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MULTIPLE POSITIVE SOLUTIONS FOR
SCHRODINGER-POISSON SYSTEMS INVOLVING
CONCAVE-CONVEX NONLINEARITIES

HAINING FAN

ABSTRACT. In this article, we study the existence of multiple positive solu-
tions for Schrodinger-Poisson systems involving concave-convex nonlinearities
and sign-changing weight potentials. With the help of Nehari manifold and
Ljusternik-Schnirelmann category theory, we investigate how the coefficient
g(z) of the critical nonlinearity affects the number of positive solutions. Fur-
thermore, we obtain a relationship between the number of positive solutions
and the topology of the global maximum set of g.

1. INTRODUCTION

In present article, we study the existence of multiple positive solutions to the
Schrodinger-Poisson system

—Au+1l(z)pu = fr(z)ut™t + g(x)u®, x€Q,
—A¢ = l(x)u?, T, (1.1)
b=u=0, xcdQ,

where 2 C R3 is a bounded domain with smooth boundary and 1 < ¢ < 2. More-
over, [ and g are continuous functions on Q. The function fy(z) = A\fy + f_, where
A > 0 is a small parameter and fy = +max{+f(x),0}.

In recent years, the nonlinear Schrodinger-Poisson system

—Au+V(x)u+Il(z)pu = f(x,u),
—A¢ = I(x)u?,

has been widely investigated and it is well known that it has a strong physical mean-
ing because they appear in quantum mechanics models (see [4, [I§]) and in semicon-
ductor theory [I9] 21]. In particular, system was introduced in 2] [3] as a model
describing solitary waves, for nonlinear stationary equations of Schrédinger type in-
teracting with an electrostatic field, and are usually known as Schrodinger-Poisson
systems. We refer to [2] for more details on physical aspects. Many researches
have been devoted to the study of in the recent literature, see for example,
[12, [13], [15] 22| 23], 25] and the references therein.

(1.2)
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On a bounded domain, Azzollini [I] studied the Schrédinger-Poisson system

—Au+eqpf(u) =nluff~!, zeQ,
—Ap =2qF(u), x€, (1.3)
p=u=0, xe€d,

where Q C R? is a bounded domain with smooth boundary 99, 1 < p < 5, ¢ > 0,
g,n ==x1, f : R — R is a continuous function and F(t) = fot f(s)ds. By using
the method of a cut-off function and variational arguments, the authors proved the
existence and multiplicity results based on f a subcritical growth condition and
they also considered the existence and nonexistence results under the critical case.
Recently, Lei et al. [I4] considered the Schrodinger-Poisson system

—Au+dpu= "t +ud, e,
—Ap=1u?, ze€Q, (1.4)
¢o=u=0, xe€if,

where 0 C R? is a bounded domain with smooth boundary and A > 0 is a real pa-
rameter, 1 < ¢ < 2. By using the Ekelands variational principle and the Mountain
Pass Theorem, they proved that has at least two positive solutions provided
A enough small.
Under the assumption I(z) # 0, can be regarded as a perturbation problem
of the problem
—Au = fy(2)u? " + g(z)u’, T €Q,
u=0, x€0dIQ,

It is well known that the existence of positive solutions of is affected by the
topology of the global maximum set of g. This has been the focus of a great
deal of research by several authors. In particular, f) and g satisfy the following
assumptions:

(A1) There exist k points a',a?,...,a* in Q such that

(1.5)

gla') =maxg(z) =1for 1 <i <k,
€N

and for a positive number p with p > 3 such that g(z) —g(a*) = O(|z —a|?)
as ¢ — a’ uniformly in i.
(A2) Choosing pg > 0 such that

Bpo(ai)ﬂBpo(aj) =0 fori#jand1<i,j<k,
and U¥_, B, (a) C Q, where B,,(a’) = {z € R3;|z — a’| < po}.

(A3) fa(z),g(z) >0 for x € UF_ B, (a?).

Fan [6] proved that admits at least k + 1 positive solutions when f is small
enough. Lin [20] Li and Wu [I6] also proved a similar result. There are several
generalizations of this result, we refer to 7, 8 [17].

A natural question now is whether the same existence results as [15-20] occur
for problem . Motivated by this idea, we aim to investigate how the coefficient
g(z) of the critical nonlinearity affects the number of positive solutions of in
this work. We consider the relationship between the number of positive solutions
and the topology of global maximum set of g by the idea of category. Moreover,
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we should point out that the appearance of the poisson equation prevents us from
using the variational methods that used in [6} [7} [8, 16} 17, 20] in a standard way.
To state our main result, we introduce precise conditions on I, f) and g:
(A4) l(z),g(z) > 0 on Q.
(A5) There exist a non-empty closed set M = {z € Q : g(z) = max, g g(z) = 1}
and a positive number p > 3 such that g(z) — g(x) = O(|x — 2|P) as x — 2
and uniformly in z € M.
(A6) fa(z) >0forxz e M.

Remark 1.1. Let M, = {z € R3;dist(z, M) < r} for r > 0. Then by (A4)—(A6),
there exist Cy, 79 > 0 such that

(x) >0, VzxeM, CQ,
9(2) —g(x) < Colz — 2|7 Va € By, (2)

uniformly in z € M, where B,,(z) = {x € R®: |z — 2| < ro}.
The main result of this work in the following theorem.

Theorem 1.2. Assume (A4)-(A6) hold. Then for each 6 < rg, there exists As > 0
such that if A € (0,As), (1.1) has at least catpyr, (M) 4+ 1 distinct positive solutions,
where cat means the Ljusternik-Schnirelmann category (see [24]).

Remark 1.3. Suppose (A1)~(A3) hold. By Theorem [1.2] we obtain that (L.I) has
at least k 4 1 positive solutions when A is small enough.

Remark 1.4. Suppose I(z) = f(z) = A and g(z) = 1, Then Theorem is the
result of the recent paper [14]. We should point out that the condition that I(x) is
small enough is important in [I4]. However, we do not need this condition due to
our precise estimates in this paper. Moreover, we assume that f)(z) maybe sign-
changing in this work. Lei and Suo obtained that has at least two positive
solutions in [I4], while we will obtain a relationship between the number of positive
solutions and the topology of global maximum set of g in this paper.

This article is organized as follows. In Section 2, we give some preliminary
results and obtain the first positive solution of . In Section 3, we present some
technical results and useful estimates which are crucial in the proof of Theorem (1.2
In Section 4, we use the Ljusternik-Schnirelmann category theory to prove Theorem
Throughout this paper we denote by — (resp. —) the strong (resp. weak)
convergence. We will use C, Cy, C1,Cs, ... to denote various positive constants.

2. PRELIMINARIES

Throughout this article by |- |, we denote the L"-norm. On the space H{ () we

consider the norm
1/2
] = (/ Vul?dz) .
Q

Let S be the best Sobolev constant of the embedding Hg () < L°(Q) given by

S :=inf {/ |Vul?dz;u € Hy(Q), Julg = 1}.
Q
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It is well known that S is independent of €2 and is never achieved except when
Q) = R3. Moreover, S is achieved by the function

(35)1/4
ve(z) = [EEEBRE for any ¢ > 0. (2.1)
We obtain that
/]Rs V. [2dz = /R v |dz = 32, (2.2)

For every u € H{ (), the Lax-Milgram theorem implies that there exists a unique
solution ¢, € Hg(Q2) for the second equation of (1.1). We substitute ¢, into the
first equation of (1.1)), then (1.1)) transforms into the equation

—Au+ () pyu = fA(x)uqfl + g(z)us, T € Q,
u=0, x€0dIN,

We can easily proved that (u,¢) € H}(Q) x H}(Q) is a solution of (1.1)) if and only
if u solves (2.3) and ¢ = ¢,,. The energy functional associated with (2.3)) is defined
by
1,5 1 9 1 q 1 6
In(u) = =Jull*+ = [ (z)pude — = [ fu(z)|lu|fde — = | g(x)|u|’dx.
2 4 Jo qJa 6 /o

Moreover, if u € H}(Q) is called a weak solution of (2.3), then (u, ¢,,) is a solution

of and
(J3(u), ) :/Vqudx+/ l(z)gbuuvdxf/ fA(a:)uqflfudxf/g(ac)u5vd:v:0
Q Q Q Q

for all v € H} (). At first, we introduce the following lemma (see [2, [14]).

(2.3)

Lemma 2.1. For every u € H} (), there exists a unique ¢, € H}(Q) solution of
~A¢ = l(z)u?, €,
¢=0, ze€dq,
and

(1) lloull fQ ¢uu
(ii) ¢, > 0. Moreover, ¢>u > O when u # 0.

(iii) For each t # 0, ¢p, = t2y,.
(iv) fQ r)puuldr = [|pu||* < S~ 1|U‘12/5
(v) Assume that u, — u in H}(Q), then ¢, — ¢y in H(Q) and

/ (x)pu, unvde — [ I(x)p,uvde
Q Q

for every v e HO (Q)
(vi) Set L(u) = [, l(x)pyudx then L : Hj(Q) — Hg(Q) is C* and

(L' (u),v) = 4/le(x)¢uuvdx, Yo € HE (D).

As Jy is not bounded from below on H{ (£2), we consider the behaviors of .J\ on
the Nehari manifold

Ny = {u € Hy(\{0} : (J3(u),u) = 0},
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where (,) denotes the usual duality between H}(Q) and H~!. Clearly, u € N, if
and only if

[l + [ i@oitde = [ p@lattds+ [ g@lufde (2
Q Q Q
On the Nehari manifold Ny, by (2.4]), Sobolev and Young inequalities, it follows
1
Ia(w) = Ia(u) = 7(Ja(u), u)

_ Ly L 67, (L _1 q
= 3l 55 [ g@ilds = ¢ - 3) [ A@lalvas
1 1 1
> Zlull2 = A= = = q (2.5)

1 1
> Il = 2 llull® = DA==

— _D)\Ta,

where D denotes a positive constant independent of v € Hj (). Let

Ya(u) = (J3(u),u) = IIUI|2+/Ql(x)fbuuzd%/ﬂfA(I)IUqu%/Qg(OS)\UIGd% (2.6)

Then for u € Ny, we have
(5 (u), u) = 2||ul® + 4/Ql(w)¢uu2dx - q/ﬂfx(ﬂf)lﬂWﬂC - G/SZQ(x)IUIde
= (=0 [ A@hdde =20l =2 [ g@)llds (2.7

= @l + (4—0) [ 1@)ouldata=6) [ gla)lulda.
As in [0, [7, 8 @] [T6], 20], we split Ny into three parts:
Ny = {u € Ny; (¢i(u),u) > 0},
N} = {u € Nx; (@4 (u), u) = 0},
Ny = {u € Nx; (¥}(u),u) < 0}.
Then we have the following results.

Lemma 2.2. Suppose that ug is a local minimizer for Jy on Ny and ug € N3.
Then J§ (ug) = 0.

Proof. If ug is a local minimizer for Jy on N, then ug is a solution of the opti-
mization problem

minimize Jy(u) subject to {u € HJ(2)\{0};¥x(u) = 0}.

Hence by the theory of Lagrange multipliers, there exists a # € R such that J3 (uo) =
04 (up) in H~1. Thus (J4 (ug), uo) = {14 (uo), uo). Moreover, because of ug ¢ N9,
we obtain (¢} (ug), uo) # 0, and so § = 0. O

Motivated by Lemma we will obtain conditions for N9 = ().
Lemma 2.3. There exists Ay > 0 such that NY = for A € (0,Ay).
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Proof. Suppose that NY # @ for all A > 0. If u € NY, then from (2.6)-(2.7) and
Sobolev inequality, we obtain

2> < 2 + 2 / g(@)ul°dz = (4 - g) / r(@)lul?dz < A4 — )OS~ 4 Ju]?
Q Q
and 6 6
uzg;q/gac uﬁdxg;qS_g u)|®.
ul? < 5=2 [ st < 5=257 |
Thus we obtain

Cy < |lul € AT Cy,

where C7,Cy > 0 and are independent of the choice of u and A. For \ is sufficient
small, this is a contradiction. Hence, there exists A; > 0 such that for A € (0, A;),
we have NY = 0. O

Now we can write Ny = N;’ U N, and define ay = infuen, Ja(u), aj\“ =
infueNr Ja(u) and o) = infueN; Ja(u).

Lemma 2.4. We have the following statements:

(i) af <.

(ii) there exists Ay € (0, A1) such that oy > dg for some dy > 0 and X € (0,Az).
In particular, of = infyen, Jx(u) for all X € (0, Asz).

Proof. (i) Let u € Ny, then we have
2=l + (-9 [ Ua)oulds>6-q) [ g@)ulds
Q Q
Thus,

Ja(u) = Ja(u) $<J;<u>, )
1 1 1 1

:(5,,)” ull? + (775)/ I(z )¢uu2dx+(éfg)/ g(2)|ulbdz

q
H ||2+—/ ¢>u2dx+—/g Vol d
6g Jo

b—4q 6
d
12q A g(2)|u|®dz < 0.

Thus a) < aj\' < 0.
(ii) Let w € N, , then we obtain from (2.7) that

@~ llul® < @ - llul® + (4 - q) /Q (@) guuda
(6 q) /Q ul8dz < (6 — q)S~¥lul®.

This implies
—q 1/4
[[ul] > (6 53) (2.8)

for any w € N . From (2.5), we obtain that

Ia(w) 2 [l (Ful7 = A = 1)C1F+ 1) (29)
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Since 1 < q < 2, and (2.8) implies that there exists Ay € (0,A;) such that
a, > dyp for some dy > 0 and A € (0, A2). O

For each u € H{(Q) with [, g(z)|u|%dz > 0, we write
(fQ z)gyudr + \/ (Jol(@)puude)” + 4llul? [, 9($)|U|Gd$>1/2
2 [ 9(x)|u|Sdx ‘

Then we have the following Lemma.

max —

Lemma 2.5. For each u € Hj(Q) with [, g(x)|u|®dz > 0, there exists Az € (0, Ay)
such that we have the following results:

(i) If [ falul?daz < 0, then there is a unique t= = t~(u) > tmax such that
t~u € Ny and Jx(tu) is increasing on (0,t~) and decreasing on (t~, 00). Moreover,
In(t"u) = sup;>q Ja(tu).

(i) If [o falul9dz > 0, then there is a unique 0 < t+ = t¥(u) < tmax <t~ such
that t”u € Ny ,tTu € N;’,Jk(tu) is decreasing on (0,tT), increasing on (tT,t7)
and decreasing on (t~,00). Moreover, J\(tTu) = info<i<q,,., Jr(tu); A(t"u) =
Supy>+ Ja(tu).

Proof. Fix u € Hj(Q) with [, g(x)|u|%dz > 0. Let

() = 27 | 4 40 / @) b — 15~ / g(@)|ul’d,
Q Q

for ¢ > 0. We have s(0) = 0, and s(t) — —oo as t — oco. The function s(t) achieves
its maximum at ¢y, increasing in [0, tmax) and decreasing in (tmax, 00). Moreover,
we obtain

$(tmax) > max (1&2_‘1||UH2 — tG_q/ g(x)|u|6dx)
t>0 Q

- ( (2—g)ul? )21“ ul?
(6 —q) Jo 9(x)|ul¢dx
_ 2= q)lull? En Ml da
(m_qﬂbﬂﬂwmm) tég(ﬂ\d (2.10)

2-q\2%57  (2-¢,° =] lull® =

= q 4

lu {(6—q) (6 q) (ng |u|6dx)

4 2—q\ 23
— ) (— D(S),
=
Where D(S) > 0 is a constant depends on S. We consider two cases now.

(i) Jo frlul?dz < 0. There is a unique ¢~ > tmax such that s(t7) = [, fa|u|?dz

and s'(t~) < 0, which implies t~u € N, . Because of t > tyax, We have

(2 = q)ltul]* + (4 — q) /Q U(@) ey (tu)*dz — (6 — q)/ﬂ!}(ﬂﬁ)ﬁﬂlb’dx <0

> lul?(

and
d

ﬁc]A (tu)|=¢-

= {t||u||2+t3/ l(x)d)uude—tq*l/ f>\|u|qu—t5/g(x)\u|6da:}|t:t7 =0.
Q Q Q
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Thus J)y (tu) is increasing on (0, ¢~ ) and decreasing on (t~, 00). Moreover, Jy(t~u) =
Sup; > Jx (tu).
(ii) [ falu|?dz > 0. By (2.10), we know that there exists A3 > 0 such that

s(O):O</)\f+|u\qug)\C|f+|OOS‘%||u||q (2.11)
Q
g 4 V2-a\
< |u| (6_q)(6_q) D(S) < s(tmax) (2.12)

for A € (0,A3). It follows that there are a unique ¢t* and a unique ¢~ such that for
0 < tT < tmax < t~, and we obtain

() = [ plulde = s(t7)

and s'(tT) > 0> §'(t7).

Similarly as in case (i), we have tTu € Ny, t7u € Ny, and J\(t"u) > Jx(tu) >
JA(tTu) for each ¢t € [t1,¢7]. Furthermore, we can get Jy(tTu) < Jy(tu) for each
t € [0,¢t7]. In other words, Jy(tu) is decreasing on (0,¢"), increasing on (t+,¢7)
and decreasing on (¢, 00) again. Moreover,

In(tTu) = 0<inf Ia(tu);  Ja(tTu) = sup Jx(tw).

<t<tmax t2t+
This completes the proof. (Il
Next we establish that J satisfies the (PS).-condition for ¢ € (—oo, af +153/2).

Lemma 2.6. For A € (0,A3), Jy satisfies the (PS).-condition for ¢ € (—oo, af +
1g9/2).
3

Proof. Let {u,} C H}(Q) be a (PS).-sequence for J and ¢ € (—oo,af + %53/2).
Since

—_

1
o(|[unll) + o + 553/2 = Ia(un) = 7{JA(un), un)

1, o, 1 ; 11

= fun]f? + — Wlfdz -2 (=== aq
ol + 5 [ a@lunlbde =2 (3= 1) [ Aot
1 1 1

> hunl? =3 (3 - 1) Cllual,

we obtain that {u,} is bounded in H}(€). Thus, there exist a subsequence still
denoted by {u,} and u € H}(Q) such that u, — u weakly in Hi(2). By the
compactness of Sobolev embedding, we obtain

/fA\un\qu:/f)\|u|qdm—|—o(1);
Q Q

[t = ull® = Jlun|* = JJul® + o(1);

[ sl =tz = [ glunfots — [ gluds+o02),
Q Q Q

Moreover, we obtain from Lemma [2.1] that

/ 1(2) o, u’dx — / I(x)pyu’de,
Q Q
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/l(x)qﬁununud:v—)/l(x)¢uu2d$,
Q o

as n — oo. Then we can obtain J4(u) = 0 in H~'. Since Jy(u,) = ¢+ o(1) and
Ji (uy) = o(1) in H~1, we deduce that
1

1
i =l = & [ glun — ulPdo = c = Ir(w) + o(1) (2.13)
Q

and
o(1) = (Jx(un), un — u) = (J3(un) — J3 (1), un — u)
=l —ul]? — /Qg|un —uffdz + o(1).
Now we may assume that
ltun —ul|* = a and /Qg|un—u|6dx—>a as n — 0o,

for some a € [0, +00).
Suppose a # 0 and notice the fact g < 1, using the Sobolev embedding theorem

and passing to the limit as n — oo, we have a > Sa'/3, i.e.,
a> 832 (2.14)
Then by [10)-[2.13) and u € Ny U {0},
1
c=Jx(u) + % >af + §53/2,
which contradicts the definition of c. Hence a = 0, i.e., u,, — u strongly in H}(Q).
|

Next we obtain the existence of a local minimizer for .Jy on N;'.

Theorem 2.7. For each A € (0,A3), Jx has a minimizer uf\ m N;r which satisfies:
(i) uf is a positive solution of (L.1);
(i) Ja(ul) =ay;
(iif) Ja(ul) =0 as X — 0;
(iv) [luf|| — 0 as A — 0.
Proof. Similarly as [9, Lemma 4.7], we can obtain a (PS)a;r—sequence for Jy defined
by {u,} C Nx. By Lemma there exists a subsequence still denoted by {u,}
and uy € H}(R) such that u, — uy in Hi(Q) as n — co. Since NY = (), we deduce
that uy € Ny and Jy(uf) = af < 0. Note that Jy(u,) = Jx(|u,|), we obtain that
uf > 0 and ul # 0. Recalling that ¢+ > 0and ¢+ € C°(€2), then the strong
maximum principle suggests that u{ > 0 in . Then we can obtain the assertion
(i) and (ii).
By (2.5), we have
0> Jy(uf) > —DATa.
This implies Jy(uf) — 0 as A — 0. We obtain (iii).
Now we show (iv). Since u} € Ny and (2:6), we know

4—q
uf]? < T/gfx\ﬂlqu <AC| foloolluf |19 (2.15)
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Moreover, because J), is coercive and bounded from below on Ny, {uj{} A is bounded
in H}(Q). Tt follows from (2.15) that

ui |2~ < Oz,
Then [[uf| — 0, as A — 0. O
3. TECHNICAL RESULTS

In this Section, we will recall and prove some lemmas which are crucial in the
proof of the main theorem.
For b > 0, we define

P = gl = 5 [ glufda,
NY = {u € HY\(0}; (%) (u),v) = 0},

Lemma 3.1. For each u € N, , we have
(i) There is a unique t¥ such that tSu € Nt and
1 lufl® 172
b b osb,) L 1/2( )
max J2 (tu) = Joo (tou) 3b T olulbdz .

(ii) For u € (0,1), there is a unique t. such that tlu € N1 . Moreover,
9 _
T (thw) < (1= )72 (a(w) + Tq"uﬁxﬁc).
Proof. (i) For each u € Ny, let
b 2 e b 6
h(t) = Joo(tu) = S lJul|” = 27 | glu[*dz.
2 6 Jo
We have h(t) — —o0 as t — oo,

R (t) = tlul|®> = bt® | g|ul®dz,
Q

B (t) = tul]® — 5bt! /Qg|u|6dx.

- ERY
u 1/4
Ty
‘N g bylulSdx
Then h/(t2) = 0, tu € Nb, and h"(t%) = —4|lul|> < 0. Hence there is a unique
t% > 0 such that t2u € N’ and
1 6 \-1/2
max J°_ (tu) = JE (t°u) = 7b—1/2(¢) .
>0 3 Jo glulSdzx
(ii) For p € (0,1), we have
[ Aflthultds < 2c)ule
Q
2— a g 2/a
< SO0 7T+ 2t thu])
2—4q

Loz o b2
= —2(C\2—q t .
4, Lty
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Then letting b = 1=, by part (i), we have

1

Ja(u) = max Jy (tu) > Jy(ta “u)

>0
1— 1 1 1
> LBy )+ L / @) burda
2 4 0
1

L 2 )
— Z(tI=m)6 64 _=—49 quc)\Q_q
S0 [ atultds =

= = 2—q _a_ _2
> (1= p)Jos " (ta "u) — “=—pa2 CAZ=
2q
1 lul® \-1/2 2—q¢ o , 2
=(1- 3/27(7) — ——pua2 O\
(1=n) 3\ [, glul®dx 2q e ’
2 — q
= (1 - p)P2Ik (the) — =L prroNT,
2q
This completes the proof. O
Let n(z) € C§°(R?) be a radially symmetric function with 0 <n <1, |Vn| < C,
and
1, if |z <o,
pay =0 =
0, if|z| > ro.
For any z € M, we define
we z(x) = n(x — 2)ve(z — 2).
where v, () is given by (2.1)). From the same arguments of [24] we know that
/ |V, . |*de = 57 4+ O(e'/?) (3.1)
Q

and

C’lf‘:q/4 < / |LUE,z|qd£E < CZEq/47 1<q<3,
Q
ngq/4| lnd < / |w6,z|qu < C4€q/4| 1DE|7 q= 3’
Q
Cse6-0)/1 < / .| 9de < Cee® D/ 3 < g <6,
Q

Lemma 3.2. We have

/ glw..|0dz = S + O(/2)
Q

For a proof of the above lemma, see [I0, Lemma 3.1].

Lemma 3.3. There exists eg > 0 small enough such that for e € (0,¢gq), we have
o(eo) >0 and

1
sup JA(uj\' +twe ) < aj\' + =63/2 o(eo)
t>0 3

uniformly for z € M. Furthermore, there exists t; > 0 such that
u;\’ +t we. €Ny, VzeM.
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Proof. 1t is easy to see that

. + _ o+ . + _
}%JA(“A +twe.) =a) <0 and tlirrolo Ia(uy +twe,») = —o0,

for all € > 0 small enough. Thus, there exists ¢ty > 0 small enough and ¢; > 0 large

enough such that
1
Ia(uf +twe ;) < af + gS?’/Z, for t € (0,to] U [t1, +00).

We only need to prove that

1

In(uf +twe ) < aof + 553/2’ for t € [to, t1].
It is easy to see that for 1 < ¢ < 2 it holds
(a+0)7>a?+qa? b, (a+b)°>a®+0b°+6a°b+6ab®, for a,b>0.

Since u{ is a solution of (L)), it holds

/Vuije,zdx—i—/l(x)¢u+u§\rw5’zdm
Q Q »

—/ fA(x)(uir)q_le,zdx—/g(m)(u;\r)f’wazdmzo.
Q Q

It follows from Theorem and (3.2))-(3.3)) that
J,\(u;f + twe )

2
= Jy(uy) + 5”@;&2”2 -|-t/Q[Vuj\rVw572 + ld)u;ruj\rwsﬁz
- g(ui‘)5w5,z - f/\ (uj)qilws,z]dm

1
+ 1/ l[¢u++tw (ui_ + twe,Z)z — O+ (uj)Q - 4¢u+ui_(tw6,z)}dx
Q A £,z A A
1
— 5 ol ) = ()P = 6

1 _
- / Sl + twe ) — (u)? — g(ul)1 Ve L)de
Q

< ay +k(t) + h(t),

where

t? o 10 6 5 + 5

k) = —llwe.l|* — = | glwe.)’dx —t guy (we ») dx,
2 El 6 Q ) Q ’
1
h(t) = § / Ubut bt (UX +1we2)® = byx (u))? = 4,5 0] (twe, ) da.
o ,

Note that

/ guj\'(w572)5dx = / gu}f(n(x — 2)vo(x — 2))°dx
Q Q
(3¢)5/4

B, (€ +[x]?)5/?

P 2
2051/4/ LA
o (L+1r2)2

>C dx

> COel/4,

(3.2)

(3.4)
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for some C > 0, we have

t? o t° 6 1/4
k(t) < S llwe 1" — = | 9(we,.)"dz — Ce
20 6 Jo ’
2 3/2
< é( flwe 2 |l 1/3) et/
(Jo 9(we z)0dz) (3.5)
1 S3/2 1 0(/?) o2 Cel/A
=3\ (S3/2 £ O(e3/2))1/3 —tE
< %53/2 + O(eY?) — Ce'/?,
We claim that
h(t) < Ce'/?, for t € [to, t1]. (3.6)
In fact, by calculations we arrive at
1
h(t) = 1 /Q l[¢uj+tw5,z(uj\_ + tw. 2)? — d’uj (uf)? — 4¢uiu:\~'(tw57z)]dx

2 t2
:t/ lwe zu§¢tw“dx+t—/ ¢ +(wez)2dx—|——/ bt . (we.)?dx (3.7)
o ’ 2 Jo T 4 Ja B

1
e [ 1) (e - ()1 ) () () ey,
axo [T — Y|
Using the Holder inequality, (3.1]) and the fact that t € [tg,t1], we obtain that

/ lwe Y bro. . dr < |lool b, . l6lud l12/5|we 2 125 < Clwe 2[35/5 < C%; (3.8)
Q
/ It . (ws,z)2dx < |l|oo‘¢twg,z|6|ws¢|%2/5 < C|Ws,2|4112/5 < C¢; (3.9)
Q

[ 16 e < el s By < CE2 (3.10)
Q

Moreover, by [0, Lemma 2, P.31], it holds

/ L) e )@ (@) () d dy
QxQ |CU y\

5/3
< ( / Il(x)ui(x)wa,z(a:)|6/5dx) (3.11)
Q
S C|u;|%2/5‘w5,z %2/5 S 081/2.
It follows from (3-7)-(3-11) that (3.6) holds. We deduce from (34)-(3.6) that

1
I(ul +twe ) <af + 553/2 + Cel/? — Cel/?,

for t € [tg,t1]. Consequently, there exists €9 > 0 small enough such that for
e € (0,e0), we have o(gp) > 0 and

1
sup Jy(uf +twe ) < af + 553/2 —o(gg) uniformly in z € M.
>0

Now, we prove that there exists t7 > 0 such that

uf +t;w. . € Ny, forall z € M.
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Let
U

w:we%mwmﬁf<)>uu%

[l
Uy = {u e HY@Q\0}; () <1).
(2 —d]
Then N; disconnects H} (€2) into two connected components Uy and Us. Moreover,
H}(Q)\Ny = Uy UU,. For each u € Ny, we have
1 < tmax <t (u).

Since t~ (u) = H—i”t’ (L‘), then N:\" C U;. In particular, uj\' € U;. We claim that

[

we can find a constant ¢ > 0 such that
+
U tw
0 7(#)<c for each t > 0 and z € M.
||u)\ + tw57z||

Otherwise, there exists a sequence {t,} such that ¢, — oo and

— U:{ + tpwe,
<+7) — 00 asm — oo.
HUA + tnwe ||

Let
_ ui‘ + tnwe »

e+t

Since t~ (vn)v, € Ny C Ny and by the Lesbesgue dominated convergence theorem,

1
glvn|®de = —/g|u++t we . |%dx
/Q " [uf + towe ][0 Jo 7 T

1 uy
= 7/ g\—)‘ + We, 2 Sdx
2”6 Q

Un

=—

15+ we b

6d
7f99|w8’2| * >0, as n — 00,
[|we, =116
we have
_ 1. t™ (vp 4 t~ (vp) |9
It (vp)on) = §[t (vn)]? + %/ Iy, v2dx — M/ Falvn|%dx
Q q Q
t~(vy,)]8
— %/ glvn|®dr — —co as n — oo.
Q
This contradicts that Jy is bounded below on Ny and the claim is proved. Let
2 1, 211/2
I Ky
llewe < ||

Then

lux + tawe 2 1* = [[ux I” + X lwe = 1 + 2ta(uy, we,2)

:wﬂW+W—mmwmm/@%ﬂx
Q

S2s [t*( uy +tawes )]2
||U1_ + tkwez” 7
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that is uj{ + tawe,» € Us. Thus there exists 0 < t; < t) such that uj\” +t we, €
Ny . O
Lemma 3.4. We have

. . 1.
Jnf, Joo(w) = inf I () = 352,

where
T2 () = 5 llul® g/@ ul®dz, N> = {u € Hy(2)\{0}; ((J>)'(u), u) = 0}.
Proof. From [24], we have
1
inf 0o _ = 3/2.
of J(u) 35

Thus it suffices to show that inf,en1 JL (u) = 35%/2. Since

mas (5= %) = 3 (55)

for any a > 0 and b > 0, by (3.I) and Lemma 3.2 we deduce that
2

lwe 2|

Jo 9lwe - |9dz)

1 3/2 1
sup JL (tw. ) = 3 (( 1/3) = 553/2 + O(e/?).

Then we obtain

1
inf JL(u) <=8%2 ase—0t.
ueENL 3

Since g < 1, for each u € H(Q)\{0}, we have

sup J* (tu) < sup JL (tu).
>0

t>0
Hence
1
=832 = inf J®(u) = inf sup J (tu)
3 uEN® u€HJ (Q2)\{0} t>0
1
< inf sup JL (tu) = inf JL (u) < Z8%/2
u€ HA ()\{0} t>0 weNL 3
This completes the proof. O

4. PROOF OF THEOREM

In this section, we use the idea of category to get positive solutions of (|1.1]) and
give the proof of Theorem [[.2] Initially, we state the following two propositions
related to category theory.

Proposition 4.1 (5, Theorem 2.1]). Let R be a C*' complete Riemannian man-
ifold (modelled on a Hilbert space) and assume F € C*(R,R) bounded from below.
Let —oco < infp F' < a < b < +00. Suppose that F satisfies (PS)-condition on the
sublevel {u € R; F(u) < b} and that a is not a critical level for F'. Then

t{u € F*;VF(u) =0} > catpa (F?),

where F* = {u € R; F(u) < a}.
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Proposition 4.2 ([5, Lemma 2.2]). Let Q, Q% and Q™ be closed sets with 0~ C QF;
letd:Q — QF, 0 : Q™ — Q be two continuous maps such that ¢oy is homotopically
equivalent to the embedding j : Q= — QF. Then catg(Q) > catg+(Q7).

The proof of Theorem [I.2]is based on Propositions[4.1]and[£.2] To argue further,
we need to introduce the following Lemma.

Lemma 4.3. Let {u,} C H}(Q) be a nonnegative function sequence with |uy|s = 1
and [, |Vu,|?dx — S. Then there exists a sequence (yn,0,) € R® x RT such that

vp(x) 1= 0,11/2un(0nx + Yn)

contains a convergent subsequence denoted again by {v,} such that v, — v in
DY2(R3) with v(z) > 0 in R3. Moreover, we have 0,, — 0 and y, — y € Q.

For a proof of the above lemmas, see See Willem [24]. Next we define the
continuous map ® : H}(Q)\G — RY by

B fﬂm|u—u3\"|6daﬁ
N Jo lu —uf|Sdz

where G = {u € H}(Q); [, |u — u}|°dz = 0}. Then we have the following lemma.

O(u) :

Lemma 4.4. For each 0 < § < rg, there exist As,d0 > 0 such that if u € NL,
JL(u) < %53/2 + o and X < Ags, then ®(u) € Ms.

Proof. Suppose the contrary. Then there exists a sequence {u,} C N1 such that
JL(un) = £8%2 +0(1), A = 0%, and

O(up) & Ms  Vn.
It is easy to show that {u,} is bounded in Hj () and there is a sequence {t2°} C RT
such that {tS°u,} € N> and
1 1
S92 T un) < Tt un) < Tl (un) = 2572 +o(1). (4.1)
We obtain t5° = 1+ o(1) as n — oo and
1 1
lim J*®(u,) = lim =|lu,||* = lim f/ |, |Odz
1 1 '
= lim f/ glun|®dz = ZS5%/2 4 o(1).
3 /g 3

Let
Unp

176"
(fQ |un|6dx)
We see that [, |Up|%da = 1. Furthermore, it follows from (4.2) that

lim ||U,]* = S.
n—oo

By Lemma there is a sequence {(z,,e,)} C R® x R* such that &, — 0,
Tn — 29 € Q and wy(x) = E}/QUn(Enl‘ + x,) — w strongly in DY2(R3) with w > 0
as n — oco. Then by (4.2),

1:0(1)—1—/g|Un|6dac:£,_L3/g|wn(w;gcn)‘ﬁdac—&-o(l):g(nco)7
Q Q n
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as n — 0o, which implies zg € M. By the Lebesgue dominated convergence theorem
again, we have

_ Jo @un — u|%dx

D(u,) = 4.3
(un) |- T — it oz (4.3)
fQ z|u,|Sdx

= 1 4.4
iz o0, (1.4)

5;3 T |wp, (=2 de
= 73&’ | (wf; )’6 +o(1) (4.5)

En fQ |0Jn( snn) dx
—x90€EM asn—o0, A—=0 (4.6)
which is a contradiction. O

Lemma 4.5. There exists As > 0 small enough such that if A < As and v € N,
with Jy(u) < %53/2 + %0 (00 is given in Lemma , then ®(u) € Ms.

Proof. By Lemma for pu € (0,1), there is a unique t} such that tLu € N1 and
JL (taw) < (1= @) 72 (Ja(u) + Cu2 A70).

Thus there exists Ay > 0 small enough such that if A < As and Jy(u) < %S(JX{;QJr %",

JL(thu) < %53/2 + Jo.

By Lemma and [[u)|| = 0 as A — 0, we complete the proof. O
Now we denote ¢y := af + 1932 — 5(g0) and consider the filtration of the

manifold of N} as follows:
Ny (ex) :=={u € Ny ;Ja(u) < ca}.

Then cat g, (M) critical points of Jy will be obtained from Ny (cy) in the following.
At first, we show that a critical point of Jy restrict on N, is in fact a critical point
of Jy in H}(Q).

Lemma 4.6. If u is a critical point of Jy on N, , then it is a critical point of J)
in H} ().

Proof. If u € Ny, then (J}(u),u) = 0. On the other hand,
Ja(u) = 75 (u)
for some 7 € R, where 1, is defined in . Thus we have
0= 7(3(u),u),
which combined with the definition of Ny imply that 7 =0, i.e. J{(u) = 0. |

In the succeeding text, we denote by J NS the restriction of Jy on N, and show
that JN; satisfies (P.S)-condition on N, (cy).

Lemma 4.7. Any sequence {u,} C N, such that In; (up) — B € (—o0,cr] and
J},—(un) — 0 contains a convergent subsequence.
A
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Proof. By hypothesis there exists a sequence {6, } C R such that
JA(un) = Ontpy (un) + o(1).
Recall that u,, € N, and so
(5 (n), un) < 0.
If (Y4 (un), un) — 0, we from deduce that
Ia(un)

= () - 1<J;(w,un>
2, 1 1
(G- DllunlP+ (-3 [ 1@onudde— (- 3) [ i

q
=7|| n|\2—|—7/l ) o, u2 dm—i g(2)|u,|®dx
6g Jo
4

:7” n|\2—|—? Ql(x)gbunuid:vg().

Hence we arrive at a contradiction to that o, > 0 (Lemma (ii)). Thus we may
assume that (¢} (u,), u,) — 1 < 0. Because (J}(u,),u,) = 0, we conclude that
0, — 0 and, consequently, J3(u,,) — 0. Using this information we have

Ia(up) = B € (—o0,cy] and J§ (u,) — 0,
so by Lemma the proof is complete. O
Lemma 4.8. Let §, As > 0 be as in Lemmas[{.4] and[{.5 Then for X < As, Jx has
at least catpg; (M) critical points in Ny (cy).
Proof. For z € M, by Lemma we can define
F(z) = uf +t;w.. € Ny (cr).

Furthermore, Jy satisfies (PS)-condition on Ny (cy). Moreover, it follows from
Lemmathat ®(N, (cx)) C Ms for A < As. Define £ : [0,1] x M — Mj; by

£0,2)=2 (u:{' + t;w(l,g)a,z) € N, (cn).

Then straightforward calculations provide that £(0, z) = ®oF'(z) and limy_,,- £(0, 2) =
z. Hence ® o F' is homotopic to the inclusion j : M — M;. Combining Lemma

with Propositions and (4.2) we obtain that JN () has at least catag, (M)
critical points in Ny (c,\) By Lemma“ we know that Jy has at least catps, (M)
critical points in N (en)- O

Proof of Theorem[I.3. By Theorem and Lemma applying Ny N, =0
and the strong maximum principle, we obtain the statement of Theorem [
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