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NODAL SOLUTIONS OF FOURTH-ORDER KIRCHHOFF
EQUATIONS WITH CRITICAL GROWTH IN RY

HONGLING PU, SHIQI LI, STHUA LIANG, DUSAN D. REPOVS

ABSTRACT. We consider a class of fourth-order elliptic equations of Kirchhoff
type with critical growth in RV. By using constrained minimization in the
Nehari manifold, we establish sufficient conditions for the existence of nodal
(that is, sign-changing) solutions.

1. INTRODUCTION

In this article we studies the existence of nodal solutions to the fourth-order
elliptic equations of Kirchhoff type with critical growth in RY,

A2y — (1 + b/ |Vul? dx) Au+V(z)u=A(u)+u® "2u, zeRY, (1.1)
RN

where A2y is the biharmonic operator, 2** = 2N/(N — 4) is the critical Sobolev
exponent with 5 < N < 8, and b and \ are positive parameters. The continuous
functions V(x) and f(u) satisfy the following conditions:

(A1) V € O(RY,R) satisfies iIgNV(I) > Vo > 0, where V; is a positive constant.
re

For each M > 0, meas{z € RY : V(z) < M} < oo, where meas(-) denotes
the Lebesgue measure on RY;

(A2) f e CYHR,R) and f(u) = o(|ul), as u — 0;

(A3) There exists p € (4,2**) such that lim, . f(u)/uP~t = 0;

(A4) limy—o0 F(u)/u* = +oo, where F(u) = [ f(t)dt;

(A5) f(u)/|ul® is a strictly increasing function for u € R\ {0}.

Problem originates from the Kirchhoff equation

— (a—l—b/Q \Vu|2dx)Au: f(z,u) inQ, (1.2)

where Q € RY is a bounded domain, a > 0, b > 0, and u satisfies certain boundary
conditions. The above equation stems from a typical model proposed by Kirchhoff
1,

Upt — (aqu/Q |Vul|? d:r)Au = f(x,u), (1.3)
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which serves as a generalization of the classical D’Alembert wave equation

2 L 2
PO (P 21 paa) O )
o Oz Ox
by taking into account the effects of changes in the length of strings during vibra-
tions. The nonlocal term thus appears. See for example [0, 24] for more background
on such problems. Thanks to the pioneering work of Lions [19] on problem , a
lot of attention has been drawn to these nonlocal problems during the last decade.
That was followed by some interesting results on the existence of various solutions to
, including positive solutions, multiple solutions, bound state solutions, multi-
bump solutions, and semiclassical state solutions, both on bounded domains and
on the entire space. For more results on the Kirchhoff-type equations we refer to
[, 15, [16], 13, 23] 27] and the references therein. Problem with critical non-
linearity, however, is seldom covered, mainly because of the challenge - the lack of
compactness - presented by the presence of the critical Sobolev exponent. We also
refer the interested readers to [9, (18, 25l 34, B3], [35] on the fractional Kirchhoff type
problems.
Recently, various approaches have been adopted for considering the fourth-order
elliptic equations of the Kirchhoff type,

A2y — (a—l—b/ |Vul? dx)Au:f(:E,u), x €,
Q
u=Au=0, x€oi,

where A2 is the biharmonic operator, with different hypotheses on the nonlinearity.
For instance, Ma [21] studied the existence and multiplicity of positive solutions to
the fourth-order equation with the fixed point theorems in cones of ordered Banach
spaces. Wang et al. [30] applied the mountain pass and the truncation methods to
get the existence of nontrivial solutions to the fourth-order elliptic equations of the
Kirchhoff type with one parameter A. Liang and Zhang [I7] used the variational
methods to obtain the existence and multiplicity of solutions to the fourth-order
elliptic equations of the Kirchhoff type with critical growth in R,

The motivation for this paper comes from [26] 28] [29] [36]. In [26], the existence
was proved of one least energy nodal solution u; to problem , with its energy
strictly larger than the ground state energy. Meanwhile, the asymptotic behavior
of up, as the parameter b \, 0, was investigated as well. Later, under some more
weak assumptions on f (especially, with the Nehari type monotonicity condition
removed), Tang and Cheng [28] improved and generalized some results obtained in
[26] with some new analytical skills and the non-Nehari manifold method. In [29],
the authors obtained the existence of least energy nodal solutions to the Kirchhoff-
type equation with critical growth in bounded domains by using the constraint
variational method and the quantitative deformation lemma. In [36], the authors
studied the fourth-order elliptic equation of the Kirchhoff-type,

A2y — <a+b |Vu|2dx)Au+V(x)u:f(u), reRY,
RN

u € H*(RY),

where a > 0 and b > 0 are constants. By the constraint variational method and the
quantitative deformation lemma, they proved that the problem possesses one least
energy nodal solution. For more results on nodal solutions to the Kirchhoff-type
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equations, please refer to [8, [12] 20, [37] and the references therein. However, to the
best of our knowledge, there are no such results concerning the existence of nodal
solutions of the problem involving critical nonlinearities in the whole space.

The purpose of this article is to study the existence, energy estimates and con-
vergence properties of the least energy nodal solutions to the fourth-order elliptic
equation (L.1). The novelty of this paper is that problem concerns the crit-
ical case on the entire space. Based on these facts, the problem turns out to be
extremely complicated and more difficult than the one without critical nonlinear-
ities in bounded domains. Since problem involves critical exponents in the
nonlinearity, it is rather difficult to show that the energy functional reaches a lower
infimum on the Nehari manifold because of the lack of compactness caused by the
critical term. As we will see, this problem prevents us from using the approach
in [2 26 28, B6]. So we need some new ideas to overcome the above difficulties.
Moreover, we use the constraint variational method, the topological degree theory
and the quantitative deformation lemma to prove our main results. Thus, our main
results generalize papers [2], [26] 28], [36] in several directions.

Before stating our main results, we define

H*(RY) := {u € L*(RY) : |Vu|, Au € L*(RM)},
endowed with the norm
2 2 2 1/2
ey = ([ (B2 + (T + ) ae)
RN
Now, we introduce the space
E:={ue H*R"Y): / V(z)|u*dz < oo}
RN
with the inner product
(u,v) = / (AulAv 4+ VuVo 4+ V(z)uwv) dx
RN

and the norm
ul| = / (1Auf? + |Val? + V(@)[uf?) d.
RN

Under condition (A1), it is known that the embedding £ — H?(RY) — LP(RY)
for p € (2,2**) is compact, and continuous for p € [2,2**] (see [4]), and

Splulp < |lull, for every u € E. (1.4)

In particular, the best Sobolev constant for the embedding E < L (RV) is
S = inf {/ |Au|?da : / lu* de = 1}.
RN RN
Definition 1.1. We say that u € F is a weak solution to problem (1.1), if

/ (Aulg + VuVe + V(2)up) dx + b/ |Vu|2dx/ VuVedz
RN RN RN

_ o*x _o
= )\/RN f(u)qbdm—&—/ﬂw |l up de,

for every ¢ € F.



4 H. PU, S. LI, S. LIANG, D. D. REPOVS EJDE-2021/19

For convenience, we will omit the term weak throughout this paper. The corre-
sponding energy functional Il;\ : E— R to problem (|1.1)) is defined by

1 b 2
R = /RN (1Auf + [Vul + V(@)[ul?) dx—i—i(/ﬂw Vul? d)

1 .
- )\/ F(u)dr — 5 / lu|?" d.
RN 2 RN

It is easy to see that I;} belongs to C1(E,R) and the critical points of I;* are the
solutions to (|1.1). For every u € E we can write

ut(z) = max{u(z),0} and wu (z)= min{u(z),0}.
Then every solution v € E to problem (I.1)) with the property that u®™ # 0 is a
nodal solution to problem (1.1f).
Our objective is to find the least energy nodal solutions to problem (1.1]). There

exist several interesting studies on the following typical semilinear equation, which
is related to problem (1.1)) (see [3 4]),

(1.5)

—Au+V(z)u= f(z,u) inRY. (1.6)
These methods, however, depend heavily upon the decompositions:
J(u) = J(u) + J(u), (1.7)
(J'(u),u™) = (J'(uF),u®) and (J'(u),u”) = (J'(u"),u”), (1.8)
where J is the energy functional of 7 given by
J(u) = % /]RN(|Vu|2 + V(x)u?) dr — /RN F(z,u)dz.

However, if b > 0, the energy functional I, g‘ cannot be decomposed in the same way

as it is done in (1.7)) and (1.8)). In fact, we have
b
IMu) = IM(u™) + [Mu™) + f/ |Vu+|2dm/ |V~ |*dx;
2 RN RN
if ut # 0, then

(Y () = (@Y )ty +b [ VatPe [0 e > (1) )
if u= #£ 0, then
(Y ) = (B @)y +b [P [ (90 Pde > (@) ).,

Therefore, the methods used for obtaining nodal solutions to the local problem (|1.6))
do not seem applicable to problem (|1.1). In this paper, we follow the approach in
[5] by defining the constrained set

N} ={uec E:ur #0,((I}) (u),us) =0} (1.9)

and considering a minimization problem of I, }f‘ on N, b>‘. Shuai [26] proved that Nb/\ #
(), in the absence of the nonlocal term, by applying the parametric method and the
implicit theorem. However, it is the nonlocal terms in problem , the biharmonic
operator and the nonlocal term involved, that add to our difficulties. Roughly
speaking, compared to the general Kirchhoff type problem , decompositions
and corresponding to [, g\, are much more complicated, which accounts for
some technical difficulties during the proof of the nonemptiness of ./\/'b)‘. Moreover,
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the parametric method and implicit theorem are not applicable to problem
because the complexity of the nonlocal problem there. Hence, inspired by [I], we
follow a different path, specifically, we resort to a modified Miranda’s theorem (see
[22]). Tt is also feasible to prove that the minimizer of the constrained problem is
also a nodal solution via the quantitative deformation lemma and degree theory.
We can now present our first main result.

Theorem 1.2. Assume that (A1)—(A5) hold. Then there exists \* > 0 such that
for all A > X\*, problem (L.1)) has a least energy nodal solution u, € Nb)‘ such that

I (us) = inf e pp I (1).

Another goal of this paper is to establish the so-called energy doubling property
(cf. [B1]), i.e., the energy of any nodal solution to problem is strictly larger
than twice the ground state energy. The conclusion is trivial for the semilinear
equation problem . When b > 0, a similar result was obtained by Shuai [26] in
a bounded domain 2. We are also interested in whether energy doubling property
still holds for problem . To answer this question, we prove the following result.

Theorem 1.3. Assume that (A1)—(Ab5) hold. Then there exists \** > 0 such that
for all X > X, ¢* = inf, c y I}(u) > 0 is achieved, and I}(u) > 2c*, where
My = {u e E\{0} : ((I})(u),u) = 0} and u is the least energy nodal solution
obtained in Theorem[I.Z In particular, ¢* > 0 is achieved either by a positive or a
negative function.

It is obvious that the energy of the nodal solution u; obtained in Theorem
depends on b. Next, we establish a convergence property of u, as b — 0, which
demonstrates a relationship between b > 0 and b = 0 for problem (1.1)).

Theorem 1.4. Assume that (A1)—(A5) hold. Then for any sequence {b,} with
by, — 0 as n — oo, there exists a subsequence, still denoted by {b,}, such that {un}
strongly converges to ug in E as n — oo, where ug s a least energy nodal solution
to the problem

A%u— Au+V(z)=Af(u)+|u "2u inRY. (1.10)

The structure of this article is as follows: Section 2 contains the proof of the
achieving the least energy for the constraint problem . While section 3 is
devoted to the proofs of our main theorems.

Throughout this paper, we use standard notation. For simplicity, we use “—”
and “—” to denote the strong and weak convergence in the related function space,
respectively. By C and C; we denote various positive constants, and by “="
definitions. To simplify the notation, we denote a subsequence of a sequence {uy, }n,
also as {uy, }n, unless otherwise specified.

2. SOME TECHNICAL LEMMAS
To begin, fix u € E with u* # 0. Consider the function ¢ : R, x R, — R and
the mapping W : R, x R, — R2, where
pla, B) = I (au® + Bu™), (2.1)
W(a, ) = ({(I) (au® + Bu™),au®), (1) (aut + fu™), u”)). (2.2)
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For brevity, we define the quantities
AT (u) :/ |VuT|>de, A~ (u) :/ |Vu~|*dx, B(u) = AutAu~ dz.
RN RN RN
Lemma 2.1. Assume that (A1)-(A5) hold. Then for any u € E with u™ # 0,
there is the unique mazimum point pair of positive numbers (o, By) such that
auut + BuuT € NP
Proof. Our proof consists in verifying three claims.

Claim 1. There exists a pair of positive numbers (ay,, 8,,) such that c,u™+B,u™ €
N, for any u € E with u* # 0. Note that

(1) (o™t + Bu™), au™)

= Alau™ + Bu™)Aautdr + / |Vau™|? dz + / V(x)|auT|?dx
RN RN RN

—|—b/ \V(au++ﬁu_)|2dx/ |Vau™|?dx
RN RN

—A f(au+)au+dx—/ laut|? dx

RN RN
and

(1)) (au™® + Bu™), pu”)

= A(au"’—i—ﬁu_)Aﬁu_dm—i—/ \Vﬁu‘|2dx+/ V(x)|fu”|*dx
N RN RN

R
+ b/ |V (au™ +Bu_)|2dx/ |VBu~ [2dz
RN RN

A [ senysede= [

By a direct computation we obtain that
(1) (au* + pu™), au’)
- 2
= o?||ut|® + o?B2AT (W) A™ (u) + b (AT (u)) (2.3)

+ afB(u) — )\/ flau™)auTdx —/ lau™t? da
RN R

N

o
2 dx.

and
(1) (™ + Bu™), Bu™)

— B2|lu|% + 2B At () A (u) + B (A~ () (2.4)

+afB(u) — )\/ f(Bu™)Pu” dx 7/ |pu= ¥ dx.
RN RN
By assumptions (A2) and (A3), we have
flaut)autdr < 5/ lau™|? da + Cg/ lau™|P dz. (2.5)
RN RN RN

Choose £ > 0 small enough such that (1 — AeC.) > 0, which together with (2.5))
and (2.3)), yields

((IZ;\)'(ozu+ + Bu”),aut) > (1 - )\EC’E)OzQHuJFH2 + a262bA+(u)A_(u)
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o
2 dx.

+ b (A+(u))2 — AC: lou™ |P do — / lou™
RN RN

Since 2** > 4, we have ((I})(aut + Bu~™),aut) > 0 for a small enough a and for
all 8> 0.
Similarly, according to (2.5) and (2.4), we get (1)) (au™ + Bu™), Bu~) > 0, for
small enough 5 and all & > 0. Hence, there exists r > 0 such that
(I (ru™ + Bu™),rut)y >0 and (1) (au™ +7ru™),ru”) > 0, (2.6)
for all a;, 8 > 0.
On the other hand, by (A3) and (A4), we have
fOt>0,t#£0; F({) >0, teR. (2.7)
Now, choose R > r. For sufficiently large R, and by (2.3), (2.4), (2.7]), we have
(I} (Ru* 4+ Bu™),Ru™) <0 and ((I}}) (au™ + Ru™), Ru™) < 0, (2.8)
for all i, 8 € [r, R]. Invoking Miranda’s theorem [22], together with (2.6) and (2.8)),
we can conclude that there exists (o, 8,) € Ry x Ry such that W(ay, 8.) = (0,0),
ie., auut + Bu € NP,
Claim 2. The pair (ay, B,) is unique.
e Case u € Nj. Then we have

(1) (u),u™) =0 and (L)' (u),u”) =0,

that is,
[ut | + B(u) + bAT (u) (AT (u) + A~ (u))
= uHutde ut? da (2.9)
= [ fatytdo s [t
and
[u™[|* + B(u) + bA™ (u) (AT (u) + A~ (u))
(2.10)

=\ (u’)u*der/ lu=?" d.
RN RN
By Claim 1, we know that there exists at least one positive pair («p, 8y) satisfying
agut + Bou” € NP
Next we show that (ag, 89) = (1,1) is the unique pair of numbers. Without loss
of generality, let us assume that ag < By. It follows from that

ol (|\u+H2 + B(z)) + agbAT (u) (AT (w) + A~ (w))

. 2.11
:)\/ Flagu)agu™ dx—i—/ lagu™|? du. (2.11)
RN RN
If ap < 1, then from (2.9), and (A5), we have
0 < [(a0)™? = 1] (lu™||* + B(w))
flr,au™)  flub)y, 44
< _
= ’\/RN( (aou™)3 (u+)3>(“ ) dz (2.12)

+[(a0)* = 1] /RN [wt|* dz < 0,

which is a contradiction. Hence, 1 < ap < fg.
Adopting a similar approach, we can see that Sy < 1, which implies that oy =

Bo = 1.
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e Case u ¢ N;'. Assume there exist two other pairs of positive numbers (a1, 1)
and (g, B2) such that

o1 =oqut + fu” € ./\/b/\ and o9 = caput + fou” € Nb)\~
Then

72 = ()arut + (2)ou = ()i + (P)or €.

Since o1 € N}, it is clear that

o _ P
a1 B

which means that oy = as, 81 = fs.

:1’

Claim 3. The pair (ay,[S,) is the unique maximum point of the function ¢ on
Ry x R;. We know from the above that (ay, (,) is the unique critical point of ¢
on R, x R,. By definition and (2.5)), we have

pla, B) = I} (au™ + fu”)

a? 20 a'b i
= S P+ P 4 8B + 4 (A% @) + B (A (w)?
o?pB% _ i _
+ TA (u)A™ (u) — A Floau™)dx — X F(fu™)dx
RN RN
a?” / P i / ges
— U dx — u |* dx
A RN | | 9 RN |
3*b

2 2 4b
< 12+ 2 2+ B + 0 (4t W)+ 2 (4 (w)?

OB gt (uy A () - & / 2 — & / o~
2 2** ]RN 2** ]RN

as |(a, B)| = oo. This implies that lim|(,, g)|—00 (v, B) = —00, because 2** > 4.
Hence, it suffices to show that the maximum point cannot be achieved on the
boundary of Ry x R;.

We carry out the proof by contradiction. Assuming (0, 3) is the global maximum
point of ¢ with 5 > 0, we have

.
2 dx,

olo B) = Slt?+ 2 5 12 + o) + o0 (a u>)2+%( (w)’

04232[) B
+TA+(U)A (u)—)\/RN dx—)\/RNF

02 B 5
— 27 de — -
e =y T
Hence, it is clear that
= = 2 = _
Pala, B) = allu®|® + BB(u) + a’b (AT (u))” + af?bAT (u) A (u)

—A flowHyutde — o 1 / lu*|?" da > 0,
RN RN

o
2 dx.

for small enough «. This means that ¢ is an increasing function with respect to
« if « is small enough, which is a contradiction. In a similar way, we can deduce
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that ¢ cannot achieve its global maximum at (a,0) with o > 0. Thus, we have
completed the proof. ([

Lemma 2.2. Assume that (A1) —(A5) hold. Then for any u € E with u™ # 0
such that {(I}) (u),u*) < 0, the unique mazimum point pair of ¢ on Ry x Ry
satisfies 0 < qu,, By < 1.

Proof. Without loss of generality, we may assume that o, > 3, > 0. Since o, u™ +
Buu~ € Ny, we have

o[l ? + cuBuB(u) + % F2DAT (w) A (u) + alb (47 (w)”
. (2.13)
=\ flauNa,utde —|—/ | u™|* da.
RN RN
Furthermore, since ((I;))'(u),u") < 0, we have

ut ] + B(u) + b (AT (u))” + bAT (u) A~ (u) < A f(u+)u+d:c+/

RN R
Then by (2.13)), we have
()™ = 1] (Jlu™]|* + B(w))

o (15 L)t

lut > d.
N

poy (214)

Z.

N

Obviously, the left hand side of ([2.14)) is negative for a,, > 1 whereas the right hand
side is positive, which is a contradiction. Therefore 0 < v, B, < 1. O

Lemma 2.3. Suppose that c; = inf, e nrx I}Mu). Then limy_,o cp = 0.
Proof. For every u € N}, we have ((I)'(u),u) = 0, thus

o 2 2B+ (4% )+ 4~ ) = A [ fludo+ [ o d,
Then, by 7 we have

i <a [ e [

§)\5/ |ui|2dx+/\C’6/ \ui|pdx+/ [ > da.
RN RN RN

Choose € small so that Ae [on [u®[*dz < J|lu®||?. Then we can claim that there
exists p > 0 such that

(2.15)

|u®)? > p forall u e N, (2.16)
since 4 < 2**. Next, by (A5), we have for ¢ # 0 that

F(t) = tf(t) —4F(t) > 0,

and F(t) is increasing when ¢t > 0, and decreasing when ¢ < 0. Therefore,
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So we have Ij)(u) > 0 for all u € N}, which means that ¢; = inf,cn [j(u) is
well-defined.

Fix u € E with u* # 0. According to Lemma for each A > 0, there exist
oy, By > 0 such that ayu™ 4+ Bu~™ € NbA. Therefore,

0<cy= inf I(u)
b
< IMoyu™ + Bau™)

1 b 2
< sllasut 4 g P+ ([ [Viana® + o))
RN

o? B2 atb 2
= S|P+ I+ xBrBlw) + 2 (4% (w)
4b 2 2b
+ 2 (4 ()? + DA a-(),
It suffices to prove that ay — 0 and ) — 0, as A\ — oo. Let
T = {(Oé,\,,BA) S ]R+ X R+ : W(Oé)\,ﬁ)\) = (0,0),/\ > 0},
where W is defined as in (2.2). Then

o3 / lut > de + B2 / lu™ > da
RN RN
<oy’ / ut* da + 53 / [u™ [ da
RN RN
+ A f(aAu+)a>\u+dx+)\/ F(Bau™)Bau"dx
RN RN
= llaau™ 4+ Bau"||* + b (a3 AT (u) + ﬂf\A‘(u))z .
Therefore, T is bounded, since 4 < 2**. Let {\,} C (0,00) be such that A\, — oo,
as n — oco. Then there exist o and Sy such that (ay,, 8z, ) — (@0, Bo), as n — oo.

Now we claim that ag = B9 = 0. Assume, to the contrary, that cg > 0 or 5y > 0.
Since ay,u™ + By, u” € Nb’\, then for any n € N, we have

ln, u® + Br,u |2+ b (o, A*(u) + 53, A (u))”

_ + - + -
= [ Slen ™ 4 B e e uT + By, uT) de (2.18)

* / lax, ut + By, u” | da.
]RN

Then, invoking oy, u™ — apu™, By, u~ — Bou~ in E and the Lebesgue dominated
convergence theorem, we have

flan,u™ + Br,u” ) (o, u™ + Br,u”) dx
RN

- / f(aout + Bou™ ) (aou™ + Bou™) dz > 0,
RN
as n — oo. This contradicts (2.18]), given that A\, — oo, as n — oo and that

{ax,ut + By, u"} is bounded in E. Therefore, ag = Sy = 0, which implies
limy o0 ¢y = 0. O
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Lemma 2.4. There exists \* > 0 such that the infimum ¢ is achieved for all

A >N

Proof. According to the definition of ¢}, there exists a sequence {u,} C N} such
that lim,, 0 I3 (un) = cp. Clearly, {u,} is bounded in E. By Lemma and the
properties of LP space, up to a subsequence, we have

uf —~u* inE,
uf —u®  in LP(RY) for p € [2,2%%),
uf —ut ae inRY.
In view of Lemma [2.7] we also have

I (aw) + Buy) < I (un),

for all o, B > 0. So, by the Brézis-Lieb lemma, Fatou’s lemma and the weak lower
semicontinuity of norm, we can conclude that

liminf I} (o} 4 Bu,)
n—00
2 2

o p
>4 g + o2 +n2y L P - -2 —12
> T i (i — I+ )+ Sl (g — )+ )

a’b 2
—|——{ lim / A —Vu+|2dx—|—/ |Vu+|2dx}
4 RN RN

n—oo
B 2
+ —{ lim / |V, — Vu~|? der/ |Vu~[? dm]
4 n—oo ]RN RN
o
e [lim ndersetn — 0o lut — u+|2* dr 4+ lim |U+|2* dx}
Dx* u RN n—oo JpN

52 B
- [ lim / luy —u”|* de 4+ lim lu=|? dw}
RN

2%k | n—oo n—oo JpN

- A F(au+)dx—)\/ F(Bu™)dx
RN

RN
2 Qb
+2 b lim inf |Vu:\2d;v/ |V, |*dx
Aot a’d ath et o®”
> I (au —l—ﬁu)—&-—Al—l——Ag—i——AA() 2**31
2 43, 2**
+BA+—A4+B AyA™ (u) — 62**32,
where
Ay = lim |luf —u™|?, Ay = lim |Ju, —u”|%
n—oo n—oo

Az = lim |Vul — VuT*dz, Ay = lim |Vu,, — Vu~ [*dz,
n—oo RN n—oo RN

B; = lim lutf —ut|* dx, By= lim lu, —u”|* da.
n—oo RN n— oo RN
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That is,
A A vt a'b 1o alb + o?”
¢y > I(oau™ + Pu” )+fA1+7A +7A3A (u) — oex B
B B B o o
+ A+—A4+—AA()—2**BQ7

for all o, 8 > 0.
Step 1: u® # 0. We carry out our proof by contradiction. Assume that v+ = 0.

Lettong 8 =0 in (2.19)) we have

o*b a?”
Cb Z 7A1 +

1 —— A2 — 2731 = ¢(w), (2.20)
for all « > 0.
Case 1: By =0. If A; =0, then u;} — u™ in E. By (2.1F)), we obtain [[u®| > 0,
which contradicts our assumption. If A; > 0, then by , we have Cz;\ > O‘;Al
for all a > 0, which contradicts Lemma
Case 2: B; > 0. From the definition of S and Lemma there exists A* > 0
such that

o < %S‘WN (2.21)

for all A > A*. According to the Sobolev embedding and the fact that By > 0, we
obtain A; > 0. By (2.20), we have

ok

Lo 2[AT]

B1
2
< -
T%‘{ - 3 D}
atb o 2
<max (G4 O3 S m) <,

which is a contradiction. Hence, we can conclude that u* # 0. Similarly, we get
that u~ # 0.
Step 2: By = B; = 0. Given that the proof of By = 0 is analogous, we just prove
By = 0. By contradiction, assume B; > 0.
Case 1: By > 0. Since Bj, By > 0, we get Ay, Ao > 0. Clearly, ¢(«) > 0 for «
small enough, where ¢(«) is given by (2.20)), and ¢(«) < 0 for « sufficiently large.
Therefore, by continuity of ¢(a), there exists @ > 0 such that
a2 ab —2** b a2**

7A1 4 A3 Bl = max{ A1 4 A3 — 27

Similarly, there exists 3 > 0 such that

32 34h R2"* 4p 2%
B —As +6—A4 g** By —max{ A2+ﬁ—A4 g**

In view of the compactness of [0,a] x [0, 5] and the continuity of ¢, there exists
(o, Bu) € [0,@] x [0, 8] such that

auaﬁu = max _ O[,ﬂ ;
#l ) (aﬁ)e[oﬂ]x[oyﬁ]sa( )

B}

By},

where ¢ is defined as in Lemma
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Now we prove that (au,3.) € (0,a&) x (0,3). Note that if 8 is small enough,
then we have

p(,0) = Ij(au?) < Ij'(au™) + [} (Bu”) < I (aut + Bu™) = ¢(a, B),

for all a € [0,@]. Thus, there exists By € [0, 8] such that ¢(a,0) < ¢(a, By), for all
€ [0,a]. That is, (cu,Bu) ¢ [0,a] x {0}. With a similar method, we can show
that (ay, Bu) ¢ {0} x [0, 5]

It is obvious that

a? a’b atb a?”

—Al +2 A2 + —A3A+( ) — 5 BL>0, ac (0,a] (2.22)
and
62A2+—A2+@A4A (u) — B;:Bg >0, Be(0,p] (2.23)
Thus we obtain
%S‘W < d—QAl + %%A?), ; By + —bA3A+( )
+ A2 + @A4 + @Am (u) — 522
and
2o < B P Py Pl aa )
+ —2A1 + jA2 + —bA sAT (u) — ‘;2 B,

for all a € [0,a], B € [0, 3]. B
From the these inequalities and (2.19)), we obtain ¢(&, 8) < 0, ¢(«, 8) < 0 for all

a € 10,a], B €0, 3]. Therefore, (aw,Bu) ¢ {a} x [0, 5] and (o, Bu) ¢ [0,a] x {B},
which means (ay, 8.) € (0,a) x (0,8). It follows that (a, B.) is a critical point of
©.

So, aut + Buu~ € NP, By (2.19)), we have

2 4b 4b ox
¢y = I (o™ + Buu”) + %Al + %Ai + O‘TUAgAﬂu) - 0;;*
2 ok
uA + LAQ 6 A A~ ( ) Bu 32 > sz\(@ulﬁ +ﬁuu7) 2 C?,

9w
which is a contradlct1on. Therefore B; =0.
Case 2: By = 0. In this case, we can maximize in [0, @] x [0, 00). It is possible to
show that there exists 5y € [0, 00) satisfying

IMou® + Buu™) <0 for all (o, B) € [0,a] x [Bo,0).
Then there is (o, fu) € [0,a] x [0,00) such that

plau, Bu) = max (o, ).

(e, B)€[0,&] % [0,00)

We claim that (ay, 84) € (0,a) X (0,00). Indeed, p(,0) < o(a, 3) for a € [0, ]
and 8 small enough, while (0, 5) < ( B) for g € [0,00) and « sufficiently small,
which implies (o, 84) ¢ [0, @] x {0} and (ay, Bu) ¢ {0} x [0, 00).
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Note that

=2 ~4 ~ o 4
3572/]\[ < afAH—afbA% a Bl+7A3A+( )—|— A2+6 b A (u),
N 2 4 2%*

for every 8 € [0,00). Therefore, we have ¢(a, §) < 0 for all 8 € [0, 00), which means
(qy, Bu) ¢ {a@} x[0,00). Based on the above, we get (ay, B.) € (0,a) x (0, 00), that
is, (cy, Bu) is an inner maximizer of ¢ in [0,a] x [0, 00). Therefore, a,ut + B,u™ €
J\fb)‘. In that case, by , we have

4
4248 bA4

=2 74b ="
cp > IMagu® + Byu™) + a—Al + %AQ - O;T 1
74b 2 4b
+ —A3A+( )+ b A2 + B A4 + 6—A4A (u)

>Ib(ozuu + Buu )Zcb,

which is a contradiction. Hence, we have By = By = 0.

Step 3: cg‘ is achieved. Given u* # 0, according to Lemma there exists
Qu, By > 0 such that 4 := a,u® + B,u~ € NP, Moreover, ((I}) (u),u®) < 0. By
Lemma[2.2] we have 0 < a,, 8, < 1.

Combining u,, € /\fb and Lemma [2.1] . we obtain

Ib(auu + Buu )<Ib(u +u, )—Ilf\(un)

Taking into consideration By = By = 0 and the semicontinuity of the norm, we
obtain

= il (G =) [P e g [ (p@a - ap@)d
<l + G -5 [ WP e+ g [ u- 4P

< lim inf [Ig‘(un) - i((lg‘)'(un),UT,)] < cg‘.
n— oo

Hence, we can conclude that «,, = 8, = 1, and cé is achieved by up, :== u™ +u~ €

NP O

3. PROOFS OF MAIN RESULTS

Proof of Theorem[I.3. Thanks to Lemma we only need to prove that the min-
imizer wuy for cg‘ is indeed a nodal solution to problem (|1.1)).
Because u, € N, we have (1)) (up),uf) = (1)) (up),u; ) = 0. In view of
Lemma[2.1] for (o, 3) € (R4 x Ry)\(1,1), we have
I (auf + Buy ) < I (wf +uy) = ¢ (3.1)

Now we proceed by contradiction. Suppose (I3)’(up) # 0, then there exist § > 0
and € > 0 such that

(I} (v)|| > 6 for all ||v — up|| < 3.



EJDE-2021/19 NODAL SOLUTIONS OF FOURTH-ORDER KIRCHHOFF EQUATIONS 15

Choose 7 € (0, min{1/2 and define

)
7\/§||“b”})7
D=(1-7114+7)x(1—-71,147),
g(a, B) := auf + Bu, for all (a,B) € D.

By (3.1)), we have

Cy = r%%x(fg‘ 0g) < cp. (3.2)
Let € := min{(c} — €1)/2,05/8} and S5 := B(up,5). By [32, Lemma 2.3], there
exists a deformation n € C([0,1] x D, D) such that
(a) n(1,v) =vif v ¢ (1))~ ([ep — 2¢, ¢ + 2] N Sas),
(b) n(1, ()% + N o C (),

(c) I}(n(1,v)) < I} (v) for all v € E.
Clearly,
max_ I} (n(1, g(a, B))) < cp. (3.3)
(a,8)eD

Therefore we claim that n(1,g(D)) NN # 0 , which contradicts the definition of
A
-
We define h(a, ) :=n(1, g(e, B)),

@o(a.B) : = () (gl ). ). () (a(ex. ).y )
= (1) (ay + Buy),uy ), (1) (o + By ) ;)
and
(a1 8) = ( () (bl ), (bl B, (R (e B) (b ) ).

With an approach similar to [I4], we use degree theory to obtain deg(®g, D,0) =
1. Then by (3.2)), we obtain

9(e, ) = h(a, 5) on 0D,

as a result of which, we have deg(®1, D, 0) = deg(®o, D,0) = 1. Hence, ®1 (g, Bo) =
0 for some (g, Bo) € D so that

(1, g(ao, Bo)) = h(aw, Bo) € N},

which contradicts (3.3). Hence, (I})’(u) = 0, which implies w; is a critical point
of I}*. Thus, we can deduce that up is a nodal solution to problem (L.1). (]

By Theorem we obtain a least energy nodal solution u; to problem (1.1),
contributing to the establishment of Theorem where we shall prove that the
energy of uy, is strictly larger than twice the ground state energy.

Proof of Theorem[1.3. As in the proof of Lemma [2.3] there exists A} > 0 such that
for all A > A%, and for each b > 0, there exists v, € Mj such that I}(v,) = ¢* > 0.
By standard arguments (see [10, Corollary 2.13]), the critical points of the functional
I on M} are critical points of I;} in E, so we obtain (I}})'(v,) = 0. That is, vy is
a ground state solution to problem (L.IJ).

As stated in Theorem up is known as a least energy nodal solution to problem
, which changes sign only once when A > \*.

Let A** = max{\*, \7} and assume u; = u;’ +u, . Adopting the same approach
as in Lemma we claim there exist Qi > 0 and ﬁu; > 0 such that Qi uy € Mj
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and B,-u, € M3. Then, by Lemma we obtain o+, 8, € (0,1). Hence,
thanks to Lemma [2.I] we have

2c* < Ig\(au;ru;r) + Il;\(ﬁu;ub’) < Ig\(au;u;r + B,y ) < IMuf +uy ) =cp.
It follows that ¢* > 0 cannot be achieved by a nodal function. O

We complete this section with the proof of Theorem[I.4] In the sequel, we regard
b > 0 as a parameter in problem (L.1)).

Proof of Theorem[1.]} In 3 steps, we analyze the convergence property of wu;, as
b — 0, where uy is the least energy nodal solution obtained in Theorem

Step 1. For any sequence {b,}, we prove that {us;, } is bounded in E, if b, 0.
Let x € C°(RY) be a nonzero function with y* # 0 fixed. Analogous to the
argument in Lemma for any b € [0, 1], there exists a pair of positive numbers
(A1, A2) independent of b, such that

(I axT +Xex7 ), Ax ) <0 and (1)) (Ax™ + Aex ™) Aex ™) <O.

Then according to Lemma for any b € [0,1], there exists a unique pair
(ay (b), By (b)) € (0,1] x (0,1] such that X := a, (b)A1x T + By (D) Aax~ € Nj}. There-
fore, by (2.5), it follows that, for any b € [0, 1],

Rw) < 0 = B0 - (R (0.0

1,y 1 1 - ,\/ N _
—— - - —AF
IR+ (5 - 5 /RN\x| dr 7 [ FOX - 4F(0)]d
1, 1 1 g A s .
<SIXIP+ (5 —53) [ IXP de+ S [ (Cixl® + Calx|?) da
4 4 277 fon 4 Jan
<P G- 2 )/ Xt de
=g 4 2 o
A
+ Z‘/]RN (Cl|)\1X+|2 +CQ|)\1X+|p) dx
1,0 _, 1 1 -
3B+ G =g [ e P
A
3 [ @D P+ Caax ) da
= C",

where C* is a positive constant independent of b. Thus, as n — oo, it follows that
* 1 1
O 12 I () = I, (un,) = 74 Y (), ) 2 e, P,
that is, {up, } is bounded in F.

Step 2. In this step, we prove that problem ([1.10]) possesses one nodal solution wug.
Since {uyp, } is bounded in E, thanks to Step 1, up to a subsequence, there exists
ug € E such that
up, = up Ink,
up, — up in LP(RN) for p € [2,2*%), (3.4)

up, — ug  a.e. inRY.
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Given that {up, } is a weak solution to (L.1)) with b = b,,, we have

/ (AuA¢ + VuVeo + V(z)ug) dr + b, / \Vu|2dx/ VuVedz
RN RN RN

(3.5)
= )\/ flu)pda +/ lu*" ~2u¢ dz
RN RN
for all ¢ € C°(RY).
Combing (3.4), (3.5) and Step 1, we find that
/ (AugAg + VugVe + V(2)ugp) d + by, / |Vug|?dx / VuoVe dx
Y o o (3.6)

~ /R Slu)pdz + /R ol g dr

for all ¢ € C§°(RY), which in turn implies that ug is a weak solution to .
Analogous to the process of Lemma we obtain that u(jf # 0. Thus, we have
completed the proof of this step.

Step 3. In this step, we prove that problem possesses a least energy nodal
solution vy, and that there exists a unique pair (as,,0,) € RT x RT satisfying
a,v5 + By, vy €N . Also we prove that (as,, B, ) = (1,1) as n — occ.

Similar to the proof of Theorem [1.2] we can reach the conclusion that prob-
lem possesses a least energy nodal solution vy, where I (vg) = ¢y and
(I3)'(vo) = 0. Then, in view of Lemma we can obtain with ease the existence
and uniqueness of the pair (ay, , B, ) such that ap, vi + By, vy € ./\/’b)‘ Besides,
we know op, > 0 and 3, > 0. To complete the proof, we just establish that
(aw,,Bp,) = (1,1) as n — oco. Actually, given that ay,vf + B,v5 € Ny, we have

o o I? + b, Bo, / Av Avg dz
RN
+ag, bn / (Vg [2da (3, / Vo [Pde + B2, / Vg [fdz)  (3.7)
RN RN RN

*ok

dx

=\ [ flow, v )ow, v de + / o, v 2
RN RN
and
B2 117 12 + o, By, / At Avg do
]RN

4 B2 b / Vg Pz (5, / Yoy [2de + ol / Veg Pdz)  (3.8)
RN RN RN

) / £ (B0 ) By e + / Bovy |2 da.
RN RN

a Since b, N\, 0, we conclude that the sequences {as,} and {8, } are bounded.
Assume, up to a subsequence, ap, — ag and B85, — So. Then by (3.7)) and (3.8),

we have
04(2)||U6F||2+aoﬂ0/ Avg Avg do = /\/ f(aovd)agvd dx+/ lagug [* dz (3.9)
RN RN RN
and

Billvg I + cofo / Avg Avg dz = X / F(Bovy )Bovy da + / Bovy ¥ da.
RN RN RN
(3.10)
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Noticing that vg is a nodal solution to problem (|1.10), we obtain

lvd |12 + /RN Avg Avg dr = ) - fodvg do + /]RN i |2 da, (3.11)

o |12 /RN Avt Avg dz = A/RN Flog yog da + /RN g |2 da. (3.12)

Therefore, from (3.9)-(3.12)), we can easily obtain that (co,89) = (1,1), and thus
Step 3 follows.

We can now complete the proof of Theorem [I.4] We claim that ug obtained in
Step 2 is a least energy solution to problem . In fact, according to Step 3 and
Lemma we see that

I (vo) < I (ug) = lim Ilf‘n (up,,)

n—0o0

A

lim Ilf‘n (ozbnvar + B, g )
n—oo

— Tim Mot
= nh_)rrgo Ig(vy +vy)
= Ié\ ('UO)v
which yields completest the proof of Theorem O
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