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OSCILLATORY AND ASYMPTOTIC BEHAVIOR OF
THIRD-ORDER NEUTRAL DIFFERENTIAL EQUATIONS
WITH DISTRIBUTED DEVIATING ARGUMENTS

ERCAN TUNC

ABSTRACT. This article concerns the oscillatory and asymptotic properties of
solutions of a class of third-order neutral differential equations with distributed
deviating arguments. We give sufficient conditions for every solution to be
either oscillatory or to converges to zero. The results obtained can easily be
extended to more general neutral differential equations and neutral dynamic
equations on time scales. Two examples are also provided to illustrate the
results.

1. INTRODUCTION

We are interested in the oscillation and asymptotic behavior of solutions to the
third-order neutral differential equations with distributed deviating arguments
b

(r®((@) +p(t)x(¢(t)))“)“)l +/ q(t, ) ($(t,€)dE =0, ¢ >to >0, (L.1)

where « is a quotient of odd positive integers and 0 < a < b.
In the remainder of the paper we assume that:
(i) r € C([tg, ), (0,00)) and ftzo r=1/%(s)ds = oo;
(ii) p € C([to,00),R) with p(t) > 1, and p(t) # 1, eventually;
(iii) q(t,€) € C([to, 00) x [a,b],[0,00));
(iv) 7 € C([to, ), R) is strictly increasing, 7(¢) < ¢, and lim;_,o 7() = o0;
v) ¢(t,&) € C([tg, 00) x [a,b],R) is nonincreasing in £, and

lim §(t,€) = 00, €€ [a,b].

The cases
7(t) 2 ¢(t,€), &€ a,b], (1.2)
and
T(t) < 6(t,8), &€ al], (1.3)
are both considered.
By defining the function
z(t) = z(t) + p(t)z(7(t)), (1.4)
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equation (1.1]) can be written as

b
(r(®) (=" (1)) + / 4(t, )2 ($(1,€))dE = 0. (1.5)

By a solution of we mean a function z : [t,,00) — R such that z(t) 6

C?([tz,00),R) and r(t)(2"(t))® € C*([ts, 00),R), and which satisfies equation (1

on [ty, oo) Without further mention, we will assume throughout that every solutlon
( ) of (1.1]) under consideration here is continuable to the right and nontrivial, i.e.,
x(t) is deﬁned on some ray [t,,c0), for some t, > to, and sup{|z(t)| : t > T} > O
for every T > t,. Moreover, we tacitly assume that possesses such solutions.
Such a solution is said to be oscillatory if it has arbitrarily large zeros on [t;, 00);
otherwise it is called nonoscillatory.

The oscillatory behavior of solutions of various classes of functional differential
equations and functional dynamic equations on time scales is an active and im-
portant area of research, and we refer the reader to the papers [l 2, [3, [4 [8, 9,
10}, [1T], [14], [16], 17, 20] and the references therein as examples of recent results on
this topic. However, oscillation results for third order neutral differential equations
and/or third order neutral dynamic equations on time scales with distributed devi-
ating arguments are relatively scarce in the literature; some results can be found,
for example, in [5l [6] [7, [15] 18], 19 21], 22] and the references contained therein.

The asymptotic and oscillatory behavior of solutions of neutral differential equa-
tions is of both theoretical and practical interest. One reason for this is that they
arise, for example, in applications to electric networks containing lossless transmis-
sion lines. Such networks appear in high speed computers where lossless transmis-
sion lines are used to interconnect switching circuits. They also occur in problems
dealing with vibrating masses attached to an elastic bar and in the solution of vari-
ational problems with time delays. Interested readers can refer to the book by Hale
[12] for some applications in science and technology.

Types of third-order neutral differential equations and/or third order neutral
dynamic equations on time scales with distributed deviating arguments that have
been dealt with in the relevant literature have generally the forms

(re®((n®att) + s 0)) ) ™) + [ att. 7 (ol €))do(e) =
(1.6)

o d
(r) (a0 + p(0)(r)22) ) + [ sttt emae=o. )
(OO0 +pOr0)*)* ) + [ Pga@ronse=o (g
ro([e)+ [ pttwatrenndn] )]+ [ a0 Gow 0N =0, 19

b AAN a7 A
ro([ot0+ [ pematrnan] )+ e oo )a=o.
’ ‘ (1.10)
and the results obtained are for the cases where 0 < p(t) < py < 1 or 0 <
6

f:p(t,u)du <po <1 and 0 < f;p(t,,u)Au < po < 1, see, for example, [5]
70115, (18, (19, 21] 2.
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However, to the best of our knowledge, there does not appear to be any results
for third order neutral differential equations and/or third order neutral dynamic
equations on time scales with distributed deviating arguments in the case p(t) > 1.
The main objective of this paper is to establish some new criteria for the oscillation
and asymptotic behavior of solutions of in the case p(t) > 1. It should be
noted that the results in this paper are new even for the o = 1, and for the constant
delays such as 7(t) =t — ¢ with ¢ > 0 and ¢(t,£) = t £ £. Furthermore, the results
in this paper can easily be extended to more general equations — as well
as the more general third order neutral differential equations and/or third order
neutral dynamic equations with distributed deviating arguments of the type (1.1)).
It is therefore hoped that the present paper will contribute significantly to the study
of oscillatory and asymptotic behavior of solutions of third order neutral differential
equations and neutral dynamic equations on time scales with distributed deviating
arguments.

2. MAIN RESULTS

We begin with the following lemmas that are essential in the proofs of our the-
orems. For simplicity in what follows, it will be convenient to set:

01(t) = ¢(t,a),  02(t) = ¢(t,0), 7 (t) := max{0,7'(t)},

t t
d
Ri(t,t1) ::/ rlTs(S) for t > t1, Ro(t,t2) ::/ Ry(s,t1)ds for t >ty > 1.
t1

2]
Throughout this paper, we assume that
1 1

O R TCa IO 2
and
_ 1 B 1 Ro(r1(771(1)), t2)
0= = (O sy R T @)

for all sufficiently large ¢, where 7! is the inverse of 7, and we let

b b
0l = [t OE OO @)= [ a0
Lemma 2.1 ([13]). If X and Y are nonnegative and X > 1, then
AXYAE XA < (A= 1)V,
where equality holds if and only if X =Y .

Lemma 2.2. Assume that conditions (i)-(v) hold and let x(t) be an eventually
positive solution of (1.1). Then for sufficiently large t, either

(I) z(¢t) >0, 2'(t) >0, 2"(t) > 0, and (r(t)(z"(t))*) <0, or
(I1) z(t) >0, 2'(t) <0, 2”(t) > 0, and (r(t)(z"(¥))*) <0.

The proof of the above lemma is standard and so it is omitted.

Lemma 2.3. Suppose that conditions (1)-(v) and (2.1) hold, and let x(t) be an
eventually positive solution of (L.1)) with z(t) satisfying Case (II) of Lemma. If

/:D /voo r1/i(u)</uoo Q1(3)d8>1/a dudv = oo, (2.3)

then lim;_,o z(t) = 0.
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Proof. Let z(t) be an eventually positive solution of (1.1)). Then, there exists
t1 € [to,00) such that x(t) > 0, z(7(t)) > 0, and x(¢(t,&)) > 0 for t > ¢; and

¢ € [a,b]. From , we have (see also [T}, (8.6)]),
(z(r7H(t) — 2(771(1))

O}

( o) !

p(r=1(t))  p(r1(t))p(r—1(r1(1))) 2.0
x (G 0) — e 0))

(1) 1 o

) ey O

From 7(t) < t, (iv) and the fact that z(¢) is decreasing, we have
27 (1) 2 2(rH (),
using this in (2.4), we obtain
z(t) = p*(t)z(771 (1),
SO
2(6(t,€)) = p*(6(t,€))2(r7 1 (6(t,€))) for t > ta. (2.5)
In view of , equation or (|1.5)) can be written as

b
(r(®) (=" (1)) +/ a(t, )" (D(t, )2 (17 (6(t,€)))dE <0 (2.6)
for t > to. From (iv)-(v) and the fact that z(t) is decreasing, (2.6)) yields
(r(t) (2" (#)*) + 2*(771(01(1))q1(t) <0 for t > ty. (2.7)
Since z(t) > 0 and 2'(¢) < 0, there exists a constant £ such that
tlim z(t) = Kk < 00,
where x > 0. If k > 0, then there exists t3 > to such that 771(01(¢)) > t2 and
z(t) > Kk fort>ts. (2.8)
Integrating ([2.7) from ¢ to oo two times gives

() >k /t h W%(u)( /u h ql(s)ds)l/ “ du.

An integration of the last inequality from t3 to ¢ yields

A(ts) > / [ ([ ) duas

which contradicts (2.3)), and so we have k = 0. Therefore, lim;_, 2(t) = 0. Since
0 < z(t) < z(t) on [t1,00), we obtain lim;_,o x(t) = 0. This completes the proof of
Lemma 23] O

Lemma 2.4. Assume that conditions (1)-(v) and (2.2) hold, and that x(t) is an
eventually positive solution of (L.1) with z(t) satisfying Case (I) of Lemma ,
Then, z(t) satisfies the inequality

(r(t) (=" (1)) + 2% (771 (62()))a2(t) < 0, (2.9)

for large t.
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Proof. Let z(t) be an eventually positive solution of such that x(t) > 0,
x(7(t)) > 0, and z(¢(t,£)) > 0, z(t) satisfies Case (I), and holds for t > t;
for some t; >ty and £ € [a,b]. Proceeding as in the proof of Lemma we again
arrive at (2.4). Since r(t)(2”(t))* is decreasing, we see that

ey " (r(s)(Z" ()
2(t) =2'(t1) + /t1 7 () ds (2.10)
> (r(t)(2"(£)*) YRy (t,t1) for t > t;.

From ([2.10)), we have for all ¢ > t5 :=¢; + 1 that
( Z'(t) )’ _ @@ Rt t) —F @)
Ry(t,t1) (Ra(t,t1))? -

so 2'(t)/R1(t,t1) is decreasing for t > to. Next, using that 2'(¢)/R1 (¢, t1) is decreas-
ing for ¢t > t5, we obtain

z(t) :z(t2)+/t Rlz(/i‘%Rl(s,tl)ds

Z/(t) t
> — Ry(s,ty)ds (2.11)
Z ") ), 1(s,t1)
Rs(t,t2) |,
== "22(t) fort>ts.
Ry(t,t1) ®) ="

From (2.11)), for all t > ¢5 := t2 + 1 we have that

2t) \' (DRt t2) — 2(B)Ri (1)
(Rg(t,tg)) = - (Rz(t,tg))Q =0,

50 z(t)/Ra(t,t2) is decreasing for ¢ > t5. Next, in view of the fact that z(t)/Ra(t,t2)
is decreasing for t > t3 and 7(t) <t or 7-1(¢t) < 771(771(¢)), we obtain

Ro(r=H(r7H(1), t2)2(r (1))
RQ(T_l(t), tg)

Using (2.12) in (2.4)), we obtain
z(t) = p-()2(r71 (1)),

> 2(r N (1)), (2.12)

S0
2(6(t,€)) 2 pe(8(t,€))2(r7H(8(t,€)))  for t > 5. (2.13)
Substituting ([2.13)) into (L.1)), we arrive at (2.9 and completes the proof. O

We now give oscillation results when (1.2 holds.

Theorem 2.5. Assume that conditions (i)—(v), (1.2), and (2.1)-(2.3) hold. If there
exists a positive function n € C*([tg,00),R) such that

i [ o (B e

for all t1,t9, T € [tg,00), where T > to > t1, then any solution of (1.1 is either
oscillatory or tends to zero as t — 0.
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Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we
may assume that there exists t; € [tg,00) such that x(t) > 0, z(7(¢)) > 0, and
z(¢(t,€)) > 0, 2-I)-(22) hold, and z(t) satisfies either Case (I) or Case (II) for
t >t and £ € [a,b]. Assume that Case (I) holds and define

_ o rOE" )"
wit) =) )
Then w(t) > 0, and from (2.9)), we see that

W () = (1) " r(t) (= (3) Jrn(t)[(r(t)(Z”(t )*)' 7“(t)(z/’(t))“((Z’(t))“)’]

for t > t;. (2.15)

=) Cor GO
r Z// « Za 7_—1 N Z/ a+1
<ot 0" et =T S anie S

for t > t3 with ts € (tg, ) and tg S (tl, )
From (2.10), 2/(t) > 0 and 2"(t) > 0, (2.16)) yields
(1) 2*(17 M (62(1)) 2(t)
(1) < —— —n(t)ga(t
YOS Eaye WO S G
From (iv) and (L.2), we have

for ¢ > ts. (2.17)

T (02(t) <t
and thus, in view of the fact that z(t)/Ra(t, t2) is decreasing for ¢ > t3, we obtain

217 H(02(1)) _ Ra(m(02(1)), t2)
s > ity for t > ts. (2.18)

Using ([2.18]) and (2.11)) in (2.17]), we obtain
/ 71
w/(t) < (Rf’(z(:f))a _n(t)QZ(t)(Rz( Rl((f,zt(fg),w)
An integration of from t3 to t yields
' Ro(77(02(5)), t2) \ @ 1 (s)
/ts [n(s)qg(s)( Ri(s.th) ) — m]ds < w(ts),

which contradicts ([2.14]).
This implies that Case (II) holds, and so from Lemma2.3] we have lim; . z(t) =
0. This completes the proof. O

) for t > ts. (2.19)

Theorem 2.6. Assume that conditions (i)—~(v), (L.2)), and [2.1)-([2.3) hold. If there
exists a positive function n € C*([tg,00),R) s ch that

t a—+1
. Ro(77(02(5)). t2) (s) (1 (s))
lim su { s s ( ) —} ds =00, (2.20
t_}OOP/T n(s)q2(s) Ri(s, t1) (o 4 1)at+1na(s) ( )
for all t1,t2,T € [tg,0), where T > to > t1, then any solution of (1.1)) is either
oscillatory or tends to zero as t — oo.

Proof. Let x be a nonoscillatory solution of . Without loss of generality, we
may assume that there exists ¢; € [tp,00) such that z(¢t) > 0, z(7(¢t)) > 0, and
z(¢(t,€)) > 0, 2I)-(22) hold, and z(t) satisfies either Case (I) or Case (II) for
t >t and £ € [a,b]. Assume that Case (I) holds. Proceeding as in the proof of
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Theorem we again arrive at (2.16)). In view of (2.15)), inequality (2.16|) takes

the form
2On) ) awe
() (@) ()
Using (2.11)) and (2.18) in ([2.21)), for ¢ > t3, we obtain
/ 10y Jve aw(@/a
w(t) < ”&i’;)w@) ~ ntante) (P - Sl 2
Applying Lemma [2.1] with

w'(t) < w(t) —n(t)ga(t) (2.21)

o a+1

* - [(U(t)r(t))l/a]l/xw(t), A= .
_ (e [m@r) R @)

Y = [a+1 o/ n+(t) } ,

we see that

(1) 6 e L () ()
1® O GO S e e

Substituting this into (2.22)), we obtain

R2(7_1(92(t))at2))a n 1 ) @)
Ry(t,11) (a+ D)ot mrt)
Integrating the above inequality from t3 to ¢ gives
' Ro(m71(02(s)), t2) \ @ 1 r(s)(m(s)*!
/t3 {77(5)612(5)( Ri(s,t1) ) T lag et n:(s) ]ds < w(ts),

which contradicts (2.20)). Therefore Case (II) holds, and so lim;_,. z(t) = 0 by
Lemma [2.3] This completes the proof. O

w'(t) < —n(t)aa(t)

Theorem 2.7. Let a > 1. Assume that conditions (i)-(v), (L.2)), and (2.1)-(2.3)
hold. If there exists a positive function n € C1([tg, >0), R) such that
(
t

limsup/t [?7(8)(12(5)( 2T EZQ f;) ))

}ds=oo,

t—o0

T
) (0h(9)?
da[Ri(s,t1)]* n(s)
for all t1,t2,T € [tg,0), where T > to > t1, then any solution of (1.1) is either
oscillatory or tends to zero as t — oo.

(2.23)

Proof. Let x be a nonoscillatory solution of . Without loss of generality, we
may assume that there exists ¢; € [tp,00) such that z(¢t) > 0, z(7(¢t)) > 0, and
z(¢(t,€)) > 0, 2I)-(2-2) hold, and z(t) satisfies either Case (I) or Case (II) for
t > t; and £ € [a,b]. Assume Case (I) holds. Proceeding as in the proof of Theorem
we again arrive at which can be rewritten as

Rz(T’l(f)z(t)),tz))“ w? (t)w
Ra(t, 1) (n(t)r(t

W () < ‘;)1/( ) 221
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From ([2.10) and (2.15) , we see that

—
N\
—~
=
Q

Q
,_.

= (n(t)r(t) é (Z (t)> (2.25)
> (n(tyr(t))=*[r 1/a(t)R1(t )]

1 _

=0 (O)[R(t,t1)]*
Using in , for t > t3, we obtain
/ ' (t) Ry(171(02(1)), t2) \& _ afRu(t t2)]*"
w(t) < 55 w(t)=n(t)as(t) et ) - oG- (2:20
Completing the square with respect to w, from it follows that
/ Ro(m~1(02(1)), t2) \ @ rt/et) (i (1)
w'(t) < (B 0)( AN )+ RGO 0
Integrating this inequality from t3 to ¢ gives
' Ro(77(02(5)), t2) \ @ ri/es)  (n(s)?
/t.», [n(sm(s)( Ra(s.th) ) T IR (s ) ;(s) ]ds < w(ts),

which contradicts ([2.23]).
If Case (II) holds, then again from Lemma we have lim; . () = 0. The
proof is complete. [

Next, we give oscillation results in the case when ) holds.

Theorem 2.8. Assume that conditions (1)—(v) , and [2.1)-(2.3) hold. If there
exists a positive function n € C*([ty,00),R) such that

i [ oo (G 05) o= @20

for all t1,t5, T € [tg,00), where T > to > t1, then any solution of (1.1)) is either
oscillatory or tends to zero as t — 0.

Proof. Let x be a nonoscillatory solution of (L.1). Without loss of generality, we
may assume that there exists ¢; € [tp,00) such that z(¢t) > 0, z(7(¢t)) > 0, and
z(¢(t,€)) > 0, 2I)-(22) hold, and z(t) satisfies either Case (I) or Case (II) for
t > t; and £ € [a,b]. Assume that Case (I) holds. Proceeding as in the proof of
Theorem we again arrive at (2.17). In view of (iv) and (L.3)), we have

t <77 1(02(1),
thus, in view of the fact that z(t) is increasing, we obtain

2(17H(02(1)))

@ = (2.28)
Using in (2.17), we obtain that
W'(t) < (Rk’(;)))a — () (?) (jzi)t;a for t > t5. (2.29)
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In view of (2.11)), (2.29) takes the form
' (t) Ry(t,t2)\
w' (1) < At t(7> for t > t3. 2.30
() % e~ t)an(t) (it S (@30
The remainder of the proof is similar to that of Theorem [2.5]and so we omit it. [

Theorem 2.9. Assume that conditions (i)—(v), (1.3), and (2.1)-(2.3)) hold. If there
exists a positive function n € C*([tg,00),R) such that

t / —+1
: Ry(s,t2)\@ L r(s)(ny(s)”
lims [ ( ! ) - ]d — o0, (2.31
gribogp/T 1(s)qz(s) Ri(s 1) @t Do 2 (s) s =00, (231)
for all t1,ta, T € [tg,00), where T > to > t1, then every solution of (L.1)) is either

oscillatory or tends to zero as t — 0.

The above theorem follows from (2.28) and Theorem we omit its proof.

Theorem 2.10. Let a > 1. Assume that conditions (i)—(v), (1.3), and (2.1])-(2.3)
hold. If there exists a positive function n € C([tg, ), R) such that

. ¢ Ra(s,t2)\@ ri/e(s) (1, (5))?
fin sup /T [77(8)@(3)(31(5,751)) " 4a[Ri (s, )]0 ;(s) }dszoo’ (2.32)

for all ty,t5, T € [tg,0), where T >ty > t1, then every solution of (1.1) is either
oscillatory or tends to zero as t — oo.

The above theorem follows from (2.28) and Theorem we omit its proof.

Example 2.11. Consider the neutral differential equation with distributed devi-
ating arguments

, 2

(@ +922)")) + /1 (7 + (5~ Ode =0, 121 (233)
Here we have o = 3, 7(t) = t/2, ¢(t,&) = t/2 =&, q(t,&) = 2 + &, r(t) = 1, and
p(t) = 9. Then, we obtain

Ri(t,t1) = Ri(t, 1) =t —1,
Ry(t, t2) = Ro(t,2) = (t* - 2t)/2,
Ro(771(t),t2) = Ry(2t,2) = 2% — 2t,
Ro(t7H(771(t)), ta) = Ry(4t,2) = 8t* — 4t,
Ro(171(02(t)), t2) = Ro(t — 4,2) = (2 — 10t + 24)/2,

and
p(t) = 8/81 > 0, (2.34)
1, 1824t 1 2 1
L) ==(1—= V= (5 )y > —_ , T >ty = 2. 2.
p() =559 ) =507 27 >0 frtzte (2:35)
In view of (2.34)) and (2.35) , we see that
2
8.3 8.3
wl) = [ (2 +0(5) e = (5)° +3/2). (236)

1

@2 (t) > /12(152 + 5)(2%)3(15 > (2—7)3(152 +3/2) fort>ty=2, (2.37)
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respectively. With (2.36)), condition (2.3]) becomes

/: /UOO ﬁ ( /u ) ql(S)ds)l/a du dv
B /100 /:O (/:o (8%)3(82 + 3/2)ds)1/3 dudv = o

because [ (s%+3/2)ds = oo for u > 1, and so condition (2.3) holds. With n(t) =t
and (2.37]), we see that

‘ Ro(771(02(5)), t2) | 17, (s)
/T [n(s)aate (T 2

> /; [s(%)?’(sz + 3/2)(82 ;(;oj$24)3 - 1 1)3}13 ~ o,

because f; ﬁds < oo and

t 2
1.3 , 54 —10s + 24,3
Lyt a0 2y
/3 {5(27) (s> +3/2)( 30— 1) )7 |ds = o0
so condition (2.14)) holds. Thus, all conditions of Theorem [2.5 are satisfied. There-
fore, by Theorem any solution of ([2.33) is either oscillatory or converges to

Zero.

Example 2.12. Consider the neutral differential equation with distributed devi-
ating arguments

t+1

Here we have « = 1/5, 7(t) =t — 2, ¢(t, &) =t — 2+ 1/&, q(t,&) =t + &, r(t) =1,
and p(t) = (Tt + 8)/(t + 1). Then, we obtain

(((x(t)—l—7t+830(1?—2))”)1/5>/+/12(t—|—§)x1/5(t—2+;)df:0, t>2. (2.38)

7<p(t) <8,
Ri(t, t1) = Ri1(t,2) =t — 2,
Ro(t,ta) = Ro(t,3) = (t* — 4t + 3)/2,
Ry(t71(t), t2) = Ra(t +2,3) = (* —1)/2,
Ro(t7 (771 (1)), ta) = Ro(t +4,3) = (t* + 4t +3)/2,

and
p*(t) > 3/28 >0, (2.39)
1 12 +4t+3 1 2 1
>-(l-c—F—)=0B-—)> = >ty = 3. :

p*(t)_8(1 @1 ) 28(3 t—1)_14>0’ t>t;=3. (240

In view of (2.39)) and ([2.40)), we see that

2
3.1/5 3

wlt) = [ 4+ = (50) (e +3/2), (2.41)

@2 (t) > /12(15 + §)(ﬁ)1/5d5 > (i)”‘f’(wr 3/2) fort >ty =3, (2.42)
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respectively. By (2.41)), condition (2.3]) becomes

/: /:O rl/%(u) ( /u " au()ds) " duay

2/:0[0(Am(;)1/5(s+3/2)ds)5dudu:oo

because [ (s + 3/2)ds = oo for u > 2; so condition (2.3) holds.

SO
for

With 5(t) = ¢ > 0, where ¢ is a constant, and (2.42)), we see that

JACCI ) ———_ AL
- 4

Ri(s,t1) o+ 1)t n*(s)
/ [c(i)l/s(s +3/2) (%) 1/5} ds

t 2
1.1/5 §% —4s+3\1/5
L) e
>A [0(14) =25y s
condition (2.31)) holds. Now, all conditions of Theorem are satisfied. There-
e, by Theorem E a solution of (2.38) is either oscillatory or converges to zero.

Remark 2.13. The results of this paper can easily be extended to the third order
neutral dynamic equations with distributed deviating arguments of the form

on

(r() () + p2tr)*2) ") + / 4t 27 (00, 0

an arbitrary time scale T with sup T = co. Where, « > 0 is the ratio of odd pos-

itive integers, r € Cra(T, (0,00)) with [ r71/?(s)As = oo, p € Cpa(T, (0,0))
with p(t) > 1 and p(¢t) # 1 eventually, 7 : T — T is strictly increasing and
limy oo 7(t) = 00, q(t,&) € Cra(T % [a,b]T,[0,00)), [a,blr ={§{ € T:a <& < b},
d(t,&) € Cra(T x [a, blr, T) is nonincreasing in &, and lim;_, o ¢(¢,£) = 00, £ € [a, b)].
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