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ABSTRACT. We consider the problem

C

—ul -
= h) (R te(0,1),
ulX

u(0) =0, u'(1)+g(u(1)) =0,
wherea >0, ¢ >0, o € (0,1), h:(0,1] — (0, 00) is a continuous function which
may be singular at ¢ = 0, but belongs to L'(0,1) N C*(0,1), and g:[0, c0) —
[0,00) is a continuous function. We discuss existence, uniqueness, and non
existence results for positive solutions for certain values of a, b and c.

1. INTRODUCTION

In this article, we consider the boundary-value problem

GJU*UQ*

= h(t)( = 6)7 t e (0,1),
u(0) = 0,u'(1) + g(u(1)) =0,

where a > 0, ¢ > 0, a € (0,1), and g:[0,00) — [0,00) is a continuous function. The
function h:(0,1] — (0, 00) is a continuous function which satisfies:

(H1) there exists €; > 0,0 < v < 1 — «, such that h(s) < 1/s7 for all s € (0,€1),

(H2) infoe() h(s) = h > 0.
Note that, for the nonlinear function f(s) = (as — s? —¢)/s%, lim,_o+ f(s) = —o0.
This singularity together with the fact that the solution needs to satisfy a Dirichlet
boundary condition creates a challenge in establishing the existence of positive
solutions. Such problems are referred in the literature as “infinite semipositone”
problems. See [9] [IT], 13} [I7, 18], where infinite semipositone problems have been
studied when the nonlinearity f only has a single zero beyond which it is positive
and increasing to infinity. The analysis is more challenging when the reaction term
f has a second zero (falling zero) beyond which it is negative. See [4] [14] where this
study was achieved in the case when Dirichlet boundary conditions persisted on the
entire boundary. In this paper, we extend this study to an even more challenging

(1.1)
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situation, namely when a nonlinear boundary condition is involved on part of the
boundary.
Problems of the form (|1.1)) arise while studying radial solutions of

2 _
—Au:K(|x\)(au uqi C), r €,

O gy =0, ile]=ro, (1.2

u—0, as|z]— oo,

where Q = {& € R" : |z| > 7o} is an exterior domain, n > 2, a,c, a are as before,
and K : [rg,00) — (0,00) belongs to a class of continuous functions such that
lim, ., K(r) = 0. By using the transformation: r» = |z| and s = (%)(2_”), we can
2 —2(n—1) 1
reduce to (L.1), where h(s) = @Iiz)zsﬁf((rosﬂ) (see [2]). Note that
if we assume K € C([rg,>0), (0,00)) and satisfies T,‘fﬁ < K(r) < Td% for some
dy,dy > 0, and for o € ((n — 2)a, n — 2), then h satisfies our assumptions (H1) and
(H2).
When the boundary condition at |x| = r¢ is replaced by a Dirichlet’s condition,
i.e. u = 0, the same transformation reduces the problem to

au—u2—6)7

—u" = h(t)( t€(0,1),

(1.3)

The existence of positive solutions of this Dirichlet problem was studied in [4]. For
given values of a > 0, € (0,1), the authors established the existence of positive
solution for small values of ¢. In this paper, we extend this study to the case when
a nonlinear boundary condition is satisfied at |z| = ro.

In particular, we will show that has a positive solution with «(1) > 0, which
clearly shows that it is not a solution of . Hence combining our result with the
existence result obtained in [4], we also see that the problem

CLU—UQ—C

—Au=K(jz) (), re®,
0
u[a—;‘w(u)}—o, if || = ro,

has at least two positive radial solutions for certain values of a and c. Existence of
positive solutions to certain problems with such boundary conditions are discussed
in [5 [§].

The study of such steady state reaction diffusion equations are of great impor-
tance in various applications. See in particular [I6] for a problem arising in ecology.
See also [11, 3] 5, []]. Here we consider more challenging reaction diffusion models,
namely, when nonlinear diffusion is involved (when the diffusion term is u®*Au
instead of Au).

Below, we state our results for . We first establish a non existence result for
(1.1). For this we assume

(H3) h e C*((0,1],(0,00)), and A'(s) < 0 for s > 0.
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Note that if the weight function K in (1.2) is such that K is C!' and K(r) g

decreasing for r > 0, then the corresponding h satisfies (H3). A simpleré;ﬂzple
of K which satisfies our assumptions is K(r) = %, where d; > 0, and o €
((n—2)a,n —2).

Theorem 1.1. Assume h satisfies (H1), (H3), and g:[0,00) — [0,00), is a continu-
ous function. Then for given a > 0 and « € (0, 1), there exists ¢(a) = %i
such that if ¢ > ¢, has no nonnegative solution.

Remark 1.2. Note that if ¢ > a?/4, then f(s) = ‘“78722* < 0 for all s > 0 and
this will immediately imply the non existence of nonnegative solution of ([1.1). This
follows from the fact that, since u(0) = 0 and «/(1) < 0, there exists a t € (0,1)

such that «”(¢) <0.

Remark 1.3. From the proof of Theorem(|l.1]), we also see that, for a given ¢ > 0
and « € (0,1), there exists a(c) such that if @ < a, (|1.1)) has no nonnegative solution.

Next, we state an existence result for (|1.1)) for the case when ¢ = 0.

Theorem 1.4. Let a € (0,1), ¢ = 0, and ¢:[0,00) — [0,00) is a continuous
function. Assume h:(0,1] — (0,00) is a continuous function which satisfies (HI)
and (H2). Then, there exists a > 0 such that if a > a, (1.1) has a positive solution
w with u(1) > 0.

Remark 1.5. If § = inf (g ) 9(s) > 0, then integrating (L.1)) from 0 to 1 with
c =0, it is easy to see that for a < [% ﬁ]ﬁ, 1.1)) has no positive solution.

Under an additional assumption on g, we also establish the uniqueness of the
positive solution obtained in Theorem [1.4]for (|1.1)) when ¢ = 0. For this we assume

(H4) g(z)/x is nondecreasing for = € [0, 00).
Then we have the following uniqueness result.

Theorem 1.6. Leta >0, c =0, o € (0,1), and h:(0,1] — (0,00) be a continuous
function which satisfies (H2). Assume also that g:[0,00) — [0,00) is a continuous
function which satisfies (H4). Then (1.1) has at most one positive solution.

Finally, we state our main existence result in this paper for (1.1).

Theorem 1.7. Let a € (0,1) and ¢:[0,00) — [0,00) is a continuous function.
Assume h:(0,1] — (0,00) is a continuous function which satisfies (H1) and (H2).
Then, there exists a > 0, and for a > a, ¢(a) > 0 such that for ¢ < ¢, has
a positive solution u with w(1) > 0. Further, this ¢ is an increasing function of a
such that &(a) — oo as a — .

Remark 1.8. From the proof of Theorem(1.7)), it is easy to see that, for any given
¢ < ¢(a), there exists a.(c) such that for a > a., (1.1]) has a positive solution.

Figure [1] illustrates Theorem [1.7] and Remark Here p = ||u]|oo-

In the next section we recall a method of sub and super solutions established
in [12], which will be used to establish our existence results. We also provide
some preliminary results about the existence of a positive eigenfunction for certain
eigenvalue problems, which will be useful in the construction of our subsolution
required in the proof of Theorem The proofs of the theorems are provided in
the later sections. In the last section, we provide some exact bifurcation diagrams
of positive solutions of when h(t) = 1.
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FIGURE 1. Bifurcation diagram of (L.1)): left a versus p, right ¢
versus p

2. PRELIMINARY RESULTS

We first discuss the method of sub and super solutions. By a subsolution of
(1.1)), we mean a function ¢ € C%(0,1) N C*[0, 1] which satisfies

i) <m0

Y(t) >0, te(0,1], (2.1)
P'(1) +g((1)) <0,
$(0) =0,
and by a supersolution of (L.I)), we mean a function ¢ € C?(0,1) N C*[0,1] which
satisfies ) ab(t) — (1) —
—o) = ho (P
o(t) >0, te(0,1], (2.2)
¢'(1) + g(¢(1)) = 0,
¢(0) = 0.
Lemma 2.1 (See [12]). If there exist a subsolution ¢ and a supersolution ¢ of

(T.1)) such that 1 < ¢, then (1.1)) has at least one solution u € C*(0,1) N C*[0,1]
satisfying v < u < ¢ in [0,1].

), te(0,1),

), te(0,1),

We note here that, in our case, the difficulty lies in the construction of a positive
subsolution, as the subsolution, ¥, needs to satisfy lim; o+ —¢"(t) = —o0, and
—1" > 0 in a large part of the interior.

Next, we discuss the Sturm-Liouville problem

y'(t) + Ay(t) =0, te(0,1),
y(0) =0, (2.3)
y'(1) +1y(1) =0,
where [ > 0, and X is a real parameter. We first observe (see also [I5]) that the

following result holds.

Lemma 2.2. For a given | > 0, the first eigenvalue of (2.3), \1 € (%z,wz), and

the corresponding eigenfunction ¢1 is positive, and is given by ¢1(t) = sin/At.
2

2
Moreover, asl — 0, Ay — -, and as | — 00, A\ — 7~.



EJDE-2018/193 INFINITE SEMIPOSITONE PROBLEMS 5

Proof. The solution of the equation 4" + Ay = 0 is given by ¢(z) = Acos vz +
BsinvAz. Using the boundary conditions, we reduce that tann = 77177, where
n = vX. This equation does not possess an explicit solution. But the graphical
solutions of this equation can be determined by plotting functions y = tann and
y = —1n (see Figure [2)).

y=tany

2 n, n 3n/2 n, n

FIGURE 2. Graph of tann vs —1/(In)

From Figure[2] it is clear that, there are infinitely many roots 7, forn =1,2,....
To each root 7, there corresponds an eigenvalue A, = 72, n = 1,2,3,.... Thus
there exists a sequence of eigenvalues \; < A2 < A3 < ... and the corresponding
eigenfunctions are ¢, = sinv/A,z. From the graph, we observe that the first
eigenvalue \; = n? € (72/4,7?), and hence ¢ is positive. Also note that as [ — oo,
m — mand, as | — 0, yy — /2. O

3. PROOF OF THEOREM [L1]

We will first prove the following lemma.

Lemma 3.1. Let a > 0, ¢ > 0, a € (0,1), and F(s) = [; f(t)dt, where f(s) =

% Let h € C((0,1), (0,00)) satisfy (H1) and (H3) If F(s) <0 forall s >0,
then ) has no nonnegative solution.

Proof. Let us assume that ([L.1) has a nonnegative solution u(¢). Since u(0) = 0
and /(1) < 0, there exists a tg > 0 such that u/(tg) = 0. Now define E(t) :=
’ 2
F(u(t)h(t) + CA0) (t)] . From (H1), there exists a d > 0 such that h(t) < < for
€ (0,1). Integratmg ) from t to to and using the fact for s > 0, f(s) < R for
some R > 0, we obtain

WO = [ M) < T -0 < =R (3)

1-—
Again integrating (3.1)) from 0 to ¢, t < ¢, we have u(t) < Rot,
f is integrable, there exist k > 0 and € > 0 such that |F(u)|
Hence

v
for t € (0,%). Since
< ku for u € (0,¢€).

fim [F(u(O)/A1) < lim kRodt' = = 0.
t—

t—0+t
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This implies that lim; g+ E(t) > 0. Now note that E'(t) = F(u)h/(t). From (H3),
R(t) <0forte (0,1),and F(s) < 0forall s >0, E'(t) > 0 for all ¢ > 0. Therefore
E(t) > 0 for all ¢ > 0. But E(tg) < 0, which is a contradiction. O

Proof of Theorem[I.1. We have
° Sat—t? — 1
Fioy = [war= [T (e o)
0 0

te 2—« 3—« 11—«

The zeros of F'(s) are s =0 and

a a2 4c
2—a + \/(2—(1)2 BN CEDIED)
5 .
3—a

S =

If ¢ > ¢(a) then (zfi)Q — (37(;)1?17(1) < 0. This implies F(s) has only one zero at

s = 0. Since lim,_ ¢+ F'(s) = —oc and F(0) =0, F(s) < 0 for all s > 0. Hence by
Lemma (1.1) has no nonnegative solution. O

4. PROOF OF THEOREM [ 4]

We first construct a subsolution for (when ¢ = 0). Let ¢; be the eigen
function corresponding to the first eigenvalue A1 of the problem —¢” (t) = A¢(t),t €
(0,1), ¢(0) = ¢(1) = 0. Note that, ¢;(t) = sinnwt, and \; = 7. Fix k > 0 such
that k > =D We now define our subsolution to be Y(t) = ko1(t) +t. Let

a= W + (k+1). For a > a, we will show that 1 is a subsolution of (|1.1]). To

prove this, we need to show that —1" = A\1k¢1 < h(t)(ayp!=® — 427%), 4(0) < 0
and ¥’ (1) + g(1(1)) < 0. We will first show that

A (ko () +t) < hla(kpy () + 1)~ — (kg (t) +1)27), (4.1)
where h = infse(0,1) h(s). This clearly implies —¢” < h(t)(ap'~* — p?~%) (since
P(t) < k+1 for all t, ayp!=® — 2= > 0). From the choice of a,

Mk +1)* < h(a— (k+1)).
From this, we obtain
Ai(kpy + 1) < h(a — (kg1 +1)),

and (4.1) follows. Clearly 1(0) = 0. Also ¢'(1)+g((1)) = k¢i(1)+1+9g(1) <0, by
the choice of k. Hence v is a subsolution of (1.1]). Next we construct a supersolution
of (1.1)). Let e be the solution of

—e’(t) = h(t), te(0,1),
e(0) =¢€'(1) = 0.

Integrating the above equation from ¢ to 1, we see that €/(t) = ftl h(s)ds > 0, and
hence e is an increasing function for ¢ € [0,1]. Choose a constant M > 0 such that
“S‘S;jz < M, for all s > 0. Then clearly ¢ = Me is a supersolution of . Also
since €'(0) > 0 if we choose M large enough then, ¥ (t) < ¢(t) for all t € [0,1].
Hence, by Lemma[2.1] there exist a solution u of such that ¥(t) < u(t) < ¢(t)
for all ¢ € [0,1]. Clearly u(1) > 0 since (1) > 0.
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5. PROOF OF THEOREM

Let u and v be two positive solutions of (1.1]) with ¢ = 0 such that v # v. Without
loss of generality let 1 € [0,1) be such that v(t1) — u(t1) = 0, v(¢) — u(t) > 0 in
[t1, 1], and v(¢t) — u(t) > 0 for some (s1, $2) C [t1,1]. For t € (s1, s2), we have

2 2

—(uv" —vu") = h(t) (uav —v Ay )
(e u“
— () (av — v?)(au — u?) ( ulte plta )
N Uy au—u?  av—v?/

: . : = Lo o .
Since for any positive solution u, ||uls < a, and f(s) = Z— is a strictly increasing

function for s € (0,a), we see that ftll —(uwv” —ovu")dt < 0. Using v(t1) = u(ty),
v'(t1) > u/(t1), and (H4), we obtain

/t —(uv” —vu")(t) dt
= [~ + vu/]tll
=v(1)u/ (1) —w(1)'(1) — (v(t2)u'(t1) + u(t)v'(t1))
= —v(1)g(u(1)) + u(1)g(v(1)) + u(t)v'(t1) — u(t)v' (1)
= —o(1g(u(1)) +u(1)g(v(1))

g(w(@)) g(u(d))
) (55 - 2P ) 20

which a contradiction, and hence u = v.

v

v

6. PROOF OF THEOREM

a=Aik).

y=Aa(k)

FIGURE 3. Graph of A;(k) vs Aa(k)

We first construct a subsolution. For this, we fix a 8 € (1, 22). From (H1), it

' 1+«
is clear that this interval is nonempty. Now, for k > 0, we define
2672k
Ay (k) == 2k + ﬂg : (6.1)
_1
AQ(IC) 73771- g(k;ﬁ—l) (62)

+ :
42 - pk*P
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It is easy to see that Aj(k) is an increasing function of k and As(k) is negative
for k large (see Figure (3)). Let 74, be the least nonnegative number such that
Ay(k) <0 for all k > r4,. Choose k = max{v/2,74,}. Let a = As(k). Now, for
given a > a, there exists l;:(a) > k such that a = Al(lg). From Lemma note that
there exist [ > 0 such that k = ——, where ¢1 is the eigenfunction corresponding

$1(1)°
to the first eigenvalue \; of

We now define our subsolution % to be @ := l;:¢f Since ¢1(t) = siny/A1t, it is
easy to see that ¢ has the following properties. There exist € < €; (€1 as in Hy)
and p > 0 such that |¢}] > 71/2 on (0, €], where 1 = /A1, ¢1 > p on (e, 1), and
0 < ¢1(t) <mtforall t € (0,1). For a > a, define

2—y .
oy S iragg_ L Ly s BAik
é(a) —mln{k’ B(B-1) 1 ,2k‘u (a ; )} (6.3)
Note that ¢ > 0 by the choice of k and 3. Next, we calculate
B N /2
g — BB - FBB - 1) qj;iﬁ.
1
To prove 1 is a subsolution, we need to establish
/2
7. 1. 71— -« 72—« —a c
EM BT — BB — 1) -9 < (1) (aR1=0gf ) Bmogf0 - S ) (6)
b1 ke gy
and /(1) + g((1)) < 0 (Clearly 1(0) = 0).
First we show that (6.4) satisfied. Note that
5 LT B
Ex o) = M0
< h(t) |:a];1—a¢ﬁ(1*a) _ 1];;1—04(#3(1*0‘) (a _ ‘];’la)\lﬁqs(llﬁ)
— 1 2 1 i],

Lrioa pl-o) ke x By’ }

2/4; ol (a B ) .
To prove ((6.4)) holds in (0, 1), it is sufficient to show the following three inequalities
hold:

T.o af
L ] (e e B I SR N ()
Lt ap0-o)(, _ K*p61" ¢y
—i’fl 400 (a_ 1;; 1 ) < T in (e, 1), (6.6)
—kB(B—1) o —h(t)=—— i (0,é. (6.7)
o 7T ket

From the definition of a, we have 2k + l;% < a. Then

(o ENOTy ot
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Hence

_1"1—04 B(l—a) _ ]%a)‘lﬁ(b?ﬁ _72—af(1l-a)
Ko (a T)< K2

(6.8)
< —EZ ¢ in (0,1).
. . 17,8, _ BX\ik™
Using ¢1 > p in (e, 1), and ¢ < 5kp”(a ),
~ L. af 1. 7.
,}klfa(b?(l—a) (a _k )‘1?‘251 ) < _ 1a/3’ (J;@f (a _k 3‘16,))
2 h koS 2 h (6.9)

C
Y n (6, 1)
kagt?

Next, we prove that (6.7) holds in (0, €. Since |¢}| > n1/2 and 2 — 8 > af + v we
have

~ /2 k‘1+aﬁ(ﬁ _ 1)77% k‘H—aﬁ(ﬁ ),'71
—k — — = .
ﬁ(ﬂ 1) 2 B < 4ka¢?ﬁ¢'{ s - 4ka¢?ﬁn1¥ﬂ
Since h(t) < & in (0,€], and ¢ < k'**B(8 — 1)n; 7 /4, it follows that
2 |<l51|2
—k — —h(t)= 0, €. 6.10
o6 - 1150 <ty im0 (6.10)

Thus from 7 and (6.10)) we see that (6.4]) holds in (0, 1).

Next we will show that w'(l) +g(¥(1)) <0 and

W(1) + g(#(1)) = kBey (D (1) + g(ke (1))
Since k = ¢11(1)’ it follows that

g(k*=? ))
g )
Now note that, since k > /2, $1(1) =sinv A < %, which implies /A1 € (%’r,w).
Hence ¢} (1) < —37/(4v/2) and thus

W(1) + g(6(1)) = BR*I94 (1) + g(k7) = BE* (¢/(1) +

3T N 9(,;g11))
42 Bk
since Ap(k) < 0. Therefore 1) = fcgbf is a subsolution of (L.1)). Next we will

construct a supersolution of (|1.1)). For this, we proceed as in the proof of Theorem
[[4l Let e be the solution of

—e"(t) = h(t), te€(0,1),

¥(1) + g((1)) < 7 (=

As discussed earlier e is an increasing function for ¢ € [0, 1]. Choose a constant M >
0 such that 25==—==< S —< < M, for all s > 0. Then clearly ¢ = Me is a supersolution of
(L.1). Also if we choose M large enough then ¥(t) < ¢(t) for all t € [0, 1]. Hence,
by Lemma [2.1] there exist a solution u of such that ¥(t) < u(t) < ¢(t) for all
t € [0,1]. Clearly u(1) > 0 since (1) > 0.
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We now show that ¢, given by (6.3)), is an increasing function of a. By definition,

k increases as a increases and hence 12:1+aﬁ(ﬁ -1) "iﬂ is an increasing function of
a. Also,
d/1- Bk 1 dk ﬁAlk Bhrake1 dk
G- ) < (o ) (- 0
da( Wil = =—=—)) = 5 3" + i da
1- P dk (a+ 1)k
it - IR
T S g p
1- u? dk 2067wk
>2ku +2da<a_ = )>O.
Hence &(a) is an increasing function of a and ¢(a) — oo as a — oo.
7. NUMERICAL RESULTS
In this section, we consider the boundary-value problem
2
" au—u® —c
= (e T 1
u'= (), te(0D), (71)

u(0) =0, o'(1) +g(u(1)) =0,
where a > 0, ¢ > 0, a € (0,1), and ¢:[0,00) — [0,00), is a continuous function.
We plot the exact bifurcation diagram of positive solutions of (7.1)) (¢ versus ||ul/c

and a versus ||u||« ) using Mathematica. For this, we adapt the quadrature method
discussed in [6} (7, 10]. Let u(t) be a positive solution of (7.1). Let F(z) = f; f(

where f(s) = “S_ff_c, P = ||t]|co, and ¢ = u(1). Following the arguments in [IEI]7
is a solution of if and only if p, ¢ satisfy:

/ﬁ/w

F(p) - Flg) = Y9OL (73)

Let 6; be the positive zero of F' (see figure [4)) and ro be the falling zero of f (see
figure .

V2, (7.2)

f(u) F(u)

) A 9\ u

FIGURE 4. Graph of f(u) (left). Graph of F(u) (right)

We note that if p € (61, r2) then the integrals in are well defined (see [6] for
details). Now, using (7.2)) and , we are able to plot exact bifurcation diagram
of positive solutions of ([7.1)) by implementing a numerical root finding algorithm in
Mathematica. Figures[5| [6|are bifurcation diagrams ¢ versus p for the cases g(t) = 1
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and g(t) = t* when a = 10 and a = 15. Figures[7] has bifurcation diagrams a versus
p for the cases g(t) = t? when ¢ = 0.1 and ¢ = 1.

P

— a=0.1 — a=0.1
a=02 a=0.2
— a=0.3 a=0.3
— a=04 — a=0.4
— a=0.5 — a=0.5
— a=0.6 — a=0.6
=as0.r — a=07
a=08 a=0.8
- as09 - — a=09
FIGURE 5. Bifurcation of (7.1)) when g(t) =1, a = 10 (left); when
g(t) =1, a = 15 (right)
7 P
— a=0.1
- "fz; — a=02
e — w03 ¢ — a=03
— — a=04 — a=04
\ —a=05 — a=0.5
- a=06 — =06
ey x
— a=08 — a=0.7
— a=0.9 — a=0.8
— =09
FIGURE 6. Bifurcation of (7.1]) when g(¢) = t2, a = 10 (left); when
g(t) =12 a =15 (right)

‘ — a=01 : a=0.1
a=0.2 a=0.2
a=0.3 a=0.3

— a=0.4 a=0.4
— a=0.5 — a=0.5
a=0.6 _ a=06
a=0.7 a=0.7
a=0.8 a=0.8
— a=0.9 — a=0.9
. a — . = . a

FIGURE 7. Bifurcation of (7.1) when g(t) = t2, ¢ = 0.1 (left);
when g(t) =2, ¢ = 1 (right)

Our bifurcation diagrams illustrate the existence result in Theorem [I.7] for the
case h(t) = 1, g(t) = 1 or g(t) = 2, and a = 10 or 15. We see that for each
a € (0,1), there exists a ¢ > 0 such that for ¢ < ¢, has a positive solution.
Also from the bifurcation diagrams (Figure [7)) we can see that for given ¢ < &(a),
there exists a.(c) such that for a > a,, has a positive solution. For ¢ = 0,
the bifurcation diagrams show that the positive solution is unique which illustrates
Theorem The following observations can also be made from the bifurcation
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diagrams for the special cases considered. For ¢ =~ 0, it appears that (7.1) has
unique positive solution and for a certain range of ¢, (7.1) has multiple positive

sol

utions. Also, for a fixed ¢ < é(a) we observe that for large values of a, (7.1) has

unique positive solution and for a certain range of a, (7.1)) has multiple positive

sol

utions. Proving these results for (1.1]) (at least for certain cases of g) remains an

open question.
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