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SOLUTION TO A SEMILINEAR PSEUDOPARABOLIC
PROBLEM WITH INTEGRAL CONDITIONS

ABDELFATAH BOUZIANI, NABIL MERAZGA

ABSTRACT. In this article, we use the Rothe time-discretization method to
prove the well-posedness of a mixed problem with integral conditions for a third
order semilinear pseudoparabolic equation. Also we establish the convergence
of the method and an error estimate for a semi-discrete approximation.

1. STATEMENT OF THE PROBLEM

This paper concerns the problem of finding a function v = v(x,t) satisfying, in
a weak sense, the semilinear pseudoparabolic equation

o % v

— — — —N=—=— = F(a,t t 1 T 1.1
s = F(et), () €O)x 0T, (L)
subject to the initial condition

v(z,0) =Vo(z), 0<z<1, (1.2)
and to the integral conditions
1
/ v(z,t)de = E(t), 0<t<T, (1.3)
0
1
/ zv(z,t)de = G(t), 0<t<T, (1.4)
0

where F', V), E and G are given functions which are sufficiently regular, and 7" and
7 are positive constants.

This problem has a practical relevance, for instance in the context of soil ther-
mophysics, describes the dynamics of moisture transfer in a subsoil layer
0 <z <1forte[0,T], while (L.3)-(L.4) represent the moisture moments (see [5]
and references therein). Equations of type (with eventually variable coeffi-
cients and additional nonlinear terms) have also many other applications in various
physical situations, notably in the non-steady flows of second order fluids [23] [];
in the infiltration of homogeneous fluids through fissured rocks [I]; in the diffusion
of imprisoned resonant radiation through a gas [I5] [I6] [22] (which has applications
in the analysis of certain laser systems [I8]); in the theory of the two temperatures
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in heat conduction [7]; in the monodirectional propagation of nonlinear dispersive
long waves [2, [10], and so forth. This is the main reason for which the investigation
of (classical) mixed problems for such equations have been the subject of many
works for a long time, (see, e.g. [3 1] 13 17, 20, 211 24, 25]).

Recently, mixed problems with integral condition(s) for some generalizations of
equation have been treated by the second author in [5, [6] using the energy-
integral method. Differently to these works, in the present paper we use a construc-
tive method (Rothe time-discretization method) to build the solution, which is more
suitable for numerical computations. It is interesting to note that the application
of Rothe method to this nonlocal problem is made possible thanks, essentially, to
the use of a nonclassical function space (see also [14]).

By the the transformation

u(z, t) :=v(z,t) —r(x,t), (z,t)€(0,1)x[0,T],
where
r(z,t) = 6(2G(t) — E(t))x — 2(3G(t) — 2E(t)),
problem ([1.1)-(|1.4) with inhomogeneous integral conditions ([1.3)) and (1.4]) is con-

verted to the following equivalent problem with homogeneous conditions for the
new unknown function u:

ou B @ 93y

a 02 — ﬁm = f(x,t,u) s (l‘ﬂf) S (0, 1) X I, (15)
u(z,0) =Us(z), 0<z<1, (1.6)

1
/ u(z,t)de =0, tel, (1.7)

0

1
/ zu(z,t)de =0, tel, (1.8)

0
where the notation I := [0,7] is used and
F(o ) = Flatutr) = 9 (a,0),

Uo(z) := Vo(z) — r(z,0).

Hence, instead of looking for the function v, we seek the function u. The solution
of problem — will be simply given by the formula v = u + r.

This paper is organized as follows: In Section 2, we introduce function spaces
needed in our investigation and recall an auxiliary result. We also state the as-
sumptions on data and make precise concept of the solution. In Section 3, approxi-
mate solutions of problem — are constructed by solving the corresponding
linearized time-discretized problems. Then, some a priori estimates for the approx-
imations are derived in Section 4, while the convergence of the method and the
well-posedness of the problem under study are established in Section 5.

2. PRELIMINARIES AND MAIN RESULT

Let H?(0,1) be the (real) second order Sobolev space on (0,1) with norm || -
l52(0,1) and let (-,-) and || - || be the usual inner product and the corresponding
norm respectively in L?(0,1). The nature of the boundary conditions (1.7))-(1.8)
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suggests to introduce the following space
V= {¢ e L*0,1): /01 ¢(z)dx = /01 zp(z)de =0} (2.1)
which is clearly a Hilbert space for (-, ).
Our analysis requires the use of the nonclassical function space B3(0,1) defined

for example in [4] as the completion of the space Cy(0, 1) of real continuous functions
with compact support in (0,1), for the inner product

1
(u,v)B1 :/ Seu - Spvde, (2.2)
0

||U||B; =/ (UaU)B;,

where Syv = [ v(£)d¢ for x € (0,1). We recall that, for v € L?(0,1), the
inequality

and the associated norm

1
ol < 5lol® (2.3)

holds, implying the continuity of the embedding L?(0,1) — B1(0,1). Moreover,
we will work in the standard functional spaces C(I, X), C%(I, X) and L*(I, X)
where X is a Banach space, the main properties of which can be found in [12].
The notation 0(t) is automatically used for the same function 6(z,t) considered
as an abstract function of the variable ¢ € I into some functional space on (0,1).
Strong or weak convergence are denoted by — or — respectively.
The Gronwall Lemma in the following continuous and discrete forms will be very
useful to us thereafter.

Lemma 2.1. (i) Let z(t) > 0, h(t),y(t) be real integrable functions on the
interval [a,b]. If

t

y(t) < h(t) + / 2()y(r)dr, V€ [a,b],

a

then
t

t
y(t) < h(t) +/ h(7r) z(7) exp (/ x(s)ds) dr, VtE€ [a,b].
In particular, if (1) = C is a constant and h(T) is nondecreasing, then
y(t) < h(t)eC=9 Vit € [a, b].
(ii) Let {a;} be a sequence of real nonnegative numbers satisfying

a1§a7
i—1

a; §a+thak, Vi=2,...,
k=1

where a, b and h are positive constants. Then

a; < aeb(ifl)h, Vi=1,2,....
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Proof. The proof of assertion (i) is the same as in [0, Lemma 1.3.19]. To establish
assertion (ii), we use induction on 4 giving
a; <a(l4+bh)Y, Vi=1,2,....

from where, the desired inequality follows thanks to the elementary inequality 1 +
t<el forallteR,. O

We shall work under the following hypotheses:
(H1) f(t,w) € L*(0,1) for each pair (t,w) € I x L?*(0,1) and the Lipschitz

condition

17 w) = £y < Ut = €11+ ol gy + 01 33) + e = w'l153],

is satisfied for all t,#' € I and w,w’ € V, where [ is some positive constant.
(H2) Uy € H*(0,1)
(H3) the compatibility condition: Uy € V, i.e. fol Uo(z)dx = fol xUq(z)dx = 0.
We look for a weak solution in the following sense:

Definition 2.2. By a weak solution of Problem (1.5)-(1.8), we mean a function
w: I — L?(0,1) such that
() ue CONLV);
ii) u has (a.e. in I) a strong derivative % € L>(1, L*(0,1));
(iii) u(0) =Uy in V;
(iv) the equality
du du

(B40),6) gy + ((t).0) +0(e),.6) = (F(tu(1).0)p (24)

holds for all ¢ € V and all t € I.

We remark that since u € C%(I,V) C C(I,V) the condition (iii) makes sense,
and in view of (i), (ii) and Assumption (H1) each term in (2.4) is well defined. On
the other hand, the fulfillment of the integral conditions nd is included
in the fact that u(t) € V, for all t € I.

In this paper, we will demonstrated the following main result.

Theorem 2.3. Assuming (H1)-(HS3), problem (1.5)-(1.8) admits a unique weak
solution u in the sense of Definition [2.3, that depends continuously upon the data
f and Uy. Moreover, u is the limit as n — oo of the sequence of Rothe functions
(3.13) in the following sense:
u™ = in C(I,V), (with convergence order O(n~*/?)),
du(™ _ du

au . 2 2
o o in L=(I,L°(0,1)).

3. ROTHE APPROXIMATIONS
To solve problem (|1.5)-(1.8) by the Rothe method, we divide the time interval
I into n subintervals [t;_1,t;], j = 1,...,n, where ¢t; = jh and h := T'/n is the
time-step. Then, replacing %7;, at each point ¢t = ¢;, j = 1,...,n, by the difference

quotient du; := “—=4=1 where u; is destined to be an approximation of u(-,t;),
we are conducted to solve successively for j =1,...,n the linearized problem
d?u; d?5u,
5uj - dl‘; -0 dng = fja T e (071)7 (31)
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/0 uj(x)dx =0, (3.2)
/0 zu;(x)dr =0, (3.3)

where f; := f(t;,u;_1), starting from
ug = U(). (34)

To this purpose, it is astute to introduce the following auxiliary functions

wj =uj; +nouj, j=1,...,n. (3.5)
In this case, we have
u; = nﬁhwj—l—n:zhuj,l, 7=1...,n,
from which, it follows
5uj:L(wj—uj,1), j=1,...,n, (3.6)
n+h

so that, problem (3.1)-(3.3) is seen to be equivalent to the problem of finding the

function w; : (0,1) — R satisfying:
d2wj + 1

_ W

de?2  n+h "’

1
= f] + m“jfl 5 xr € (0, 1), (37)

/01 wj(z)dr = /01 zw;(x)dr =0, (3.8)

with the update

h U
— ; i—1, ‘:1,..., . 39
Uj n+hwj+n+hujl J n (3.9)
Of course, this coupled problem has to be solved successively for j = 1,...,n

starting from ug = Uy.
Developing an idea of [19], we, first, look for a function w}(z) = wj(z; A, u) which
solves equation (3.7]) supplemented by the classical Dirichlet boundary conditions

wi(0) =X and wj(1) = p, (3.10)

instead of nonlocal conditions (3.8), where (A, ) is for the moment an arbitrary
fixed ordered pair of real numbers.
Since

1
= f(t1, U
77+huo [t 0)+17+h

the Lax-Milgram Lemma guarantees the existence and uniqueness of a strong solu-
tion w} € H?(0,1) to the elliptic problem (3.7) and (3.10) with j = 1. Let us show
that the parameters A and g can be chosen in a suitable way such that the cor-
responding function wj(-; A, 1) is also a solution of problem (3.7)-(3.8) with j =1
provided that n is large enough.

i+ Up € L*(0,1),
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In fact, the function w](-; A, p) shall be a solution to problem (3.7)-(3.8), with
j =1, if and only if the pair (A, u) satisfies
1
wi(z; A, p)dx = 0,
(3.11)

awi (z; N, p)dz = 0,

/
I

thus, the above equation will provide all the solutions to problem — with
j = 1. But,
W (5 A, 1) =} (230,0) + @y (w5 A, 1), @ € (0,1),
where w; is the solution to the problem:
d*uwn 1
a2 + mwl
@(0) = A, @i (1) = .

=0, ze€(0,1),

One can readily find that
wy () = kye®/ VIR 4 fpem/ mrh
where
pw— e 1/ Vith Nel/Vith _
kl - el/vn+h — 6_1/\/7H‘h7 kQ - el/vﬁ‘i‘h — e_l/\/n‘i‘h.
Then, replacing in ((3.11) and performing some computations and elementary sim-
plifications, we finally obtain the following equivalent linear algebraic system

sinh(1/y ¥ F) PR
\/7n+h(lcosh(1/\/7n+h))/0 wi (@30, 0)dw,

(1—\/n+hsinhﬁ)>\+(\/n+hsinh oshﬁ),u (

. —\ 1
— —smh(l/ n+h) / xw) (z;0,0)dw
vn+h 0

whose determinant is

1 1
D(h) =2 h sinh —— — cosh
(h) =2y + h sinh —=ep = cosh =g

It can be shown that the real function ®(s) := 24/ssinh ﬁ — cosh ﬁ — 1 possesses

a unique real root 3 ~ 3.448 x 10'5. Therefore, if > 5 then D(h) # 0 for all
h > 0 and the system which is equivalent to admits a unique solution
(A1, 1) € R?, hence problem (3.7)-(3.8)), with j = 1, is uniquely solvable. In the
case where n < 3, then D(h) vanishes only for h = 5 — 7, consequently the system
(3.12) which is equivalent to has a unique solution for every h < 3 — 7 and
so is problem — with j = 1. To summarize, let ng be the smallest positive
integer satisfying T'/ng < hg where

b T, ifn >,
0 min{s —n, T}, ifn<3.

Atp=

¢ 3.12)

1
m_

-1

Then we have shown that problem (3.7))-(3.8), with j = 1, admits a unique solution
wy = w)(; A1, 1) € H?(0,1) and consequently the solution u; € H?(0,1) of prob-
lem (3.1))-(3.3)), with j = 1, is uniquely determined via the formula (3.9) provided
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that n > mg holds. Replacing in (3.7) with 7 = 2, this latter is seen to admit
a unique strong solution wh € H?(0,1) satisfying (3.10) wiht j = 2. Thanks to
Lax-Milgram Lemma since fs + ﬁul € L*(0,1). Similarly as above, the function

wh(+; A, p) is seen to be the unique solution of problem (3.7)-(3.8) with j = 2 for a
suitable choice of (A, i) if n > ng is true. Accordingly, the solution us € H?(0,1)

of problem (3.1)-(3.3) with j = 2 is uniquely determined due to relation (3.9)).
Proceeding in this way step by step, we will be able to state the following result:

Theorem 3.1. There exists ng € N such that, for all n > ng and for all j =

1,...,n, the problems (3.7)-(3.8) and (3.1)-(3.3) admit a unique solution w; €
H?(0,1) and u; € H*(0,1) respectively.

So, for all n > ng, we can define the Rothe approximation (™ : I — H?(0,1)NV
as a piecewise linear interpolation of the u; (j = 1,...,n) with respect to time, i.e.

u(")(t) ZUj,1+§Uj(t—tj,1)7 t e [tjfhtj]a 7=1,...,n, (313)
as well as the corresponding step function @™ : I — H? 0,1)NV:

(n)(t) _ {Uj for t € (tj_l,th j=1,...,n.

u
Uy forte[=L,0]

(3.14)

4. A PRIORI ESTIMATES FOR THE APPROXIMATIONS

In this section, we will derive some a priori estimates which are the key points
to establish Theorem Note that, in the rest of the paper, positive constants
are denoted by C, C; (i=1,2,...).

Lemma 4.1. There exist C' > 0 such that, for all n > ng, the solutions u; of the
time-discretized problems (3.1)-(3.3), 7 = 1,...,n, satisfy the estimates

) flusll < €
(i) 6w < C.

Proof. First of all, we write problem (3.7))-(3.8) in a variational form. Suppose that
n > ng and let ¢ be any function from the space V defined in (2.1). A standard
integration by parts yields

/x(a: —¢(&)de = 3%¢, forall z € (0,1), (4.1)
0
where )
320 := 3, (Seg) = d dn.
30 :=9,(8¢0) = [ as [ olmin
Hence, taking z =1 in , we get

1 1 1
Sto= [(a-ge@ac= [ o~ [ eoea—o. (4.2
0 0 0
Next, taking for all j = 1,...,n, the inner product in L?(0,1) of equation (3.7) and
320, we get
1 dz’w]’
0 de

1 1
(x)%iqjdwn%l/o wj(x)siwx:/o (fj(x)+ﬁihuj,1(x))si¢dx.
(4.3)
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Carrying out some integrations by parts and invoking (4.2)), we obtain for each term

n :

1 72
d*w; 9 dw; 9 qz=1 dw;
[ ot = @20l - [0 @)9,00e

_wj(x)%w¢‘§ié +/0 wj(z)p(x)dx
= (wjv ¢)a

1 1
/ w;(2)I2pdr = / i(i‘%u@-)%id)dz
0 o dx

1
2 ,|x=1
= Sow; S0, — / Sqpw; Sy pde
0
—(wj,®) 1,

and

1
/0 (fj(z) + H%“jfl(x))%i¢dm

'd 1 )
:/0 %[%m(fj +hu] 1)]%x¢dx

1
z= 1
n+ huj—l)c‘}ﬂzﬂ(b’m:(l) - /O SL(f] + muj—l)gxgi)dx

1
__(f] +huj 1’¢)
So that (4.3) becomes
1 1 ,
(w;,¢) + m(wj,QS)B; =(f;+ mUjAa(i))B%a Vi=1,...,n (4.4)

Now, testing this identity with ¢ = w; which is in V thanks to (3.8)), with the help
of the Cauchy-Schwarz inequality we obtain

1
[ ||* + m”ijZBl < [IIfill s o 7l 1l 1] lw;ll 5,
from where we deduce
1
Jw;ll < |If5ll By + —” 7 lui-1llsy (4.5)
as well as
lwillgs < (m+ M) fillzs + luj—1llB1- (4.6)
Hence, (3.9) gives for all j =1,...,n
lallny < sl + — gl
h
< m((nJrh)llfjHB; + [luj-1llsy) + +h|| i—1llBs,

ie.,
lujillBs < hllfillBr + lluj-1llB:,
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then, iterating this last inequality, we may arrive at
i=j
lujlizy <Y lfillsy + 1Uollpy, Vi=1,....n. (4.7)

i=1
But, for all i > 1 we have in view of Assumption (H1):
1 fill By < 1f(ti,wim1) — f(t:, 0)l 2 + 1 (85, 0)| By < Ulwi-1llpy + M, (4.8)
where M := maxe || f(¢,0)[|py. So that substituting in (4.7),

i=j
lujllps < 2> Uli1lsy + M) + [|Uoll s
=1
i=j
= jhM + (1 +1h)[|Usl| s + lhz wi-1llBs
=2
i=j—1
<TM + (1 +lho)||Usl| gy + IR Z [uill B2
1=1

from where it comes due to the discrete Gronwall’s Lemma
luillpy < (TM+(1+ lh0)||U0||B;)€l(jfl)h'
Then
ujllpy <Cr, G=1,...,n, (4.9)
with C; := (TM—l—(l—i—lho)HUoHB;)elT. Then, From (3.6)), and ([4.8)), we have

the estimate
1

n+h
1
E(”wj”Bé + lluj-1ll52)

1
n
(4w 2yl + 0+ 1)),

16wl py = lw; = uj-1l 53

IN

IN

(tn+ WSy + 2153 )

IN

finally, due to (4.9)),
||5u]||321 < 027 .] = 1,--.,71, (410)

where Cy := %([(n + ho)l + 2] C1 + (9 + ho)M). Now, combining (4.5) and (4.8),

Jlw;ll < (1+ m)”%‘q”}g% + M.
Consequently by (4.9), we get

with Cs := (I 4+ %)Cl + M. On the other hand, iterating (3.9) we may obtain for
i7=1...,n
U; = h wj + U U j
J = n+h J n+h J—1
h U
= w; + (
n+h T n+h\n+

n
it m“j*)
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h n n \2
— 7wy + -~ Fwj-1) + (m) Uj—2

ij72+"'+( 1 )jflw@ +(

J
n+h )'Uo-

n n n
w; + w1+ (———
77+h[ T+ ! (n+h) n+h
So that by (4.11), we have

h noj—
sl < o= (sl = gl + G Pl 4 (Y el
+ o
(Y100l
Osh[ n UERY M \j-1
< 1+ + ++ (—=) 7 + U,
<R Rt G () Il
since 7 < 1. But
' 1—(-2)i
M _\2 n -1 n+h
1+7_|_ 4+ .+ J = -
n+h (n+h) (77+h) 1—m
< 1 77—|—h7
then
Csh n+h .
lugll < jh”h +|Usll = Cs + [Tol, for j=1,...,m, (4.12)

which proves estimate (i) with C' := C5 + ||Up||. Finally, using (3.5, (4.11) and
(4.12), we derive

1 1 ,
[[6u;]| < E(HU@'H + [lu;) < 5(203 +Uoll), forj=1,....n

(2C5+]|Up]|), and so the proof is complete.
g

Thus, estimate (ii) is proved with C' := %

We deduce the following estimates that we shall use later.

Corollary 4.2. For alln > ng, the functions u(™ and @™ satisfies the inequalities

) @Ol < &, @Ol < C, for all t € I,

(ii) |25~ @) < C, ae in,
(iii) Hu(")( t) —u™ ()| < %, foralltel
(iv) Hu(")( t) —ﬂ(")(t - %)H < %, forallt el.
Proof. Inequalities (i) follow immediately from Lemma (i) with the same con-
stant, whereas inequality (ii) is an easy consequence of Lemma (ii), also with
the same constant, noting that we have

du(™
dt

As for inequalities (iii) and (iv), since we have

7 () — () = (b — )uy, Vi€ (tjor,ti], 1<G<m,

(t) =6u;, Vte(tj—1,t], 1<j<n.

and T
g™ (t) —a™ (- =) =uj —uj_1, VtE (tji_1,t;], 1<j<n,
n
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it follows that

2™ (4 — u™ (] < ,
7 (6) = u O] < b max fJou ], Vel

and T

™) —a™ (- )| < ,

70 7 - )l < b max [dusl, Ve
Hence, applying Lemma (ii), we get the desired inequalities (iii) and (iv) with
C := T (205 + | Uol))- O

5. CONVERGENCE AND EXISTENCE RESULT

Using relations (3.5 and (3.6]), we can rearrange the variational equations (|4.4))
as follows

(6uj7¢)B21 + (’U’J?¢) +77(6uja¢) = (fj7¢)B;7 qu) S ‘/7 J = 1; cee, 1.
If we define, for all n > ng, the abstract step function f(n) I xV — L*0,1) by
—(n) .
f (t,v):f(tj,v), tE(tjfl,tj}, j=1...,n,

the previous equations may be rewritten as

u(™ 0 o
(B20),0) 5y + @0(0),0) + (Lo (00,0) = (T (650~ 1)),0) 5y, (1)

for all ¢ € V', t € (0,T]. Before performing a limiting process in the approximation
scheme ([5.1)), we have to prove some convergence assertions.

Theorem 5.1. The sequence {u'™ },~,, converges under the the norm of C(I,V)
to some function u € C(I,V) and the error estimate

n c
[u" = ullewyv) <~ (5.2)
takes place for all n > nyg.
Proof. The main idea of the proof is to show that {u(™},~.,, is a Cauchy sequence
in the Banach space C(I,V). Let u(™ and u(™ be the Rothe functions (3.13)
corresponding to the step lengths h,, = % and h,, = % respectively with m > n >
ng. Testing the difference of (5.1) for n and m, with ¢ = u(™(t) — u(™)(t) (€ V),
we get for all t € (0,77:
d
(7 (W™ () — u™ (1)), ul™ (t) — u™ (t))
dt
+ @™ (t) —a™ (), u™ (t) — u™ (1))

+ n(% (W™ (t) — ul™ (1)), u™ () — ul™ (1)

_ (f(”)(t,ﬂ(”)(t - %)) 7 @ am (-

By

N—

319

D) —utm (D)

B3
or after some rearrangement
1d d
S TP O PP O WY TE R B T O NN CO TR T CO PRI 7 COFATE
5 2 ) = a3y + 5 S @) = u @) + 7 @) - 7 o)
= @™ ) —a™ @), @) - u™ ) + (@™ () - 7™ (1)) (5.3)

(7706 - ) = F a6 - D)) a0
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But, from the fact that

<) _(n T .

f " (t7u( )(t - E)) = f(t]7u]—1) = f]) vt e (tj—latj]7 J= 1,...n,
we deduce, in view of (4.8)), that

77w (= =)y < max [1f;lls

1<j<n
< lél]agxn luj—1llpy + M, Vtel.
Therefore, due to (4.9)),
17 (@™ (t - Ny <IC1+M, Viel (5.4)

Thus, from the identity

o o) u(™)
@™ (t),¢) = (f( )(W(n)(t - %)) - %(t)’(b)B; B ”(ddt ®),9),

for all t € I, ¢ € V, which follows from (5.1]), due to (4.10), (5.4) and Corollary
[4.2](ii), we obtain

—(n T
(@), ) < [IT" (67 = ) lsy +
<Cillgll, Viel, VeV,

) du(™
dt

du
s + 7

(n
dt

O]l

(5.5)
with Cy :=1Cy + M + Co + 2C3 + ||Up||. Applying (5.5) for

6= @™ (1)~ u™ (®) + (™ (1) - 7 (1),

together with Corollary [4.2] (iii), we can dominate the first term in the right-hand
side of (5.3 as follows

(@) () = T (1), @ (0) ~ u(0) + @) - 7™ (1)
<204 (|7 (6) — u (B + 7 1) ~ u™ O] (5.6)

1 1
S(%Q;+;ﬁ% Vte I,

with Cs := 294L(2C5 + ||Up||). It remains to majorize the second term in the right
hand side in ([5.3). To this end, we use the Cauchy inequality

1
Ozﬁéga2+2—ﬂ2, Va,B € R, VeeR:,
3
for every € > 0:

(F 70— 1)) 7™ 60 (¢~ ), (1) — ) (1))

By

N

< 7™ a™ e = =) = F™ 7™ (¢ = =)y llu™ () = u™ (1) 5

T —(m T
) =TT (= )y

1 n m
oo () —ut @) 5y, Ve T

3

(5.7)

IN
N ™
=L
g
S
\.@F
el
3
=
=
\

Now, let ¢ be arbitrary but fixed in (0,7]. Then there exist two integers k and ¢
corresponding to the subdivision of I into n and m subintervals respectively, such
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that t € (tx—1,tk] N (ti—1, ;). Hence thanks to the assumed Lipschitz continuity of
/s

2 0y T\ ) —my T2
7 @m0~ ) =T (6w - )R,
om, T o T
= |If (te, @™ (¢ — g)) — f(ti, @™t~ %))H%;
T T
< 2l — il {1+ 18~ )Ly + 1E™ 6~ D)y}

T T 2
Tt — 2y —am (- —
+ a0 = =) =7 = gy
2 am i — Ly _ g
< 8| (o + o) (L sy + e ly) + 7 = =) =7 ()]

—(n —(m =(m u\m T ?
) = T @)y + 7))~ T~ )

t— —
m

Then follows with consideration to (4.9) and Corollary (iv) that

7y zmyg Ly ) ey L2
17 (t ™ (¢ n)) F(eut™ m))”B;
11 T 1 1. o >
< ZQ[T(E + E)(l +2Ch) + 5(203 + ||Uo||)(g + E) + |[@a™(¢) — @ )(t)HBg]
1 1 1
=1[T(1+2C; + 5(203 + ||U0H))(E + E) + la™ (t) *ﬁ(m)(t)HB;]z
1 1 1 1
< 2 20~ )2 _ _ 7(7’1,) 1 7(m) 1
<l [Cﬁ(n + m) +206(n + m)(”“ ®llsz + @™ ) B2)
7 @) - 7 (1) 3]
1 1
< 2/ 2 2 - - 2||7=(n) _ =(m) 2 L
< (CoP (- + ) + AP + =) + BT () ~a™ ()3, Vi€,

with Cg := T(1 +2C; + %(203 + |Uol)). Thus, setting C7 := (ICg)? and Cg :=
412CsC}, we write

o T\ ~m T
7 @m0 - ) = 7 6 a - )

11 11 (5-8)

<Cr(= 4+ =)+ Cs(= + =)+ ™ @) —a™ @)%, Vtel;
(4 ) A Gl ) HE[E () — )5

therefore, going back to (5.7, we have
F) o =) Ly F 0y Ty )y g, m)
(7 a6 ) =7 R ) ) )
<fot v ey fot v Ly et —atm o) (5.9)
-2 7 n 98 no o m 2 Bj

]' n m
+£||u( J(#) —u™ (O, VEEL

Now, combining (£3), (5-6), (£-9) and (2:3), we get
d

= (I () = u @1y + nlu @) = u™ )) + 2 (¢) —at (1))

1 el?

1 1 1
<Ot + )P+ (eCs +205)( + )+ a0 - T )

m
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1
+ —Jlu™(t) —u™ @), Vtel
2e
Hence
EZQ — —(m
ndtllu(")() u(m)(t)\|2+(2—7)Hu(")(t)—u( ()2
<O (E + L 4 (O +205) (2 + )+ = ™ (1) — ™ ()2
- n m n m 2e

Choosing € > 0 so that 2 — 7 =0,ie €= 12 and integrating the just obtained

inequality between 0 and ¢ taking into account the fact that u(™ (0) = u("™ (0) = Uy,
we get for all ¢t € I:

™) () — ™ 1)
4C;T,1 1 2T 20, 2ot "
ot O+ o+ [ ) =)

nl2 ‘n m

Then, by Gronwall’s Lemma,

1 1 1 2
4™ @) — w M@ < [Col- + )2+ Crol + )]ehit Ve,
with Cy := 45{; and Cqg := (208 + C5). Accordingly

1 1 1 1 4172 2z
() —u™ (@) < [Co(= + =) + Cro(= + — o, Vel
[ (t) =™ (@) < [Col— + —)* + Cro(— + —)] e, €

Then, taking the upper bound with respect to ¢ in the left-hand side of this in-
equality,

1 1 1 14172 2z
(n) _,,(m) < [Co(= + )2 4+ Cio(= ek 510
[[u u™ ey < | 9(n+m) + 1o(n+—m)] eTon (5.10)

which shows that {u(™},~,, is a Cauchy sequence in C(I,V). This implies the
existence of a function v € C(I, V) such that u(™) — v in this space. Moreover, let-

2
ting m — oo in (5.10) we obtain the error estimate (5.2)) with C' = /Cy + CloellTZ;,
what completes the proof. O

We write down some results for the limit-function wu.

Corollary 5.2. The function u possesses the following properties:
(i) ue COYI,V);
(ii) w is strongly differentiable a.e. in I and d“ € L>°(I,L%0,1));
(iit) @™ (t) — u(t) in V for allt € I;
)

dull s du gy [2(112(0,1)).

(iv
Proof. On the basis of Corollary (i) and (ii), uniform convergence statement
from Theorem and the continuous embedding V — Y := L%(0,1), [9, Lemma
1.3.15] is valid for our special situation yielding assertions (i), (ii) and (iv) of the

present Corollary. The remaining assertion (iii) is an immediate consequence of the
combination of Corollary (iii) with the convergence result stated in Theorem

1 O

Collecting all the obtained results, we can state our existence theorem.
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Theorem 5.3. The limit function u from Theorem is the unique weak solu-

tion to problem (1.5)-(L.8)) in the sense of Definition . Moreover, u depends
continuously upon data f and Uy, namely the inequality

t
g, () =™ () < C(IU5 U3 1+ [ 17 (5 (6) = £ (0 (9) )
(5.11)

holds for all t € I, with some positive constant C' depending only on 7.

Proof. Existence. It suffices to check all the points (i)-(iv) of Definition
Obviously, in light of Corollary [5.2] the first two points of Definition [2:2]are already
fulfilled. Moreover, since u(™ — w in C(I,V) as n — oo and, by definition,
u(™M(0) = Uy, it follows that u(0) = Uy holds in V so the initial condition is
also fulfilled, that is point (iii) of Definition takes place. To show that u obeys
the integral equation , we investigate the behaviour as n — oo of the integral
relation

(u(t) = Vo, ¢) gy + / (@™ (r), ¢)dr +n(ul™(t) - Uo, ¢)
0 (5.12)

t
[ (FV(ame - L
_/O (7" (ra(r n)),qﬁ)B;dT, VoeV, Viel,

which results from by integration over (0,t) C I noting that u(™(0) = Up.
This requires some additional convergence statements.

Firstly, since u(™) — wu in C(I,V) and since for all fixed ¢ € V, the linear
functional v — (v, @) B} is continuous on V', we deduce that

(W™ (t),0) — (ult),9), VoV, Vel (5.13)
(W™ (t),0) py — (u(),0), VOEV, VEEL (5.14)

Secondly, by virtue of (5.5 the Lebesgue Theorem of dominated convergence may
be applied to the convergence statement (iii) from Corollary giving
t

/ t @™ (), ¢)dr — [ (u(r),¢)dr, Vo€V, Vtel (5.15)
0

n—oo 0

Thirdly, in view of Assumption (H1), we have

7™ (ra = ) = £ () sy

= 17 (13,5~ 1)) = fru(r)

< Uty =71+ il gy + llu()sy) + 77 (7 — %) —u(7)ll ;]
for all 7 € (t;-1,t;], 1 < j < n; therefore

—n T 9 T
17 (7,7 = =) = f(ru() sy < = +UE (7 = —) = w15y,

for all 7 € I, where C := IT(1 + C1 + |Jul|¢(1,v)). However, with consideration to
estimates (iii)-(iv) from Corollary [4.2] and inequality ([5.2)), we can write

—(n r —(n T —(n
Il (r — ) um)llsy < [z (7 — =) —a™(7)]
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+ @™ (r) = a™ ()] + u™ (7) = u(r)]

1
SC(E'FW), vrel,
whence T c
= —n
17" (@™ (r — g)) — f(ru(r))llBs < 7z VT e,
and then
—n T
7 (r ™ (7 — o)) — f(ru() B0, vrel. (5.16)

Now, due to (5.4) the function |(7(n (T, ™ (1 — Z)),qﬁ)Bé\ is uniformly bounded

with respect to both 7 and n. So the Lebesgue Thgorem of dominated convergence
may be applied again to ([5.16) yielding
t —(n) T t
/0 (77 (1 - D)).0) ar — (rur)).0) g (5.17)

B% n—oo

for all ¢ € V and all t € I. Then, by (5.13)), (5.14) , (5.15) and (5.17), a limiting
process n — oo in ((5.12)) leads to

(0l) = Une8) gy + | (). )+ nult) = Unnd) = [ (5(rutr)). )

for all € V and t € I. Finally, the differentiation of this last identity with respect
to t recalling that u : I — L2(0,1) is strongly differentiable for a.e. t € I, leads to
the required identity . by the aid of the equalities % (u(t), P)py = (du(t), ) By
and ) which hold for all ¢ € I and all ¢ € V. Thus, u weakly

solves problem .

Uniqueness and continuous dependence upon data. Let u* and u** be two
weak solutions of problem — corresponding respectively to (Ug, f*) and
(Ug*, f**) instead of (Uy, f). Subtracting the identity written for u** from
the same identity written for u* and inserting ¢ = u*(¢t) — w**(¢) in the resulting
relation, we get by integration over (0,7), with 7 € I :

30 = (Ol = 310 0) Ol + [ ) - w0
77 * * 3% 2 77 * * K 2

+ 5w (1) = (DI = S llw(0) = w (0)]]

S R GO R T OREUE ) s

hence, ignoring the first and the third terms in the left hand side, we obtain

lu* (7) = ™ (7)]|?

( 5 T D0 =™ (0 )||2+@ max [|u”(t) — u ()]

/ 1Pt () — 7 ™ (1) |yt
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1 V2
< 7 * k% * _ kK v * _ kK
_<2n+1)IIUo Us IIOQ%XTHu (t) —u™ ()| + " Orgtaél\u (t) —u™ ()|l

xAwam@wﬁmeWM@ﬁ

sﬁ%+m%—%m+f4ﬁmwm»¢%m%m@ﬂ

* K
X max Ju’ (1) = u” (1),

where (2.3]) has been used. Consequently for all s € [0, 7], we have

lu*(s) — u™ ()|

sk;+wmww+fﬁlmmw»fwwwm@ﬁ
u (@),

x max0 <t < 7l|u*(t) —
whence

* K 2
max [lu*(s) = u™(s)]

<(%+MW—WW+?%IF&MW—fWMWM%M

X max fu”(t) —u (0]

from which the estimate (5.11) follows with C := max(% +1, ?) This implies

the uniqueness as well as the continuous dependence of the solution of (1.5])-(1.8))
upon data. So the proof is complete. ([
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