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DYNAMICS OF A NON-AUTONOMOUS STOCHASTIC WEAKLY
DAMPED PLATE MODEL WITH CRITICAL EXPONENT

LAN WEN, LU YANG

ABSTRACT. In this article, we study the long-time behavior of the non-autonomous
stochastic weakly damped plate model with critical exponent. By decompos-
ing the solutions of the system and estimating the bounds of solutions in a
more regular space, we obtain random attractors, when the external term is
time-dependent and the nonlinearity has a critical growth.

1. INTRODUCTION

In this article, we consider the non-autonomous stochastic weakly damped plate
equation with critical nonlinearity and additive white noise,

Ut 4 g + A2u+ M+ fu,z) = gz, t) + (@)W (), zeUt>r7eR,

0
u(z,t)ov = $U|6U =0, t>27,7eR, (1.1)

w(z,7) =ur(x), w(x,7)=u(x), €U 7€R,

where U is an open bounded set of R™ with a smooth boundary OU, u(t) = u(z,t) is
a real-valued function on U x [1,00), 7 € R, A > 0, @ > 0, the external term g(-, )
€ Cp(R,HE(U)), Cp(R, H3(U)) denotes the set of continuous bounded functions
from R into H3(U), h € H3(U). W is a two-sided real-valued Wiener process on
a probability space (2, F,P), where Q = {w € C(R,R) : w(0) = 0}, the Borel o-
algebra F on {2 is generated by the compact open topology, PP is the corresponding
Wiener measure on F. For any ¢t € R, we can define a mapping 6; on 2 by
0:(+) = w(t+)—w(-) for w € Q, then (Q, F, P, (0;)ter) is an ergodic metric dynamical
system.
The nonlinear term f satisfies the following assumptions:

(A1) f(u,z) = f1(u,z)+ fo(u,x) and there exist positive constants cg, c1, ca, cs3,
c4, cs, and functions 3; € LY(U), i = 1,2, such that for z € U, u € R,

0 < Gi(u,z) < coufi(u,z) < e1Gr(u, x),

G1(u,x) :/ fi(r,x)dr, (1.2)
0
fre C*(R,R), fi,(0,2) =0, [f,(u,2)| <calul??,
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Wher62<q<ooifn§4,and2<q§ﬁifn25;

fo(2) € CHRR), [y u(u,2) s+ [uf’), 0<p<q-1, (1.3)
calu|™! = Bi(z) < G(u, ) < csuf (u, x) + dou’ + B2(2),

G(u,z) = /O“ f(r,x)dr,

for some 0 < §g < CTE’%, where A1 is the first eigenvalue of operator A = —A\.

The plate equation arises in the nonlinear theory of oscillations, and our problem
has strong background in mathematical physics, the main motivation of the
study comes not only from applications, but also from the mathematics, here the
time-dependent external forcing and critical nonlinearity require more complicated
techniques to some extent. In recent years the asymptotic behavior of the plate
equation has been considered extensively in many papers(see, e.g., [1I @, 111 [12]
14, 25]). For the deterministic plate equation without noise (i.e., h = 0), [II}
12] established the existence of global attractors for localized damping, in [I], 25],
the authors dealt with the plate equation with nonlinear damping; Von Karman
equation is also one of the most important plate models (see [5] [6, [13] for details).

As for the autonomous stochastic system (where the external term g is indepen-
dent of t), for the wave equation, if the nonlinearity f has a subcritical exponent,
the existence of random attractors have been investigated in [I0, 28]. When f
has a critical exponent, the existence of random attractors have been considered in
[16, 26]. For the autonomous stochastic plate system, the authors in [I7] proved the
existence of random attractors for plate model with strongly damping, [I8] showed
the random attractors for plate equation with linear memory.

When the forcing term ¢ is time-dependent, for the non-autonomous stochastic
wave equation, if f has a subcritical growth, the existence of random attractors were
studied in [I5] 20, 22], and [29] B0] showed the upper bound of fractal dimension
of random attractors. When n = 3 and f has a critical exponent, the existence
and boundedness of fractal dimension of random attractors have been successfully
obtained for both additive noise and multiplicative noise, see [23| 24]. However,
to the best of our knowledge, the non-autonomous stochastic weakly damped plate
equation is less discussed, especially for the non-autonomous external term.

In this article, inspired by the ideas in [23], 24], we analyze the dynamical behav-
ior of the non-autonomous stochastic weakly damped plate equation. Under the
assumptions that the external term g is time-dependent, and the nonlinear team f
has a critical growth, by decomposing the solutions of system through two different
modes, we estimate the bounds of solutions in a higher regular space, and then es-
tablish the existence of random attractors. For the existence of random attractors,
some kind of compactness of the process is a key ingredient, when verifying the
pullback compactness, it is important to deal with the critical nonlinearity.

This article is organized as follows. In section 2, we give some preparations for
our consideration. In section 3, we estimate the bounds of solutions. In section
4, we decompose the solutions of the equation into two parts: one part decays
exponentially, another part is bounded in a higher regular space. In section 5, we
obtain the existence of random attractors of the system .
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2. PRELIMINARIES

In this section, we recall some basic concepts of pullback random attractors
2,17, ]

We know that self-adjoint positive linear sectorial operator A = —A has eigen-
values {A;}ien such that 0 < Ay < Ag < --- < A, < .00y A, — +00 as m — +00.
For r € R, the r-th powers A" of A can be defined. Denote Vi, = D(A"), and
it is a Hilbert space with inner product (u,v)s, = (A’"u A™). The injection
V., < V,, is compact for any 71 > 7y and Vp = L? (U) Vo = HZ(U). Write
E" = D(A™1) x D(A") for r € R, and let E = H2(U) x L*(U). Denote the inner
products and norms of L?(U), HO( ) and E by

(u,v):/uvd:ﬂ, lull? = (u,u), Yu,v e L*(U),
U

(u,v)e = / AulAvdz, ||u||§ = (u,u)2, Yu,v€ HS(U),
U

(y1,¥2) B = (u1,ug)2 + (v1,v2), Vo = (wi,v)" € E, i =1,2,
Iyl = llull3 + 1lol?, Yy = (u,0)" € E.

First of all, we transfer the stochastic differential equation into a random
system without noise term. Write z(f:w) := —af #(Gw)( )ds (t € R) as an
Ornstein-Uhlenbeck stationary process which can solve the equation dz + azdt =
dW(t). From [2, 3, @, B0], we know that t — z(6ww) is continuous in ¢ for almost
every w € ) and
F(1+r)

tl}glooe T2(0_w)| =0, Vv >0; E[|z(0;w)|"] = \/L

for all » > 0 and ¢ € R, where I' is Gamma function. Actually, as z(f;w) is Gauss
stationary process with expectation 0 and square variance i [2,[9, 20]. Then for
any r > 0 and t € R, by [23],
1—\ 147
G

1 147
Ellz(0w)|"] = 2 .
el = [ =
For simplicity, in this paper, we write a.e. w € 0 as w € (2; all the numbers ¢;
(7 € N) below are independent of (w,7,t). Let

(2.1)

Ao
a? 4+ 3\’
Then can be changed into the stochastic system in the Hilbert space F,
¢+ Ap = F(p,0w,t), t>r,

90(7’ w) = ()07'(("')) = (U’T? Ul,r + €Ur — h(:z:)z(@Tw))T,

wZ(g)v A:<A2e€(f)ze)l (a_IE)I)

B h(z)z(0w)
F(p,0u0,t) = <_f(u, z) — M+ g(a,t) + fh(x)z(etw)>

Following the arguments in [I6] [I'7, [I8] 20l 26], it can be proved that for any
vr = o(T,w) € E, problem (2.2)) is well-posed in E; that is, the (weak) solution

v =1 +eu— h(x)z(0w), €= t>7, TeR

(2.2)

7 € R, where
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o(, 7, w, @) of (2.2)) exists uniquely and globally for ¢ € [7,00), and (-, 7,w, @) €
C([r,00); E) can define a continuous cocycle on E, ® : Rt x Rx Q x F — E,
(ta 7, wv <)O‘F) = (b(ta 7, W)SOT (w) by

O(t, 7,w)or (W) =t +7,7,0_;w, 0 (0_rw))
_ Ut + 7,700, 7 (0—r0))
N Ut(t +7,7,0_;w, 907') + 5u(t +7,7,0_;w, 307') - h(x)z(etw)
over R and (Q, F,P, (6;)tcr), where ®(0,7,w)p,(w) = ¢, (0_,w) and
O(t, 7 —t,0_1w)or—t(0_w) = o(1, 7 — t,0_;w, or (0 _rw)).
We notice that the initial data u.(x), u1,(z) of is independent of w, con-
versely, u(t, 7,w, ) and u(t, 7,w, z) depend on w for ¢ > 7.

Next, we recall the definition of random attractor and the existence criterion of
random attractor for cocycle .

Definition 2.1. A family K = {K(7,w) : 7 € R,w € Q} € D(E) of nonempty
subsets of E is called a measurable D(E)-pullback attracting set for ® if

(i) K is a measurable with respect to F in 2
(i) for all 7 € R,w € , and for every B € D(E),
lim dg (®(t, 7 —1t,0_w,B(t —t,0_w)), K(1,w)) =0,
t—+o0

where dg (-, -) denotes the Hausdorff semi-distance between two subsets of
E.

Definition 2.2. A family A = {A(T,w) : 7 € R,w € Q} € D(E) of nonempty
subsets of E is called a measurable D(E)-pullback random attractor for ® if
(i) A is a measurable in w and compact in E for any 7 € R, w €
(ii) A is invariant, ie., for any 7 € R, w € Q, t > 0, (¢, 7,w, A(T,w)) =
A(T + t,0w);
(iii) A is an attracting set in D(FE).

Lemma 2.3. [2 B] If ® has a compact measurable (with respect to F) D(E)-
pullback attracting set K in D(E), then ® has a unique D(E)-pullback attractor A
in D(E) given by: for each 7 € R and w € (Q,

A(T,w) = NMp>oUisr (t, 7 — £, 04w, K (T — t,0_4w)).

3. BOUNDEDNESS OF SOLUTIONS

In this section, we obtain bounds for solutions. Define D(E) as the collection
of all tempered families of nonempty subsets of E with respect to (0;)icr [21],
which means, for every B = {B(1,w) C E: 7 € R,w € Q} € D(E), it holds that
for any v > 0, w € Q, lim;_,o e V|| B(7 + t,0,w)||p = 0, where ||B(1,w)|r =
SUPzeB(r,w) ||‘TH
Lemma 3.1. For any 7 € R, w € Q, there exists a tempered variable Mo(w)(
independent of T) such that for any set B € D(FE), there exists T(r,w,B) >
such that the solution o(T,7 — t,0_,w, p;_+(0_;w)) of with pr—(0_,w)
B(1 —t,0_,w) satisfies

le(r, 7 = 1,0 s, ort(0+w))llp < Mo(w), Vt=>T(r,w,B),

0
€
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that is, the closed tempered measurable ball Bo(w) = {¢ € E : ||¢|lg < My(w)} of
FE satisfies

O(t, 7 —t,0_4w,B(r —t,0_4w)) C Bo(w), Vt>T(r,w,B). (3.1)
Proof. For any 7 € Rjw € Q,t > 0, let p(r) = o(r,7 — t,0_,w, or—(0_;w)) =

(u(r),v(r))T € E (r > 7 —t) is a solution of (2.2) with (7 —t) = p,_4(0_,w) =
(Wr—tyu1 7t + EUr—y — h(x)2(0_4w))T € E. From (A1) we obtain

1 - 1
(f(w,2),u) = —G(r) = clull; = =
) > (3.2)
Jul™ de < —[G(r) + Bi], [f(w,2)| < eo(1+ [ul)?,
U 4
here G(r f G(u ,x)dz, Bi(x) = [, Bi(w)dx, i = 1,2. Taking the inner
product of in E Wlth o(r), for r 2 T —t, we have
1d

L () + 26 () + 281 + Aul®] + (A @) + £(F,2) + Aus, )
= (f(u,z) + Au, h(z)2(0,—rw)) + (h(2)z(0r—rw), u)2 (3.3)
+(9(z,7) + eh(2)2(0r—7w), v).
From [9, [30] we obtain
(Mg, 9z 2 SOl + ol®) + S ol (3.4

So we can deduce that

(f(u,z) + Au, h(x)z(0,—rw))
< erlo 0| (I + ] a7 o)

N[l tda) 7 n) g )
< erle @) (I + (GO) + Bl Pl
(2166 + 3) 1l s (35)
< cal[l(6,r0)| + s (- (Gr) + 311) " s 20—

+c8x(é[é<r>+5ﬂ)q“ IR w52 1208, —r)

< cr||hllz(0r—w)] + 275(?( r) + coB1 + cro|[BllF T |2(8r—rw)|H

g+1

a+1
+enllhlly” [2(0—rw)[

where c11 depends on A,

(h(z)2(0,—rw),u)g <

O

€
22 (Or—rw)||RII5 + gHUIlga (3.6)
and

(9(z,7) + eh(2)2(0;—rw), v) < ~[llgll* + 2% (Or—rw) |2 ]]*] + %IIUIIQ, (3.7)

1
o
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where |[|g||* = sup,.cg [lg(-,7)||* < oo. From (3.3)-(3.7), we obtain that
d
Y1) +oy(r) < q(0r—rw), Vr =7t (3.8)

where p = min{§, 535-} and

y(r) = lo()IE + 2G(u) + 281 + Mull* > llo(r)|1%,
4 2
q(0r—rw) = gzz(Gr,Tw)HhH% + P [HQHQ + 5222(97“77“’)‘%”2]
+ crl|hll|2(6r—rw)| + 2¢0B1 + crol|R[|S T |2(6r—rw) |7

o+l gt1  4e - .
enllhllo™ |26 T+ B2 + 2051
5

<cp2+ 013|Z(9r77w)‘q+17

where c¢13 depends on A. By (3.2)), we have
- - A
B <G+ Gl < cun (14 [ Julde) Al < eas (14 g,
U
where ¢15 depends on \. Using the Gronwall’s inequality to (3.8) on [r —¢t,r] (r >
7 —t), we can deduce that for r > 7 — ¢,
Y (7‘, T —t, 0*7'(“)) wT*t(ngw))

S Y (T - t7 T = t7 Q—va L)0‘1'—15(9—7'(*})) e—p(r+t—7)

r (3.9)
+ / q(0s_rw)e P9 ds,
T—t

where
y(r—t, 7 —t,0_rw, 07 4(0_;w)) < ”‘pT—t(G—TW)”QE +2c15(1 + ||u7'—t||g+l) + 2/817

and
T

/ q(as—rw)eip(rﬂ)ds < % + C13/ ‘Z(es—TW)|q+1ef"(r75)ds.

-t T—1
From (3.9) we obtain
lo(r, T —t,0_rw, or(0_0))||%
< (lpr-2(0-r) 1 + 2615 (1 + uy o §71) ) =417
+ 6 + 613/ 12(0s—rw)| e P ds,  Vr>1 —t.
T—1
So we have
(T, 7 —t,0_rw, or_t(0_ )%

1 _
< (Iprmal0-r) s + 2151+ fur—aly™)) e .10)

0
+ci6 +ci3 / |2(0,w)| 9 ePo ds.

— 00

For any set B(r,w) € B € D(E),
Ort(0_rw) = (Ur—gu1 7t + sy — h(x)2(0_w))" € B(T —t,0_w) € D(E),
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we obtain
tim sup ([lgro(0-r0)[% + 2e15(L+ fur—e57) )7 = 0. (3.11)
t—+o0
Writing
0
M (w) = 2(c16 + 013/ |z(95w)|q+1e"sds) < o0, (3.12)
—o0

this is a tempered random variable, then from (3.10) and (3.11), there exists
T(7,w, B) > 0such that o(7, 7—t,0_,;w, or_+(0_rw)) € Bo(w) for allt > T'(1,w, B),
i.e., (3.1)) holds. O
By (3.1), then there exists T'(7,w, Bp) > 0 such that
o(r,T—t,0_rw, By(0_1w)) € Bo(0r—rw), Vt>T(r,w,By), T—t<r <7. (3.13)
q+2
From (2.1)) and (3.12)), for any 7 € R, we have E (Mg (HTw)) = 2(016 +cl3% \1;%)
and for k > 1,
E(Mg*(0,w))

0 k—1 0
< 92k {C’fa+clf3(/ em’“ﬁ/ﬁds) E(/ e%pslz(9s+rw)|(q+1)kds)} (3.14)

2(k — 1)>k—12I‘(1+(‘12+1)k)

_ 92k | k k
=2 {016+013( i ko fra

| <o

4. DECOMPOSITION OF SOLUTIONS

In this section, we decompose the solution of into two parts, one of them
decays exponentially and another one is ultimately pullback bounded in a more
regular space. For this goal, we make two methods of decomposing the solutions of
(2.2) with different initial data.

For any 7 € R and w € , let

Bl (Ta w) = UtZT(T,w,Bg)(p(Tv T — tv 9_7—&), BO (e—tw)) c BO (w)

Let o(r) = o(r,7 — t,0_;w, or—¢(0_rw))(r > 7 —t,t > 0) be a solution of (2.2)
with @, _+(0_;w) € Bi(t — t,0_w) C By(f_iw), then by (3.13) we know that
o(r) € Bo(0,—rw) for all r > 7 — ¢,

lo(r, 7 —t,0—rw, pr—(0—-w))||E < Mo(6r—rw). (4.1)
4.1. Decomposition of solution I. First, we decompose p(r) = ¢1(r) + @a(r).
Here ¢1(r) = (u1,v1)" and pa(r) = (ug, v2)" satisfy
o1+ A1 + Fi(p1,2) =0, r>7—t,

or(T — 7 — 1,010, 07 1(Br0)) = Pr1(0_r0), (4.2)
and
P2+ Apa + Fa(p,01,2) = F3(0,—rw,7), 17>7—1,
0o —t, 7 —t,0_ 1w, 0, _(0_,w)) = (0,0)T, (4.3)
where

v =ur +eur, V2 =gy +eug — hiz)z(w),

0 0
Filen, o) = <f1(u1,x) +)\u1> > By ) = (f(u,x) — fi(ur, ) +)\u2) ’
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B h(z)z(w)
Fy(w,r) = (g(x,?“) +€h(x)z(w)> .

Next we appraise the part ¢.

Lemma 4.1. For any 7 € Ry,w € Q, t > 0, there exist a constant o1 > 0 and
a tempered random variable My(w) > 0 (mdependent of t and T) such that the
solution p1(r) = o1(r, 7 — t,0_;w, pr—+(0_,w)) of . satisfies

o1 (r, 7 —t,0_rw, 0r 1 (0_rw))||lp < My(O_w)e =T Vp>7 ¢ (4.4)

Proof. As f, we take the inner product (-, )g of . with @1 = (ug,v1)".
1.2

Then from ({1.2)) and -, the following mequahty holds for r > 7 —t,

d = 2 -

o7 [lor(MIE +2G1(r) + Ajua 2] +e([Jua I3 + oa %) + E(Gl(r) +Aur]?) <0
here G1(r) = [,; G1(u1(r,z), z)dz > 0. Therefore,

%yl (r)+201y1(r) <0, Vr>71-—t, (4.5)
where

~ . (€ €
n(r) = ler(MlE + 261 (w) + Mlwa |* > llon (), o1 = minfg, s

Using the Gronwall’s inequality in (4.5)), we obtain that

ler(ME < w(r) < ya(r — t)e 22 Hr=7)
(617”% 1(0—+w)||% + 2¢15(1 + [Jur— t||q+1))ei2al(t+rq)
(4.6)
< cig (1 + Mg+1(9_tw))e—2m(t+r—f)
= M2(0_jw)e 2077y >t
O

For the part @9, we have the following estimate.

Lemma 4.2. For any 7 € R, w € Q, t > 0, there exists a positive-value random
variable Ma(t,w) > 0 such that for r > 7 —t, the solution p2(r) = (u2,va)" of
(4.3) satisfies

A" g (7,7 — ,0_rw, or ) ||> + | A 02 (T, T — 1,0 _rw, 07 ) ||? < Ma(t,w) (4.7)
with a positive constant

1 n—4 4—(n—
4 4

p }>o. (4.8)

I/—Inln{
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Proof. Taking the inner product (-,-)g with A%V¢y = (A% uy, A2 v2)T of (4.3), we
obtain

1d
2dt (”ADHWHZ + ”AVWH2 + 2/ [f(u,z) = fi(ui, ) + )\uz]AQ”uzdm)
U

+ (Aga, A2”g02) + E/U [f(u,x) — f1(ur, z) + Aug] A% yodx

- /U [(f{u<ua T) — f{,u(ula 30)) Uyt + fz/,u(U, T)ug g (4.9)
+f1 (u, )ug ¢ + Aug | A% ugdx
= (f(u,2) = fi(uy, ) + Mg, A h(z)2(6,—-w)) + (h(a:)z(@,«_ﬂ,u),AQVuQ)2
+ (g(z,r) +eh(z)2(0,—rw), A% vo), Vr>1—t
Similar to —, we obtain that for r > 7 — ¢,
(Ao, A 02) = S| A" gl + 5 [ 4% val” + 51 A% 00,
(f(u, x) — fi(ur, z) + Aug, A2”h(x)z(6'r,7w))
< 1o (14 MU, w) + M (0r—rw0) + 22(6,10) ),

(h(x)z(QT_Tw),AQ u2)2 < EZQ(GT—TW)HhH% + E”A +1u2||2,
14 2 [ v
(9(z,7) + eh(x)2(0r—Fw), A% vy) < a[||9||§ + 222 (0, —,w) || h[|3] + 214 va)?,

where ¢19 depends on A and [|g||3 = sup,.cg [|9(-,7)||3 < oc. Using Holder’s inequal-

ity, (L.2)), (1.3), (4.1)), and (4.4), we have the following estimates for r > 7 — ¢,
/ fh(u, x)ug,; - A% ug dz
U

Sczo/ (14 (0] fuig ]| A% s da
U

n—4+4v

n 2/7l 2n 2n 2n ”;:V
< o1 /(1+|u‘q71)5d‘r / |A2Vu2|4"’4+4”d1’ / |u27 |n74udx
(), ) (), ) (el )
< ca (14 [l ™) 1A gl (1470 + €A + 2(6, ) A” ]
1 _
< gem (14 M (0rer) ) (14" Huall” + 402 )

_ g
+oea (1 MO, w) + 24(9Hw)) + 35147

/ fé,u(u7m)u1,t . A2U’U,2dx
U
< 03/ lure|(1 4 |ulP)| A% ug|da
U
1/2 o 4;:1, . %
< ) () )
U U U

< eaq (Jor ]| + ellun[)) (1 + [[ullf) 14"+ us |

< o [L M (8, g0) + M{ (0_wo)e™ 4+ 7] 4 S|4y,
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and

[ ) = F o ) A nds
U

< 626/ [t ¢ (\Ul\q_z + \u|q_2) [ug|| A% ug|da
U

o 4(1—72Lq+2n on (n—42)(<1—2)
< 626(/ \u1,t|4q*"q4r2"dx) (/(|u1|q_2+ |u\Q—2)<nf4>(q—z> dx)
U U

n—4—4v n—4+4v
2n 2n 2n 2n
X (/ |U2|n74—4u dx) (/ |A2VU2|1174+41/ dl')
U U

S 627(1 + L)]\41 (G_tW)e_al(t—i_r_T)

VA
x (ME2(60_ o)D) 4 ME=2(0, ) A7

< con [ME™H (0r—rw) + M1 (0_gw)e 07D (=m0 vty |12,
Also we have

/ Mgt A updr < Aeag (|| A T s + || A vs||? + 22(0,—rw)) -
U

By the above inequalities and (4.9)), we obtain
d

ayg(r) <my(Or—rw)ya(r) + 1 (Op—rw), Vr>7—1t, (4.10)

where
y2 = |4 ug||* + [| A ve||* + 2/ [f(u,2) — fi(us, @) + Aug] A upde,  (4.11)
U

1 (Brr) = esollL + MY (O 0) + M{TH(0_wo)e™ 757 H D] S (412)

@1 (0r—rw) =c31[1 + ng_4(9r_7w) + 240, w) + qu(H_tw)e_Qq‘”(t“_T)],
Y2 (T — 6,7 = t,0_70, pr—4(0-7w)) = (0, O)Tv

where c30, ¢31 depend on . By using the Gronwall’s inequality to (4.10]) on [7—¢, 7]
(r > 71 —1t), we have

Ua(r, T — 4,00, o (6_sw)) < /

T—

r

1 (B —rw)ele M e (4.13)
t

for all r > 7 —t.
Note that

|/ f2(u’x) . A2VU2d$} < 632/ (]. + |u|p+1> ‘A2Vu2|dx
U U

< 032(/1] (1+ |u|p+1)2dx)1/2(/U |A2VU2|2dx)1/2

< 32 [1 + Mngrz(arfrw) + M%(eftw)eimjl(wrfﬂ]v

and

/U |[f1(u,x) — fi(uy,x) + )\UQ]A2V’LL2’ dx

< 033/ (1 + Jua|? + [ur|? + Mua|) |A* ug|dx
U
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3033(/ (1+|u2‘q+|u1|q+>\|u2| /|A2yu2| dﬂ’,‘

< Cs4 [1 + MO (07'—Tw) + qu(e_tw)e_qul(H‘T ‘r)]
Therefore,

/U [f(u7 (E) - fl (ul, x) + )\UQ] AQVUde

= _/U[f2(u7$) + fi(u,z) — f1(ur, x) + Mug) A% upda (4.14)

< eas[l + ng(GT_Tw) + MY (O_yw)e 21 =] e > g

where ¢4, ¢35 depend on A. Thus, according to (4.11)), (4.13)) and (4.14)), we obtain
that for r > 7 — ¢,

A" g (r, 7 — £, 01w, 07— (0_rw))||? + | A 02 (r, T — £, 01w, 071 (0_7w))]|?
<2y (1,7 — t,0_rw, or_(0_rw))

+ 2¢35[1 + M9 (B, —rw) + M7 (0_yw)e 2001+ =7)]
< 2eg5[1 4+ Mg (0, —rw) + M74(0_yw)e 201 (4 =7)]

+ 231 / [1+ M7 (B _rw) + 2*(0:_w)
T—1

+ M7 (O_yw)e 2001 (6= e J (e —r)dr g,

(4.15)
Denoting

My(t,w) = 2¢35[1 + M3 (w) + M7Y(0_w)e 2071
0
+ 2 / [+ M (Bew) + 2 (Bew) (4.16)
—t
+ MIQQ(Q w) —2qo1 t+5)]efgo ml(e“")drdf,
then we can obtain ) from ) and ( - O

Motivated by [27, Proposmon 1.4]7 Lemmas |4.1] H and we obtain the following
decomposition of solutions for (2.2)).

Lemma 4.3. Let 71 € R, w € Q and t > 0. Then for any T > 0, the following
statements are valid.

(i) There exist two positive constants K, K1 and the solution ¢(r) of [2.2) has
a decomposition: p(r) = ¢1(r) + ¢2(r), where ¢1(r), ¢pa(r) satisfy

/||¢>1 (€7~ 1,00, 0o (O3 dE < 0<Tfr>+fc,

g2 (r, 7 = t,0_rw, or1(0_rw))|[ " < KlMQ(T w), VYr>71-—t

(ii) The first component u(r) of solution o(r) of . has a decomposition that
w(r) = wi(r) + wa(r), where wi(r), wa(r) satzsfy

(4.17)

T _ K
[ hrr = 80— pr 6§ dE < 22 (r =)+ K,
r 0'1T
A" ws (r, 7 — £, 0w, o7 1 (0_;w))||TF < K1 My(T,w), Vr>71—t,
where v is as in [4.8), Ko = E[Mffl(w)],

(4.18)
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Proof. From ([4.6]), we know M?(w) = c15 (1 + Mg+1(w)), then we can find a pos-

itive constant c3g that

M (w) = cs6 (1 + Moqui1 (w))

As (0;)¢er is measure-preserving and ergodic on (2, F, P), from the Birkhoff ergodic
Theorem [19], we obtain
E[M{™(0w)] = E[M{™ (w)]
2

= 5o (1+E [MO% @)])

2o 2% — 10 g r(Hes)leob,

2_
:c36(1—|—2qu [cw“ —|—c13 ( ) 5 - D
(¢>=1)p (q —Vp  fra

=Kgp<oo, VseR,
and for any fixed T'> 0, s € R and w € Q (in fact for a.e.w € Q),
1k
- > M (Oeqirw) = B[M{ T (0w)] = Ko, k — o0,

=1

Therefore, for w € Q, there exists a large integer ko(w) < oo satisfying

k
K
K“ Z s+lTw)§3707 Vk > ko(w), Vs €R,

w\H

and

ko UJ)
K K
—Oko Z M (Oypirw) < 3701@0@), Vs € R. (4.19)

Taking the expectation on ([4.19), we obtain

1

*E[ko] < ko(w) < 5 Elko],  ko(w) < oo,

2
so, we have E[kg] < occ.

(i) We construct functions ¢1(r) and ¢o(r). When T' > 0 and k € N, consider
equations (4.2)) and (4.3)) at the interval [t —t + (k — 1)T,7 — t + kT]. Note

¢1=(wi,01)" =1, 1T —t+ (k= 1T)=p(r —t+(k-1)T),
Po = (w27’d}2)T = P2, ng(T —t+ (k — 1)T) = (O,O)T.
By (4.4),as s >0, re [t —t+s+ (k—1)T,7 —t+ s+ kT, we obtain
62 () 1% = llwnll§™" + o |7~

< M{Fl (Ot 4 s+ (k—1)TW

T—t+s+kT
/ lou(©)1% de

—t4s+(k—=1)T

)e_(q—l)o'l(t—s—(ky—l)T.;,_T_T)7 (420)

and

T—t+s+kT
</ MM 0 gorygw)e @D 0o (D) g
T—tts+(k—1)T
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< Mf_1(97t+s+(k71)Tw)
B (¢— 1o '
By (4.20)), as k > ko(w) and s > 0,

T—t+s+kT
/ 6 (©)]% e

—t+s
T—t+s+T T—t+s54+2T T—t+s+kT 1
([ ] (e e
r—t+s r—t+s+T r—tts+(k—1)T
1 _ _ _
S (q — 1)0_1 |:M{I 1(9—t+sw) + M{I 1(0_t+S+TW) + -4 M{I 1(9_t+5+(k_1)TLL)):|
<Koy,
01

Thus, when 1 —t <r<7and7—r=mT+7, me€Z;, T €[0,T), we obtain:
(a) If m > ko(w), then

r+T T+2T r+(m+1)T
q 1d q—ld
JAGI 5</ s e [ e

<7T(T_T)+T

b) If 0 < m < ko(w), then

L 7—(ko—1)T 7—(ko—2)T T .
/Hqsl i< ( [ +f bt [ Yoo e
T—koT T7—(ko—1)T T—t

K
S 70]{}0(0.))
01

Thus
/||¢1 Mg < 0 () + K,
where K = 3o 2 Elko] +

For t> T, <p2( ) is the solutlon of (4.3) on the interval [r — T, 7] with @o(r—T) =
(0,0), by (4.7), we obtain

H<P2(T7 r—= T7 0_-,—&1, SDT—T)”(IE_Vl < 637||(p2(T, r—= Tv 0_7-(4)7 (pT—T)”QEV
SKlMQ(T,W), VTZ’T—t.

Thus, combining (4.7)) and (4.21)), for any ¢ > 0 and r > 7 — ¢, we can choose ¢

(4.21)

like this, then (4.17)) holds.
(ii) can be obtained directly from (i). O

4.2. Decomposition of solutions II. Let ¢(r) be the solution of ([2.2)), and write

p(r) = pr(r) + ¢n(r). Here pr(r) = (ur,vr)" and oy (r) = (un,vn)" satisty
oL+ Ao+ Fi(er,z) =0, r>71—t,

o (4.22)

(;DL(T —t, T — 1, 977“}7 (prft(efTw)) =$PLr—t = (u77t7 Ul r—t + E’LL-,—,t)

and
¢N+A¢N+F2(§0790Lax):FQ(orf'rwaT)v r>T—1,

. (4.23)
oN(T—t, T —t,0_rw,pr+(0_;w)) = (0, —h(x)z(0_w))", t>0,
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where u,_¢ and u; r—; are independent of w, and vy = ur: + cur, VN = unt +
euny — h(z)z(w). Next, we estimate the component ¢y,

Lemma 4.4. For any 7 € R and w € Q, t > 0, there exists a constant My > 0
(independent of w, t and T) such that the solution ¢r(r) = or(r,7 —t,01.+—¢) of
(4.22)) satisfies

1/2
ler(r,m =t orr—o)lle = (lur ()3 + oo (r)]?)

(4.24)
< MLef‘“(HT*T)7 Yr > 71 —t.

Proof. Note that ¢, »—4 = pr—¢(0_rw)+ (0, h(z)z(0_w))T € Bo(6_4w) and pr ;4
is independent of w, we replace 6w by w, so we have

ler,r—illf < 2MG (W) +2|h(@)|?|2(w)]*, VreR, weQ, t>0.
Taking the expectation with respect to w € €2, we obtain that

lorr—ellfs = llur—ell3 + llur,r—e + eur—|®
< 2B[Mg ()] + 2[|h(@)|| - Bl 2(w)[’]
L(45?)

2T
< —
a2 ) + 2P 2
LD(57) 1 2
_4(616+C13;\/ﬁ) + a”h(ﬂ:)” .

As in (4.6) for r > 7 — t, we obtain

leL(MIE < llenril + 2151 + lur—|§TH)]e 22 EF7=7) = pppem2o(4r=m),
where
102y 1
M} = 4dci6 + 4oy — ——= —||h(z)|?
I c16 + C13p — +a|| (@) + c15
(F) 1 o=

1 2
4 4e13— —=2=+ —||h 2) .
+C15< c16 + Cldp\/m a” ()|l

The following estimate is same as in Lemma [1.2]

Lemma 4.5. For any 7 € R, w € Q, there exist a random variable t,(w) > 0
and a tempered random variable M, ( ) >0 (independemf of t and 7) such that the

solution N (T, 7 —t,0_rw, or—(0_;w)) of (4.23) satisfies: fort > t,(w),

||A”+1uN(T,T—t,9,Tw7cpT,t)||2+ ||A”vN(T,7'—t,G,Tu),goT,lt)H2 < Mf(w), (4.25)

where v is as in (4.8)).
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Proof. Similar to ([4.9)), we take the inner product ((4.23), A% ) g, then
1d

S (147 P+ A% 42 / [F2)  filug. 2) + Mun] A% uda)
U
+ Aoy A% py) + e / [, 2) — fi(up, @) + Au] A% uydz
U

- / [(f1(w,2) — fi(up, @) upe + fo(u, 2 upe + f'(u, 2)un, + Aun A uyda
U

(f(u,2) — fi(ur, z) + Aun, A% h(2)2(0,—;w)) + (h(z)2(0,—w), AQVUN)2
+ (g(x,7) + eh(z)2(0,_rw), A% vy), Vr>1—t

(4.26)
From oy (r) = ¢(r) — ¢r(r) and ([4.1), [£24),

len(Mle < Mg + Mo(6,_,w), Vr>71—t.

Using Holder’s inequality, (A1) and Lemma we obtain that: for r > 7 — ¢,
[ i) = i, a)) w4 uda
U

<o / gl (Juz |72 + =) Juy || A2 un |do
U

) 4g=ng+2n o (n=d)(p=2)
n n _ —an n
< 62(/ lu, ¢|Fa=na¥2n da:) (/ (Jug|??) D=2 dx)
U U
n—4—4v n—d44v
2n 2n 2n 2n
X (/ ‘UN n74741/dx> (/ |A2VuN n—dfdv dx)
U U

4q9g—nqg+42n " (n—4)(p—2)
+02(/ mmﬁc@ & (/ (Juwy [4-2) T dw)
U

U
o T on B T
X (/ \uMmdx) (/ |A2”uN|mdx)
U U

4q9—ng+2n (n=4)(p—2)
2n 2n __2n 2n
+ ¢ </ |uL,t| ig—ng+2n d$) (/ |UN‘ (n—4)(p—2) d,’L‘)
U U

om n—4—4v n—4+4v
X </ (\w2|q72)mdm) -
U

< cas (Jlunlf 7+ leoa|372) 1A | + g0 [1+ M (0, 7e0)

_ 3
A gl 05) 4 A |,

and
/ [f (u, 2)un ¢ + My ] A2 unde
U
< 020/ [(1 + \u|q_1) luni + )\uN,t] |A2”uN|dm
U
1/2 1/2
< 020(/ \uN,t|2dx> (/ |A2”uN|2d:c)
U U

n—d+dv
n(g—1) 2/n _2n 2n
+ 020(/ \w1| 3 dCE) (/ ‘AQVUN‘”74+4V d;p)
U U

n—4v
([ tuwaldz)
U
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) 1/2 I\ 22 S
+620(/ "LLN,t| dl’) (/ (|w2|‘1 )4—4,, dl’)
U U
ntdv—4
20 __2n 2n
X (/ |A uN\n+4vf4dx)

U
n 2/n 2n n;n
+020(/ A%) (/ |75 da
U U

4v n+4v—4
2n 2n
(/ |A2VUN‘n+4;/—4dz)
U

- v v 8 1%
< cgoflwi)|§ (A" upn | + A" on 1) + T6”A Fluy|?

EJDE-2022/10

e [ME(Br—rw) + 40— w) + g |77+ [| A7 [44],
where c4g is dependent of A;

| oo

U

< 642/ lur.¢| (14 ulP) |A* uy|d
U

1/2 _2n_ =0
< 043(/[] \uL’t|2dx) </U (1+ |ul|Pdx)®= dx)

1v ) ntdv—4
n 2n
(/ |A2yuN|n+4u—4dq;)
U
9
< eua14 MP(0,-,0)] + |4 ux 2

From (4.26) and similar to (4.10)), we have

%yzv(r) +ma(r)yn(r) < g2(0r—rw), Vr>71—t,

(4.27)
where

yn = [[A un|? + [ AN P + 2/ [f(u,2) = fi(ur, ) + Aug] A% uydz, (4.28)
U

g —1 —2
ma(r) = 5—045”101(7”)\\3 — casllur(m)lls7,
q2(0r—rw) = cag[l + ng(er,.rw) + 24(97“*7'""’) + ||w1||;lq_4 + ||AV+1w2||4q_4]7

YN (T —t,7—1t Q—Twa (,0.,—_15(9_-,—&})) < ||h||% ! 22(9—tw)7

2 / (s 2) — i (ur, ) + Mun] A2 unda < earl1+ MIF (6, )],
U

where cy5, c46, and cq7 are dependent of A. Using the Gronwall’s inequality in
4.27), on [t —t,r] (r > 7 —t), we have

yN(T) < ZJN(T _ t)e_ ST ma(s)ds _|_/ q2(95_7w)€7 f; mz(s)dsdé
T—1

(4.29)
Let

degs K
ToT = C45180
01¢
in (4.18), for 7 — ¢t <r < 7, we have

[ @l ds < =)+ K.
r C45

(4.30)
||A”+1w2(r) ||q_1 S KlMg(Tl,w).
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For r > & > 7 —t, from (4.30) and (4.32)), we obtain that
T e — T E B -1 q72d
mo(s)ds 5 — casllwi(s)llz — casfluz(s)llzds,
13 3

(4.31)
€
> Z(T — &) — s,
where c4g = s K + gl(c;iQ) Mng. So we have
yn (1 — t)e” Jrem2ds < || p||222(6_w)e~ FtHess F2E0 g (4.32)

From (4.20)), we obtain

7(777/71)T1 .
/ lws () 15"~ e dr

7mT1
—(m—-1)T1

—mTy

4 £ — £
< gelequ O w)e” T Ym > 1,

and

0
| lwaygteivar

—00
—(m—-1)Ty -7 0 i
:(..._|_/ _|_..._|_/ _|_/ )||w1||3q_4ezrdr
—mTy —2T =T
< ée%T1 f M40 w)e—emT/4
=z 1 —mTy .

m=1

From [2], we know that M9~ *(w) is tempered and M4~ *(#,w) is continuous in t,
so we can find a tempered random variable ¢(w) (> 0) such that

M0 pmrw) < s(w)em ™M ¥m > 1,
then we obtain
e(2—q)

—o0 m=1 €l—etat I

0 400 _e T
_4 e, 4 . e(2—q) 4 1g—1-1
/ s (M3 ¥ dr < (@) Ze T Y e = 2 (W) < .
€
Hence
g T
/ (0 _rw)e IS 2% gg
T—1

= Cao / [1 + ng(ar—TW) + 24 (0,—rw) + [ln H;lq_él + Mé(Thw)} 3
T—t

0
< 050(1 + M3 (Ty,w) +/

— 00

(M2 (6,w) + 2*(6,0) + ||w1(r>||gq—4)e%rdr) < 00,

where c49 and c5¢ depend on .
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From ([4.28)), and (4.32)), for ¢t > 0, we can deduce that
A" un (7,7 = t,0_rw, 07 o)||> + [|A 0N (T, T — t,0_rw, 07 )|
<N (1,7 — 07w, or 4 (0_rw)) + 2¢47]1 + MIT ()]
<22 - 22(0_qw)e~ e 4 2cs, [1 n Mg“(w)} +esa(1+ MA(Ty,w).  (4.33)
0
[ (M0 + 00 + an (D) )

By (4.32)), there exists a random variable ¢, (w) > 0 such that
0 <2||hl|2 - 22(0_w)e Tt <1, Vit >t,(w). (4.34)
We denote
M (w)

0
= C52 (1+M24(T1,w)+ / (M9 (Br) + 24 Or0) + [fwn (1) 13°) ezrdr>

+ 14 2¢51 [1 + Mg“(w)] ,
(4.35)
which is tempered, then we have (4.25) from (4.33]) and (4.34)). O

Lemma 4.6. For any 7 € R, w € Q, ¢t > 0, assume that B, (T,w) C Bi(t,w) C
By(w) and B,(1,w) € D(E") where v is same as in ([{A.8). Then there exist a
random variable t,(w) > 0 and a tempered random variable M, (w) > 0 (indepen-
dent of t and 7) such that the solution o(7,7 —t,0_ w, or_(0_rw)) of with
Or—t(0_rw) € B,(T —t,0_4w) C Bo(0_w) ND(EY) satisfies

”(p(Tv T -1, 977'(*‘)7 @Tft(efTw))H?E”
= HAVJrlu(’n T = t, 9—7-(*]; @T—t)||2 + HAVU(Ta T = ta 0—7'("]3 @T—t)Hz (436)
< M (w), Vt>1t,(w).

Proof. We take the inner product ([2.2)), A?"¢)g with A?Y¢ = (A?Yu, A?Yv)T, we
obtain

1d

Z 2 (1AV T |2 - (| AY 2+2/ fu, z) + M) A% udx

3t (A7l 1470l +2 | (7 2) + 2l )

—|—(A<p,A2”<p)—|—€/ [f(u, ) + Au] Azl’udx—/ [f! (u, 2)us 4+ Aug] A2 udx (4.37)
U U

= (f(u,2) + M, A% h(2)2(0,—rw)) + (h(z)2(0,—rw), A2”u)2
+ (9(z,7) + eh(2)2(0r—rw), A*v) , Vr>7—t
Then, for r > 7 —1t,

/ [f' (u, 2)uy + Mug) A2 udx
U
- 14 1% € 1%
< cagllwn |57 (A7 ull + (A7 0]1%) + A ull®
+ a5 [ Mg (0 —rw) + 24 (O0r—rw) + [[wr |37 + |4 wz | *17],

/ [f(u, @) + Au] A% udz < e53[1 + Mg+1(0r_7w)],
U
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where ¢53 depends on A\. Similar to (4.27)) by using (4.37)), we obtain
d . - N -
%yl(r) +m(r)(r) < @ (0r—rw), Vr>1-—t, (4.38)
where
D) = Al 4 |40+ 2 [ [f2) + A A ude,
U

q1(0r—rw) = c54 [1 + MSL(QT*TW) + 24(97”*7"*)) + [Jwy H421q74 + M24(T17w)}7
. €
mu(r) = 5 = carlwa(r)
Using the Gronwall’s inequality in (4.38) on [7 —¢,7] (r > 7 —t), we have

n(r) <gi(r —t)e” ST ma(s)ds +/

T—

—1
13

G1(0g_rw)e Je M ge, (4.39)
t
Same as (4.31)), for 7 > £ > 7 — ¢, we obtain that

/T mi(s)ds > E(T — &) — ¢s0,
¢ 4
S0

/ 61(957700)67 fg ml(s)dsdé-
T—t

0

<oss (L M Tw) & [ (M 0,0) + 240) + un (D) 5.

From ¢, _(0_,w) € Bo(0_1w) N D(EY), we obtain

i (7_ N t)e_ ST, mi(s)ds

= (”AVHUT*”F + ([ A% 07— ||* + 253 {1 + MSH(HPM)D e ittem 2P0,

Hence, there exists a random variable £, (w) > 0 satisfying

T

0 < gia(r —t)e S ™Ed <10 v > ().
Based on , we obtain
A" u(r, T — 0w, 0r ) |I? + | A 0(1, T — t,0_rw, or )2
<201 (1, 7 — £, 0_rw, 071 (0_rw)) + 2¢53[1 + MIT (W)

0
< 055(1+M§1(T1,W) +/

— 00

(M (8,) + 21 00) + [wn (MII3**)ei7dr)  (4.40)

1+ 253 {1 T Mg“(w)]
= M%(w), Vt>1,(w).

Using Lemmas [£.I}{£.6] by recursion we obtain the following result.

Lemma 4.7. For any 7 € R,w € Q,t > 0, let By(r,w) C By(r,w), Bx(r,w) €
D(E") and pr_t(0_rw) € B, (1—t,0_sw). Then there exist T;(w) > 0 and tempered
random variables M, (w) > 0, M(w) > 0 (independent of t and 7) such that for
t > T.(w), the solution (1,7 —t,0_rw, pr—1(0_rw)) of satisfies
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(i) forv <k <1,

H‘)O(T’ T, G—TW’ @T—t(e—‘rw)” QE“’

= | A (1, 7 = 4,07, o7t (0—w)) || + [|A%0(T, T — £,0 -, o7t (07 w))||®
< M3 (w);

(ii) forv <k <1-—wv,

HQON(T’ T = t’ 977'("}» 507'725(9*7'(*)))”2E‘K+V

= | A" un (r, 7 — 0w, 00|12 + | A on (7,7 — £, 0w, 00 ) ||? (4.41)
< M (w),

where v is same as in (4.8).

5. EXISTENCE OF A RANDOM ATTRACTOR

In this section, by applying [29] Lemma 3.7] and Lemma show the existence
of arandom attractor for (1.1]). Firstly, we consider the Lipschitz property of cocycle
® on By (1,w). For any 7 € R, w € Q and any ¢, (w) = (uj,(w), vjr(w)) € Bi(T,w),
j=1,2, let

@i(r) = @i(r,mw,pjr(w) = (u;(r),v;(r)), r=m,
be solutions of (2.2)) with initial data ¢;(w), j = 1,2, respectively, and let

U(r) = @1(r) = @2(r) = (ua(r) — ua(r), vi(r) — va(r)) = (§(r), n(r)).
So that
U4+ Ap = Fpy, 0w, 1) — F(pg, 0pw,7), T>7, (5.1)
Yr(w) = (&rnr) = (§ryur,1,7 — U217 +€65) = (Urr — U2r, V17 — V27).

Lemma 5.1. There exists a tempered random variable Cy(w) > 0 such that for any
TER,t>0, and w € Q, it holds
||<P(t + T, T, 077W7 (pl‘l'(efrw» - (,O(t + T, T, efTW; 9027'(977&)))||E

< eha Aoy, (5.2)

- SOQTHE-

Proof. From (4.1)), for r > 7, we obtain |1 (r)|| g < Mo(6,w), ||e2(r)||lg < Mo(6,w).

Based on (5.1)), we have the following inequality by taking the inner product (-, )g
with ¥(r),

d _
Sl < (52 (14 M5 0rgw)) =+ 2) [}, W=7 (53)

Using Gronwall’s inequality on (5.3)), we obtain

r—T1/(cC 2q—2
1 (r) = @2(r)|% < llp1r — par | 3efs (32 (HMIT2 O ) =40 )ds - gy > 7

Asw—0_,wand r — t+ 7, (5.2) holds with

Cr(w) = 22 (14 MF"2(@)) + A,

0 < B(Cy(w)) = %* (1 n E[Mg'ﬂ(w)}) +A< 2;50618% + A< oo O
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Lemma 5.2. For any 7 € R, w € Q, there exist a T,(w) > 0, a random bounded
ball By(w) of E' with radius b (w), a positive number & and a tempered random
variable Q(w) > 0 such that the solution o(T,7 —t,0_,w, p;_(0_;w)) of with
initial data pr_(0_rw) € By(T —t,0_4w), it holds that

dg ((,0(7’,7’ —t,0_,w, B1(T —t,0_w)), B (w)) < Q(H,tw)e_‘}t, t>T,(w).

Proof. Now we assume ¢, _;(0_,w) € By (1 —t,0_4w), and K, (w) C E” C E is the
random ball of E¥ with radius M, (w) defined in (4.35), here v is same as in (4.8).
By Lemma, we can deduce that for any ¢ > 0,

dp (gp(ﬂ T—t,0_rw,B(T —t,0_w)), f(l,(w)) < Mpe 7t (5.4)

For ¢, _4(0_,w) € f{l,(e,tw)7 according to Lemmas there exist t1,(w) >0
and a random ball K, (w) of E* with the radius Ma, (w) and satisfies

dis ((r, 7 = 1,070, K, (0-0)), Koy (@) < Pru(6-w)e™ ™", ¢ >t (w), (5.5)

)
where P2, (0_,w) = 1 [1 + M (0—w)] +2||A]|* - |2(0—w)|?. From [29, Lemma 3.7],
Lemma and (5.4) and (5.5), there exists Ty, (w) > t1,(w) > 0 (independent of
7), such that for ¢t > Ty, (w),
dis (7,7 = 1,07, Bi(r = £,0-)), Koy () ) < Pay(9-w)e 3,

where Py, (0_1w) = My, + P1,(0_(1—q,):w) is tempered and

01

< .
0<a < s5E W+ 40

There exists an integer k& > 1 such that 1 — v < (l; — v <1whenv >0isa
fixed positive constant. Repeating k (< [%] + 2) steps as above recursion, we can
obtain that there exist T (w) > 0 (independent of 7) and a random ball B;(w) of
E' with radius by (w) (defined in ([{.41])) such that for t > T} (w),

A (ga(T,T 0w, Bi(T — t,0_w)), Bl(w)> <P (0_w)e Tt (5.6)

where
3E[Cy(w)] + o1 + 301
Pp (0-10) = Mp + Pj_y), (0—(—a;_ 3w),
is tempered. -

Combining Lemmas[2.3]and [5.2] the existence of a random attractor for the RDS
® can be proved.

Theorem 5.3. The cocycle ® associated with (2.2)) possesses a D(E)-pullback ran-
dom attractor A € D(E) such that for any T € R, w € Q, A(1,w) C By (w) N By(w)
and

[A(T,w)llpr = sup [lollpr < br(w),
peA(T,w)

where by (w) is the radius of the bounded ball By (w) C E*.
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Proof. Since E' < E is a compact embedding, from we know that Bj(w)
in Lemma is a compact measurable D(E)-pullback attracting ball in E for
any 7 € R and w € Q. According to Lemma the RDS @ possesses a D(E)-
pullback random attractor A € D(E), that is for any 7 € R, w € Q, and A(7,w) C
B (w) N By(w). Based on (#.35), ([#.40) and (4.41)), the radius b (w) of B (w) C E*!
is given by

b2 (w) = ea (1+ M (T3, w) + M )
0 : . i (5.7)
+C58/ (Mé’“(erw) + |2(0,w)|*F + [Jwy (r) || S )esr/4dr.

— 00
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