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THREE NONTRIVIAL SOLUTIONS FOR NONLOCAL
ANISOTROPIC INCLUSIONS UNDER NONRESONANCE

SILVIA FRASSU, EUGENIO M. ROCHA, VASILE STAICU

ABSTRACT. In this article, we study a pseudo-differential inclusion driven by a
nonlocal anisotropic operator and a Clarke generalized subdifferential of a non-
smooth potential, which satisfies nonresonance conditions both at the origin
and at infinity. We prove the existence of three nontrivial solutions: one posi-
tive, one negative and one of unknown sign, using variational methods based
on nosmooth critical point theory, more precisely applying the second defor-
mation theorem and spectral theory. Here, a nosmooth anisotropic version of
the Holder versus Sobolev minimizers relation play an important role.

1. INTRODUCTION

In this article, we consider a Dirichlet problem for a pseudo-differential inclusion,
driven by a nonlocal integro-differential operator Ly with kernel K, of the form

Lixu € 9j(z,u) in Q,
u=0 in Q°

where Q C RY is a bounded domain with a C? boundary 9, Q¢ = RY \ Q and
0j(z,-) denotes the Clarke generalized subdifferential of a potential j : @ x R — R.

Recently, nonlocal operators received big attention, because of their applications,
in such fields as game theory, finance, image processing, and optimization; see [T, [9]
12,22, [51] and the references therein. One reason is that such nonlocal operators are
infinitesimal generators of Lévy-type stochastic processes. The common example is
the fractional Laplacian. In this paper we consider the linear operator Ly, defined
for any sufficiently smooth function u : RN — R and all z € RV, by

(1.1)

Licu(w) = lim, (u(@) ~ u(y) K (@ ~ y) dy, (12)
>0t JRN\B. ()

with the singular kernel K : RV \ {0} — (0, +00) given by

—a(Y 1 : 1 gN—1 :
K(y)—a(m>WW1tha6L (S™7) even, Sl}glfla>0, N>2s, 0<s<1.

In the particular case a = 1, we obtain the fractional Laplacian operator (—A)?.
We point out that the kernel of Ly satisfies the following useful properties:

(i) mK € LY(RY), where m(y) = min{|y|?, 1};

2010 Mathematics Subject Classification. 47G20, 35R11, 34A60, 49J92, 58 E05.
Key words and phrases. Integrodifferential operators; differential inclusions,
nonsmooth analysis; critical point theory.
(©2019 Texas State University.
Submitted April 3, 2019. Published May 31, 2019.

1



2 S. FRASSU, E. M. ROCHA, V. STAICU EJDE-2019/75

(ii) there exists § > 0 such that K (y) > Bly|~N*2%) for any y € RV \ {0};
(iii) K(y) = K(—y) for any y € RV \ {0}.

These operators have two typical features: nonlocality and anisotropy. The first
means that the value of Liu(x) at any point © € Q depends not only on the
values of u on a neighborhood of z, but actually on the whole RY since u(x)
represents the expected value of a random variable tied to a process randomly
jumping arbitrarily far from the point x. The second is due to the presence of the
function a in the kernel, such function has the role to weight differently the different
spacial directions.

Also notice that an operator to be an infinitesimal generator of a Lévy process,
it should satisfy the Ly properties (see [5I]) with the additional hypotheses that
the process is symmetric, and the measure a is absolutely continuous on S™V—1.

Problem can be referred to as a pseudo-differential inclusion in €2, coupled
with a Dirichlet-type condition in Q¢ (due to the nonlocal nature of the operator
Lg).

Since Chang’s pioneering work [I3], variational methods based on nonsmooth
critical point theory are used to study nonsmooth problems driven by nonlinear
operators, such as the p-Laplacian. Such variational technique allows to establish
several existence and multiplicity results for problems related to locally Lipschitz
potentials, which can be equivalently formulated as either differential inclusions
or hemivariational inequalities, see [3| 15 27 29, [32] 37, (42, 45], 406, 47] and the
monographs [24], 43, [44].

Recently, nonlocal problems driven by fractional-type operators (both linear and
nonlinear) have taken increasing relevance, because the nonlocal diffusion has im-
portant applications in the applied sciences (for instance, in mechanics, population
dynamics, and probability). Another reason is the intrinsic mathematical inter-
est: indeed, fractional operators induce a class of integral equations, exhibiting
many common features with partial differential equations. Of the vast literature,
we mention the results of [2] [5l 10 111, 19, 26 B30, 33} 52] 54, [55] for the linear case,
[, 6, 17, 21) 28, 31, 34 [36] 38, [0, 49, 50, (3] for the p-case, as well as [12} 18, 39]
for a general introduction to fractional operators.

Our work stands at the conjunction of these two branches of research. Inspired by
[35], we will extend to the anisotropic case their result about the existence of at least
two constant sign solutions, by applying nonsmooth critical point theory. Moreover,
we shall prove the existence of three nontrivial weak solutions for problem (one
positive, one negative and one with unknown sign) under the assumptions that the
nonsmooth potential satisfies nonresonance conditions both at the origin and at
infinity. In particular the existence of the third solution will require a nonsmooth
version of the Sobolev vs. Holder minimizers result.

Our existence result is according to our knowledge the first one for nonlocal
problems involving anisotropic operators and set-valued reactions in higher dimen-
sion, while we should mention [56] 57] for the ordinary case (the first based on fixed
point methods, the second on nonsmooth variational methods). We also recall an
application of nonsmooth analysis to a single-valued nonlocal equation in [I6].

The paper has the following structure: in Section [2| we recall some basic notions
from nonsmooth critical point theory, as well as some useful results on the operator
L, in particular we show the nonsmooth anisotropic principle of equivalence of
minimizers and in Section [3] we prove our main result.
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2. PRELIMINARY RESULTS
In this section, we collect some results that will be used in our arguments.

2.1. Brief review of nonsmooth critical point theory. We recall some basic
definitions and results of nonsmooth critical point theory (see [14, 24 [43]). Let
(X, -]) be a real Banach space and (X*, | -||«) its topological dual. A functional
@ : X — R is said to be locally Lipschitz continuous if for every u € X there exist
a neighborhood U of u and L > 0 such that

lp(v) — p(w)| < L|jv —w|| for all v,w € U.

From now on, we assume ¢ to be locally Lipschitz continuous. The generalized
directional derivative of ¢ at u along v € X is defined by

©°(u;v) = limsup plw+tv) = cp(w).

w—u, t—0T t

The Clarke generalized subdifferential of ¢ at u is the set

dp(u) = {u* € X*: (u*,v) < ¢°(u;v) for allv € X }.
A point u is said to be a critical point of ¢ if 0 € Op(u). In the following lemma
we recall some useful properties of ¢ (see [24, Propositions 1.3.8-1.3.12]).

Lemma 2.1. If p,9 : X — R are locally Lipschitz continuous, then
(i) Op(u) is convez, closed and weakly* compact for all u € X;
(ii) the multifunction Op : X — 2X" is upper semicontinuous with respect to
the weak® topology on X*;

(iii) if p € C1(X), then dp(u) = {¢'(u)} for allu € X;

(iv) O(A@)(u) = Adp(u) for all N e R, u € X;

(v) (s +¥)(u) C Op(u) + () for all u € X;

(vi) if u is a local minimizer (or mazimizer) of ¢, then 0 € Op(u).

We remark that in view of Lemma i), for all u € X,

me(u) = Lo [l [l

is well defined and u € X is a critical point of ¢ if
mge(u) = 0.
The set of all critical points of ¢ is denoted by K (). We shall use the level sets
K.(p)={uve K(p) :o(u)=c}, ¢*={ueX:pu) <c} forceR.
We say that a locally Lipschitz function ¢ : X — R satisfies the Palais-Smale
condition at level ¢ € R if every sequence (uy,), C X such that
o(up) > ¢ and my(un) =0 asn— oo

admits a strongly convergent subsequence. We say that ¢ satisfies the Palais-Smale
condition if it satisfies the Palais-Smale condition for every ¢ € R. Next, we recall
the nonsmooth version of the mountain pass theorem (see [24, Theorem 2.1.1}).

Theorem 2.2. Let X be a Banach space, ¢ : X — R be a locally Lipschitz function
satisfying the Palais-Smale condition, ug, 4 € X, r € (0, ||& — wuo||) be such that

masx{ip(uo). (@)} <1, = inf _p(w)



4 S. FRASSU, E. M. ROCHA, V. STAICU EJDE-2019/75

moreover, let

['={yeC(0,1),X):7(0) =uo,y(1) = @}, c= inf Jnax, e(v(1)-

Then ¢ > n,., and K.(p) # 0.

We will use the following nonsmooth second deformation theorem [24] Theorem
2.1.3].

Theorem 2.3. Let X be a Banach space, ¢ : X — R be a locally Lipschitz function
satisfying the Palais-Smale condition, let a < b be real numbers such that K.(p) =
0 for all ¢ € (a,b) and Kq(p) is a finite set. Then, there exists a continuous
deformation
h[0,1] % (9" \ Ky () = (#”\ Ki(p))

such that the following hold:

(i) h(0,u) = u, h(1,u) € ©* for all u € (" \ Ky(p)),

(il) h(t,u) = u for all (t,u) € [0,1] X ¢%,

(iii) ¢+~ @(h(t,u)) is decreasing in [0,1] for all u € (p° \ Ky(y)).

In particular, by (i)-(ii) above we have that ¢® is a strong deformation retract
of ¢® (see [41, Definition 5.33 (b)]). Moreover, we observe that, if a is the global
minimum of ¢ and is attained at a unique point ug € X, and there are no critical
levels of ¢ in (a, b), then by Theorem [2.3|the set ¢\ Kj(¢) is contractible (see [41]
Definition 6.22]).

Now we consider integral functionals defined on L?-spaces by means of locally
Lipschitz continuous potentials. Let © C RY be a bounded domain with a C2-
boundary and let jo be a potential satisfying the following:

(H1) jo: QxR — Ris a function such that jo(-,0) = 0, jo(-, ) is measurable in
Q for all t € R, jo(x,-) is locally Lipschitz continuous in R for a.e. z € Q.
Moreover, there exists ag > 0 such that for a.e. x € , all t € R, and all
& € 0jo(x,t), we have |£] < aplt].

For u € L?(Q2) we define the functional

Jo(u) = / Jo(z,u) de, (2.1)
Q
and the set-valued Nemytzkij operator
No(u) = {w € L*(Q) : w(z) € djo(x,u(z)) for a.e. € Q}.

From [14, Theorem 2.7.5] we have the following lemma, which is a particular case
of [35] Lemma 2.3].

Lemma 2.4. If jo : Q x R — R satisfies (H1), then Jo : L?(2) — R, defined by
(2.1), is Lipschitz continuous on any bounded subset of L*(Q). Moreover, for all
u € L*(Q), w € 8Jy(u) one has w € No(u).

2.2. Variational formulation of the problem. In this section we gather some
useful results related to the nonlocal anisotropic operator Lg defined in . We
begin to fix a functional-analytical framework, inspired by the fractional Sobolev
spaces H§ () [18] in order to correctly encode the Dirichlet boundary datum in the
variational formulation. We introduce the Hilbert space (see [54])

X(Q)={ue L*R"): / lu(z) — u(y)]PK(z —y)dedy < oo, u=0 ae. in Q°},

R2N
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endowed with the scalar product
(u,v) = / (u(z) —u(y))(v(z) —v(y) K(z —y) dz dy,
R2N
which induces the norm
1/2 2 1/2
Jullxiey = ()2 = ([ fute) = )K= ) dwdy) "

For simplicity we use |[ul| instead of ||u| x(q) to denote the norm of X (). For all
q € [1,00], || - || will denote the standard norm of L4(£2) (or L4(RY), which will be
clear from the context).

Moreover, we denote by (X (Q)*, ||-]|+) the topological dual of (X (), ||-||) and by
(-, -) the scalar product of X () (or the duality pairing between X (2)* and X (2)).

Applying the fractional Sobolev inequality and the continuous embedding of
X(9Q) in H§(Y) (see [54], Subsection 2.2]), we obtain that the embedding X (2) —
L1(2) is continuous for all ¢ € [1,2%] and compact if ¢ € [1,2%) (see [I8, Theorem
6.7, Corollary 7.2]), here 2% = 2N /(N — 2s) is the fractional critical exponent.

Let A: X(Q) = X(Q)* be the linear map defined by

(A0 = [ (o) = u) (o) = o) K@ ~y) dady

for all u,v € X (). Now we consider the problem
Liu € 0jp(x,u) in €,
K ol . ) (2.2)
u=0 in Q°,

where jo satisfies (H1).

Definition 2.5. A function u € X(Q) is said to be a (weak) solution of (2.2) if
there exists w € Ny(u) such that for all v € X (Q)

(A(u),v) = / wv dz. (2.3)
Q
By the embedding of X (Q2) in L?(2), we have that L?(Q) is embedded in X (Q)*,
so (2.3 can be rephrased by
A(u) =w in X(Q)*. (2.4)

By means of , problem may be seen as a pseudodifferential equation
(with single-valued right hand side), to which we can apply most recent results
from fractional calculus of variations. In [35, Lemma 2.5] the authors proved an
uniform L°°-bounds for the fractional p-Laplacian (fA)fD, in particular this holds
in the case p = 2, namely for the fractional Laplacian (—A)®. Using the previous
fact and the embedding of X (£2) in H§(2), we obtain that

[ufloo < Co(1 + [lullmg (@) < C(1+ [[ul).
Hence, we have the following lemma.

Lemma 2.6. If jo satisfies (H1), then there exists C' > 0 such that for all solutions
u € X(Q) of (2.2) one has u € L*(Q) and

[ulloo < C(1+ [lul]).
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From the literature about fractional equations, we know that solutions of such
problems exhibit good interior regularity properties, but they may have a singular
behaviour on the boundary. This is the reason why we consider the following
weighted Holder-type spaces C9(Q) and C¢(€2), instead of the usual space C*(Q).
We define the spaces

CYQ) ={uec ) :u/s* € CO(Q)},
Co() = {ue C'@) : u/d* € C*@} (€ (0,1)),
where §(z) = dist(z, Q) with = € Q, endowed with the norms

U u(x)/6%(x) —u(y)/0°(y
lallos = 1 cor Nulas = flulos + sup 42T~ lw)/5*(w)

?

respectively. For all 0 < a < 8 < 1, the embedding Cf () = Cg(9Q) is continuous

and compact. In this case, the positive cone C§()+ has a nonempty interior given
by

int(C§(Q)4) = {u e CY(Q) : ;((g;)) > 0 for all z € Q}.

Lemma 2.7. If jo satisfies (H1), then there exist a € (0,s) and C > 0 such that
for all solutions u € X (Q) of (2.2) one has u € C§(Q) and

[ullce @ < C (14 [fell)-

Proof. From Lemmal[2.6] we obtain u € L>°(Q) such that ||ul|oc < C(1+ |ul|), with
C > 0 independent of u. Let w € Ny(u) be as in Definition Then by (H1), we
have

Now [51, Proposition 7.2 - Theorem 7.4] imply u € C2(£2) and
lulloe @) < (co+ cllwlloe) < Cr(1+ [lull),

[wlloo < aol[tr]|oo-

with ¢g, ¢, C; > 0 independent of w. O

The regularity C*® is the best result that we can obtain in the fractional frame-
work, as was pointed out in [52] even for the fractional Laplacian. In particular,
solutions do not, in general, admit an outward normal derivative at the points of OS2
and, for this reason, the Hopf property is stated in terms of a Holder-type quotient
(see [17] and Lemma [3.2] below).

2.3. Equivalence of minimizers in the two topologies. In the next theorem we
prove an useful topological result, regarding the minimizers in the X (Q)-topology
and in the Cg (2)-topology, respectively. This is a nonsmooth anisotropic version
of the result of [22], previously proved in [30, Theorem 1.1] and [5, Proposition 2.5],
which in turn is inspired by [§].

Theorem 2.8 (Holder vs Sobolev minimizers). If jo satisfies (Hgp), then for all
ug € X(Q) the following statements are equivalent:
(i) there exists p > 0 such that p(ug + v) > ¢(ug) for all v € X () N CY(Q),

[ollos < p;
(ii) there exists € > 0 such that @(ug +v) > o(ug) for allv € X(Q), ||v]| <e.
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We remark that, contrary to the result in [§] for the local case s = 1, there is no
known relationship between the topologies of X (Q2) and C?(9Q).

Proof. Let ¢ be the locally Lipschitz energy functional
el

o(u) 5 /Qjo(:v, u(z)) dz.

(i) = (ii) Case ug = 0. We point out that ¢(0) = 0, hence we can rewrite the

hypothesis as
inf  p(u) =0,
ueX(Q)NB,
where Ei denotes the closed ball in C§ () centered at 0 with radius p. We suppose
by contradiction that (i) holds and that there exist a sequence (e,), € (0,00) such
that €, — 0 and for all n € N we have
inf p(u) =m, <0,
uEEfn
where Ei denotes the closed ball in X () centered at 0 with radius €,. Further-
more, the functional u +— [Jul|?/2 is convex, hence weakly l.s.c. in X (2), while Jy
is continuous in L?(Q2), which, by the compact embedding X (Q) — L?(Q) and
the Eberlein-Smulyan theorem, implies that J is sequentially weakly continuous in
X(Q). Hence, ¢ is sequentially weakly ls.c. in X(€). As a consequence, m,, is
. =X
attained at some u,, € B_ for alln € N.
We state that, for all n € N, there exist p, < 0, w, € N(u,) such that for all
v e X(Q),
(A(up),v) — /anv dx = ppn (Aun),v) . (2.5)

Indeed, if u,, € BX, then u, is a local minimizer of ¢ in X (), hence a critical
point, so holds with pi,, = 0. If u,, € OB, then u, minimizes ¢ restricted to
the C''-Banach manifold

{ueX(Q):ul* =},

so we can find a Lagrange multiplier u,, € R such that (2.5)) holds. More precisely,
testing (2.5) with —u,,, we obtain

<B(Un)a *Un> = <A(un), *un> - /an(*un) dx = —unHunHQ,
where B(u,) € X (2)*, so recalling that ¢(u) > ¢(u,) for all u € B, applying the
definition of generalized subdifferential, the properties of the generalized directional
derivative (see [24, Proposition 1.3.7], and Lemma [2.1](vi), we obtain
<B(un)7 _un> Z (Po(unv _un) 2 07

hence p, < 0.
Putting C,, = (1 — p,) "1 € (0,1], we obtain that for all n € N, u,, € X(Q) is a
weak solution of the auxiliary boundary value problem
Lygu, = C,w, in

— 3 c
U, =0 in Q°,
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where C,w,, € N(u,) for alln € N. By Lemma up, € L*(Q), so by Lemma
we have u,, € C§(Q). Hence (uy,)y, is bounded in C§(£2), by the compact embedding
C§(Q) — CY(Q), up to a subsequence, we have that (u,), is strongly convergent
in C9(9), hence (u,,), is uniformly convergent in 2. Since u,, — 0 in X (£2), passing
to a subsequence, we may assume u,(z) — 0 a.e. in €, so this implies u, — 0 in
C9(©). Consequently for n € N big enough we have |u,|los < p together with
o(uy) = my < 0, a contradiction.

(i) = (i), Case ug # 0. For all v € C§°(Q), we stress that in particular
v e X(Q)NCYQ), so the minimality assures

(A(up),v) = / wovdz for some w € Np(u) and all v € C°(Q). (2.6)
Q

Since C§°(12) is dense in X (€2) (see [20, Theorem 6], [39, Theorem 2.6]), and A(ug) €

X (9)*, equality (2.6)) holds for all v € X (), namely ug is a weak solution of (2.2)).
From Lemma we obtain uy € L>(Q), hence wy € L>®(f2). Applying Lemma

we have that ug € C2(Q). For (z,t) € Q x R we define

J(‘T7t> = ](m?’U/O(‘T) + t) —j(.’IT,U,O<.’E)) - ’U)()(.’L')t,
and for v € X (), we define

v||? ~
s =1 = [ Gwow)an,

where @ is locally Lipschitz, j satisfies (H1) and @ € N(v). Moreover, by (2.6)), for
v € X() we obtain

P(0) = 5o+ 01 = ual) = [ (o +0) = o) do = oo + 0) = L),

in particular ¢(0) = 0. Hence, we can rephrase hypothesis (i) as

inf  @(w)=0.
vEX(Q)NB)
Recalling the previous case, we can find € > 0 such that for all v € X (Q), ||v] <,
we obtain @(v) > 0, that is to say ¢(ug + v) > ¢(ug).
(ii) = (i) We argue by contradiction. We suppose that there exists a sequence
(un)n in X () N CY(Q) such that u,, — ug in C() and p(u,) < p(ug). We note
that

/j(x,un)dz%/j(x,u())dz as n — 0o,
Q Q

and this, together with ¢(uy,) < ¢(ug), means that

lim sup [[u, ||* < [Juol|?.
n

Furthermore (uy, ), is bounded in X (), so (up to a subsequence) (uy), converges
weakly in X (2) to ug, hence, by [7, Proposition 3.32], u, — ug in X(€2). Forn € N
big enough, we have |lu, — ug|| < € and recalling that ¢(u,) < ¢(ug), we obtain a
contradiction. O

Remark 2.9. We stress that the proof of the case ug # 0, (i) = (ii) requires p = 2.
This is the main difference with the nonlinear case (see [35]) and this explains why
we have one more solution only in the linear case, as we will see in the sequel.
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In analogy to the case of the Laplacian, the spectrum of L is defined by a
sequence 0 < A1 < X < ... < A < ... of variational eigenvalues with min-
max characterizations (see [22 23] [25] 33], B9, 55] for a detailed description of such
eigenvalues). Here we shall only use some properties of A\; and As.

Lemma 2.10. The principal eigenvalue A1 of operator Ly in X (Q) is simple and
isolated (as an element of the spectrum), with the following variational characteri-

zation )
Il

uex(@\{o} fJull?’

The corresponding positive and L?(§2)-normalized eigenfunction uy € int(C9(Q)4).
The second eigenvalue Ao has the variational characterization
Ao = inf sup ||y(2)|?,
it s o0
where Ty is the family of paths v € C([0,1], X (2)) such that v(0) = uy, y(1) = —uy,
and ||¥(t)]]2 = 1 for all t € [0,1] (see [25]).

Using the hypothesis of nonresonance at infinity, we can show the coercivity of
v, and this is fundamental to obtain the constant sign solutions of (1.1)).

Lemma 2.11. Let § € L>=(Q); be such that § < X\, 0 # A\, and ¢ € CH(X(Q))
be defined by

wlu) = ul® = [ 6@l da.
Then there exists 6y € (0,00) such that for all u € X(§2),
() = follul®

Proof. The claim follows from [35, Proposition 2.9] and recalling that X () is
embedded in H§(2). O

3. A MULTIPLICITY RESULT

In this section, we prove the existence of three nontrivial solutions of prob-
lem (one positive, one negative and one of unknown sign), by means of the
(nonsmooth) second deformation theorem and spectral theory. Precisely, on the
nonsmooth potential j we will assume the following;:

(H2) j : @ x R — R is a function such that j(-,0) = 0, j(-,t) is measurable in
Q for all t € R, j(x,-) is locally Lipschitz continuous in R for a.e. z € Q.
Moreover,

(i) for all p > O there exists a, € L>°(2)4+ such that for a.e. z € , all
lt| < p, and all £ € 9j(z,t), we have [£] < a,(z);
(ii) there exists 8 € L>°(2)4 such that 6 < Ay, 6 # A\, and uniformly for
a.e. T €
i e, § <)
(iii) there exist n1,7m2 € L ()4, infg 1 > A such that uniformly for a.e.
x €
m(z) <liminf min § < limsup max §
t—0 £€aj(z,t) t t—0 £€dj(zt) T T

(iv) for a.e. z € Q, all t € R, and all £ € 9j(x,t), we have £t > 0.

< na(z);
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Clearly, by hypothesis (H2), problem always has the zero solution. The
hypothesis (H2) (ii)-(iii) produce a nonresonance phenomenon both at infinity and
at the origin, where we indicate with A\; and A, the principal and the second eigen-
value of Ly with Dirichlet conditions in 2. Here we give an example of a potential
satisfying (H2).

Example 3.1. Let 0,1 € L>°(Q); besuchthat 0 < A\; < A2 <np,and j: QxR — R
be defined for all (z,t) € Q x R by

LSk if [t <1
J@t) =9, 0
0@ 1412 4 In([tf2) + 22200 ) > 1.

As a first step we define two truncated, nonsmooth energy functionals, setting
for all u € X (1),

2

o1 (u) 5 /jS(x, u) dx,

where for all (z,t) € Q x R,
ja(z,t) = j(z, +t%),  with t* = max{=+t, 0}.

Such functionals ¢4 allow us to find constant sign solutions of (|1.1]), as explained
by the following lemma.

Lemma 3.2. The functional p4 : X(Q2) — R is locally Lipschitz continuous. More-
over, if u € X(Q) \ {0} is a critical point of p, then u € C§(Q) is a solution of
(1.1) such that

(1) u(z) >0 for all x €
(ii) for ally € 09,

lim inf u(z)

——— > 0.
Ty, cEQ diSt(iL’, QC)S

Analogously, the functional o_ : X(2) — R is locally Lipschitz continuous. Fur-
thermore, if u € X(Q) \ {0} is a critical point of p_, then u € C$(Q) is a solution
of (1.1)) such that

(1) u(z) <0 for all x € §;

(ii) for ally € 09,

lim sup @) < 0.

r—y, TEQ diSt(.T, QC)S
Proof. By [35, Lemma 3.1, Lemma 3.2] this result holds in the case p = 2, namely
for (—A)®. Exploiting the embedding of X () in H§(2) and recalling the strong
maximum principle (consequence of [51, Lemma 7.3]) and the Hopf lemma (see [51,
Lemma 7.3]) for Lx we obtain the thesis. O

Now we can prove our main result, where Theorem 2.8 plays an essential part
to relate critical points of ¢4 with critical points of .

Theorem 3.3. If (H2) holds, then problem (1.1) admits at least three nontrivial
solutions uy € +int(CY(Q)+), and @ € C(Q) \ {0}.
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Proof. We focus on the truncated functional ¢, and we show the existence of the
positive solution, that will be a global minimizer of such functional. First of all,
the generalized subdifferential dj (z,-) for all ¢ € R is given by

0j4(z,t) = {0} ift <O,
Ojy(x,t) C{pg: p€l0,1], £ € 9j(x,0)} ift =0, (3.1)
04+ (z,t) = 9j(x,t) ift > 0.

Using (H2)(ii), for any £ > 0 we can find p > 0 such that for a.e. z € Q, all t > p
and all £ € 974 (x,t) we have

€] < (0(x) +e)t
(we note that 9j4(z,t) = 9j(x,t) for t > 0). From (H2)(i) and using (3.1), there
exists a, € L>(€Q)4 such that for a.e. x € Q, all t < p and all £ € 954 (x,1)
&l < ap().
Hence, for a.e. x € , all t € R and all £ € 9, (z,t) we obtain
€] < ap(2) + (6(2) +&)[t]- (3.2)

From the Rademacher theorem and [I4, Proposition 2.2.2], we know that for a.e.
x € Q the mapping j (x,-) is differentiable for a.e. t € R with

d . .

%‘H(%t) € 0j4(z,t).

Hence, integrating and applying (3.2]), we obtain for a.e. z € Q and all t € R
. t?

el t) < ap(@)lt] + (0(x) +2)0

Applying (3.3), Lemmas and the continuous embedding X (2) — L*(£2),
for all u € X(Q2) we have

(3.3)

Ju?

oot 2 14— [ (a0l + 000+ 20 o

2 2
1 2 2 €2
5 (Il = [ o@)lul? dz) = fla,lloliull = Sllull}
Q

1
> 7(90 - i) llu||* = ¢||u|]| for some ¢ > 0.
2 A1

If we choose € € (0,0pA1) in the last term of the inequality, then ¢4 (u) tends
to 400 as ||u|| — oo, hence ¢ is coercive in X (£2). Furthermore, the functional
u > ||ul|?/2 is convex, so weakly ls.c. in X (), while J; is continuous in L?(Q2),
which, by the compact embedding X (2) — L?(2) and the Eberlein-Smulyan the-
orem, implies that J. is sequentially weakly continuous in X (). Hence, ¢4 is
sequentially weakly l.s.c. in X (€). Consequently, there exists uy € X(€) such that

ot (uy) = ueiglzm o4 (u) = mq. (3.4)

Y

From Lemma vi), ug is a critical point of . We state that

Indeed, by (H2)(iii), for any & > 0, we can find 6 > 0 such that for a.e. x € , all
t €10,0), and all € € 954 (z, 1)

£ > (m(x) —e)t.
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Arguing as before, integrating we have

. mx) —e
]+($,t) > T

Let u; € X(Q) N CZ(2) be the first eigenfunction. We can find g > 0 such that
0 < pug(z) <6 for all z € Q. Then, applying (3.6) and Lemma [2.10} we obtain

p 2 M 2
i) < Bl = 5 [ () ey da

t2. (3.6)

2

= %(/Q()\l — 1 (z))u? dl‘+€>.

Using the fact that infon; > Ao with Ao > Ay, and that ui(z) > 0 for all z € Q,
we obtain

/ (A — 1 (x))u? dz < 0.
Q

Hence, for € > 0 small enough, the estimates above imply ¢4 (pu1) < 0. Therefore,
is true.

Moreover, from we obtain u4 # 0. From Lemma we have that uy €
C$(Q), ug(z) > 0 for all z € £, and

lim inf u ()

>0
z—y. z€Q dist (JJ, Qc) -

for all y € 99, so we deduce uy € int(C2(2)1). Noting that ¢ = ¢4 on C§(Q)4,
we see that uy is a Holder local minimizer of ¢, hence by Theorem [2.8] w4 is as
well a Sobolev local minimizer of . In particular, u. € K(y) is a positive solution
of .

Working on ¢_ and recalling Lemma [3.2] we can find another solution u_ €

C$(Q) such that u_(z) < 0 for all z € ©Q, and

. u_(x)

Ih_}rr;sq}lepg dist (x, Q°) <0

for all y € Q. Therefore u_ € —int(C?(2);) and similarly u_ is a local minimizer
of .
We want to show the existence of another nontrivial solution, and in order to do
it, first we observe that ¢ is coercive. Now we show that ¢ and @4 satisfy the
Palais-Smale condition.

Let (un)n be a bounded sequence in X () such that (¢(uy)) is bounded and
my(un) — 0. By Lemma [2.I[i), the definition of my(uy), and recalling that
Opo(un) C A(up) — N(uy,) for all n € N, there exists w, € N(u,) such that
my(un) = [[A(un) — wy|«. From the reflexivity of X (£2) and the compact em-
bedding X (Q) — L?(Q), passing if necessary to a subsequence, we have u, — u
in X(Q) and u, — u in L?(Q2) for some u € X (). Besides, by (H1) we see that
(wn)n is bounded in L?(€2). By what was stated above, we have

lun —ull® = (Aun), un — u) — (A(u), un — u)

= (A(up) — Wp, Uy — ) —|—/an(un —u)dx — (A(u), u, —u)
< Mg (un)[un — ull + |lwnl2|lun — ull2 — (A(w), up —u)

for all n € N and the latter tends to 0 as n — oco. Thus, u, — u in X ().
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From (H2), we have 0 € K (), while from the first part of the proof we already
know that uy € K(p)\ {0}. By contradiction, we suppose there is no more critical
point @ € X (£2), which means

K((p) = {O?’U/Jrau*}' (37)

Without loss of generality, we assume that p(uy) > p(u_) and that u, is a strict

local minimizer of ¢, so we can find r € (0, ||uy —u—||) such that ¢(u) > p(uy) for
all w € X(Q) and 0 < ||ju — u4|| <. Furthermore, we have

ne=inf o(u) > e(ug). (3.8)

lu—uyll=r
We could also find a sequence (uy, ), in X () such that ||u, —u,| =r for alln € N,
©(un) = @(uy) and my,(uy,) — 0. Then by Palais - Smale condition, we would have
up, — @ in X (Q) for some w € X () and ||[g—u || = r, hence in turn p(7) = @(uy),
which is a contradiction. Now we introduce
I = {y € C([0,1], X(9)) : 7(0) = us,7(1) = u_} and ¢ = inf max @(+(t)).
~y€eT te[o 1]

From Theorem 2.2 -, we have ¢ > n,. and there exists @ € K.(p). By ., u #
u4. Hence, from we deduce that © = 0, so ¢ = 0. In order to achieve a
contradiction, we will construct a path v € I" such that

e e(v(t)) <0, (3.9)

so that ¢ < 0. Let 0 <7} < n1(x) and 7 > 0 be such that
Ny > Ao+ T (3.10)

By (H2)(iii), there exists o > 0 such that j(x,t) > 75 I for ae. in Q and all It| < o.
Moreover, by Lemma [2.10} there exists 1 € I'y such that

m[aax] @] < A+ 7. (3.11)

Since C§°(12) is dense in X () (see [20, Theorem 6], [39, Theorem 2.6]), we can
picking out 1 (t) € L*°(Q) for all ¢ € [0,1] and ~; continuous with respect to the
L*°-topology. Hence, by choosing & > 0 small enough, we have ||ivi(t)]|co < o

for all t € [0,1]. We define (t) = fiy1(¢t). Therefore, by (3.11]) and recalling that
[lv1(®)|l2 =1 (Lemma , we obtain for all ¢ € [0,1] that

=2 2
saw(t»g%nmuh/m2|v1<>\2dx< B ot 7 =) <0,

and the latter is negative by (3.10 . Then 7 is a continuous path joining piuy and
—pug such that

e e(¥(t) <0. (3.12)

By (H2)(iv) and Lemma we see that K(¢4+) C K(y), actually, by (3.7)), we
obtain K(¢1) = {0,uq}. Wefixa = ¢4 (uy) and b = 0, in this way ¢% = {u} and
¢ fulfill all the hypothesis of Theorem [2.3] so there exists a continuous deformation
s [0.1] x (2% \ {0}) = (¢ \ {0}) such that
hi(0,u) =u, hy(l,u)=uy forallue (5 \{0}),
h+(t,u+) = U4 for all t € [07 1],

t @y (hy(t,u)) is decreasing for all u € (% \ {0}).
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Moreover, the set ¢9 \ {0} is contractible. We define

V+(t) = hy (8, frus)
for all t € [0,1]. Then 4 € C([0,1], X(£2)) is a path joining jiu; and uy, such that
oy (v4(t)) <0 for all t € [0,1]. Observing that ¢(u) < ¢y (u) for all u € X (), we
obtain

p+(u) = olu) = [

Q

(Mw—ﬁ@ww=/ j(o,u) dr,

{u<0}
and the latter is non negative by (H2)(iv). Hence we obtain

max_ ¢(v+(t)) < 0. (3.13)
te[0,1]
In the same way, we construct a path yv_ € C([0,1], X(Q)) joining —fu; and u_,
such that

_(t) <0. 3.14
tren[gﬁ}@(v (t) < (3.14)

Concatenating 4,4 and vy_ (with a convenient changes of parameter) and using

(3.12)-(3.14), we construct a path v € IT' satisfying (3.9), against (3.7) and the

definition of the mountain pass level ¢. Hence, we deduce that there exists a fourth
critical point @ € K(¢) \ {0, uy,u_}, that is a nontrivial solution of (1.1)). O
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