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STEPANOV-LIKE ALMOST AUTOMORPHIC SOLUTIONS FOR
NONAUTONOMOUS EVOLUTION EQUATIONS

SAMIR FATAJOU, NGUYEN VAN MINH,
GASTON M. N'GUEREKATA, ALEXANDER PANKOV

ABSTRACT. We study the convolution of Stepanov-like almost automorphic
functions and L' functions. Also we consider nonautonomous evolution equa-
tions, with a periodic operator coefficient and Stepanov-like almost automor-
phic forcing, and show that, under certain assumptions, any bounded mild
solution is almost automorphic.

1. INTRODUCTION

The notion of almost periodic function was introduced by Bohr in 1925. Shortly
after, in 1926, Stepanov found a wider class of almost periodic functions that are
commonly known now as Stepanov almost periodic functions. This last notion is
especially useful in the theory of evolution equations, both linear and nonlinear,
because spaces of Stepanov almost periodic functions are natural counterparts of
classical LP? spaces (see, e.g., [I, 15] and references therein). On the other hand, in
1955, Bochner [3] suggested another generalization of the concept of almost period-
icity - almost automorphy. This notion was also used extensively in the theory of
differential equations (see [10], [12], and references therein). Therefore, it seems to
be natural to generalize the notion of almost automorphy in the spirit of Stepanov.
Surprisingly enough, this has been done only very recently by N’Guérékata and
Pankov [I4], where the concept of Stepanov-like (SP-) almost automorphy was in-
troduced. Such a notion was, subsequently, utilized to study the existence of weak
Stepanov-like almost automorphic solutions to some parabolic evolution equations.
Then Diagana and N’Guérékata have studied in [6] the existence and uniqueness of
an almost automorphic solution to the semilinear equation

u'(t) = Au(t) + F(t,u(t)), teR, (1.1)

where A : D(A) C X +— X is a densely defined closed linear operator in a Banach
space X, which is also the infinitesimal generator of an exponentially stable Cy-
semigroup (T'(t)):>0 on X and F' : R x X +— X is SP-almost automorphic for p > 1
and jointly continuous. This result generalizes the existence results obtained in
N’Guérékata [11].
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In the present paper, we study first the convolution of Stepanov-like almost auto-
morphic functions and some applications to evolution equations. Then we present
the conditions under which any bounded mild solution to the nonautonomous equa-
tion

2'(t) = A(t)z(t) + h(t), teR,
where A(t) generates a periodic evolutionary process and h is a Stepanov-like forcing
term, is almost automorphic. This main result generalizes [9, Theorem 3.2].

2. ALMOST AUTOMORPHY

Throughout the rest of this paper, the spaces (X, || - ||), C(R,X) and BC(R, X)
stands for a Banach space, the collection of all strongly continuous functions from
R into X, and the collection of all bounded continuous functions from R into X,
respectively. Note that (BC(R,X), || - |lco), where || - || denotes the sup norm

[@lloo := sup (1)
teR

for each ¢ € BC(R,X), is a Banach space.

Definition 2.1 (Bochner). A function f € C(R,X) is said to be almost automor-
phic in Bochner’s sense if for every sequence of real numbers (s),), there exists a
subsequence (s;,) such that

g(t) = lim_ f(t+ 5,)
is well defined for each t € R, and
lim g(t —sn) = f(t)

n—oo

for each t € R.

If the convergence above is uniform in ¢ € R, then f is almost periodic in the
classical Bochner’s sense. Denote by AA(X) the collection of all almost automorphic
functions R — X.

Among other things, almost automorphic functions satisfy the following proper-
ties.

Theorem 2.2 ([I0, Theorem 2.1.3)). If f, f1, f2 € AA(X), then

() fot fa € AA(X),

(ii) Af € AA(X) for any scalar X,

(iii) fo € AAX) where fo : R — X is defined by fo(-) = f(- + ),

(iv) the range Ry := {f(t) (te R} is relatively compact in X, thus f is bounded
in norm,

(v) if fr — f uniformly on R where each f, € AA(X), then f € AA(X) too.

Theorem 2.3 ([5]). Ifg € L'(R), then f*xg € AA(R), where f*g is the convolution
of f with g on R.

Note that (AA(X), | - ||oo) turns out to be a Banach space.

Remark 2.4. The function ¢ in the Definition above is measurable, but not
necessarily continuous. Moreover, if g is continuous, then f is uniformly continuous,
see details in [I3] Theorem 2.6].
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Example 2.5. A classical example of an almost automorphic function, which is
not almost periodic is the function defined by

1
t :cos(
Lp() 2—|—sin\/§t+sint

It can be shown that ¢ is not uniformly continuous, and hence is not almost periodic.

), teR.

Let 1°°(X) denote the space of all bounded (two-sided) sequence in X. It is
equipped with its corresponding sup norm defined for each sequence & = (2, )nez €

1%°(X) by: [[#]loc := sup,ez [|lzn-
Definition 2.6. A sequence = (2, )nez € 1°°(X) is said to be almost automorphic
if for every sequence of integers (k},), there exists a subsequence (k) such that

yp = Hm Tpip,
is well defined for each p € Z, and

lim y,_p =x

for each p € Z. The collection of all these almost automorphic sequences is denoted
by aa(X).

In the sequel, we will denote by AA, (X) (u-a.a. for short) the closed subspace of
all functions f € AA(X) with g € C(R,X). Equivalently, f € AA,(X) if and only
if f is a.a. and all convergences in Definition [2.1] are uniform on compact intervals;
i.e., in the Fréchet space C'(R,X). Indeed, if f is a.a., then, by [10, Theorem 2.1.3
(iv)], its range is relatively compact.

Remark 2.7. Note that Definition Bl as well as the above-mentioned definition
of u-a.a. functions makes sense for functions with values in any metric space (see

[8])-
Obviously, the following inclusions hold:
AP(X) Cc AA,(X) c AA(X) Cc BC(X),
where AP(X) stands for the collection of all X-valued almost periodic functions.

Definition 2.8. The Bochner transform f°(t,s), t € R, s € [0,1], of a function
f(t) on R, with values in X, is defined by

ft,s) = ft+s).

Remark 2.9. A function ¢(t,s), t € R, s € [0,1], is the Bochner transform of a
certain unction f(¢),
gp(t, 5) = fb(ta 5) )

if and only if

et+7,8—7) = (s,t)
forallt e R, s €0,1] and 7 € [s — 1, s].
Definition 2.10 (see [I5]). Let p € [1,00). The space BSP(X) of all Stepanov
bounded functions, with the exponent p, consists of all measurable functions f on
R with values in X such that f® € L>° (R, Lr(0,1; X)) This is a Banach space with

the norm

t+1 1/p
I£1se = 1oy =sup ([ I5lPar) ™
teR t
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Definition 2.11 ([14]). The space ASP(X) of SP-almost automorphic functions
(sP-a.a. for short) consists of all f € BSP(X) such that f* € AA(L?(0,1;X)).

In other words, a function f € L (R;X) is said to be SP-almost automorphic
if its Bochner transform f’ : R — LP(0,1;X) is almost automorphic in the sense

that for every sequence of real numbers (s/,), there exists a subsequence (s,) and a
function g € L} (R;X) such that

([ 154049 -0+ opas)” — o

1 1/p
([ ot =sus9) = s+ 9)lras) =0
0
as n — oo pointwise on R.

Remark 2.12. It is clear that if 1 < p < ¢ < co and f € L{ (R;X) is S%-almost
automorphic, then f is SP-almost automorphic. Also if f € AA(X), then f is SP-
almost automorphic for any 1 < p < co. It is easily seen that f € AA,(X) if and
only if f* € AA(L>(0,1;X)). Thus, AA,(X) can be considered as 45> (X).
Example 2.13 ([14]). Let = (zp)nez € 1°°(X) be an almost automorphic se-
quence and let g9 € (0,3). Let f(t) = z, if t € (n — g9, + &0) and f(t) = 0
otherwise. Then f € ASP(X) for p > 1 but f & AA(X), as f is discontinuous.

Theorem 2.14 ([14]). The following statements are equivalent:
(i) f € ASP(X);
(i) f* € AA,(LP(0,1;X));
(iii) for every sequence (s,) of real numbers there exists a subsequence (s,) such

that

g(t) := nh_}Ir;o fEt+ sn) (2.1)
exists in the space L} (R;X) and

f@t) = lim g(t = sn) (22)

in the sense of L, (R;X).

Let now f,h: R — R and consider the convolution

(f *h)( / f(s)h(t —s) teR,
if the integral exists.

Remark 2.15. The operator J : ASP(X) — ASP(X) such that (Jx)(t) := x(—t) is
well-defined and linear. Moreover it is an isometry and J? = I.

Remark 2.16. The operator T, defined by (T,z)(t) := z(t + a) for a fixed a € R
leaves ASP(X) invariant.

Theorem 2.17. A linear combination of SP-almost automorphic functions (p > 1)
is a SP-almost automorphic function. Moreover if X is a Banach space over the
field K =R, or C and f € ASP(X), v € AA,(K), then vf € ASP(X).

The proof of this theorem is an immediate consequence of the results above.

Theorem 2.18. If a sequence (fx)5>, of SP almost automorphic functions is such
that || f — fllse — o0, as k — oo, then f € ASP.
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As in [5], denote by LM (R) the set of all Lebesgue measurable functions R — R.
We also denote by SP(R, X) the subspace of BSP(R, X) that consists of all SP-almost
periodic functions [15].

3. SP—ALMOST AUTOMORPHY OF THE CONVOLUTION

Let us now discuss conditions which do ensure the SP—almost automorphy of
the convolution function f x h of f with A where f is SP-almost automorphic and
h is a Lebesgue mesurable function satisfying additional assumptions.

Let f : R — X and h : R — R; the convolution function (if it does exist) of f
with h denoted f x h is defined by:

(fxh)(t) := /Rf(a)h(t —o)do = /Rf(t —o)h(o)do = (hx f)(t), forallteR.

Hence, if f % h is well-defined, then fxh = hx f.
Let p € L' and X € C. It is well-known that the operator A, ) defined by

Ag u=Au+pxu (3.1)
acts continuously in BSP for each 1 < p < 005 i.e., there exists K > 0 such that
||ALP,>\UHSP < KHuHSp,Vu € BSP. (32)

Moreover A, y leaves SP invariant (see [4]).
Now denote M := {AA(X), AA,(X), ASP(X)}.

Theorem 3.1. For every 1 < p < oo, and Q € M,
A, A () C Q.

Proof. The case Q@ = AA(X) is considered in [5]. The two other cases follow from
the previous one, the identity (¢ % f)? = ¢ * (f°) and the definitions of spaces AA,
and ASP, respectively. O

Now we present a result on invertibility of convolution operators in spaces of
almost automorphic functions that complements [4, Theorem 1]. Let a(§) = A +
H(€), where ¢(&) is the Fourier transform of ¢, be the symbol of the operator
Ay, with ¢ € LY(R). Since limg_o0 ¢(€) = 0, the symbol a(€) is a well-defined
continuous function on R = RU {co} and a(oo) = A. Then we have the following

Theorem 3.2. Suppose that ¢ € L*(R). The following two statements are equiv-
alent:

(i) a(€) #0 for all £ € R;

(ii) the operator Ay x is invertible in any space 2 € M.

Proof. Suppose that a(¢) # 0 for all ¢ € R. The function ﬁ is defined on R and,

by classical Wiener’s theorem, is of the form

75 = 5+,

where 1) € L'(R). Now it is easy to verify that the operator A¢7% is the inverse
operator to A, » and, by Theorem @, acts in all spaces 2 € M.
Conversely, suppose that A = A,  is invertible in some space 2 € M. Then we
have that, with some a > 0,
aflulle < || Aullo
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for all w € Q. The function u(t) = ue(t) = exp(i€t) belongs to O and it is easily
seen that ||ullq =1 and Au = a(§)u. Hence, |a(§)| > a and we conclude. O

Now we can complement [4, Theorems 2 and 3] as follows. Let A = A,  and Q
be a functional space in which the operator A acts. We denote by || A|q|| the norm
of A as a linear operator in ).

Theorem 3.3. Let p € L'(R), A=A, 5 and p> 1. Then
[Alse || = [[Alase || = [ Al s,
[Alap]l = [Alaa, |l = [[Alaall = [[Alscll-
Proof. We have the following chain of closed subspaces SP C ASP C BSP. Hence,
[Alse || < [|A[ase |l < [[AlBse |-

By [4, Theorem 2], we have that |A|sr|| = |A|pse||. This implies the first statement
of the theorem.
The second statement is similar. We need only to refer to [4, Theorem 3]. O

Application: A Volterra-like Equation. Consider the equation

+oo
x(t) = g(t) +/ a(t — o)x(o)do, t € R, (3.3)

—0o0

where g : R — R is a continuous function and a € L!(R).

Theorem 3.4. Suppose g € ASP(R) and ||la||r < 1. Then (3.3) above has a unique
SP-almost automorphic solution.

Proof. 1t is clear that the operator
—+oo
x € ASP(X) — / a(t — o)x(o)do € ASP(X)

is well-defined. Now consider I' : ASP(X) — ASP(X) such that
+oo

(Tz)(t) = g(t) + / a(t —o)z(o)do, teR.

We can easily show that
[(Pz) = (Ty)|| < [lallz |z = ylls

The conclusion is immediate by the principle of contraction. O

4. ALMOST AUTOMORPHIC SOLUTIONS

In this section, X will be a Banach space which does not contain any subspace
isomorphic to ¢g. We consider the equation

2'(t) = A(t)z(t) + h(t), teR, (4.1)
where h € ASP(X) N C(R,X) , and A(t) generates a l-periodic exponentially
bounded evolutionary process (U(%,s)):>s in X, that is, a two-parameter family of
bounded linear operators that satisfies the following conditions:

(1) U(t,t) =1 for all t € R,

(2) U(t,s)U(s,r) =U(t,r) forallt > s>r,

(3) The map (t,s) — U(t, s)x is continuous for every fixed z € X,
(4) Ut+1,s+1)=Ul(t,s) for all t > s ( 1-periodicity),
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(5) |U(t,s)|| < Ke*®*) for some K > 0, w > 0 independent of ¢ > s.
An X-valued continuous function v on R is said to be a mild solution of (4.1)) if

z(t) =U(t, s)x(s) + /t U(t,)h(§)dE, Vt>s;t,seR. (4.2)

Lemma 4.1. Let x be a bounded mild solution of on R and let h be in
ASP(X)NCR,X). Then, x € AA(X) if and only if the sequence {x(n)}nez €
aa(X).

Proof. The proof is similar to [9, Lemma 3.1], with the necessary adaptations. The
necessity is obvious. For the Sufficiency, let the sequence {z(n)}ncz € aa(X). We
need to prove that € AA(X). We divide the proof into two steps:

Step 1: We first suppose that {n} } is a given sequence of integers. Then there exist
a subsequence {ny} and a function g € L? (R, X) such that

loc
y(n) := lim z(n + ng)
k—oo
exists for each n € Z and

klim y(n —ng) = z(n)

for each n € 7Z, and

1 1/p
lim (/ [t + s+ 5) — gt +s)Pds) = 0;
0

k—oo

! 1/p
lim (/ llg(t — nk +s) — h(t + 5)||Pds> =0,
k—oco 0

for each t € R.
For every fixed t € R, let us denote by [¢] the integer part of t. Then, define

n

y(n) = U, [t)y([t]) + Y Un,€)g(&)ds, ne[t],[t]+1).

In this way, we can define y on the whole line R. Now we show that
khj& o(t+ng) = y(t).
In fact,
Jim Azt +np) = y@)l < lim L) + lim ()
where

L (t) = [|U(E + n, [6] + ne)2([t] + ne) — U [y (ED],

L(t) = /[ kG + ) — gt

Now using the 1-periodicity of U(t, s) since nj € Z and boundedness of U(t, [t]),
we get

Jim Ty (t) = T UGt ()] + i) = UG (D))
< G, Jim [la((t) +ne) =~ y([1)]| =0,
for each t € R. Now for k sufficiently large, we get

t
L) < K / I + ) — g(n)ldn < Cloe,
t]
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which shows that
klirn I,(t) =0, for eacht € R.

Thus
T ot + i) — (1) = 0.

Similarly, we can show that
T [ly(t — ng) —2(1)| = 0.

Step 2: Now we consider the general case where {s} }xez may not be an integer
sequence. The main lines are similar to those in Step 1 combined with the strong
continuity of the process.

Set nj, = [s}] for every k. Since {ti}rez, where ti := s} — [s}], is a sequence in
[0, 1) we can choose a subsequence {n} from {n},} such that limj_. tx = to € [0, 1]
and

y(n) = lim x(n + ng)

k—oo
exists for each n € Z and

limg—ooy(n —ng) = z(n)

for each n € Z, for a function y, as shown in Step 1.
Let us first consider the case 0 < to +t — [to + t]. We show that

klim x(ty +t+ng) = klim x(to +t +ngk) = y(to + ). (4.3)

In fact, for sufficiently large k, from the above assumption we have [to+t] = [ty +1].
Using the 1-periodicity of the process (U(t, s));>s we have

lx(tr +t +nk) — x(to + t + np) || < I3(k) + I4(k), (4.4)

where I3(t), I4(k) are defined and estimated as below. By the 1-periodicity of the
process (U(t, s));>s we have

I5(t) .= U (tg + t + ng, [te + ] + ne)z([tr + t] + ng)
—Ulto +t+ ng, [to + t] + ng)x([to + t] + ng) ||
= HU(tk + 1, [to + t])x([to + t} + nk) — U(to +1, [to + t])x([to + t] + nk)H

Using the strong continuity of the process (U(t, s)):>s and the boundedness of the
range of the sequence {x(n)}nez we have limy_, o I3(k) = 0. Next, we define

tp+t+ng tot+t+ny
I(k) == || / Uty +t+ ng,n)h(n)dn — / Ulto 4t + nx,n)h(n)dn].

[tr+t]4+ny [to+t]+nk
Using the Holder inequality we have
tet+t+ng L tt+ng
[ Uty +t+ng,n)h(n)dn|| < K (e =) || () || dip
[te+t]+ne [tr+t]+ng
1
< K(/O et dy ) ([ s0)

K
qw
By letting £ — oo, we observe that the latter tends to zero since w < 0. The same

treatment can be used for the second integral in Iy, so that limg_., I4 = 0. So, in
view of Step 1, we see that (4.3) holds.

_ (eqw(tk+t+nk—1) _ qu(tk+t+nk)§(”hHSp)
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Next, we consider the case when ¢o +t — [to + t] = 0, that is, ¢ + ¢ is an integer.
If tx + ¢ > tg +t, we can repeat the above argument. So, we omit the details. Now
suppose that ty +t < tg +t. Then

lx(ty +t 4+ nk) — z(to +t +ng)|| < Is(k) + Is(k), (4.5)
where I5(k) and Ig(k) are defined and estimated as below.

I5(k) = U (tg + t + ng, [te + t] + ng)z([tr + ] + ng)
— Uty +t+ng,to+t—1+ng)x(to+t— 1+ ng)l
= |U(tg + t,to +t — Da(to +t — 1+ ng)
—U(ty +t,to+t—Da(to+t — 1+ nyg)

Now using the strong continuity of the process (U (¢, s));>s and the precompactness
of the range of the sequence {z(n)},cz we obtain limy_,o I5(k) = 0. Finally we
have

te+t+ng to+t+ng

=1 [ Ut - Ut + -+ ()|
[t;‘,+t}+nk [t0+t]+nk71

This can be treated as in the case of Iy; i.e., limg_ Ig(k) = 0. The proof is now

complete. (I

Theorem 4.2. Let A(t) in generate an exponentially bounded 1-periodic
strongly continuous evolutionary process, and let h € ASP(X)NC(R,X) . Assume
further that the space X does not contain ny subspace isomorphic to ¢y and the
part of spectrum of the monodromy operator U(1,0) on the unit circle is countable.
Then, every bounded mild solution of on the real line is almost automorphic.

Proof. The theorem is an immediate consequence of [9, Lemmas 2.12 and 2.13] and
Lemma [4.1] above. In fact, we need only to prove the sufficiency. Let us consider
the discrete equation

n+1
z(n+1) :U(n—l-l,n)x(n)—i—/ Un+1,)h(&)dE, neZ.
n
From the 1-periodicity of the process (U(t, s));>s, this equation can be re-written
in the form

u(n+1) = Bu(n) 4+ y,, n€Z, (4.6)

where
n+1

B:=U(1,0); yn := / Un+1,h()dE, neZ.

n
Note that y,, is well-defined.
We are going to show that the sequence {y,}nez defined as above is almost
automorphic. In fact, since h € ASP(X) , for every sequence {n}} there exists a
subsequence {n} and a function g € L (R;X) such that

loc

(/01 [IA(t + {n} + ) — g(t + s)||pds)1/p 0,
(/01 llg(t — {ng} +s) — h(t + S)HPdS)l/p -0
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as n — oo pointwise on R. Now let

n+1
o = / Uln,&)g(€)de, neZ.

Then, by the 1-periodicity of (U(t,s));>s and the Holder inequality we have

||y’ﬂ+nk - Z'ﬂH
n+ng+1

n+1
| Un, €)h(€)dé — / Un, )g(€)de|

n:—nk )
=||/ U<n+nk,f+n+nk)h<f+n+nk)d£—/ Uln, €+ n)g(€)de]
0 0
1
-y / U(n,€ + ) (h(€ + 1+ np — g(€)de]
1
< / 10, + m)A(E +n+ ng) — g(€)de]
1
SK/O A€ +n + i) — g€ de

1 1 1 /p
< ([ ety ([ (he+n g —g@l7ag) " =0, ask— o

By [9, Lemma 2.13], since {z(n)} is a bounded solution of (4.6]), X does not contain
any subspace isomorphic to ¢y, and the part of spectrum of U(1,0) on the unit
circle is countable, {z(n)} € aa(X). By Lemma this yields that the solution

x € AA(X). The proof is now complete. O
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