Electronic Journal of Differential Equations, Vol. 2001(2001), No. 10, pp. 1-19.
ISSN: 1072-6691. URL: http://ejde.math.swt.edu or http://ejde.math.unt.edu
ftp ejde.math.swt.edu (login: ftp)

GLOBAL ATTRACTORS OF NON-AUTONOMOUS
QUASI-HOMOGENEOUS DYNAMICAL SYSTEMS

DAVID N. CHEBAN

ABSTRACT. It is shown that non-autonomous quasi-homogeneous dynamical
systems admit a compact global attractor. The general results obtained here
are applied to differential equations both in finite dimensional spaces and in
infinite dimensional spaces, such as ordinary differential equations in Banach
space and some types of evolutional partial differential equations.

Krasovskii [19, 20], Zubov [26] and Coleman [11] showed that for homogeneous
autonomous systems in a finite dimensional space the existence of power-low asymp-
totics is equivalent to asymptotic stability.

Filippov [13, 14] generalized this result for homogeneous differential inclusions.
Ladis [22] showed that in the general case this result does not apply to periodic
systems. For non-autonomous homogeneous systems (of order £ = 1) uniform
asymptotic stability is equivalent to exponential stability (see, for example [15]).
Morozov [24] obtained a similar result for periodic differential inclusions.

In [3] the author established the connection between the uniform asymptotic
stability and power-low (exponential) asymptotic of solutions of infinite dimensional
homogeneous systems is studied.

The goal of the present paper is to prove that the quasi-homogeneous differential
system

' = f(z) + F(z,1),

(where f(Az) = A" f(x) for all A > 0 and x € E, |F(x,t)||z|™™ — 0 as |z| — +00)
admits a compact global attractor, if the homogeneous differential system

o' = f(x)

is uniform asymptotic stable. This problem is studied and solved within the frame-
work of general dynamical systems with infinite dimensional phase space. The
general results obtained are applied to various differential equations both in finite
dimensional spaces and in infinite dimensional spaces (such as ordinary differen-
tial equations in Banach space and some types of evolutional partial differential
equations).
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1. GLOBAL ATTRACTORS OF DYNAMICAL SYSTEMS

Let (X, p) be a complete metric space, R(Z) be a group of real (integer) numbers,
S=RorZ,S; ={t€S:t>0} and T(Sy C T) be a subgroup of group S.

By (X, T, ) we denote a dynamical system on the X and zt = 7 (t,z) = w'z.

The dynamical system (X, T, ) is called compact dissipative [15, 4, 5, 6], if there
exists a nonempty compact set K C X such that

tluﬁloop(act,K) =0 (1.1)

for all x € X, moreover equality (1.1) holds uniformly with respect to x € X on
each compact set from X. In this case the set K is called an attractor of family of
all the compacts C(X) in the space X.

We assume

J=K)= UK,

t>071>1

then [16, 4, 5, 6] the set J does not depend of choice of attractor K and is char-
acterized by the properties of dynamical system (X, T, 7). The set J is called [26]
Levinson’s center of dynamical system (X, T, 7).

Let us mention some facts, which we will need below.

We will say that the space X has property (5), if for any compact K C X there
exists a connected set M C X such that K C M.

Theorem 1.1 ([16, 4, 5, 6]). If (X, T, ) is a compact dissipative dynamical system
and J is its Levinson’s center, then:

(1) J is invariant, i.e. 7' J = J for allt € T

(2) J is orbitally stable, i.e. for all € > 0 there exists §(¢) > 0 such that
plx,J) < 0 implies p(xt,J) < e for allt >0

(3) J is an attractor for the family of all compact subsets of X

(4) Jis the mazimal compact invariant set of (X, T,7)

(5) The set J is connected, if the space X possesses the (S)-property.

Let Y be a compact metric space and (X, Ty, 7)((Y,T2,0)) be a dynamical sys-
tem on the X(Y) and h : X — Y be a homomorphism (X, Ty, ) onto (Y, Ty, o),
then the triple (X, Ty, ), (Y, To,0),h) is called [7, 8, 9, 2] a non-autonomous dy-
namical system.

Let W and Y are two complete metric spaces, (Y, S, o) be a group dynamical sys-
temonY and (W, ¢, (Y,S, o)) be a skew product [25] (cocycle [18, 12]) over (Y, S, o)
with the fibre W, i.e. ¢ is a continuous mapping W x Y x T into W, satisfying the
following conditions: ¢(0,w,y) = w and ¢(t + 7, w,y) = ©(t, (T, w,y),0(7,y)) for
allt,7e TweWandyeY.

We denote by X = W x Y and define on X a dynamical system (X,T,n)
by equality 7 = (p,0) ie. w(t,(w,y)) = (p(t,w,y),o(t,y)) for all t € T and
(w,y) € W x Y then the triple (X, T, x), ((Y,S,0),h), where h = pry, is a non-
autonomous dynamical system.

For any two bounded subsets A and B from X by (A, B) we denote the semi-
deviation A to B, i.e. B(A, B) = sup{p(a,B) : a € A} and p(a, B) = inf{p(a,b) :
be B}.
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The skew product over (Y,S, o) with the fibre W is called compact dissipative
[5], if there exists a nonempty compact set K C W such that

Jlim_sup{B(U ()M, K) -y € Y} =0 (1.2)

for all M € C(W), where U(t,y) = ¢(t,-,y).

Lemma 1.2. The skew product (W, p,(Y,S,0)) over (Y,T,o) with fibre W is
compact dissipative, if and only if the autonomous dynamical system (X, T,r),
(X =W XY and 7 = (¢,0)) is compact dissipative.

By entire trajectory of semi-group dynamical system (X, T, 7) (of skew product
W, p,(Y,S,0)) over (Y,T,o) with the fibre W), passing through point x € X
((u,y) € W xY) is called a continuous mapping v : S — X (v : S — W) satisfying
the following conditions : v(0) = z(v(0) = w) and y(t + 7) = wly(r) (y(t+71) =
o(t,v(r),y7)) for all t € T and 7 € S.

Theorem 1.3 ([5]). Let Y be a compact space, (W, ¢, (Y,S,0)) be compactly dis-
sipative and K be a non-empty compact set, appearing in equality (1.2), then:
(1) The set I, = Qu(K) #0, is compact, I, C K, and
limy— 400 BU(t,y 1)K, I,) =0 for every y € Y, where

QM) = JU(y )M
t>0 7>t

T

and y~ T = o(—T1,y)
(2) The equality U(t,y)I, = Iy holds for ally €Y andt € T
(3) The equality

i BU(Ly™)M. L) =0 (1.3)
holds for all M € C(W) andy €Y

(4)
tli+moo sup{B(U(t,y " YM,I):y €Y} =0

wherever is M € C(W), where I = U{l, : y €Y'}

(5) I =priJ and I, = pr1Jy, where J is the Levinson’s center of (X,T,m) and
J,=JNX,

(6) The set I is compact

(7) The set I is connected, if the space W x Y has the property (S).

Theorem 1.4. Under the conditions of Theorem 1.3, the following affirmations
take place:

(1) weI,(y €Y) if and only if, when there exists a whole trajectory v : S —
W of the skew product (W, (Y,S,0)), satisfying the following conditions:
v(0) = w and v(S) = {v(s)|s € S} is relatively compact
(2) Iy(y €Y) is connected, if the space W possesses the (S)-property .
Proof. To prove the first statement, we note that the continuous function v :
S — W is a whole trajectory of the skew product (W, (Y,S, o)) if and only if,
when v = (v, Idy) is a whole trajectory of semigroup dynamical system (X, T, )
(X =W xY,m=(p,0)). According to Lemma 1.2 the dynamical system (X, T, )
is compactly dissipative and by Theorem 1.1 the set J is compact and invariant and,
consequently, the point (w,y) = x € J if and only if, through (w,y) = x pass the
whole trajectory v = (v, Idy) of dynamical system (X,T,n) which is completely
included in J, i.e. 4(0) = (¢¥(0),y) = (w,y) and y(s) € J for all s € S. To prove
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the first statement of this theorem, we refer to Theorem 1.3 (item 5). To prove the
second statement, we note that in conditions of Theorem 1.3, the set I, # () and
compact. Since the space W possesses the (S)-property, then there is a connected
compact set V O I.
According to (1.3) the equality
: —t
Jim AUy V1) =0

takes place. We note, that I,, C U(t,y ")V for each y € Y and ¢ € T, the mapping
U(t,y™¥) : W — W is continuous and , consequently, the set U(t,y~*)V is compact
and connected. Now to complete the proof of Theorem 1.4 it is sufficient to refer
to [23, Lemma 3.12]. O

The dynamical system (X, T, 7) is called asymptotically compact [16, 4, 5, 23], if
for every bounded positively invariant set M C X there exists a nonempty compact
set K C X such that

lim B(x'M,K) = 0.
t——+4oo

The non-autonomous dynamical system ((X, Ty, 7), ((Y, T2, 0), h) is called asymp-
totically compact if Y is compact and autonomous dynamical system (X, Ty, 7) is
asymptotically compact.

The nonempty set J C X is called global attractor [16, 4, 5, 23, 1] of dynamical
system (X, T,n), if J is the maximal compact invariant set of (X,T,n) and J
attracts the every bounded subset M C X, i.e.

lim B(x*M,J) =0.

t——+oo
Theorem 1.5 ([6]). Let Y be a compact space and (X,h,Y) be a locally trivial
Banach fibering, |- | : X — R4 be a norm on (X,h,Y) coordinated with the metric

ponX (ie p(r1,x2) = |xr1 — 22| for all z1,22 € X such that h(x1) = h(x2)) and
(X, T, ) be asymptotically compact. If there are a number r > 0 and a function
V:X, =Ry (X, ={z e X||z| >r}) with the following properties:
(1) The function Vis bounded on bounded sets and for every ¢ € Ry the set
{z € X,|V(z) < c}is bounded
(2) Vi(x) < —c(|z]) for all x € X, where ¢ : Ry — Ry is positive on [r, +00),
V/(z) = limy_yosupt [V (xt) — V(x)] if T = Ry and V. (z) = V(z1) —
Viz) if T=7Z4.

Then the dynamical system (X, T, ) admits a compact global attractor.

2. HOMOGENEOUS DYNAMICAL SYSTEMS. METHOD OF LYAPUNOV FUNCTIONS

Let (X,h,Y) be a locally trivial Banach fibering, |- | : X — Ry is a norm on
(X, h,Y) coordinated with the metric p on X.

The autonomous dynamical system (X, Ry, 7) is called [3] homogeneous of order
m € Ry, if for any # € X,t € Ry and A > 0 the equality 7 (¢, \z) = Ar(A\"~1t, x)
takes place.

The non-autonomous dynamical system (X, T, 7), (Y, T, o), h) is called homoge-
neous of order m = 1 if the autonomous dynamical system (X, T, 7) is homogeneous
of order m = 1.

Theorem 2.1. For an autonomous homogeneous (of order m > 1) dynamical
system (X,Ry,m), Assertions 1. and 2. are equivalent:
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(1) There exist positive numbers a and b such that
|m(t, 2)| < (ala]' =™ + bt) = (2.1)

forallt >0 and x € X
(2) For all k > m — 1 there exists a continuous function V : X — R with the
following properties:
(2.1) V(Ax) = \k=mFV () for all A >0 and z € X
(2.2) alz/k—m+ < Vi(x) < Bla/k=+ for all x € X, where o and B are
certain positive numbers;
(2.3) Vi(z) = —|z|* for all x € X, where V)(z) = LV (r(t,z)) |1=0 for
T=R; and V) (z) =V (r(l,z)) = V(x) for T=17Z,.
Proof. We will show that from item 1 results item 2. Let a and b are positive
numbers, such that the inequality (2.1) takes place , then for each k > m — 1 we
define the function V' : X — R, by equality

+oo
Viz) = /0 7 (¢, z)|Fdt. (2.2)

First of all we note that by equality (2.2) it is defined correctly the function V : X —
R because the integral, which figures in the second number of (2.2) is convergent,
moreover it is uniformly convergent with respect to x on every bounded set from
X. Really, since

m(t, 2)|F < (alz""™ + bt) T, (2.3)
too k 1 +oo k
/ |(alz|*=™ + bt) T dt = 7/ rTmdr (2.4)
0 b a‘ill_m

and ﬁ < —1, then the integral (2.4) is convergent, moreover the convergence is
uniform on every bounded set from X.

We will show that the function V, defined by equality (2.2), is our unknown
function. The continuity of V results from the continuity of mapping 7 : Tx X — X
and uniform convergence of integral (2.4) with respect to = on every bounded set
from X .

We now note that

+oo “+o0
V(\z) :/ |7r(t,/\x)\kdt:/ Nelm(Am=1t ) [ at
0 0

“+oo
Nt [ () e = X ()
0

for all A > 0 and x € X. It is not difficult to show that the function V' is positive
definite. Since

“+o0 £
Vo= [ e [ el =lsEal 29
0 0
for all e > 0, where £ € [0,¢]. Then passing to the limit in (2.5) as ¢ — 0, we obtain
V(z) > |z (2.6)

for all z € X. In virtue of (2.3) and (2.4) we have
V(z) < Blaft = (2.7)
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for every z € X, where

_ (m—l)akiﬁil
= b(k—m+1)

From (2.4)-(2.7) results that the function V satisfies and the condition 2.2. Finally,
we note that

iV(w(t,x)) = —|n(t,z)|” (2.8)

dt
and, consequently, V/(z) = —|z|* for all x € X.

We will prove now that from condition 2, it follows item 1. In fact, we denote
by ¥(t) = V(x(t,z)), by condition 2.3 we will have

V'(t) = —|n(t, )" (2.9)

for all ¢t > 0. From condition 2.2 we have |7 (¢, z)[F=m+1 > %w(t) and, consequently,

W) < (1) =

==
for all t > 0. If = # 0, then (t) = V(n(¢,2)) > 0 for all ¢ > 0,therefore

m—1 1 1
+ t)T—m 2.10
k—m-l—lﬂ#m) (2.10)

V(r(t,2)) < (V™= (2)

for all z € X and t > 0. From condition 2.2 and inequality (2.10), it results that
|7(t,z)| < (a|z|*—™ +bt)1+m for all x € X and ¢ > 0, where
m—1
k—m+1
The proof of this theorem is complete. O

a=(af)=mi and b= (o) (§)

Corollary 2.2. For an autonomous homogeneous (of order m > 1) dynamical
system (X,Ry, ) the following assertions are equivalent:
(1) The trivial motion of the dynamical system (X,Ry, ) is uniform asymp-
totical stable
(2) There exist positive numbers a and b such that |7 (t,z)| < (a|x|1_m+bt)1+m
forallt e Ry andx € X
(3) For every number k > m—1 there exists a continuous functionV : X — Ry
which possesses properties 2.1-2.83 from Theorem 2.1.

This assertion directly follows from Theorem 2.1 and [12, theorem 1.2].
Theorem 2.3. Let a non-autonomous system (X, T,x), (Y, T,o),h) be homoge-
neous of order m = 1. Then the following two conditions are equivalent:

(1) There exist positive numbers N and v such that | (t,z)| < Ne "t|z| for all
zeX andt>0

(2) For each k > 0 there exists a continuous function V : X — Ry satisfying
the following conditions
(a) V(\z) = NV () for allx € X and A >0
(b) There exist positive numbers a > 1 and B so that for every x € X,

alal* < V(z) < Blal* (2.11)
(¢) Vi(z) = —|z|* for allz € X.
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Proof. Let us show that under the conditions of this theorem, from assumption 1
follows 2. First of all let us show that the function V', defined by equality (2.2) is
the unknown, in the case when T = R,. We note that by equality (2.2) is correctly
defined the function V' : X — R, such that

|m(t,z)|* < NkemvEt|g|* (2.12)

for all ¢ > 0,z € X and, consequently, the integral in second member of equality
(2.2) is convergent uniformly with respect to x on every bounded set from X. In
particularly, the function Vis continuous with respect to x € X.

From (2.2),(2.6) and (2.12) follows that

alelt < V(2) < Blaf* (2.13)

for every z € X, where 3 = N¥(vk)~! and a = 1. From equality (2.4) we have
that V(\z) = AV (x) for every x € X and A > 0. From (2.8) it follows that
Vi(z) = ol

Let us show that the inverse implication takes place too. We now suppose that
the conditions 2.1-2.3 of this theorem hold. One denote by ¥(t) = V(rn(t,x)),
then the equality (2.9) takes place for all ¢ > 0. From condition 2.2 follows that
|7 (t, z)|F > %z/;(t) and, consequently,

P'(t) < —<(t) (2.14)
for all ¢ > 0. From (2.14) we have
V(n(t,a)) < V(w)e *' (2.15)
for any ¢t > 0 and z € X. According to (2.13) and (2.15) we have

|7(t,x)| < Ne "!|z]

for any ¢t > and x € X, where N = (g)% and v = ﬁ

If T =7Z4, then we will define the function V : X — R, by equality

“+o0
Viz) =Y |x(n, )" (2.16)
n=1

The series in second member of equality (2.16) is convergent uniformly with respect
to x on every bounded subset from X, because under the conditions of this theorem
we have

|7 (n, z)|F < Nkemvkn || (2.17)

for all n € Z4 and z € X and, consequently, the series (2.16) is majored by the
geometric series with the denominator ¢ = e™¥* < 1. Thus the function V defined
by equality (2.16) is continuous.

(From the homogeneity of (X, T, 7) of order m = 1 and equality (2.16) follows
that V(Az) = \*V(z) for all A > 0 and x € X. According to (2.16) and (2.17) we
have

oz|x|k <V(z)< ﬂ|x|k (2.18)

for any € X, where a = 1 and 3 = N*(1 —e~¥¥)~1. Finally, from equality (2.16)
follows that V/(x) = V(n(1,2)) — V(z) = —|z|* for all x € X.
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We now will show that from the conditions 2.1-2.3 of theorem (in the case, when
T = Z,) follows the estimation (2.11). Really, we denote by (n) = V(w(n,z)),
then from the conditions 2.2-2.3 we have

X 1
Ap(n) = Y(n +1) —(n) = —|r(n,2)|* < —Z4b(n). (2.19)
We may assume without loss of generality that 8 > 1, then from (2.19) we have
V(r(n,x)) <4"V(zx) (2.20)

for all * € X and n € Z,, where v = 1 — =1, From (2.18) and (2.20) follows
the inequality (2.11), if we suppose that N = (g)% and v = —1in(1 — 371). The
theorem is proved. O
Corollary 2.4. Let a non-autonomous dynamical system ((X,T,n),((Y,T,o),h)

be homogeneous of order m = 1. Then the following three conditions are equivalent:

(1) The zero section of fibering (X, h,Y) is uniform asymptotic stable, i.e.
(1.a) For all e > 0 there exists 6(¢) > 0 such that |n(t,z)| < e for allt >0
and |z| < ¢
(1.b) limy 4o |7(t, )| = 0 for all x € X, moreover this equality takes place
uniformly with respect to x on every bounded set from X
(2) There exist positive numbers N and v such that |7 (t,z)| < Ne Vt|z| for all
t>0andx e X
(3) For all k > 0 there exists a continuous function V : X — Ry satisfying the
conditions 2.1-2.3 of Theorem 2.3.

This statements follow from Theorem 2.3 and [3, Theorem 1.1].

Remark 2.5. In the case, when the space E is finite dimensional Theorem 2.1 and
Theorem 2.3 (for autonomous system with T = R ) generalizes and make precise
some results of Zubov (see, for example [26], theorems 36 and 37).

3. DIFFERENTIABLE HOMOGENEOUS SYSTEMS

Let H be a Hilbert space with scalar product (-,-) and norm |- | = +/(-,-). We
denote by C(E) (or C*(E)) the space of all continuous (differentiable continuous)
functions defined on the space E wit values in some Banach space.

The function f : E x Q — F is called homogeneous of order k£ with respect to
the variable u € E if the equality f(Az,w) = \*f(z,w) holds for all A > 0, z € E
and w € .

Lemma 3.1. The following assertions take place.

(1) Let Q be a compact set, f € C(ExQ), f(0,w) =0 forallw € Q, f(Au,w) =
A" f(u,w) (for every A > 0and (u,w) € E x Q)). Then there exists M >0
such that | f(u,w)| < Mu|™ for all (u,w) € E x Q

(2) If the function f € CY(E x Q) is homogeneous (of order m > 1), then
the function D, f(,w) : E — L(E,F) (w € ) will be homogeneous (of
order m — 1), where L(E, F) is the space of all linear continuous operators
A:E—F

(3) The function f € CY(E) is homogeneous (of order m) if and only if f
satisfies the equation Df(x)x = mf(x) for all v € E, where Df(x) is the
derivative of Frechet of function f € CY(E) in the point x
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Proof. First of all we note that in conditions of Lemma 3.1 there exists dg > 0
such that | f(u,w)| < 1 for all |u| < § and w € Q. If we suppose that it is not so,
then there exist §, — 0, |u,| < 6, and wy, € Q such that |f(u,,w,)| > 1. Since Q is
compact we may assume that the sequence {w,} is convergent. Let w,, — wy, then
according to continuity of f one have |f(0,wp)| > 1. On the other hand we have
f(0,wg) = 0. The obtained contradiction prove the required affirmation.

Thus there exists § > 0 such that |f(u,w)| < 1 for all ju| < § and w € Q and,
consequently, we have

uf wé o ful™
|f(u,w)| < |f(7|—u‘»w)| = 5—m|f(
Let f € C1(E) and f be homogeneous (of order m). Then
fx+h)— f(x)=Df(x)h+r(z,h) (3.1)

and |r(z,h)| — 0 as |h] — 0. We now will replace x by Az in equality (3.1), then
we obtain

du

) <
w — U .
=

fQx+h)— f(Az) = Df(Az) + r(Az, h)
and, consequently,
flx4+u) = f(z) = A" DfA\x)h + X" r(Ax, Au) (3.2)
for all A > 0, where u = A~'h. From (3.2) it follows that \=™"1Df(\z) = Df(z),
ie. Df(Ax) =A™~ 1Df(x) for any A > 0.

Finally, let us prove the third statement in the lemma. Let f € C'(E) be a
homogeneous function (of order m). Having differentiated the identity f(Az) =
A f(x) with respect to A and taking A = 1 one obtains the identity Df(x)z =
mz. Let now Df(x)x = mz. We denote by ¢(A) = A= f(Az)(A > 0). Thus
Df(Az) \x = mf(Az), then

(A =—=mA " f(\x) + AT Df(A\x)z
=—mA " HfAx) + AT Imf(Ax) = 0

for all A > 0 and, consequently, () = const for all A > 0. Thus ¢(1) = f(z),
when ¢(A) = f(z) for any A > 0, i.e. f(Ax) = A" f(z) for every A > 0 and for all
x € FE. The lemma is proved. [

The function f € C(FE) is said to be regular, if for the differential equation
a’ = f(x) (3.3)

the conditions of existence, uniqueness on R} and continuous dependence on ini-
tial data are fulfilled, i.e. by (3.3) it is generated a semigroup dynamical system
(E,Ry,7), where 7(t,z) is the solution of (3.3) with initial condition 7(0,x) = x.
Theorem 3.2. Let f € C'(E) be regular and homogeneous (of order m > 1), then
the following conditions are equivalent:

(1) The zero solution of (3.3) is uniform asymptotic stable
(2) For all sufficiently large k there exists a continuously differentiable function
Vi E — Ry satisfying the following conditions:
(2.1) V(Az) = \Ne=m 1V (2) for all A >0 and x € E
(2.2) There exist positive numbers o and 3 such that a|z|F~™! < V(z) <
BlxF=m+L for allx € E
(2.3) V/(z) = DV (x)f(x) = —|z|k for any x € E, where DV (z) is a deriv-
ative of Frechet of function V' in the point x.
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Proof. We suppose that the zero solution of (3.3) is uniform asymptotic stable.
Denote by (E,R,,m) a semigroup dynamical system, generated by equation (3.3).
Thus, f € C'(E) is homogeneous (of order m > 1), then according to [26, Theorem
3.4] the equality m(¢, Ax) = Ar(A™~ !¢, x) takes place for all z € E,A > 0 and t €
Ry, i.e. adynamical system (E, R, 7) is homogeneous (of order m > 1). According
to Theorem 2.1 and Corollary 2.2 by equality (2.2) it is defined a continuous function
V : E — Ry, satisfying the condition 2.1-2.3. of Theorem 3.2. Let us show that in
conditions of Theorem 3.2 function V' will be continuously differentiable and that
the equality V! (z) = DV (x)x takes place. To this aim we will formally differentiate
the equality (2.2) with respect to x, then we will have

+o00
DV (z)u = /0 klm(t,z)[* =2 Re(D 7 (t, x)u, 7 (t, z))dt. (3.4)

Now we will show that the integral figuring in the second hand of formula (3.4),
is uniformly convergent with respect to x and u on the every ball from F and,
consequently, the equality (3.4) really defines a derivative of function V. We note
that operator-function U(t,z) = D, (t,z) satisfies the operational equation

X' = A(t,z)X, (3.5)
where A(t,z) = D, f(n(t,z)), and initial condition U(0,z) = I (I is the identity
operator in F). According to Lemma 3.1 the function A(t,z) = D, f(n(t,x)) is

homogeneous with respect to m(¢,2) of order m — 1 and there exists a number
M > 0 such that

A, 2)|| < Mln(t, )™ (3.6)
for all x € E and t > 0. Since the zero solution of (3.3) is uniform asymptotic
stable, in virtue of Corollary 2.2 there exist positive numbers a and b such that

m(t,)| < (alz|' ™ + bt)'/ O (3.7)
for any x € E and ¢ > 0 and, consequently, from (3.6)-(3.7) we have
A, )| < M(alx|'™™ +bt) " (3.8)
Since
U (¢, 2)|| < elo MA=)dr, (3.9)
from (3.8) and (3.9) we have
U, 2)|| < (ala]' =™ + bt)M/* (™ a1 M/P (3.10)

for every t > 0 and « € E. In virtue of inequality (3.10) we have
[m(t, )" Re(Dyr(t, x)u, w(t, x))|
< n(t )| | Dan(t, @) ful (3.11)

(ala|* =™ + bt) A g MU g (mm1ym/by

A

for all t > 0 and z,u € E. From estimation (3.11) follows that for sufficiently large
k the integral in second member of (3.4) is uniformly convergent with respect to
x and u on the each ball from F and, consequently, the function V', defined by
equality (2.2), in conditions of Theorem 3.2 is continuously differentiable. We now
note, that

d

Vi) = LV (r(t.2))|_ = DVr(t.a)) fn(t.a))|_ = DV(@)f(@)
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for all z € E. On the other hand, according to Theorem 2.1 V/(x) = —|z|¥. For
finishing the proof of the theorem it is sufficient to notice that in conformity with
Theorem 2.1 takes place the inverse statement, i.e. conditions 2.1-2.3 of Theorem

3.2 imply 1. This theorem is proved. (I
Now let f € CY(E x F) and ® € C'(F). Consider the differential system
u' = f(u,w)
we 3.12
oy @€ (312)

where (2 is a certain differentiable compact submanifold in F), f and ® are regular
functions, i.e. for the differential system (3.12) and equation

W' = ®(w) (3.13)

are fulfilled the conditions of existence, uniqueness and continuous dependence on
initial data on the Ry for (3.12) and on the R for (3.13). We denote by (,R,0) a
group dynamical system, generated by equation (3.13), then the system (3.12) may
be written in the form of non-autonomous equation

u = f(u,wt), (weN) (3.14)

where wt = o(t,w). Let (¢, u,w) be a solution of (3.14) satisfying the initial
condition (0, u,w) = u, then it is not difficult to see that the triple (E, ¢, (, R, o))
is a skew product (cocycle) over (2, R, o) with the fibre E. It is easy to check that
if a function f is homogeneous of order m = 1 with respect to u € E, then takes
place the equality ¢(t, Au,w) = Ap(t,u,w), for all t > 0, A >0, u € E and w € Q.

Theorem 3.3. Let the function f € CY(E x F) and ® € CY(F) be regular,
is compact and the function f is homogeneous (of order m = 1) with respect to
variable u € E, then the following conditions are equivalent:

(1) The trivial solution of (3.14) is uniform exponential stable, i.e. there exist
positive numbers N and v such that for allu € E,t > 0 and w € (),

o(t, u,w)| < Ne™"u] (3.15)

(2) For all number k > 1 there exists a continuously differentiable function
Vi E xQ — Ry satisfying the following conditions:
(2.1) V(u,w) = NV (u,w) for allu € Q and A > 0
(2.2) There exist positive numbers o and 3 such that alul* < V(u,w) <
Blul* for allu € E and w €

(2.3) V(u,w) = %V((p(t,u,w),wt) o

= D, V(u,w)f(u,w) + DwV(u,_w)CD(w) = —|ul* for all u € E and
w € Q, where D,V (D,V) is a partial Frechet’s derivative of function
V' with respect to variable u € E(w € Q).

Proof. Counsider a non-autonomous dynamical system (X, R4, ), (Q,R,0), h) gen-
erated by differential system (3.12), where X = F x Q,h = pro and 7 = (p,0).
The triple (X, h,Q) is the trivial vectorial bundle with the fibre E, moreover the
norm of element z = (u,w) € E x Q is defined by equality |z| = |u|, where |u] is a
norm of element u in the space E. Then in conditions of theorem the zero section
of non-autonomous dynamical system constructed above will satisfy conditions of
Theorem 2.3. Thus to finish the proof of Theorem 3.3 it is sufficient to show that
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function V : E x 2 — R, from the Theorem 2.3 in conditions of Theorem 3.3 will
be continuously differentiable and satisfies the condition

V! (u,w) = D,V (u,w) f(u) + D,V (u,w)®(w)

for all (u,w) € E x Q. Let us show that a function V : E x Q@ — Ry, defined by
equality (2.2), i.e.

+oo
V(u,w) = /0 lo(t, u,w)|"dt (3.16)

for all (u,w) € E x § (such that |7(¢,z)| = |(p(t, u,w),wt)| = |p(t, u,w)|) is contin-
uously differentiable. To this aim, we will formally differentiate the equality (3.16)
with respect to v € F, thus we obtain

+o00
D,V (u,w)v = / klo(t, u, w)|* 2 Re(Dyp(t, u,w)v, o(t, u,w))dt. (3.17)
0

Let us show that integral in the second hand of (3.17) is uniformly convergent with
respect to w € © and u, v on every bounded set from E and since by (3.17) is really
defined a derivative of Frechet of function V' with respect to variable u € E. First of
all we note that operator-function U (¢, u,w) = D,¢(t, u,w) satisfies the operational
equation

X' =B(t,u,w)X, (3.18)
where B(t,u,w) = D,f(¢(t,u,w),wt), and initial condition U(0,u,w) = I (I
is the identity operator in F). According to lemma 3.1 function B(t,u,w) =
D, f(p(t, u,w),wt) is homogeneous with respect to ¢(t,u,w) of order m = 1 and
there exists a number M > 0 such that

IB(t, u,w)|| < M (3.19)
for all (u,w) € E x Q and ¢t > 0. From (3.19), it follows that
U (t,u,w)|| < efs I1Bruwlidr < Mt
for all ¢ > 0 and (u,w) € E x Q and, consequently,
lo(t, u,w)|* 72| Re(Dup(t, u, w)v, o(t, u,w))]
< J(tsu,w)[* [ Dy, ww)|[[o] < Mo|NF~temF=Du] - (3.20)

for any t > 0,u,v € E and w € Q. From inequality (3.20) follows that for k > 1 the
integral in the second hand of (3.16) is convergent, moreover uniformly convergent
with respect to w € Q and u,v on the every bounded subset from FE. Thus,
the function V (u,w), defined by formula (3.16) is continuously differentiable with
respect to variable u € E and by equality (3.17) it is defined its derivative of Frechet
with respect to variable u € E .

Having formally differentiated the equality (3.16) with respect to variable w € F
we will obtain

—+oo
D,V (u,w)w = / k|g0(t,u,w)|k*2 Re(D,p(t, u,w)w, p(t,u,w))dt (3.21)
0

for all (u,w) € E x Q. Let us show that integral in the second member of (3.21) is
uniformly convergent with respect to w € 2 and (u,w) € E X F' on every bounded
subset from E x F. First of all we note that from (3.14) we have

¢
ot u,w) = u—i—/o flo(r,u,w),wr)dr
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for all ¢ > 0 and (u,w) € E x F and, consequently,
D, p(t, u,w) (3.22)

= /0 D, f(e(r,u,w),wT)Dyo(r,u,w) + D, f(o(T,u,w), wr) DP(wT)dT.

We denote by V(t,u,w) the operator-function D, ¢(t, u,w), then from (3.22) follows
that V(t,u,w) satisfies the operational equation

Y' = B(t,u,w)Y + F(t,u,w), (3.23)
where F(t,u,w) = D, f(p(t, u,w),wt) D®(wt), and initial condition
Y(0)=0 (3.24)

(O is a null operator, acting from F into F). jFrom equality (3.23) and condition
(3.24) follows that

t
V(t, u,w) :/ U(t, 7, u,w)F(r,u,w)dr (3.25)

0
for all t > 0 and (u,w) € E x , where U(¢t,T,u,w) is a solution of operational
equation (3.18), satisfying the initial condition U (7, T, u,w) = U(7,u,w). Therefore,
U, 7,u,w)| < el 1Bruw)lldr < oM(t=r) (3.26)

for any t > 7(t,7 € Ry) and (u,w) € E x Q. Thus, a function f(u,w) is homoge-
neous with respect to u (of order m = 1), then D, f(u,w) will be the same and, in
virtue of Lemma 3.1 there exists a number M > 0 such that

[ Do f (u, w)| < My |ul
for all w € F and w € Q. Thus,
[F(t,w,w)|| = [ Do f(o(t, u,w), wt) DR(wit)| < Lg(t, u,w)] (3:27)

for any t > 0 and (u,w) € E x Q, where L = Mj max{||D®(w)|| : w € Q}. From
(3.15),(3.25), (3.26) and (3.27) we have

lo(t, u, )| 72| Re{ Do (t, u, w)w)|
< ot ) Dup(t u w)|lw]

t
< Jolt, uw) [ ul / VUt 7y, )| - |1 F (s )| dr

IN

t
ol u,w) [ ] / M) L o, u,w) | dr
0
t
Nk—le—u(k—l)t|u|k—1|w|/ eM(t_T)LNe_VT|’U;‘dT
0

_ NkLefl/(krfl)t (eMt — eiyt)
M+v
for every t > 0,u € E and w € Q. (From this inequality, it follows that for
sufficiently large k the integral (3.21) is uniformly convergent with respect to w € Q
and (u, w) € E X F on the every bounded subset from E x F. Therefore the function
V(u,w) defined by (3.16) is continuously differentiable with respect to w € Q and
by (3.21) it is defined and it is Frechet derivative with respect to w € Q. So, the
function V : E x Q — R is continuously differentiable with respect to both u € F

k
Jul*fw]
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and w € ). Consequently, it is continuously differentiable in sense of Frechet. Note
that

%V((gp(t, U, w), wt)

( dt
(p(t,u,w), wt) f(e(t, u,w),wt) + D,V (p(t, u,w), wt)P(wt)

for any ¢ > and (u,w) € E x Q. Consequently,

d
DV (p(t, u,w), wt) Dyp(t, u, w) + Do,V (p(t, u, w), wt) —wi
D,V

V! (u,w) = %V(ap(t,u,w),wt) o D,V (u,w)f(u,w) + D,V (u,w)®(u).

Thus, in Theorem 3.3, Conditions 2 follows from Condition 1.

For completing the proof of this theorem it is sufficient to remark that according
to Theorem 2.3 conditions 2.1-2.3, Condition 1 follows from condition 2. O
Remark 3.4. For finite dimensional systems the Theorem 3.2 generalizes and
makes precise Theorem 38 in [26].

4. GLOBAL ATTRACTORS OF QUASI-HOMOGENEOUS SYSTEMS

Let us consider the differential equation
a’ = f(z), (4.1)

where f € C(F) is regular and homogeneous of order m > 1. Along with (4.1)
consider the perturbed equation

¥ = f(z)+ F(t,x) (4.2)

with F' a regular perturbation. Let us remember (see, for example [27, 14, 21], that
equation (4.2) is called quasi-homogeneous if

F
limsup ——— = ¢, (4.3)

where c is a certain nonnegative sufficiently small constant. Moreover, the limiting
relation (4.3) takes place uniformly with respect to t € R.
Along with (4.2) consider the family of equations

¥ = f(z) + G(t, x), (44

where G € H(f) = {F; : 7 € R} and the bar denotes closure in C(R x E, E), C(R x
E.E) is equipped by topology of convergence on every compact from R x E.
Let us denote by (Y,R,0) a dynamical system of translations on Y = H(F), by
©(t,u, f + G) the solution of (4.4), satisfying the condition ¢(0,u, f + G) = u and
(X,R4,m), (Y,R,0),h) (i.e. h=prqsand = (p,0)) anon-autonomous dynamical
system generated by (4.4).
Theorem 4.1. Let f € CY(E) be regular and homogeneous of order m > 1, and
the zero solution of (4.1) be uniform asymptotic stable. If f + F € C(R x E, E) is
regular, equation (4.2) is quasi-homogeneous and non-autonomous dynamical sys-
tem ((X,Ry,m), (Y,R,0),h) generated by equation (4.2) is asymptotically compact,
then the following assertions take place:

(1) The set I = {u € E|sup{|e(t,u, f + G)| : t € R} < 400} is not empty,

compact, and connected for each G € H(F)
(2) ot g, f+G) = Ioq 51c) for allt € Ry and G € H(F)

~—
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(3) The set I =\ J{I¢|G € H(F)} is compact and connected
(4) For all G € H(F) and bounded subsets M C E,

i B(p(t, M, f+G1),a) =0, lim_@lp(t, M, f+G), 1) = 0.

Proof. Let ((X,R;, ), (Y,R,0),h) be a non-autonomous dynamical system, gen-
erated by equation (4.2). Thus, f € C1(E) and the zero solution of (4.1) is uniform
asymptotic stable. Then according to Theorem 3.2, by equality (2.2), the function
V : E — R, is defined, is continuously differentiable, and satisfying conditions
2.1-2.3 of Theorem 3.2. Let us define the function V : X — Ry as V(x) = V(u) for
all z = (u,G) € E x H(F). Note that

d d
V;r(x) = EV((P(t’% f + G)) t:OZ DV(@(tvu’ f + G))d_(p(tvu’ f + G) =0

t

= DV (u)(f(u) + G(0,u)) = DV (u) f(u) + DV (u)G(0, u) (4.5)

= —|u|* + DV (u)G(0, u).
In virtue of Condition 2.1 of Theorem 3.2 the function V is homogeneous of order
k —m + 1, then according to Lemma 3.1 its Frechet derivative DV (u) will be
homogeneous of order k¥ — m and, consequently, there exists a number L > 0 such
that

DV (u)]| < Luf*~™ (4.6)

for all u € E. From equality (4.3) follows that for all £ > 0 there exists r = r(g) > 0
such that

Gt u)] < (c+e)|ul™ (4.7)
for all ju| > r, t € R and G € H(F). From (4.6)-(4.7) we have
|DV (u)G(0,u)| < L(c + &)|ul* (4.8)

and, consequently, from (4.5),(4.8) we obtain
Vi(@) < |ul*(=1+ L(c+€)) = —lz[*

for each « € X, where v =1 —[(c + &) > 0 since C and ¢ are a sufficiently small
positive numbers. To complete the proof of this theorem, we refer to Theorems
1.3-1.5. ([l
Theorem 4.2. Let f € CY(E), ® € CY(F) and f + F € C*(E x F,E) be regular,
Q C F be a compact invariant set of dynamical system (3.13), the function f be ho-
mogeneous (of order m > 1), and the zero solution of (3.3) be uniform asymptotical
stable. If
|F(u,0)] < clu]™

for all |u] > r and w € Q, where rand ¢ are certain positive numbers, and moreover
c 1s sufficiently small and dynamical system

u' = f(u) + F(u,w)
W= d(w)
is asymptotically compact, then the following assertions take place:

(1) The set I, = {u € E|sup{lp(t,u,w)| : t € R} < 400} is not empty,
compact and connected for each w € Q, where p(t,u,w) is a solution of
equation v’ = f(u) + F(u,wt) satisfying the initial condition p(0,u,w) = u

(2) o(t, 1y,w) = Iy for allt € Ry and w € Q

(3) The set I = J{I,|w € Q} is compact and connected

(weN)
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(4) For allw € Q and bounded subsets M C E,

i B(p(t, M,wr), 1) =0, (4.9)
Jim B(e(t, M,w), 1) = 0 (410

The proof of the assertions in this theorem is carried out using the same scheme
as in Theorem 4.1, therefore it is omitted.

Theorem 4.3. Let f € CY(E x F,E),® € CY(F) and f + F € C}(E x F,E) be
regular, Q C F is a compact invariant set of dynamical system (3.18), function f is
homogeneous (of order m = 1) with respect to variable u € E and the zero solution
of (3.14) is uniform asymptotic stable. If

|F(u,w)| < clul (4.11)

for all |u| > r and w € Q, where r and ¢ are certain positive numbers, and moreover
c is sufficiently small and the dynamical system

v = flu,w) + Flu,w
(/ ) (1:10) (weN) (4.12)
w'=d(w)
is asymptotically compact. Then the following assertions take place:
(1) The set 1, = {u € E|sup{lp(t,u,w)| : t € R} < +oo} is not empty,
compact and connected for each w € Q, where p(t,u,w) is a solution of
u = flu,wt) + F(u,wt) (4.13)

satisfying the initial condition ¢(0,u,w) =u

(2) ot Lo, w) = Iytw) for allt € Ry and w € Q

(3) The set I = J{I.|w € Q} is compact and connected

(4) The equalities (4.9) and (4.10) take place for every bounded subset M C E
and w € Q.

Proof. Let ((X,R;, ), (Y,R,0),h) be a non-autonomous dynamical system, gen-
erated by equation (4.13) (or by differential system (4.12)). Since f € C1(E x F, E)
and the zero solution of (3.14) is uniform asymptotic stable, then according to The-
orem 3.3 by equality

“+o0
V(u,w) = / o (2, 0, w)|Fdt
0

it is defined a continuously differentiable function V' : X = E x Q2 — R, , satisfying
conditions 2.1-2.3 of Theorem 2.3. Let us remark that

Vi (u,) =V ((plt, 0, 0), )|

= (DY (plt, 1), 1) plt, 1, 0) + DV ({1 0,0) ) o)
=D,V (u,w)[f(u,w) + F(u,w)] + D,V (u, w)®(w)
= — |u|* + D,V (u,w)F (u,w).

t=0

t=0

(4.14)
Since function V (u,w) is homogeneous of order k > 1 with respect to u € F, then
in virtue of Lemma 3.1 there exists a number L > 0 such that

IDuV (u, )| < Llul*~ (4.15)
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for all u € E and w € Q. From (4.11) and (4.15) it follows that
| DV (u,w)F (u,w)| < cL|ul* (4.16)
for each |u| > r and w € Q and, consequently, according to (4.14), (4.16) we have
Vi(,w) < —Juf* + eLlul* = —ful*

for all w €  and |u| > r, where v = 1 — ¢L > 0 since a number ¢ is sufficiently
small. To complete the proof of this theorem, we use Theorems 1.3-1.5. O

Remark 4.4. 1. In case when F is finite dimensional the dissipativity of (4.2) is
established in [26] (Theorem 39 and corollary 1).

2. If F is a finite dimensional Hilbert space, then the non-autonomous dynamical
system, generated by equation (4.2) will be asymptotically compact, if the function
F € C(R x E,E) is bounded and uniformly continuous with respect to variable
t € R uniformly with respect to & on every compact from E.

3. If Q is compact, then the non-autonomous dynamical system generated by
equation (4.13) is asymptotically compact.

4. The conditions of asymptotical compactness of non-autonomous dynamical sys-
tem generated by quasilinear equation in Banach space are given in [6].

5. QUASILINEAR PARABOLIC EQUATIONS

Let A: D(A) — E be a linear closed operator with dense domain. Operator A
is called sectorial [17] if for some ¢ € (0, F), some M > 1, and some real a, the
sector

Sup = i < larg(A—a)| < m A # 0}
lies in the resolvent set p(A) and ||(IA — A)7!| < M|A —a|™! for all A € S, . If
A is a sectorial operator, then there exists an a; > 0 such that Rec(A+ a;I) > 0
(c(A) =C\ p(A)). Let A1 = A+ a;I. For 0 < a < 1, one defines the operator [17]
sin mo

+oo
AT = / AT+ Ay) T
™ 0

which is linear, bounded, and one-to-one. Set E® = D(AY), and let us equip the
space E® with the scalar product (z,y), = (A¢x, ASy)(z,y € E¥),E° = E, X! =
D(A) and |- |o = /<, >a. Then E* is a Hilbert space with the scalar product
(z,9)w, and is densely continuously embedded in E. If the operator A admits a
compact resolvent, then the embedding E* — E? is compact for o > 3 > 0 [17].
Consider the system of differential equations
v + Au = F(u,w)
W =®(w)
where FF € CY(E“ x F,E) and ® € C'(F).

Theorem 5.1. Let F € CH(E“ x F, E) and ® € C*(F) be regular, Q be a compact
invariant set of dynamical system (3.13). If the trivial solution of equation of

(we) (5.1)

W+ Au=0

is uniform asymptotical stable and there exists a sufficiently small constant ¢ > 0
such that

[F(u, )| < clul
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for all |u] > r and w € Q, where r is a sufficiently large positive number, then the
following assertions take place:

(1) The set I, = {u € E¥|sup{|e(t,u,w)| : t € R} < 400} is not empty,
compact in E and connected for each w € ), where o(t,u,w) is a solution
of ' + Au = F(u,wt) satisfying the initial condition p(0,u,w) = u

(2) ot Lo, w) = Iy(tw) for allt € Ry and w € Q

(3) The set I = |J{Il.|w € Q} is compact in E and connected

(4) The equalities (4.9) and (4.10) take place with respect to the semi-deviation
in the space E for every bounded subset M C E* and w € ).

This assertion follows from Theorem 4.3 and compact of embedding i : E¢ — FE.

Remark 5.2. For quasilinear parabolic equations a statement analogous to Theo-
rem 4.1 holds.

The notion of asymptotical compactness used in this paper is equivalent to the
respective definition of Ladyzhenskaya (it follows from [10, Lemma 3.3]).
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