
complete elliptic integral, we prove Theorem in Section 4.

loally =1 -

[oAlloo =

2. Proor oF ([L.11)) IN THEOREM |1.1
In this section, we consider (1.1))—(1.3) with (1.5) and prove the formula (1.11)).

In what follows, the character C' denotes various positive constants independent of
A > 1. We know that

ux(t) =ux(1—t) fortel,
uh(t) >0 for 0<t<1/2, (2.1)
[urlloe = ur(1/2).
We begin with the fundamental equality. Multiply by u4. Then
{uX () + Asinuy(t) — gux(t))uh (t) = 0.
This implies that for t € T
d 1,
AR
where G(u) = [ g(s)ds. By this and (2.1, for 0 < ¢ <1,

(t)> = Acosun(t) — G(ua(t))} =0,

1
§u’>\(t)2 — Acosuy(t) — G(ux(t)) = constant = —A cos ||ur|lcc — G(||ualloo)- (2.2)

By this and (2.1)), for 0 <¢ <1/2,
uh\(£) = /2 (cos ux(t) — cos [lur]leo) + 2(G(ur(t)) — G([lualloo)) (2.3)
We know from ((1.7) that as A — oo
r1(A) == [lurlloc = [lurlr — 0. (2.4)
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Since we have ([1.9)), we establish an asymptotic formula for r;(A) as A — oo to

obtain (1.11)). By (2.1)) and (2.3), for A > 1
1/2
nO) =2 [ (e = us(0)de
0

L[ (lurlloo — ur(t))uh (t)dt
o V2Mcosux(t) — cos [[ualleo) + 2(G(ur(®) — G([[urllc))  (2.5)
.y /“A'w (J[ur]loo — 6)d8
0 V2M\(cos 0 — cos [[ur][oe) + 2(G(0) — G([[urll))
= K1(A) + K2(N),
where
lerlles (| |oe — 6)d6
K )\ = 2 )
1) /wm-l/x V2A(cos 0 — cos [[ur][oc) + 2(G(0) — G([[urll))
[l (Jlurlloo — 0)df
K =2 [ V2 (cos 8 —cos ) T 2C0) —CTa0)

Lemma 2.1. K;(\) = O(A3/2) for A > 1.

Proof. For j =1,2,..., let
1

Iy = (sl = =5 sl = 755
We put
- (Jusloc — 0)d0 e
1, V2N 0 — 05 [ o) + 2(G(0) — Gl ]lc))
We know by [2] that
Asin [[u]lee > g(llualloo)- (2.7)

Let an arbitrary 0 < e < 1 be fixed. Let nx ¢ := minjy, ||.. —2c<u<|uy o 9’ (@). Then

by (A3), we see that ny . > 0. Then for 6 € [||ux|locc — 2¢, [lurlloc]; by (1.7), (2.7)
and Taylor expansion, we have

2A(cost — cos Jus ) + 2(G(0) ~ Gllus]l))
> 2 (Asin sl — g([usll)) (sl — )
A 1
#2 (=5 cosllualle =200+ gn.c ) (sl = 0
> OA(Jur e — )%
By this and , for A > 1/e,

(2.8)

, [N

"L VeX(luall — 0)?

:Ll(l_ 1 ) < ¢ 1
VCXAYG G+ T N2+ 1)

By this,
o0

— C 1 C
K =2 ;<3 NG A1) S N

j=1 j=1
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Thus the proof is complete. O

The formula (L.11]) follows from (L.9), Lemma 2.1 and the following Proposition.
Proposition 2.2. For A > 1

O log A
KQ(A)\/X+O<)\3/2). (2.9)
We prove this proposition using Lemmas below. We put

KZ(A) = K271()\) + KQ’Q()\),

where

% ()\) o /|u>\|<>01/)‘ (HUAHOO - 9)d9
S V22X (cos 0 — cos [[ur]oo)

K2’2(>\) = KQ()\) — Kg’l()\).

Furthermore, we put
K2 1()\) = Ll()\) + LQ()\),

s

where
T—1/A T—0

2
0 V2A( cos@+

Ll()\) =

Lemma 2.3. For A > 1
log A

Li(\N) =— +0()\3/2).

Proof. For A > 1

1 [V -0
L= ) e

t
B N
VA /m sin(t/2) VA Ji/n) sint
B i ! tan~! 0
VX Jtaniyanyy 0

dt (put 6 = tan(t/2))

de

8 1mi ! log 0
= ﬁ{[logﬁtan 9]\:&11(1/(4)\)) — an(1/(4)) 1 n 92 d&} (put 0 = tan t)
1/(4))
_2 J;;g g A — —/ log(tant)dt + —/ log(tant)dt
_ 2+o(1) 8 1/(4)
= —ar )\+—/ log cott)dt+\7/\(1+o( ))/0 log tdt
_240(1), 11

8 1
° 1 ° =~ log — — —
—a og A\ + / og(cot t)dt + \/X< +o(1 ))(4)\ %8 1\ 4/\)

g [m/4 log A
= \?)\/O log(cot t)dt + o NG ).

Thus the proof is complete. ([
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Next, we calculate La(A). To do this, we put

Ly(A) = K21(A) — L1(A) :== D1(X) 4+ D2(X) + D3(N), (2.10)
where
lleexlloo =1/A _
Di(\) ;:2/ lurlloo — 7 s,
0 V2 (cos 0 — cos [[ux][oo)
luallos =1/ — —
Dy(N) ;:2/ ( ™0 T 0 )de,
0 V2X(cos 0 — cos |lurll)  +/2A(cosB + 1)
T—1/\ —9
Ds3()) == — / T 7
luxlloo—1/2 v/ 2A(cos 0 + 1)

Lemma 2.4. D;(\) = O(A\7%/2) as A — oo.
Proof. Let an arbitrary 0 < € < 1 be fixed. Then for A > 1
Dl(/\) = D1,1()\) + DLQ(/\)

o [l
e VA0S0 — con i )

lluxlloo—e _
0 V22X (cos 0 — cos [Juy o)

For 0 < 0 < |Jux|loo — €, there exists a constant C. > 0 such that for A > 1
Ce < cos — cos ||ur]|oo- (2.11)
By this and (1.9)), for A > 1,

2g(m) 1 —-3/2
Dio(\)| < 14 0(1) ——==7 < C(A73/?). 2.12
[D12(N) = = (+0())mﬁ_ (A7) (2.12)
We next estimate D; 1(A). For a given A > 1, there exists k) € N satisfying
kx+1 k
lullso = 26 < Jlusfloc = =5 < llualleo — € < flurfloc — - (213)
For j =1,2,..., k), we define an interval

1 j} (2.14)

J
M; = [usllee = 25, fur o — 27,
By (2.13), we see that k) < eA. By this, (1.9) and (2.8)), we obtain

kx
g(m) / 1
DiaV] < 221 1 o1 do
[Dra = =5 ()); M; /2A(cos 0 — cos [Jur][o0)
kx
g(m) / 1
<L (14001 —df
- \/20)\3/2( o )); M, lunfloo — 0
kX
< CAT32 Y (log(j + 1) — log 5)
j=1

= OX 3 log(kx +1) < CA3/2log \.
By this and (2.12]), we obtain our conclusion. Thus the proof is complete. ]
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Lemma 2.5. Dy(\) = O(A~%/2) for A > 1.
Proof. We put

Ax(0) := 2X(cos b — cos ||uplloo), Ba(0) :=2A(cosf + 1). (2.15)
By and Taylor expansion, for A > 1, we have

1+ cos |[ux s = 92(;2 1+ o(1)). (2.16)

Note that Ay(f) < Bx(0). By this, and Taylor expansion, for a fixed 0 <
ekl
lullo—1/ _o
0 VAX(0)/BA(0)(v/Ax(9) + \/BA(0))
2g(m)? /qulm—l/k T—0
< 1+ o0(1 df
A ( ( ))[ furllo—e  (2A(cos 8 — cos [[uxlo))3/2 (2.17)
luxlloc—e T—0
do
+ /0 (2008 6 — cos | un]|))?/? }
= DQJ()\) + D2’2(>\).

We know that 20/7 < sinf for 0 < 6 < /2. By this, (1.9) and mean value theorem,
for € M, defined by (2.14), we have

c0s 0 — cos |uxloo > sin (ualloe = 5 ) (lualloc — 0)

= sin (71' - @(1 +o(1)) — %)(HUAHOO —0)

= sin (2214 0(1)) + L) (Jusloe ~ 0)

> 2 (92T (10— 0),

By this, (T9) and (217),

/ (j+1+g(m)+0o(1))/A o
vy {20+ 9(m) + o(1) (JJurlloo — 0)}3/2

< D g+ L+ o)+ () + o) [ (Jur ]l = 6) /28

j=1 M;
BRI PRV R S
BEEAE = ARV AR/ e

_ 1 ._1/2

C
=3 L VT IV T

kx
C 1 C
= 2\3/2 2:1]7 < \3/2"
=

(2.18)



8 T. SHIBATA EJDE-2005/37

By (2.11)), we have

2g(m)% + o(1) 1

Dao(N) < Z<on2,
22() < ) 203" =
This along with (2.17) and (2.18)) implies our conclusion. O

Lemma 2.6. D3(\) = O(A~%/2) for A > 1.

Proof. By (1.9), for A > 1

Dy = [
Ds(\)| = / —df
’ |uxnoofl/x VAcos(6/2)

1/ 4
/ o
f lunlloo+1/2 SID(/2)

(r—llualle+1/2)/2 g

—df
\f 1/(20) sin ¢
4 m— llualle _ 29(7)
= ﬁ(l +0(1)) 5 =3 (1+0(1)).
Thus the proof is complete. O
By Lemmas we see that
Ch log A
Ky1(\) = 7 +0 ()\3/2> : (2.19)

Now we estimate K 2(\).
Lemma 2.7. K32(\) = O(A~3/2log \) for A > 1.

Proof. We put Ex(0) := 2(G(0) — G(||uxlle)). We recall Ax(0) defined in (2.15).
Let an arbitrary 0 < e < 1 be fixed. For A > 1

Ks2(N)

Il e =0 Jluallee — 6
*2/0 (\/A)\(Q)—FEA(Q) VALO) )

L, /'“A'm—ﬁ (Jurlloe — 0)(Gllurllsc) — G(6)) @
0 VANO) T Bx(0)\/Ax(0)(+/Ax(0) + Bx(0) + /Ax(0)
) /““*'m”* (lurllse = O)(G(lunlloe) — G(6)) 0
fusle—e  V/ANO) T Bx(0)\/Ax(0)(\/ANO) T Bx(0) + /Ax(0)
= Hy(\) + Ha(N).

By (2.11) we see that for A > 1,

Hi(\) < 2g(m)m3(20.0) 7372
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Note that Ay(6) + Ex(8) < Ax(8) for |Jur]lo — € < 0 < [uallsc — 1/A. Then by

23).

lurlloo—1/ 2
g(m)(luxlloo — )

Hy(\ §2/ 0
2 luxlloo—¢ (Ax + Ey)3/2

o flwle-t/a

S 3/2
A2 Jlun—e  luallos — 0

de

C C
= W(loge —log(1/X)) < SE log A.
Thus the proof is complete. [

By (2.19) and Lemma we obtain Proposition Now (|1.11)) follows from
(1.9), (2.4), (2.5), Lemma and Proposition Thus the proof is complete.

3. PrOOF OF (|1.10)) IN THEOREM |[1.1
To prove (|1.10)), we put
QM) =7 — [luoallr: (3.1)
By the similar calculation to that in (2.5)), we have

lwo, Al oo T—0
A) =2 dg = A)+ A), 3.2
QM /0 V/2X(cos 8 — cos [Jug x| ) QA +Q2(N (3:2)
Q2(A) = Q(A) — Q1(}), (3.3)
where
g T—0
A) =2 —df. 3.4
Q) 0 2A(cos@+1) (34
Lemma 3.1. Q;()\) = C;A\~Y/2.
Proof.
1 (™ 7w—40
A)=— ——df
QDN=T75 f, wos0/2)
1 [t 4 [T ¢
1 -1
_ i/ tan 0d9
ViJo 0
_ 8 11 _ ' logh .
- \T)\{[logﬂtan 0]y /0 1+02d0} (put @ = tant)
] /4 ( ) ] /4 ( )
=—— log(tant)dt = —/ log(cot t)dt
VA Jo VA Jo
Thus the proof is complete. (I

Lemma 3.2. Q2(\) = —%(1 +0(1))e™VM2 a5 X — 0.
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Proof. We put

Q2(A) = R(A) +5(A), (3.5)
where
lluo, Alloo _ _
\/7/ 0 ™—0 )d&
\/cose—cosHuo ,\HOO  VeosO+1
\/7/|uo N VeosO+ 1
For A > 1

\/7/“‘“"” T—0 (\/c059—|—1—\/00549—(:05||uo>\||oo)d(9

Vcos @ + 1\/0089 — ¢08 || u0,x]| 0o

lluo, Al o _ 1
\/7(1 +o(1))/ (m — 6){c0s oo 1 d
A 0 (cos@ + 1)(y/cos @ — cos [Juoa [l + Vcos 0 + 1)
2 llwo,xllo r—0
=4/= ———df
Vateoslalo + 001 oy [T STl

2 [lwo, Al oo T—0

= \E(COS [uoa e + 1) (1 + 0(1))/0 74\/%053(9/2)%
B —[luo,xlloo _9

= \E(cos luoAlloo +1)(1 + 0(1))/ﬂ Wasd(0/2) 9/2)

1 /2 0
= X(COSHUO7)\||OO +1)(1+0(1)) 73619
(r—lluo,xloc)/2 SIN” 0

1 /2 1
— /5 cosllunall + D1 +0(1) | o
(w—[luo alloc) /2 SIN” O

1
— \/:(Cosuo’)\nooﬂ-l)(l‘f'o(l))[ COta] (m— Huo Alles)/2

_JLeos((m = Juonll)/2) (o )
_\Esin((w_HuM”m)/Q)( luolloo + 1) (1 + 0(1))

= \/EQ(COS llwoalloo + 1) (1 4 0(1)).

7 — Jluolloo

(3.6)
By (1.8) and Taylor expansion, for A > 1

cos [[ug.x[loo = cos (m — 8(1 + o(1))e~V>/?)
= —cos (8(1 + 0(1))6—\5/2) (3.7)
=—-1+32(1+ 0(1))(\5.
By this, and (3.6)), for A > 1

R(\) = —(1 4 o(1))e V2, (3.8)

§\°°
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Next, we calculate S(A). By (L.8), for A > 1

0 _
= —\/5/ Humuw 2005((7rtt)/2)dt
m—[luo,a oo
L

7—|luo,xlo0)/2 »
N f/ 51n9

4 m— [luoalo

= —ﬁ#(l +0(1))
_ _E e~ V2/2
= -5+ o) .

By this, (3.5)) and (3.8), we obtain our conclusion. Thus the proof is complete. O

Now (1.10) follows from (1.8]), (3.1), (3.2) and Lemmas and Thus the

proof is complete.

4. PROOF OF THEOREM [I.2]

In this section, we consider (1.1)—(1.3) with (L.6)). By (1.1]), we have
(03 (1) + Aloa(t) = v3(1)))vA(t) = 0.
This implies that for ¢ € T

d, 1 1 1

This implies that for ¢ € I,

1 1 1 1 1
§v3(t)2 + §Av§(t) — zAvfl\(t) = constant = 5)\||v,\||c2>o — Z)\HUAH‘;. (4.1)

We know that
V() >0, 0<t<1/2, wy(t)=wvr(1-1t), tel. (4.2)

Therefore, by (4.1]) and (4.2)), for 0 <t < 1/2,

1
(1) = \/)‘{(||U>\|go —ua(8)?) = 5(llvallse = va(®)*)}- (4.3)
The following Lemma [4.1| implies (|1.14) in Theorem

Lemma 4.1. As A — o

loalloo =1 — de=VAIVE _ge=2VAIVE _ 945 /2\/ Ne3VMVE 4 0(\/X€_3ﬁ/\/§). (4.4)
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Proof. By (4.3),

1/2 1/2 v ()
1 . A dt
ko MU = 02 0) — Bl - on()}

=/ e ! ( ollos)
= — df  (put 0 = ||vr|lcos
V3o el - 62) = 3(lleal, — 64) (45)
1 V2 /1 1 J
- s
AVI- Tl b =0 9
1
- L k),
VA V2Tl
where k = ||ua]loo/V/2 — [JUallZ, and
m/2 1
K(k) ::/ ——df
0 1 — k2sin?6
It is known (cf. [4, p.909, 8.113]) that as k — 1
1 2 — k? 2
K(k):—ilog(l—k)—i—QlogZ— log(1 — k%)
1 1 9 (4.6)
—log2— )1 —k?*) — —(1 — k*)?log(1 — k?
+ (5 log2 — ) (1 = k%) — o= (1 = k%) log(1 — k?)

+0o((1 — k*)*log(1 — k?)).
We put &, :=1— |loa||%. Then &, > 0 and £, — 0 as A — oo by (1.7). Then

2—flualld 148

By this, the Taylor expansion, and (4.6)),

K(k) = (log2+log§,\—1og(1+§x))

f)\ (
4(1+¢5)
1 1, 2¢ 9 &

+ (510g2 — Z)ﬁ — ﬁm(ng—Hogf)\ —log(1 +§/\))

+ 0(&3 log&r)

1
= —i(logQ—Hogf/\ —&x +O(£/2\)) +2log2

1
2

+2log2 — log2 + log &\ — log(1 4+ &)))

~ 1601 = 6+ 0(E)) (log2 +log & — & + O(€3)

+ (log2 — )61~ &3+ O(&3)) — 363 log s + ofE3 log &)
3log?2
4

6~ 55&loab + o€ log &),
(4.8)

1 3 1
— log2 — &1
3 ogéx + 5 log 4& ogéx +
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Furthermore, by Taylor expansion, for A > 1,

1 1 3
Y = (14&6) Y2 =1- 26+ 2 4 0(63).
TN (1+&) 56 T g8 (&)
This along with (4.5) and (4.8]) implies that
VA 1 3 3
278 =75 log &y + B log2 — 3*253\ log & + o(£3 log &»). (4.9)

By this, for A > 1, we have

A
:/[; — —log &, + log 8 + log(1 + (1)) = log 8(12;(1))

This implies that for A > 1, &, = 8(1 + o(1))e~V>/V2, Then for A > 1,
3
— 55 log &y = 3v2(1 + o(1))Vae V2.

By this, (4.9) and Taylor expansion, for A > 1

£y = 8e~VAVZ  (SVE(+o(1) VeV
=8¢ VMV2(1 4+ 6v2(1 4 o(1))VAe V2) (4.10)
=8¢ VAVZ 4L 48V/2(1 + o(1))V e 3VA/V2,

By this and Taylor expansion, for A > 1,
[oallse = V1 —&x
1/2
= (1 — 8 VAV2 _48V/2(1 + o(1))ﬁe—3ﬁ/ﬁ))
1
=1+ (= 8emAV2 48V (1 + o(1))VAe 2VAVE))

1
= S(=8emYAYE —48VA(1 4 o(1)VAeTVHVR))? 1 O(eTVAVE),

By this, we obtain ((4.4]). O
The following implies (1.13)) in Theorem (1.2
Lemma 4.2. As A — o

2v/2log 2
loally =1 - ‘ff;’g —12e VP 4 o(em VY, (4.11)
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Proof. By (4.3)), for A > 1

1/2
ol :2/ on (1) dt

=2 / " DO dt
VAU = o) = (Il ll% = o))

- /muo 0

VAJO ol = = Sl - 6

:2mwm/* 5 .
VA o - s2) — B2 (1 - )

ol V2 1 »
V*\mfwmw T—0(1— )

- \[Ak/o = t)(l —k2t) a

By putting s = /(1 — k2t)/(1 — t), we obtain easily

! 1 1 1+k
dt = —log (~7).
/0 a6 _kx) k og(1—7)

This along with (4.12]) implies that

B 1+k 2. (1+k)? \F >
loallr = \/:10g T %= \/:bgle = X(Qlog(l—&—k)—log(l—k: ). (4.13)

By (4.7)), (4.10) and Taylor expansion, for A > 1

26
14&,
=log2 + log &y — log(1 + &)

:4log2—\/7+6\f\fe — (& +0(&8)))
= 4log?2 — \E — 8 VM2 1 6y he VP 4 o(Ve V).

do

(4.12)

log(1 — k%) = log

(4.14)

By Lemma (4.10) and Taylor expansion, for A > 1,

V|| oo _
pe 0l e

V2= lloalle
:mww0—§g+§ﬁu+mn0
= (1—4e VM2 —8e=2VM2(1 1 6(1)))(1 — 46~ VM2 4 242V 2(1 + o(1)))
=1 8e VM2 4 32"V 2(1 4 o(1)).
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By this and Taylor expansion, for A > 1,

log(1 + k) = log(2 — (1 — k) = log 2 — %(1 k) %(1 B2 4 o((1 - k)?)

=log2 —4e" VM2 1 8(1 + o(1))e 2V/2,
By this and (4.14]), we obtain

1+k A
log (;:—k) = —2log2+ \/; —6vV2(1 + o(1))VAe V22,

By this and and , we obtain . Thus the proof is complete. O
5. APPENDIX
We show that [|uy|ls < 7 for completeness. By (2.1),
—u}(1/2) = Asin [luallec — g([[urllo) = 0.
This along with (A1) implies that there exists a non-negative integer k such that
2k < ||uxlloo < (2k + 1)7. (5.1)

Assume that £ > 1. Then by (2.1), there exists a unique ¢y € (0,1/2) such that
ux(tx) = |lurlloo — 2km. Then by (2.2)),

1
§u£\(t)\)2 — Acosuy(tr) — G(ux(ty))
1
= 5uA(ta)” = Acos [ux]loo — G([lux oo — 2km) (5.2)

= —Acos [[urlloo = G([luxlloo)-
Since G(u) is strictly increasing for u > 0 by (A1), by (5.2)), we obtain

1
FUA(0)? = G([[ualloe = 2km) = G(lJurll) < 0.

This is a contradiction. Thus k£ = 0 in (5.1) and we get our assertion.

Acknowledgment. The author thanks the anonymous referee for his/her helpful
comments.
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