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LIOUVILLE-TYPE THEOREMS FOR AN ELLIPTIC SYSTEM
INVOLVING FRACTIONAL LAPLACIAN OPERATORS WITH
MIXED ORDER
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ABSTRACT. We study the nonexistence of nontrivial solutions for the nonlinear
elliptic system

Ga,p0(uP,ul) =o"

GA,H,G(Usvvt) =u™

u,v >0,
where 0 < o, 8, A\, u<2,0>0,m>q>p>1,r>t>s>1,and Gy is
the fractional operator of mixed orders «, 3, defined by
Ga,5,0(u;0) = (~A0)* u+ |2 (=Ay)7 20, i RV x RN2.

Here, (7AI)“/2, 0 < a < 2, is the fractional Laplacian operator of order
a/2 with respect to the variable z € RM1, and (—Ay)*@/z, 0<pB <2 is
the fractional Laplacian operator of order 3/2 with respect to the variable
y € RN2, Via a weak formulation approach, sufficient conditions are provided
in terms of space dimension and system parameters.

1. INTRODUCTION

Liouville theorem [I8] states that any bounded complex function which is har-
monic (or holomorphic) on the entire space is constant. The first proof of this
theorem is credited to Cauchy [I]. In the recent literature, this result was extended
to the case of non-negative solutions of semilinear elliptic equations in the whole
space RY or in half-spaces, by Gidas and Spruck [9]. In the case of the whole space
RY they established that if 1 < p < %, then the unique non-negative solution
of

—Au=CuP inRY,
where C' is a stricly positive constant, is the trivial solution. Using the moving
planes method, a simple proof was presented by Chen and Li [2] in the range
0<p< % This result is optimal in the sense that for any p > %, we have
infinitely many positive solutions.

Several Liouville-type results were proved for various classes of degenerate equa-
tions. In [24], Serrin and Zou generalized the standard Liouville theorem for
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p-harmonic functions on the whole space and on exterior domains. In [I4} [I5],
Liouville-type properties for some degenerate elliptic operators such as X-elliptic
operators, Kohn-Laplacian and Ornstein-Uhlenbeck operators were presented. In
[5], Dolcetta and Cutri considered an elliptic inequality involving the Grushin op-
erator. More precisely, they studied the problem

u>0, Gou>uP inRM x RNz, (1.1)
where 6 > 1 and Gy is the Grushin operator defined by
Gou = (—A)u+ |z (—=A)u, (z,y) € RN x RNz, (1.2)

They proved that if 1 < p < %7 then the only solution of is the trivial
solution. Here, @) is the homogeneous dimension of the space, given by Q = Ny +
(0+1)N. In [26], Takase and Sleeman considered the system of semilinear parabolic
equations

up = Aqu + P

vy = Agv + u? (1.3)
(z,t) € RN x [0,T), wu,v>0,
with p,q > 1, pg > 1, under the initial boundary conditions
u(x,0) = up(z) >0, v(z,0)=vo(x) >0, zcRY, (1.4)

where

N,
9?2 .
Aizzw7 i=1,2, x; €R;, N;=dim(R;)<N,
=1 "7

R; is a subspace of RY, and the algebraic sum R; + Ry = RY. In the case of
Ry # Rs, they proved that any solution to (1.3])-(1.4) blows up in finite time if

N1 no Ny m
max{og — —— — —,Q — — — — >0
x{on - 2’ 2 Ty :
where alzp’;tll,agzzfq%ll, and n;, = N; — dim(R; N Ry), i = 1,2. For other

results in this directions, we refer to [3| 17 20} 2T, 27].

Recently, a lot of attention has been paid to the study of Liouville-type properties
for elliptic equations and inequalities involving fractional operators. In [19], via the
moving plane method, Ma and Chen obtained a Liouville-type result for the system
of equations

(=AW 2y = 0
(_A)#/QU — P
u,v > 0,

where p € (0,2), 1 < p,q < %—fl’j, and N > 2. Here, (—A)*/? is the fractional
Laplacian operator of order u/2. Using the test function method [5], Dahmani et
al. [4] extended the result in [T9] to various classes of systems involving fractional
Laplacian operators with different orders. Some liouville-type results were estab-
lished recently by Quaas and Xia in [23] for a class of fractional elliptic equations
and systems in the half space. For other related works, we refer to [6l [7, 8] 10, [13],

and the references therein.
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In this work, we establish Liouville-type results for the nonlinear elliptic system
Gapo(uP,ul) ="
G po(v®,0") =u™ (1.5)
u,v >0,

where 0 < a, 8, A\, 0p <2,0 >0, m>q¢g>p>1,r>t>s>1, and G,y is the
fractional operator of mixed orders «, 3, defined by defined by

Gopo(u,v) = (=AY %u + |2/ (=A,) %0, in RN x RNz,

where, (—AZ)O‘/Q, 0 < a < 2, is the fractional Laplacian operator of order «/2
with respect to the variable x € R™, and (—Ay)ﬁ/2, 0 < B < 2, is the fractional
Laplacian operator of order 3/2 with respect to the variable y € RV2. Observe that
the standard Grushin operator defined by can be written in the form

Ggu = Gg,gvg(u, u)

Via a weak formulation approach, we provide sufficient conditions for the nonexis-
tence of nontrivial solutions to system in terms of space dimension and system
parameters.

Before stating and proving the main results of this work, let us present some
basic definitions and some lemmas that will be used later.

The nonlocal operator (—A)®*, 0 < s < 1, is defined for any function h in the
Schwartz class through the Fourier transform

(=A)*h(z) = F~ (g F(1)(©)) (@),

where F stands for the Fourier transform and F~! for its inverse. It can be also
defined via the Riesz potential

h(z) — h(z)

~A)'h(z) = en s P
(=A)°h(z) = cns PV o |z — T| N+

dz,
where ¢y s is a normalisation constant and PV is the Cauchy principal value (see
[16, 25]).

Lemma 1.1 ([I1]). Suppose that § € (0,2], B+1 >0, and ¢ € CFRYN), 1 > 0.
Then the following point-wise inequality holds:

(—A)° 2P 2 (@) < (B + 297 (2)(—A)° 2y (2).

Lemma 1.2 ([12]). Let X,Y, Ay, By, Aa, By be non-negative functions, and let o
and 0;, i = 1,2, be positive reals such that oy, as > 1 and 101 > max{as, 02, asbs}.
Suppose that

X < A)Y + B Y%,
Y9 < Ay X 4 By XO2,
Then there is some constant C > 0 such that

0 o @10y o a16;
y o101 < CI:(A21A1)0¢191—1 + (AQlBl)alerez

1

aq az% [e21 az%
+ (B§*A?)mi0i=sz 4+ (B By?)ei0i-oat |
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2. MAIN RESULTS

In this section, we state an prove the main results in this paper. We consider
the elliptic system (|1.5)) under the assumptions

O<a,B,Au<2 0>0, m>qg>p>1, r>t>s>1. (2.1)
We adopt the following definition of solutions for (|1.5)).

Definition 2.1. We say that the pair (u,v) is a weak solution of (L.5)) if, u > 0,
v >0, (u,v) € L (RY) x LT (RY), N = Ny + Ny, and

loc loc

/vrgodmdy:/ up(—Aw)a/Qapdxdy—l—/ |x|2‘9uq(—Ay)5/2<pdxdy,
RN RN RN

/ updrdy = / 05 (=AM p da dy —|—/ 2?00t (= A 2o da dy,
RN RN RN
for every ¢ € C§°(RY), ¢ > 0.

Let us introduce the following parameters:

Q= (a5 0n), Gu= ot (ptam),
Q2 = #_qs (Ar — (20 — B(6 + 1))s),
Qo= oy (am = (20— (0 + 1)),
Qs = mr”i (ot = (20— (@ + 1)),
Qs = oy (Ao = (20 = 50 + 1)),
Q= o (0 + 1) = 20)r + (36 + 1)~ 260)0),

@4:

T ((8(6 + 1) = 20)m + (u(8 + 1) — 20)q).

Our main result in this article is the following Liouville-type theorem.

Theorem 2.2. Let (u,v) be a weak solution of system (1.5). Under assumptions
(2.1), f
Q < max{A1, Az}, (2.2)

where

Q:N1+N2(0+1)7 Al :min{leQ27Q37Q4}a A2 :min{@1362363364}7
then the solution (u,v) is trivial.
Proof. Suppose that (u,v) is a weak solution of (L.5) such that (u,v) # (0,0). Let

w be a real number such that
r

w>max{m—q’r—t}' (2.3)

By the weak formulation of (1.5)), for all ¢ € C$*(RY), ¢ > 0, we have

/ vﬂp“’dwdyz/ up(—Ax)"/Qw‘”dacdy—i—/ |2?Put(—A,)P 2 dx dy (2.4)
RN RN RN
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and
/ u™ ¥ dr dy = / 05 (=AM 2% da dy + / |J;|29vt(—Ay)“/2gp“’ dz dy.
RN RN
(2.5)
Using Lemma [I.T] and Hélder’s inequality with parameters 2+ and ™, we obtain

/ uP (= A2 0% da dy

RN

Sw/ upgo“’_l\(—Am)o‘ﬂgp\dxdy
RN

—w / WP G (LA 2| da dy
RN

w(/ i dxdy)p/m</ PTIITE (Z A, ) 2|7 dedy)
RN RN
m—p

:w(/RN u™p® dmdy)p/m(/ﬂw (pw—m"ip (_Aw)a/2¢|ﬁdxdy) ™

Note that thanks to the choice (2.3) of the parameter w, we have

/R I (~ ) 2|7 dady < oo

Therefore, we have the estimate

/ P (—A) 2% dx dy
RN

IN

p/m m—p (2.6)
< w(/ u™ o’ dx dy) (/ o e |(_Aw)a/2¢ 5 da dy) ™
RN RN
Again, using Lemma and Holder’s inequality with parameters ZL and m—q, we

obtain
/ |m\29uq(—A )6/2 ¢ dx dy
RN
<o [ e (-8, ] de dy
RN
— o [ utg R a1 (-0, | dudy
]RN
Q/m m wq m m “m
o[ e a5 o i o5 )
RN RN

q/m 20m __m m m
o [ e )™ ([ B A dr i)
RN RN

From the choice (2.3]) of the parameter w, we have

IA

[ el (0,2 7 dady < o
RN
Therefore, we have the estimate

[Pt 8, dndy
RN
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mw q/m 20m.  ,__m
S OJ(/ u™p dxdy) (/ |x m=q m7q|(_Ay)ﬁ/2SO
RN RN

Combining this with (2.4]) and (2.6]), we obtain

p/m q/m
/ V"o da dy < A@(/ e dmdy) +B¢</ i dmdy) . (27)
RN RN RN

where

m—gq
m

ma da dy)

m—p
m

A, :w</RN 0T (=AM 2| T pdxdy) ,

m=q
m

B, :w</ |x|3f—"3<p°”‘mi—q|(*Ay)ﬁ/2<plﬁdffdy)
RN

Similarly, using Holder’s inequality with parameters ~ and —*—, we obtain

/ 03 (= A )M 2% da dy
RN

- (2.8)
row s/T w——"L— A2 "
<w V" d dy T (=AM P dady
RN RN
Again, Hélder’s inequality with parameters ; and = yields
[ ol (-4 i dy
“ o (29)

t/r - - - -
<o [ orerdnan) ([ el a0 dedy) T
RN RN

Combining ([2.5) with the estimates (2.8) and ([2.9)), we obtain
s/r t/r
/ u™ ¥ dx dy < CL,D (/ v ¥ dx dy) +D, (/ v ¥ dx dy) , (210)
RN RN RN

where
c, :w(/ o
RN
r—t

26r w— _r_ r
D= [ 1ol |-, el o dy)
RN

X = (/RN u™p® dxdy)p/m, Y = (/RN " ¥ dxdy)S/r.

Combining the estimates (2.7) and (2.10)), we obtain the system of inequalities

r—s

(—80)M2g| 5 drdy)

Let

X™P < CLY + D,Y5,
Y/ < AX + ByXv.
Using Lemma we obtain

v <o (apie, )7 (az/rp, )"

(2.11)

mr

_mr__ 4y B
+ (Bm/PC ) +(Bp/rpg) .
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Similarly, we obtain

mr mr

x5 <o(cyra,)" T+ (epB,) T
+ (D;/SA@#:M + (D;/SBE)#:”).

Now, as a test function, we take

(2.12)

) = eo( 22+ P Y () e Y xR

P\, Y) = $o R2 R2(9+1) ) Y )

where g is the classical cutoff function, that is, ¢y € C§°(0,00) is a smooth
decreasing function such that

0<@o<1, || <COn,
1 ifo<n<,
¢o(n) = {0 if > 2.
We use the change of variables
r=Rz and y=R""w.
In this case, we have
2

e ly

TOR2? R2(6+1)
Let Q be the subset of RVt x RY2 defined by
Q={(z,w) € RM xRN : 1 <|z|* + |w|® < 2}.

=22 + |w?, (z,w) € RN x RNz,

We have the following estimates.
e Estimate of A,. Using the above change of variables, we obtain

-p

Q(m—p)—am w——m o _m mm
Ay = RS ([ o) (-0 2p0()| 77 dzdw) T

Observe that

m

/Q oo ()]*~ 727 (= A)* 2 0(n)

is a real number independent on R. Therefore, we have

m
m—>p dz dw

Q(m—p)—am

A, =CR ™ , (2.13)
where C' is a positive constant independent on R.

e Estimate of B,. Using the same change of variable as above, we obtain

(20-B(0+1))m+Q(m—gq)
B, =w

([ 1 el A0 ()

m—gq
m

ﬁdzdw)
Since
20m w— _m_
/Q |24 [o ()]~ 77 |(— Aw)? 2o (n) 777 dz dw

is a real number independent on R, we have

B,=CR

(20-B(6+1))m+Q(m—q)
m .

(2.14)
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e Estimate of C,. We argue as previously, to obtain

Q(r—s)—Ar
™

C,=CR (2.15)

e Estimate of D,. We have the estimate

(20—p(0+1))r+Q(r—t)

D,=CR v . (2.16)
Using the estimates (2.12)), (2.13), (2.14), (2.15) and (2.16)), we obtain

X% <C(R™+R™+R™+R™), (2.17)
where
rm Q(mr — ps) — m(Ar + as)
7-1:(7"m—ps)( ms )’
e (= =020
m Q(mr —pt) + m(r(20 — p(6 + 1)) — at)
7—3:(7‘771—1%)( ms )’
= ( rm ) (Q(mr —qt) + m(r(20 — u(@+ 1)) + (20 — (6 + 1))))

rm — qt ms

Similarly, using the estimates (2.11)), (2.13)), (2.14), (2.15)) and (2.16)), we obtain

Y5 < C(R™ 4 R" + R"s 4+ R"), (2.18)
where
_,om Q(mr — ps) — r(am + Ap)
" _(rm—ps)( rp )’
rm QUmr — pt) + r(p(20 — (0 + 1)) — am)
Rzz(rm—tp)( rp )’
rm Q(mr —sq) +r(m(20 — (0 + 1)) — \q)
KS:(rmfsq)( p )’
ry = ( rm ) (Q(mr —qt)+r(m(20 — B(O+1)) + (20 — (0 + 1))))
* rm — tq rp ’

Now, using (2.2), we can see that
max{r; :1=,1,2,3,4} <0

or
max{k; : i =,1,2,3,4} < 0.

Case 1. If max{r; : i =,1,2,3,4} < 0. In this case, passing to the limit as R — oo
in (2.17), and using the monotone convergence theorem, we obtain

dim ([ oo+ gt tean) " = (o avan)” =

which yields (u,v) = (0,0), that is a contradiction with the fact that (u,v) is a
nontrivial solution.
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Case 2. If max{x; : i =,1,2,3,4} < 0. As in the previous case, passing to the
limit as R — oo in (2.18]), and using the monotone convergence theorem, we obtain

dm ([ oo+ qateem)] )™ = ([ o)™ <0

which yields (u,v) = (0,0), that is a contradiction.
In both cases, we get a contradiction. As consequence, we infer that the only
weak solution to system (1.5]) is the trivial solution. O

The following Liouville-type results follow from Theorem Taking a = A,
B=p=2andp=3s5=g¢qg=1t=1in Theorem we obtain the following
Liouville-type property.

Corollary 2.3. Let (u,v) be a weak solution of the elliptic system
(—A0)*2u+ [ (A Ju = v"
(—A,)* %0 + |m|29(—Ay)v =u" u,v >0,
where 0 <« <2,0>0, m>1andr > 1. If

Q<

7 max {m(r+1),r(m+1)},
then (u,v) s trivial.

Taking a = 2 in Corollary we obtain the following Liouville-type property
for an elliptic system involving the standard Grushin operator.

Corollary 2.4. Let (u,v) be a weak solution of the elliptic system
(=As)u+ |2 (=Ay)u ="
(=2o)v+ |2 (= Ay)v = u™
u,v > 0,
where § >0, m>1 andr > 1. If

Q< ——

then the solution (u,v) is trivial.

max {m(r +1),r(m +1)},

Taking v = v and m = r in Corollary we obtain the following result.
Corollary 2.5. Let u be a weak solution of the elliptic equation
(=A,)*?u + |2[®(=A))u=u", u>0,
where 0 <« < 2,0 >0. If

l<r< (2.19)

Q
Q—a’
then the solution w is trivial.
Remark 2.6. Taking a = 2 in Corollary condition (2.19) becomes

Q
l<r< ——.
r 03
Such condition was obtained by Dolcetta and Cutri in [5].
Taking a = A =2, 3 =pand p=s=¢g=1t=1in Theorem [2.2] we obtain the
following Liouville-type property.
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Corollary 2.7. Let (u,v) be a weak solution of the elliptic system
(— A0+ 2l (—A,)" 20 = v
(=20 )v + 2| (=A,) %0 = u™
u,v > 0,
where 0 < <2,0>0,m>1andr >1. If
Q< B(0+1)—26

p—1 max {m(r +1),r(m+1)},
then the solution (u,v) is trivial.

Remark 2.8. Taking 3 = 2 in Corollary 2.7 we obtain the Liouville-type property
given by Corollary 2:4]

Taking v = v and m = r in Corollary we obtain the following result.
Corollary 2.9. Let u be a weak solution of the elliptic equation
(A )u+ |x|29(—Ay)ﬁ/2u =u", u>0,
where 0 < 6<2,0>0. If

Q

<< 530+ 120"

then the solution u is trivial.

Remark 2.10. Taking 3 = 2 in Corollary we obtain again the Dolcetta-Cutri
condition [5]:
Q

I<r< ——

Q-2
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