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VARYING DOMAINS IN A GENERAL CLASS OF SUBLINEAR
ELLIPTIC PROBLEMS

SANTIAGO CANO-CASANOVA & JULIAN LOPEZ-GOMEZ

ABSTRACT. In this paper we use the linear theory developed in [§] and [9] to
show the continuous dependence of the positive solutions of a general class
of sublinear elliptic boundary value problems of mixed type with respect to
the underlying domain. Our main theorem completes the results of Dan-
ers and Dancer [I2] —and the references there in—, where the classical Robin
problem was dealt with. Besides the fact that we are working with mixed
non-classical boundary conditions, it must be mentioned that this paper is
considering problems where bifurcation from infinity occurs; now a days, ana-
lyzing these general problems, where the coefficients are allowed to vary and
eventually vanishing or changing sign, is focusing a great deal of attention —as
they give rise to metasolutions (e.g.,[20])—.

1. INTRODUCTION

In this paper we analyze the continuous dependence with respect to the domain
Q of the positive solutions of the following sublinear weighted elliptic boundary
value problem of mixed type

Lu = AW (x)u —a(z)f(x,u)u in Q,

B(b)u =0 on 99, (L.1)

where a € L, () belongs to a certain large class of nonnegative potentials, to be
introduced later, and W € Lo (€2).

Throughout this paper we make the following assumptions:
(a) The domain © is bounded in RY, N > 1, and of class C2, i.e., Q is an N-
dimensional compact connected submanifold of RY with boundary 99 of class C2.
(b) MeR, W € Loo(9) and the differential operator

N
L= —UZZI aj(x) 8:0189:] ;az 7z () (1.2)
is uniformly strongly elliptic of second order in ) with

aij=a; €CHY), % eCQ), ap€Llo(Q), 1<i,j<N. (1.3)

2000 Mathematics Subject Classification. 35J25, 35J65, 58J37, 35B50, 35P30.

Key words and phrases. Continuous dependence, positive solution, sublineal elliptic problems,
varying domains, maximum principle, principal eigenvalue.

(©2004 Texas State University - San Marcos.

Submitted April 20, 2004. Published May 21, 2004.

1



2 S. CANO-CASANOVA & J. LOPEZ-GOMEZ EJDE-2004/74

Subsequently, we denote by p > 0 the ellipticity constant of £ in 2. Then, for any
¢ € RV \ {0} and 2 € Q we have that

N

Z oij(2) & & > plél®.

4,J=1

(¢) The boundary operator is

T
B(b)u := " oo (1.4)
dyu+bu onTy,

where I'y and I'; are two disjoint open and closed subsets of 02 with 'oUT'; = 910,
beC(Ty), and

V= (V17~-~7VN) S Cl(Fl;RN)

is an outward pointing nowhere tangent vector field. Necessarily, I'g and I'; possess
finitely many components. Note that B(b) is the Dirichlet boundary operator on
Ty, denoted in the sequel by D, and the Neumann or a first order regular oblique
derivative boundary operator on I'y. It should be pointed out that either I'g or T’y
might be empty.

(d) The function f : Q x [0,00) — R satisfies

fec (2 x0,00);R), li/m f(-,u) = +oo uniformly in Q, (1.5)
Ouf(,u) >0 forall uw>0. (1.6)

Thanks to (|1.5]), for each M > 0 there exists C; > 0 such that
f(z,&) > M foreach (z,€) € Qx [Cyr,00). (1.7)

In the sequel, given M > 0, we denote by Cs any fixed positive constant satisfying
(1.7). Tt should be noted that f(-,0) € C(Q;R) and that there is no sign restriction
on f(-,0) in . Moreover, (1.6) implies

f(,O) = inf f(af)

£>0
In the sequel, for each A € R, we denote
L) :=L—-XW, Ly=LA+af(-,0), LiX):=Ls—AW. (1.8)
These operators are uniformly strongly elliptic in 2 with the same ellipticity con-

stant ;> 0 as L.

As far as to the weight function a € L (£2) concerns, we assume that a € 2(2)
where () is the class of nonnegative bounded measurable real weight functions
a in © for which there exist an open subset Q0 of Q and a compact subset K = K,
of Q with Lebesgue measure zero such that

Kn@Qury) =0, (1.9)
QF ={2z€Q:a(x) >0} =0\ (L UK), (1.10)

and each of the following four conditions is satisfied:
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(A1) Q) possesses a finite number of components of class C?, say Q07,1 < j < m,
such that Q%' N QY = if i # j, and
dist(I'1,092 N Q) > 0. (1.11)
Thus, if we denote by I'Y, 1 < i < ny, the components of 'y, then for each
1 < i < mny either T € 9QY or else T4 NINY = ). Moreover, if T C 990,
then I'{, must be a component of 9Q2. Indeed, if '} N 9N # () but T} is
not a component of 92, then

dist(T%,002N Q) =0

and, hence, (1.11)) fails.
(A2) Let {i1,...,i,} denote the subset of {1,...,n;} for which
o =0 «— je{in,...,ip}.

Then, a is bounded away from zero on any compact subset of

P
QrulJry.
j=1
Note that if 'y € 992, then we are only imposing that a is bounded away
from zero on any compact subset of QF.
(A3) Let T}y, 1 < i < ng, denote the components of I'g, and let {i,...,4,} be
the subset of {1,...,ng} for which

ORUK)NT)#0 <= je{ir,...,ig}-

Then, a is bounded away from zero on any compact subset of
q
of Ui\ (U K)).
j=1

Note that if (9Q0 U K) N Ty = 0, then we are only imposing that a is
bounded away from zero on any compact subset of QF.

(A4) For any n > 0 there exist a natural number ¢(n) > 1 and ¢(n) open subsets
of RN, GJ, 1 <j <{(n), with |G’]| <n, 1 < j < €(n), such that

£(m)
_77 _77 _ . - . 77
GiﬂGj—(Z) if 1#£7, KCUGj,
j=1
and for each 1 < j < £(n) the open set G;] N is connected and of class C2.

More precisely, under the previous assumptions it will be said that a € Ar, 1, ().
In this case, the abstract theory developed by the authors in [8] and [7] can be

applied to deal with ([1.1]).
Subsequently, we also consider the class of weight functions Qlffg’rl (Q) consisting

of the elements a € A, r, () for which Q2 = (. Note that if a € QIFO)FI(Q) then
(1.9) and (1.10) become to

Knli=0, Qf={2€Q:a(z)>0}=0Q\K.
Moreover, if we denote by I'y, 1 < i < ny, the components of I' and by {i1,. .. iq}
the subset of {1,...,ng} for which K NTY # 0 if and only if j € {i1,...,i4}, then
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a is bounded away from zero on any compact subset of

a
Qfur u (16 \ K).
j=1

When, in addition, we assume that K NIy = (), then we are only imposing that a is
bounded away from zero on any compact subset of QF UT';. Also, (A4) is satisfied
ifae Qlifo’Fl Q).

In Figure 1 we have represented a typical configuration for which a € r, 1, (Q).
In this case,

I =TjuT?, To=TjuUTlZ,

and QF —dark area—, as well as Q0 —white area—, consists of two components; the
compact set K consisting of a compact arc of curve.

FIGURE 1. An admissible configuration

For the special configuration shown in Figure 1, conditions (Al) and (A4) are
trivially satisfied. Moreover, condition (A2) is satisfied if, and only if, a is bounded
away from zero in any compact subset of QF UT1, and condition (A3) holds if, and
only if, a is bounded away from zero in any compact subset of QF U (T'3\ 9Q%). We
point out that a can vanish on the component I'}.

The main result of this paper shows that the positive solutions of vary
continuously with the domain 2 when (2 is perturbed through some of the com-
ponents of 'y, keeping fixed, simultaneously, all the components of I';. We point
out that the coefficient b(z) arising in the formulation of the boundary operator
can vanish and change of sign. Thus, as a result of the theory developed by Hale
and his associates (cf., e.g., Hale and Vegas [I7] and Arrieta et al. [5]), the positive
solutions of do not vary continuously with Q when I'y # @) and b = 0 on some
of the components of I'y —in general—; from this point of view, the theory developed
in this paper is optimal. It must be mentioned that Dancer and Daners [12] treated
the same problem that we are dealing with here, but for a more restrictive family
of nonlinear elliptic boundary value problems. Also, their theory requires the co-
efficient b(x) to be positive and bounded away from zero and, hence, it cannot be
applied straight away to treat .
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The problem of the continuous variation of the positive solutions of a linear,
or semilinear, boundary value problem with respect to the perturbations of the
underlying domain has a very long and fruitful tradition since —at least— the memoir
of J. Hadamard [I6] sew the light and the results obtained by R. Courant were
disseminated through his joint books with D. Hilbert [I0], but this paper is far from
being the best place for discussing the history of the theory. Otherwise, one should
considerably enlarge the list of closely related references and discussing about the
many ramifications of the abstract theory (cf., e.g., [3], [6], [11], [14], [18], [22], [24],
[26], [28], and the references there in), so substantially enlarging this rather long
and, necessarily, technical paper.

It must be mentioned that, however being truly classical the general problem
tackled in it, this paper is certainly pioneer in two directions. Namely, because it
treats a nonlinear problem subject to a very general class of boundary operators
of mixed type where the coefficient b(x) is allowed to vanish and change of sign
—this allows applying our theory, e.g., to deal with problems subject to nonlinear
boundary operators—, and because, for the class of potentials a(x) considered in
this paper, exhibits bifurcation from infinity if Q0 # (. Actually, if we regard
fixed the domain €2, the characterization of the existence and the uniqueness of the
positive solutions for is a very recent result by one of the authors, 7], who sub-
stantially extended the theory developed by Fraile et al. in [I3]; the corresponding
linear analysis will be published in [8] — it has been already summarized in [9]—

Being so classical as the problem under study is, one of the reasons why it has not
been solved yet is because of the lack of adequate comparison techniques to treat it
adequately. Besides a very sharp analysis of the equation itself is imperative in order
to get uniform L,-estimates with respect to the underlying domain support and its
admissible perturbations, the main ingredients in obtaining our result consist of
the generalization of the strong maximum principle found by Amann in [2] and its
characterization in terms of the existence of positive strict supersolutions coming
from [2I] and [4]. Such characterization has shown to be a very fruitful and powerful
tool in dealing with these and other related problems.

To prove the continuous dependence of the positive solution of with respect
to the domain €2, we first show the exterior continuous dependence. Then, we prove
the interior continuous dependence and, finally, we conclude the absolute continu-
ous dependence of the positive solutions with respect to any regular perturbation
through the Dirichlet boundary of the domain. A crucial trouble to be overcome
in this analysis comes from the problem of ascertaining whether or not being in
the class of potentials 2p, r, (2) is an hereditary property from  to some ade-
quate class of subdomains of 2. Section 3 carries out this analysis. Although the
corresponding proofs are far from difficult they run rather lengthily and, actually,
are quite tedious. Consequently, the reader may choose not to delve into all the
technical details of Section 3, but merely give it at first glance a cursory reading to
get its general flavor before reading the remaining sections of the paper.

The precise distribution of this paper is the following. Section 2 collects some
known results, crucial to carry out our mathematical analysis. Section 3 shows that
being in the class A, r, () is an hereditary property. Section 4 shows the contin-
uous dependence of the positive solutions of with respect to any admissible
exterior perturbation of the domain and Section 5 shows the continuous dependence
from the interior. Finally, Section 6 shows the global continuous dependence.
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2. PRELIMINARIES, NOTATION AND PREVIOUS RESULTS

In this section we fix some notation and collect some of the main results of [2],
[8] and [7] that are going to be used throughout the rest of this paper. For each
p > 1 we consider

W2 g0y (Q) = {u € W2(Q) : Bb)u=0},

W) (Q) = n W2 5y (Q) C HA(Q),
p>1
and use the natural product order in L,(2) x L,(99),
(f1,91) 2 (f2,92) <= fi>fa AN g1>92.
It will be said that (f1,91) > (f2,92) if (f1,91) = (f2,92) and (f1,91) # (f2, 92)-
Since b € C(T'y), it follows from the theory of [23] that, for each p > 1,
21 1—1
B(b) € LW (Q); W, 7(To) x Wy 7 (T'1)).
Moreover, for any V' € Lo (€2) the linear eigenvalue problem
(L+V)p=Ap inQ,
B(b)py =0 on 09,
possesses a least real eigenvalue, denoted in the sequel by o[L+V, B(b), Q] and called
the principal eigenvalue of (L + V,B(b),?). The principal eigenvalue is simple and
associated with it there is a positive eigenfunction, unique up to multiplicative con-
stants. This eigenfunction is called the principal eigenfunction of (L + V,B(b), Q).

Thanks to Theorem 12.1 of [2], the principal eigenfunction, subsequently denoted
by ¢, satisfies

(2.1)

e Wé(b)(ﬂ) C H*(Q)
and it is strongly positive in Q in the sense that ¢(z) > 0 for each z € QUT; and

Oyp(z) < 0if x € T'y. Moreover, o[£ + V,B(b), ] is the unique eigenvalue of (2.1)
with a positive eigenfunction and it is dominant, i.e.,

Re A > o[L + V,B(b), Q]
for any other eigenvalue A\ of . Furthermore, setting
(L+V)p = (L+V)n2

50 (D)

we have that for each w > —o[£ + V,B(b),Q] and p > N the operator
[w+ (L + V)] € L(Ly()

is positive, compact and irreducible (cf. [25, V.7.7]).
Throughout this paper, given any proper subdomain €y of Q of class C? with

diSt(Fl, 00y N Q) >0 (22)
we shall denote by B(b, ) the boundary operator defined from B(b) through
on 0y NQ,
B(b, Q) =147 0 (2.3)
B(b)y on 0Q¢NI.

Also, we set B(b, Q) := B(b). It should be noted that if Qg C €2, then 9Qy C Q and,
hence,
B(b,Q0)u = u,
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by definition. Thus, in this case B(b, Q) becomes the Dirichlet boundary operator,
subsequently denoted by D. Also, o[£+ V, B(b, o), Qo] will stand for the principal
eigenvalue of the linear boundary value problem

(L+V)p=Xp inQp,
B(b,Q0)p =0 on 9.

We now recall the concept of principal eigenvalue for a domain with several com-
ponents.

(2.4)

Definition 2.1. Suppose () is an open subset of { with a finite number of com-
ponents of class C?, say Q), 1 < j < m, such that Q{ N Q) = 0 if i # j, and

diSt(Fh 890 N Q) >0. (25)
Then, the principal eigenvalue of (£ + V, B(b, ), Qo) is defined through
oL+ V. B(b.Q), Q] := min o[£+ VB, Q),00]. (2.6)
<j<m

Remark 2.2. Since (o is of class C?, it follows from (2.5)) that each of the principal
eigenvalues o[£ + V,B(b,%), )], 1 < j < m, is well defined, which shows the
consistency of Definition [2.1

Suppose p > N and V' € L (2). Then, a function @ € Wg(Q) is said to be a
positive strict supersolution of (L + V,B(b),Q) if w > 0 and ((£ + V)a, B(b)u) > 0.
A function u € W2 () is said to be strongly positive if u(x) > 0 for each z € QU
and dgu(z) < 0 for each x € I'y where u(z) = 0 and any outward pointing nowhere
tangent vector field 8 € C'(To; RY). Finally, (£ + V, B(b),Q) is said to satisfy the
strong mazimum principle if p > N, v € W}(Q), and ((£ + V)u, B(b)u) > 0 imply
that u is strongly positive. It should be recalled that for any p > N

W2(Q) — > 7 (Q) (2.7)

and that any function u € W2(€) is a.e. in © twice differentiable (cf. [27, Theorem
VIIL1)).

The following characterization of the strong maximum principle provides us with
one of the main technical tools to make most of the comparisons of this paper. It
goes back to [21I] and [I9], thought the version given here comes from [4].

Theorem 2.3. For any V € Lo (), the following assertions are equivalent:
o o[L+V,B(b),Q] >0;
o (L+V,B(b),N) possesses a positive strict supersolution;
o (L+V,B(b),N) satisfies the strong mazimum principle.

Now, we collect some of the main properties of o[£ 4+ V, B(b), ]; they are taken
from [8] (cf. Propositions 3.2 and 3.3 therein).

Proposition 2.4. Let Qqy be a proper subdomain of Q of class C? satisfying .
Then,

oL+ V,B(),Q] < o[L+V,B(b,Q), ],
where B(b, Q) is the boundary operator defined by (2.3)).

Proposition 2.5. Let Vi, Vi € Loo(Q) such that Vi < Vo and Vi < Vi in a set of
positive Lebesgue measure. Then,

o[C + Vi, B(b),Q] < o[£ + Va, B(b), 9.
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A fundamental result which will be crucial for the mathematical analysis carried
out in the next sections is the continuous dependence of the principal eigenvalue
o[L+V, B(b), Q] with respect to the perturbations of the domain around its Dirichlet
boundary. To state it we need introducing the following concept.

Definition 2.6. Let € be a bounded domain of R with boundary 09y = ryur,
such that TYNT; = (), where I'§ satisfies the same requirements as I'g, and consider
a sequence €, n > 1, of bounded domains of RN with boundaries 99Q,, = rsury
of class C? such that

rpnty=0, n>1,
and I'§, n > 1, satisfies the same requirements as I'g. Then:

(a) Tt is said that €, converges to Qg from the exterior if for each n > 1
Qo C Qi1 CQ and [ Qn=0.
n=1
(b) Tt is said that €, converges to g from the interior if for each n > 1

0y C Qi1 CQ and | J Q2 =9.

n=1

(¢) It is said that 2, converges to € is there exist two sequences of domains,
QL and QF n > 1, whose boundaries satisfy the same requirements as those
of €2,,, and such that QI converges to  from the interior, QF converges
to ¢ from the exterior and

QL cQpnN, cQuU, cQf n>1.

Subsequently, we denote by Hy, (Q) the closure of C2°(QUT') in H'(Q); C°(QUT)
stands for the space of functions of class C*>° with compact support in QUTI';. The
following result is a very sharp version of Theorem 3.7 in [29] going back to [§].

Theorem 2.7. Let Q be a bounded domain of R of class C* with boundary
0N =Toul'y, TynNnl1 =0,

and consider any proper subdomain Qg C Q of class C' with boundary
N =THuT,, THNT; =90,

where T'Y satisfies the same requirements as T'g. Then,

H%S(QO) ={uec H'(Q):suppucC Q}.

For the rest of this paper, v = (v1,...,vn) is said to be the conormal vector
field if
N
v, = Zaijnj 5 1 S ) S N, (28)
j=1
where n = (nq,...,ny) is the outward unit normal to  on I'y. In this case 9, will

be called the conormal derivative. Let p > 0 denote the ellipticity constant of £
and assume ([2.8)). Then,

N

(vin) = > agngn; > plnf* = p>0
ij=1
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and, therefore, v is an outward pointing nowhere tangent vector field. Note that
v € CH(I;RY), since a;; € CH(Q), 1 <i,j < N, and 'y is of class C%.

Now, we can state the continuous dependence of the principal eigenvalues with
respect to the perturbations of the domains along their Dirichlet boundaries. The
following results are Theorems 7.1, 7.3 of [§], respectively.

Theorem 2.8 (Exterior continuous dependence). Suppose (2.8)) and V' € Lo ().
Let Qo be a proper subdomain of Q with boundary of class C? such that
o =TYuT;, THNr; =90,

where T'Y is assumed to satisfy the same requirements as L'y, and consider a sequence
O, n > 1, of bounded domains of R of class C? converging to Qg from the exterior
such that Q, C Q, n > 1. For each n > 0, let B,,(b) denote the boundary operator
defined through

]_'\n
B (b)u =" on o
du+bu only

where T := 0Q, \T'1, n >0, and denote by (o[£ + V, Bp(b), 2], on) the principal
eigen-pair of (L + V,B,(b),$,,), where p, is assumed to be normalized so that

(2.9)

Then, g € Wgo(b)(Qo) and
lim O'[E + ‘/,Bn(b),Qn] = 0’[£ + ‘/,Bo(b),QO] 5 nh—>n<;lo H(,OH‘QO — (po”Hl(QO) =0.

n—oo

Theorem 2.9 (Interior continuous dependence). Suppose (2.8) and V € Lo ().
Let Qg be a proper subdomain of Q with boundary of class C*> such that

00 =TouTy, THnNr; =0,
where T is assumed to satisfy the same requirements as Ug, and let Q,, n > 1,
be a sequence of bounded domains of RN of class C* converging to Qo from the
interior. For each n > 0, let B,,(b) denote the boundary operator defined by (2.9)
where T := 0Q, \T'1, n >0, and denote by (c[L+ V., Bp(b), 2], on) the principal
eigen-pair of (L +V,B,(b),8,), where ¢, is assumed to be normalized so that
lenllm@,) =1, n=>0.
) (o) and

Jim o[£+ V, By (b), 2] = o[£+ V,Bo(b), 2], Tim &0 = ollmi(a,) =0,

~ . ) ¥n in
N0 in 90\ Qn

Then, o € Wgo

where, for each n > 0,

Combining the previous results it readily follows the next theorem; it is Theorem
7.4 of [8].

Theorem 2.10 (Continuous dependence). Suppose (2.8)) and V' € Loo(€2). Let Qg
be a proper subdomain of Q with boundary of class C* such that

00 =THuT,, THNT; =0,
where Ty is assumed to satisfy the same requirements as To, and let Q,, n > 1, be a
sequence of bounded domains of RN of class C? converging to Q. For each n > 0,
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let B, (b) denote the boundary operator defined by (2.9) where Iy = 0Q, \ I'1,
n > 0. Then,
lim o[£+ V,Bn(b), Q] = o[L+ V, Bo(b), Q] .

The following result entails that (£ + V,, B(b)) satisfies the strong maximum
principle if b is sufficiently large and || is sufficiently small. It goes back to
Theorems 9.1, 10.1 of [§]. Hereafter, | - | will stand for the Lebesgue measure
of RN,

Theorem 2.11. Suppose Ty # 0, V € Loo(Q), and consider a sequence b,, € C(T'1),
n > 1, such that

lim minb,, = co.
n—oo I'q

For each n > 1 let @, denote the principal eigenfunction associated with o[£ +
V,B(b,), Y], normalized so that ||on| 1) = 1. Then,
lim oL+ V,B(b,), Q) =c[L+V,D,Q], lim |¢,— ¢l =0,

where (o[£ 4+ V,D,Q], ) is the principal eigen-pair associated with the Dirichlet
problem in Q. Moreover,

liminfo[L 4+ V,D,Q Q¥ > uSy|By| ¥,
121\0

where By = {z € RN : |z| < 1}, ¥y 1= 0[-A, D, By, and pu > 0 is the ellipticity
constant of L.
Now, we state the concept of solution for problem ([1.1)) and collect the results of
[7] characterizing the existence of positive solutions for (1.1)). For the remaining of
this section, it suffices impossing

aij =0 EC(QNWL(Q), 1<ij<N,

instead of a;; = a; € C1().
A function u € Hp () is said to be a weak solution of (L)) if, for each ¢ €
Cr(QruTy),

Z/ ”g;‘ 885 i[)difggiJr/anguA(AWaf(~,u))£uAlbu£

i,j=1

where have denoted

-—al—i—z a” C), 1<i<N. (2.10)

A function u is sald to be a stmng solution of (| ifue W2 (Q) for some p > N
and it satisfies . A function u is said to be a posmve Solutlon of . if it is a
strong solution and u > 0 in . The solutions of . ) will be regarded as solution
couples (A, u). Thus, it will be said that a couple (Mg, ug) is a solution of if
ug is a solution of for A = Ao.

Lemma 2.12. Suppose (A, ug) is a strong positive solution of (L.1)). Then, ug is
strongly positive in £ and ug € Wé(b)(ﬂ). Moreover,

oL — MW + af (- uo), B(b), Q] =0. (2.11)

In particular, ug € C*(Q) for each v € (0,1) and ug is a.e. in Q twice continuously
differentiable.
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Proof. By definition, p > N exists such that ug € W7 (). Thus, thanks to Morrey’s
theorem, ug € Loo(Q2) and, hence, af(-,up) € Loo(£2). Moreover,
(L—=XoW +af(,up))up =0 inQ
B(b)up =0 on 90Q.

Thus, ug is the principal eigenfunction associated with
O'[E - )‘OW + a’f('v’U/O)vB(b)v Q} =0.

Therefore, ug € Wg(b)(Q) and it is strongly positive in Q (cf. [2 Theorem 12.1]).
The remaining assertions follow from (2.7) and [27, Th.VIIIL.1]. O

The following result characterizes the existence of positive solutions for (L.1]).

Theorem 2.13. The following assertions are true:

a) Suppose a € A(Q) \ AT(Q), i.e., a € AQ) and Q0 # 0, and in addition,
[2-8) is satisfied on T1 N ONY. Then, (1.1) possesses a positive solution if,
and only if,

oL (0, Bb), 9] < 0 < a[£(N), B(b, 20), 2]
(cf. (1.8)). Moreover, the positive solution is unique if it exists.
b) Suppose a € AT (Q). Then, possesses a positive solution if, and only
if,
ol (N), B(b), 9 < 0.

Moreover, it is unique if it exists.

Part (a) goes back to [7, Theorem 4.2]. Part (b) can be easily accomplished by
adapting the arguments of the proof of Part (a), and so we will omit the details
herein. Actually, the proof of Part (b) is simpler than the proof of Part (a).

Definition 2.14. Given p > N it is said that u € W7 (Q) is a positive supersolution
(resp. positive subsolution) of (L.1)) if w > 0 and

(Lu—AWu+af(,u)u, B(b)u) >0 (resp. (Lu— AWu+af(-,u)u,B(b)u) <0).

Theorem 2.15. Suppose we are under the assumptions of Theorem (1.1)
possesses a positive solution, p > N, and u € WE(Q) s a positive supersolution
(resp. subsolution) of (L.1). Then u > 6 (resp. u < 0), where 6 stands for the

unique positive solution of (L.1).

Proof. Suppose u is a positive supersolution of . If it is a solution, then, by
the uniqueness obtained as an application of Theorem [2.13] v = 0 and the proof is
completed. So, suppose u is a positive strict supersolution of (1.1). Then, u # 6
and

(L4+ag—AW)(u—0) >0 in$,

B(u—6)>0 on 0Q, (2.12)

where

) .
f@,u(@)) ifu(e) = 6()
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Moreover, some of the inequalities of (2.12)) must be strict. By the monotonicity
of f on its second argument, it follows that g > f(-,0) in Q, since u # 6. Thus,
thanks to Proposition|2.5| and Lemma we find that

oL+ ag— AW, B(b),Q] > o[L+af(-,0) — \W,B(b),Q] =0. (2.13)
It should be noted that it might happen g = f(-,0) in Q}. Hence, > cannot be
substituted by > in (2.13]) without some additional work. Suppose

olL+ag—AW,B(),Q] =0
and let ¢ > 0 denote the principal eigenfunction of (£ + ag — AW, B(b), Q). Then,
it follows from (2.12)) that for each x > 0 the function
U:=1u—0+ Ky

provides us with a strict supersolution of (£ + ag — AW, B(b),2). Moreover, @ > 0
if k is sufficiently large, since ¢ is strongly positive. Thus, it follows from Theorem

2.3 that
oL+ ag— AW,B(b),Q] >0. (2.14)
Therefore, thanks to the strong maximum principle, u — 6 is strongly positive. This

argument can be easily adapted to show that § — w is strongly positive if u is a
positive strict subsolution of (|L.1]). O

3. BELONGING TO THE CLASS A(2) IS HEREDITARY

In this section we prove that the fact of being in 2((Q2) and 2" (£2) inherits to any
open subdomain of €2 satisfying the adequate structural properties. Subsequently,

for any a € 2(2) and any open subset 2 of { such that a € (L), we denote by
(]2 the maximal open subset of {2 where the potential a vanishes (remember the

definition of the class 2A()).

Theorem 3.1. Suppose a € Ar,r, () and let Q be an open subdomain of Q of
class C? such that R
dist(9Q,00N02) > 0. (3.1)

Then, each of the following sets
Lp:=00N(TouQ), I:=0Q\Ty=00NTy,
is closed and open in 9. Moreover, the following assertions are true:
(a) If Q0 NQ #0 is of class C* and
0NQNAQNQ) =90NaNnQY, (3.2)
then a € mfo,fl(ﬁ) and [Q)° = Q0N Q.
(b) Suppose Q¢ N Q=0 and'N K#0 = I'\K CQf for any component
T of 02N Q. Then, a 91;{071;1 (Q). In particular,

a€Uf 1 () = ac ngo)fl(ﬁ) .

Proof. Firstly it should be noted that, thanks to , each component ' of 8
either it satisfies I' € 8 or

rnaQ=20.
Moreover, ' must be a component of 9 if I coQ. In particular, if we denote by
I, 1 <i < mny, the components of I'y, then, for each 1 < i < ny, either I'} C 9 or
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i N9Q = 0. Moreover, I'; must be a component of 9Q if T} C dQ. Subsequently,
when

LN £D,
{i1,...,in,} denotes the subset of {1,...,n;} for which T} C 9Q <= i €
{#1,...,%7, }. Then, it is easy to see that

ni . ~ 5 5
I =JIy A To=00\Ty. (3.3)
j=1

When I'; N9Q = 0, we take T’y = 0. In any of these cases, as I'; is closed and open
in 99, the proof of the first claim of the theorem is completed.

We now prove (a). Suppose Q0 N Q is non empty and of class C2. Since a €
2Ar,., (Q), there exist an open subset Q0 of Q and a compact subset K of  with
Lebesgue measure zero such that

Kn@Qury) =0, (3.4)

QF ={2zecQ:a(x) >0} =0\ (L UK), (3.5)
and each of the four conditions (2;) — (24) of the introduction is satisfied. In
particular,

dist (T'1,09° N Q) > 0. (3.6)
Note that, thanks to (3.6]), each of the components T}, 1 < i < ny, of I'; satisfies
either ‘ ‘
ricol or TiNoQd =0.
Moreover, I'f must be a component of 900 if I C Q0. Setting
Wm0, R KNO, OF =0\ (@ UR),
we shall show that the open set
[ =0
and the compact set K satisfy all the requirements of the definition of the class
mf“o,fl(ﬂ)-‘
Let Q% 1 < i < m, be the components of QU (cf. the definition of the class
Q'[FO;FI (Q)) Since a € lempl (Q),
QNQ% =0 if £y, (3.7)
Moreover, since Q¥ is the maximal open subset of 2 where a vanishes, Qg is the

maximal open subset of ) where a vanishes. Furthermore, since we are assuming
Q0 to be of class C? and

R =00n0=

a

Tt

(ngi N Q) , (3.8)
1
m, Q%" N is of class C2. Tt should be

(2

IN

it follows from (3.7 that, for each 1 <
noted that some of the sets
QNQ, 1<i<m,

might be empty. Nevertheless, since each of them is of class C?, any of them
possesses finitely many components of class C2. Necessarily, their respective closures

are mutually disjoint. Thus, thanks to (3.7) and (3.8), Q0 possesses a finite number
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of components of class C2 ~whose respective closures must be mutually disjoint—.
Also, since K is a compact subset of {2 with Lebesgue measure zero, K is a compact
subset of  with Lebesgue measure zero, and, since
KcK A Qcql,
we have that ~ _ B
Kn(Qury) cKn@Qlury).

Hence, (3.4) implies K N (22 UT;) = 0 and, therefore,

Kn(QuUly) =0,
since I'; € I'y. Moreover, thanks to (13.5),

(z€Q:a() >0} =0n[Q\ (QUK) =0\ (Q°UK),
by the definition of Qg and K. Therefore,
Of ={zeQ:a(x) >0} =0\ (QLUK).

To complete the proof of Part (a) it remains to show that each of the properties
(A1)-(A4) is satisfied.

Since Qg possesses a finite number of components of class C?> whose respective
closures are mutually disjoint and I’y C T'y, in order to prove (A1) it suffices to
show that

dist (0,002 N Q) > 0. (3.9)
Indeed, the inclusion
o0 =a(Q° N Q) c 9% U O
implies
20 NQcC (@0UI)NQ=020N0caNnq,
since QN Q = 0. Thus, a € Ar, 1, () implies
dist(T';,0Q° N Q) > dist(I', 002N Q) > 0,

which completes the proof of (3.9)). This shows property (Al) in Q.

Now, note that thanks to (3.9), for each i € {i1,...,is, }, the component I'} of
'y = T3 NIQ (cf. the beginning of the proof) satisfies either I'Y C QY or else
' NoQNY = (). Moreover, if I'Y € 902, then I'} must be a component of 9Q°. When

fl C an
property (A2) is satisfied, since we are assuming that a is bounded away from zero
on any compact subset of QF, because a € r, r,(Q2). Thus, in order to prove
(A2) we can assume, without lost of generality, that there exists j € {1,...,7;} for
which _ 3
Iy noQl =0.
Then, without lost of generality, we can assume that there exists a natural number
1 < p < nq such that
Ino’ =0 <« je{l,....p}.

By construction, we have

p n1 1
oW Jry =0, Ty=Tino0=J17, TWinoQ= [J 1Y,
j=1 =1 j=p+1
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if p < ny. Using this notation, to prove (A2) we must demonstrate that a is bounded
away from zero on any compact subset of

ﬁ .
OfulJry.
j=1
To prove this, we shall use the following identity
ﬁ .
o) n|Jry =0, (3.10)
j=1
whose proof follows by contradiction. Assume that there exists 1 < k < p for which
T4 Nand £0.
Then, thanks to (3.6), T c Q0 and, hence,
e c a2 nof, (3.11)

since, by construction, T < 9Q (cf. the beginning of the proof of the theorem).
Thus, since
N NoQ c o nQ) =000, (3.12)

it follows from and that
s =T%Nad Nna c Iy naY,
which is impossible, since, by construction,
T naQd =10.
This contradiction proves . On the other hand,
Qf ={ze€Q:a(x) >0} c{reQ:alx)>0} =0} (3.13)
and, therefore, and imply

QFu O r'' cQfu ij I cQf U\ o). (3.14)
j=1 j=1
Since a € A(Q), a is bounded away from zero in any compact subset of
QF U\ 09Y).
Thus, thanks to , a is bounded away from zero in any compact subset of

p
Qrulry
j=1
and, therefore, (A2) is satisfied in Q.
In order to show (A3) recall that, thanks to (3.1), each component I' of 99

either it satisfies I' c 9Q or I' N9 = 0. Moreover, I' must be a component of 9
if I' € 9Q. Therefore,

N = (00NTH)U@QNT)UOQNQ) =T U,
and

dist(0Q N Ty, dQNTy) >0, dist(dQNT;,00N Q) >0, iec{0,1}.
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Let Ty, 1 < i < ng, and I'{, 1 < i < ny, denote the components of I'y and I'y,
respectively. Without lost of generality we can rearrange them, if necessary, so
that

o n1 nOI
o0nT, = Jry, oanTy =Jri, oana=JT};,
3 3 i=1

for some 0 < g < mg, 0 <7y < ny, and fp; > 1. It should be noted that Q=0
if 80 N Q = 0 and that

no,1 n
UI”UUF A f1=Ur§.
i=1

The sub-index ”I” makes reference to the fact that each of 1"67 1 <i < nyp,
provides us with an internal component ~within € of the Dirichlet boundary Ty of
Q.
Let {i1,...,494} be the subset of {1,...,ng} for which
TNORUK)#D <= j€{is, .. iq}-
Similarly, let {j1,..., s} be the subset of {1,...,7¢} for which
INOLUK)#0 <= j€ {1, Ja},
and let {k1,..., kg, ,} be the subset of {1,...,70 ;} for which
D, NORUK)#0 <= je{k,... kg, )
We claim that
{jl,...,jq}C{il,...,iq}. (315)
In other words, [')N(OQOUK) # 0 if j € {j1,...,j3}. Indeed, forany j € {1,...,n0}
we have that
INEWQUK)cT)n(QUK) cT)n (0L UK).
Thus, ,
INOQUK)=0 if T)NONNUK)=10
and, therefore,
j€{17...7n0}\{i1,...,iq} - jE{1,...,710}\{]'17...,]'[]'}.
This completes the proof of (3.15)).

Using these notation, to prove that a satisfies (A3) in Q we must show that a
bounded away from zero on any compact subset of

Go,1

+u[0rgf\(a§zguK} [Ur A\ (090 U K|
=1

By definition,
Go,1

Ure, coane,

and, hence,

Go,1

Ur A\ (00 UR) € (00NQ)\ (000 UK) = (00N )\ [0(2° NQ) UK]. (3.16)
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Moreover, thanks to (3.2)),
@A)\ [P N UK] = (00N Q) \ [Q UK]. (3.17)
Thus, since B
NNANK=00NONKNQ=00NnQNK,
it follows from and that

Go,1

UTE N @ UEK) 09N\ (QQUK) CQ\(QQUK)=0Qf.  (3.18)
i=1

Thanks to (3.18]), to complete the proof of (A3) it suffices to show that a is bounded
away from zero on any compact subset of

Qfu [Orgi\(aflguk)},
i=1
since Qt‘f C Q. By construction, for each 1 <i < ¢, 1’%" c 80 NTy and, hence,
NN UK) =T naQd)u Ty nK)

- [P{; A N Q)] U NKNQ)

= Ty NaQ%)u (T NK)

=T NELUK).
Thus,

q q
UTi\ 09 uK) = 1%\ (095 U K)
i=1 i=1

and, therefore, since a is bounded away from zero on any compact subset of

Qf U [Or{;\(aﬂgu}()},
i=1

because of (3.13)), (3.15) and the fact that a satisfies (A3) in Q. The proof of (A3)
in Q is completed. ~
To complete the proof of Part (a) it remains to show that (A4) is satisfied in 2.
Fix n > 0. Then, since a € A(Q2), there exist a natural number ¢(n) > 1 and £(n)
open subsets of R, G, 1 < j < £(n), with |G| <5, 1 < j <{(n), such that
£(n) - -
Kc|JG? and GINGI=0 if i#j. (3.19)
j=1
Moreover, for each 1 < j < £(n) the open set G? N is connected and of class C2.
Without lost of generality, we can assume that G;’ NQ£0,1<j< £(n). Since
Q and G? N Q are of class C2, for each 1 < j < £(n) the set G? N Q possesses a
finite number of components with mutually disjoint closures, although it might not
be of class C2. For each n > 0 and 1 < j < {(n), let N(n,j) denote the number of
components of G N and let

{G], 1<k <N(nj)}
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be the set of such components. Now, for each € > 0 let B, denote the ball of radius
€ centered at the origin and consider the open neighborhoods

Gl=Gl+Be, 1<k<N(@j), 1<j<n).
By construction, g = £o(n) > 0 exists such that for each ¢ € (0, &)
GI.NGY, =0 if (k) #(i.h). (3.20)
Moreover, since
GT I <IGT <n, 1<k<N(nj), 1<j<L(n),

g1 € (0,ep) exists such that for each £ € (0,¢1)

GTl<n, 1<k<N@mj), 1<j<n). (3.21)
Furthermore, we find from that
_ ) B £(n) N(n.5)
f(:KﬂQCU(G?ﬂQ)CU U a,. (3.22)
j=1 j=1 k=1

Also, since G;?,k is connected, G’?k is connected for each 1 < k < N(n,j) and
1 < j < £(n). Hence, there exists e € (0,e1) such that G;’k N Q is connected for
each 1 <k < N(n,7), 1 <j <{(n). Subsequently, € € (0,e2) is fixed.

Suppose that, for each 1 <k < N(n,j) and 1 < j < £(n), G?k NQ is of class C2.
Then, thanks to (3.20), (3.21) and (3.22)), there exists

1 < {(n) < L(n)N(n,5)

and £(n) elements of
{G1,NQ:1<k<N(nj), 1<j<tn},
satisfying all the requirements of (A4) in Q.
Now, suppose that G?’k NQ & C?% for some 1 < k < N(n,7) and 1 < j < £(n).
Then, thanks to (3.22),
dist(K,0  |J G1,)>0

1<k<N(n,j)
1<5<e(n)

and, hence, there exists an open subset G;’ i of R¥ such that G’;’ w0 ) is connected
and B B

2% i ol ol ~m 1 0 2

KNG, CcG,CcGj,CcGi,, GjNnQecC.
Substituting each of those G;’ . S by the corresponding G? . s and arguing as in the
previous case the proof of Part (a) is easily completed.

The details of the proof of Part (a) can be easily adapted to prove the first claim
of Part (b). Finally, suppose a € Qlf:o’m(ﬂ). Then, Q0 = () and, in particular,

QRNQ=90.
Moreover, QF = Q\ K and, hence,
(a(msz)\KcQ\K:Q;.

Therefore, thanks to the first claim, a € Qllffo £, (Q). This completes the proof. [J
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As an immediate consequence, from Theorem [3.I] we find the next corollary:
Corollary 3.2. Suppose a, V € Ur, 1, () with QY connected and
dist(T'g,00% N Q) > 0.
Then,
fo = 899/ N (FO U Q) and f‘l = 89?/ \fo = GQQ, N Fl
are closed and open sets of class C?, and each of the following assertions is true:
(a) If Q2 NQY # 0 is of class C* and

20, NN NAY) =09) NanQ?, (3.23)

then a € Ap, 7 () and [QF]5 = Q4 N,
(b) Suppose Q0N QY =0 and

'NK,#0 = T\K,cCQ

for any component T' of 00, N Q. Then, a € %Ifojl(Q?,), In particular,

a € QlffO’Fl(Q) = ac€ Qllffojl(Q(‘)/).

4. EXTERIOR CONTINUOUS DEPENDENCE

In this section we analyze the continuous dependence of the positive solutions of
(1.1) with respect to exterior perturbations of the domain  around its Dirichlet
boundary T’y in the special case when 0, is the conormal derivative with respect to
L. So, this section assumes ([2.8]).

Subsequently, we will refer to problem as problem P[\, Q, B(b)]. Also, we
will denote by A[S2, B(b)] the set of values of A € R for which P[X, Q, B(b)] possesses
a positive solution.

The following result will provide us with the ezterior continuous dependence of
the positive solutions of P[A, 2, B(b)].

Theorem 4.1. Suppose . Let Qg be a proper subdomain of Q) with boundary
of class C? such that 90y = T UTy, TQNTy = 0, where TY satisfies the same
requirements as I'g, and let Q,, C Q, n > 1, be a sequence of bounded domains of
RN of class C? converging to Qg from the exterior. For each n € NU {0} let B, (b)
denote the boundary operator defined by

n
U on L'y,

(4.1)
dyu+bu only,

B, (b)u := {

where T7 = 0Q, \T'1, n € NU{0}. Suppose, in addition, that a € A(Qp),
X € A[Qo, By(b)] and that ng € N exists such that

a € ﬁ A(Q,) and M€ ﬁ A, B, (b)] . (4.2)

n=no n=no

For each n > 0, let u, denote the unique positive solution of P\, Qyn, B, (b)]; it
should be noted that the uniqueness is guaranteed by Theorem|2.13. Then,

nh—{go ||’un‘QO — uOHHl(QO) = 0 . (43)
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Proof. Suppose (4.2). Without lost of generality we can assume that ng = 1. Then,
thanks to Theorem [2.13] the problem P[X,Q,,B,(b)], n € NU {0}, has a unique
positive solution, denoted in the sequel by wu,,. Moreover, thanks to Lemma [2.12

un € Wi y(2) C H* (), neNU{0},

and u,, is strongly positive in §2,,. In the sequel for each n € NU {0} we set

- Uy I Oy,
Uy =

0 inQ\Q,.
Since u,, € H*(£,,) and u,, = 0 on I'y, we have that i, € H*(Q) and
[an 2 @) = lunllor @), neNU{0}. (4.4)

Moreover, since u,, is strongly positive in Q,,, I'y = 0Q,, \ I'y for each n € NU {0}
and
QoCQn_HCQn, TLEN,
it is easily seen that
Ly = \Wu, —af(,up)u, inQ,p; neN,
Bri1(b)u, >0 on 0041 neEN,
and
Lup = Wu, —af(,up)u, iny neN
Bo(b)u, >0 ondy neN.
Thus, for each n € N the function u,, is a positive supersolution of the problems
P\, Qpi1,Bri1(b)] and P, Qq, Bo(b)]. Hence, thanks to Theorem we find
that
UnlQ,y = Unt1 >0, uplo, 2up >0, n>1.

Therefore, in ) we have that

O<ﬂ0§ﬂn+1§ﬂn§a17 n € N. (45)
Now, setting M := [|i1]|_(q), it follows from (4.5) that
ltnlr o <M, neNU{0}, (4.6)
and, hence,
lnllLo) < M QY2 neNuU{0}. (4.7)
Now, we will prove that M > 0 exists such that

Indeed, since Q,, C € for each n > 0 and £ is strongly uniformly elliptic in €,
integrating by parts and using u, = 0 on I'{}, @, = 0 on Q\ Q,, Unlq, = u, and
up € H*(Qy), n > 0, gives

Va7, 0
N ~ ~ N
Ot,, O ou,, Ou
< /ai.JJ: / a2 Tlin
;1 o " 9z; o ;:1 0. “1 8z, o,
N N
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0%u, al Oaj Ouy,
== Z / RIE T T _”2;1 /Q oz, 0z "t Z / i D, a s

1,7=1

From this relation, taking into account that w, is a solution of P[X, Qy, B, (b)] we
find that

1l Va7, @)
N ou
< / (AW —af(-,upn) — ao)uyn — Zdi B = Jun Z / i 8 Sy,
Q, — » ot

where the function coefficients &; € C(Q), 1 < i < N, are those given by (2.10).
Thus, since i, = 0 in 2\ Q,, and @, € H'(Q) for each n € N, it follows from (4.9)

that

(4.9)

Va7, 0

o1 a ou
< MW —af(-t,) —« / ozz nﬁn / O — U T
/1 (1) — )i Z * 2 f gt

Z
(4.10)
On the other hand, by construction we have that d,u, + bu, = 0 on I'y, n € N,
where v = (v1,...,vy) satisfies

N
Vi::Zaijnj, ].SZgN,
j=1
since we are assuming (2.8)). Thus, for any natural number n > 1 we have that

N

3u
Z a” 8 3 "= Vg, v) = Oyu, = —buy,
1,j=1 i=1
and, hence,
Z a” 8 “upny = —bul . (4.11)
i,5=1
Now, substituting (4.11)) into and using Uy, |r, = un|r, gives

o
i, ||? < AW — S Up) — 02 — S pp— y b2 . (4.12
IVl < [ W —afin) —alit — [ 3 agea, - [ i (12

We now proceed to estimate each of the terms of the right hand side of (4.12)).

Thanks to (4.6)),

/[)\W —af(-d,) — aglad| < M;M?Q|, (4.13)
Q
where

= MWl + llalloo @ fllLo @xion) + llaollo@) -
Moreover,

| / bii2| < M2 (b T (4.14)
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where |T'1| stands for the (N —1)-dimensional Lebesgue measure of I'y. Now, setting

N
- Bo\1/2
My =Y Jaillr ), e:=(57)"", (4.15)
i=1 M
where p > 0 is the ellipticity constant of £, and using Holder inequality yields

an~ an —1~
\/Zaz ; leazllL @ [ 15

~ 2 ~
M2§ IVin|7, o) + 202 @17, )

Thus, (4.15) implies

‘ / 8un ~
Z a'L ’I’L
Hence, thanks to , -7 and , we find from that

MHVunHLz(Q) <Ms+ 3 Hvun||L2(Q) )

Sy M3
< §||Vun|\%2(9) + T:HURH%Q(Q) : (4.16)

where
My = MO0 + bl o[04 + 5 MEM(.
Thus,
IVl oy < 252 (417

and, therefore, thanks to (4.7) and (4.17), we find that |G, ||z o) < M, n €N,
where

~ 2M3N\1/2

M = (M2|Q| + 73) .

1
This completes the proof of (4.8]).
Now, thanks to and (4.5) and (4.8), along some subsequence, again labeled by

n, we have that

0< L:= lim ||an||H1(Q) . (4.18)

In the sequel we restrict ourselves to deal with functions of that subsequence. Since
H'Y(Q) is compactly embedded in Ly(€2), it follows from (4.8) that @ € Lo(Q) and
a subsequence of u,, n > 1, relabeled by n, exist such that
lim [|@, — @7, =0. (4.19)
n—oo
To complete the proof of the theorem it suffices to show that (4.18]) and (4.19)
imply
nh~>n;o ltn — |l g =0, supp @ C o, dlo, = uo-

since this argument can be repeated along any subsequence. In fact, it suffices
proving the validity of the first relation along some subsequence, since ug is the
unique weak positive solution of problem P[A, g, By(b)]. Set
~ Up
Up = =, Up:=Tpla, =
l[tn | 1 (0)

=" neNu{0}.
lunll m (@,
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By construction, o, € H(Q), v, € H*(Qy,),
Unlove, =0, [onllmr@) = llvallpr@,) =1, neNU{0}, (4.20)
and v, is a positive solution of
Lo, = \Wuo, —af(,up)v, inQ,
B,(b)v, =0 on 99Q,,
since u,, is a positive solution of P[\,Q,, B, (b)]. Moreover, and imply
|tin |l L () M M

100l L @) = 7= < = < = : (4.22)
O Nanllar ~ Nanllza@ — laollza@)

(4.21)

Now, since H(Q) is compactly embedded in L(£2), we find from (4.20) that there
exist ¥ € Lo(Q) and a subsequence of ©,,, n > 1, labeled by n, such that

lim |5, — | £, ) = 0. (4.23)
n—oo
In particular,
lim o, =0 almost everywhere in Q. (4.24)
n—oo
In the sequel we restrict ourselves to consider that subsequence. We claim that
supp 7 C €. (4.25)

Indeed, pick
n=1

Then, since Q,, n > 1, is a non-increasing sequence of compact sets, a natural
number ng > 1 exists such that x ¢ Q,, for each n > ny. Thus, ¥, (z) = 0 for each
n > ng, and, hence,

lim 9,(z) =0 if & Q.

n—oo

Therefore, the uniqueness of the limit in (4.24) gives © = 0 in Q \ Q. This shows
(4.25)).

Note that 0,(x) > 0 for each z € ,, UT'; and n € N U {0}, since ¥, is strongly
positive in Q,. Hence, 9,(z) > 0 for each x € Qo UT; and n € N U {0}, since
Qo C Q. Thus, (4.24) implies

>0 in Q. (4.26)
Now, we will analyze the limiting behavior of the traces of v,,, n > 1, on I'y. By our

regularity requirements on 9, it follows from the trace theorem (e.g. Theorem
8.7 of [29]) that the trace operator on I'y

mH Q) —  WRP()

(4.27)
u —  yuc=ulp,

is well defined and it is a linear continuous operator. Now, for each n € N let i,
denote the canonical injection

i s HY Q) — HY(Q),
i.e., the restriction to Qg of the functions of H!(€2,). Note that for each n > 1

linllccmr@u),m1(00)) < 1- (4.28)
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Then, setting T, := 1 0 iy, n > 1, we find from (4.28]) that

ITall e ey w72 enyy < il g oy w2y, @21

Thus, the trace operators T,,, n > 1, are uniformly bounded. Moreover, for each
n > 1 we have that

Unlr, = Tov, € W3/?(Ty).
Hence, (4.20) implies
||1~}”|F1||W21/2(F1) = ||Un|F1||W21/2(F1) = ||Tnvn||W21/2(Fl) < ||’71||£(H1(QO)’W21/2(F1))a
for n > 1. Since the embedding
Wy ?(Th) = La(T)

is compact, because I'y is compact (e.g. Theorem 7.10 of [29]), v* € Lo(T'1) and a
subsequence of v,,, n > 1, —again labeled by n— exist such that

T [[Balr, = " [zary) =0 (4.20)

In the sequel we restrict ourselves to consider that subsequence.
Now, we will show that @, n > 1, is a Cauchy sequence in H'(f2). Note that,

thanks to (4.23)), this implies

lim ||1~1n — 1~}||H1(Q) =0. (430)

Indeed, let & and m be two natural numbers such that 1 < & < m. Then, Q,, C Q
and, since L is strongly uniformly elliptic in €2, integrating by parts and using
v, =000 Ty, v, =0in (2\Q,) UTH and 0,]q, = vn, n > 1, gives

v P
= Z aij%(vk — Om) a—%(vk — Um)
5 ([ a2ty [, O Dy [, O D]
_, — Qe Y 6:01 8Ij Qi " al‘z al‘j Qi Y 81‘2 aSCj
N
_ 0 (4. 00 9 (0, 20my _ 9 (0,00
B Z [/ UkM(aljaxi)+/vam6xl(a” 83:1-) Q/Qm ymﬁxl(auﬁxi)}

J J

N
vy, vy, Ovg,
+ Z /Flaj <Uk8mi Tt o0x; v 833»)”]

7
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Thus, since v,, n > 1, is a positive solution of (4.21)), we find from the previous
inequality that
o
N

+ /Q [)\va —af(., Z aovm} Um

m j—
Jom

N
IV @1 = 517,50 S/Q [)\va —af (-, ur)oe — Z 8

=1

—2/ [)\va—af ,UR) Vg — Z
Qm

=1

N
0 Ovp, 0
+ Z / Q5 <Uka:f + U, 81;‘ —2’Um8§‘]:> n;,

(4.31)

where the functions &; € C(€2), 1 < i < N, are those given by (2.10). Rearranging
terms in (4.31)) gives

IV @k — )12, < /Q (AW — o) (5 — B )+ /Q (AW — a0)(Um — 05)0m
k m

+ /Qk af(-,ug)(Om — vp)vg + /Qm af(-,up)(Vk — Vm)VUm

N

<= 0
+/Q avy, [f (- u) = F(um)] + Z/Q ;i (O, — vk)azlz
" i=1 7S

. 0
+ / QiU =— (Vg — Uy

i:zl Qi 8xl( k )

N

v 9
+ ljzz:l /F1 Oéij[('Uk - Um)aixl: + Umaixi(vm — Uk)]nj .
(4.32)

Now, we shall estimate each of the terms in the right hand side of (4.32). Note

that (4.20) implies
||”DnHL2(Q) < ]., ||V17n||L2(Q) < 1, nGNU{O} (433)
Thus, thanks to Holder’s inequality, we find from and (| - that

‘ / (AW — ap) (vg, — ﬁm)vk’ < AW — ol (@) |0k — Ol o) » (4.34)
Qp
[ OW = a0)(wm = w)on] < 1AW = aollegon I = Bl (439
Qum
‘ /Q af (- ue)(Om — Uk)”k’ < llallz @ If I @x 0,010k = Omllo0),  (4.36)
k

[ et o= v < lallo e @non 1= tnlle . (437
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N
‘Z/ﬂ & (U, — vk —‘ < |om — Dkl Lo (o) Z||az||L (4.38)
=1 k

Moreover, thanks to (4.6) and (L.5), it is easily seen that
|fCour) = f(um)| < [[0uf(- ')||LOO(Q><[O,M])|U/€ — Uy |

and, hence,

[l = S]] < Ol | oG = )]

where
= Ha”L Q)H8 f||L (Qx[0,M]) -
Thus, using Hélder’s 1nequahty we find from (4.22)) and - that

CM - -
[t = S| € o ey (439)
Qn o] L. ()

To estimate the integrals over I'; one should remember that d,v,, + bv, =0 on I'y,
n € N, since v, is a positive solution of (4.21). Then, it follows from assumption
(2.8) that for any n € N

N

Z onj 8 Zl/Z 5'1),; (Vug,v) = dyv, = —bu,
7,7=1
and, hence,
al 0
Z Qi oz, (U — vg)nj = —b (v — i)
1,7=1
Therefore,

ol v
‘ > / aij(“k—”m)afkﬁj‘:‘/ bk (Um — vk)
ij=1711 Ti Iy

< ||bHLoo(F1) ||Uk|F1 ‘|L2(F1) ||(Uk - ’Um)‘FI HL2(F1)
(4.40)

and

al 0
‘Z/amvma Urn n]’—’/ b v (Vk — Um)
ij=17T1 i I8
< 0l z o @iy lvmlry 2o @) (e = vm) 0y Lo () -
(4.41)
To complete the proof of the claim above, it only remains estimating the term

N
J— ; /Qm divmg(vk — VUpp) . (4.42)

K3

Since &; € C(2), 1 <i < N, in order to perform an integration by parts in (4.42))
we must approach each of these coefficients by a sequence of smooth functions, say
o, n>1,1<i<N. Fix § > 0 and consider the J-neighborhood of €2

Qs == Q+ Bs(0).
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For each 1 <i < N, let &; be a continuous extension of &; to RY such that
Gi € Cc(Qs),  dillo.@yy = ldillLo@)- (4.43)
Now, consider the function
p(x) = .
0 if || > 1,

and the associated approximation of the identity

Pn = (/RNp>_1an(n~), neN.

Note that for each n > 1 the function p,, satisfies
Pn eccoo(RN), Supp pPn CB%(O)a pn >0, ”pn”Ll(RN) =1.

Then, for each 1 < i < N the new sequence al := p,, x&;, n > 1, is of class C*(RY)
and it converges to &; uniformly on any compact subset of RY (e.g. Theorem 8.1.3
of [15]). In particular,

lim [|a?]q — &llp @ =0, 1<i<N, (4.44)

since &;|q = &;. Moreover, thanks to (4.43)), it follows from Young’s inequality that
for each n > 1

i oo @vy < Nlenll, @yl @y = ll@lln @), 1<i<N, (4.45)
and .
5 ay < N2 gy Il LSHSN, (446)
since
oo Opy

= xq;, 1<i1<N, >1.
ox; ox; @ == n

Furthermore, since for each 1 <i< N andn > 1

12 ey = ([ 0) mlg2l
O Li(RN) = RNP O, Li(RN)

(4.46)) implies

ooy -1 Op - )
15, o) < (/}RN ) nll g e lGiliae . 1SISN, o (447)
for each n > 1. Now, going back to (4.42) we find that for each n > 1
al 0 al 0
Lk = ; /Q (&; — a?)vma—xi(vk — ) + ; /Q ayvm%(vk —Up). (4.48)

We now estimate each of the terms in the right hand side of (4.48)). Applying
Holder inequality and using (4.33)) it is easily seen that

Y o Ok = vm)
3 [ o, At
N

< (D01 = a7 lre ) 1l 2 19 = )220

i=1
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N
<2 a —afllr (o) -
i=1

Moreover, integrating by parts gives

N
U, Vg — Uy
X tenten o)
N 9 N

= - (vk — V) =— (@ vp,) + / A (Vg — vy

and, hence,
N
n 0
‘ ;/ﬂ ol vma—xi(vk — vm)‘

N
< (Dl @) ) IV 8mll @) 17 = Fmlzac0)

i=1

+(in

i=1

oot - O
e e | LA PRES L e

N
+ (X Nl ) ol e 10 = Vi)l o) -
i=1

Thus, substituting these estimates into (4.48]) and using (4.33)), (4.45) and (4.47)

we find that
N

Tl < (21165 — [l Lc @) + 16l @) om0, Lo | (06 = vm) ey | Lacry))
=1

N
1,0 - L
30 (14 g e ) sl ol — Ol

for any n > 1. Now, fix € > 0. Thanks to (4.44), there exists n > 1 such that

€

N
23" i — e < 5.

i=1
Hence, thanks to (4.23) and (4.29)), there exists ng > 1 such that for any ng < k <m

L] < ; (4.49)

Therefore, substituting (4.34)44.41| and (4.49)) into (4.32) and using (4.19)), (4.23)
and (4.29)), it is easily seen that there exists kg > ng such that for any kg < k <m

IV (0 = 0m)ll7,0) <€

This shows that & € H'() and completes the proof of (4.30). Note that, thanks
to (4.20),

10l () = [l @) = 1. (4.50)
Moreover, if v stands for the trace operator of H(2) on I'y, then

[Bnlr, = B0, Loy = 17 @ — )l o) < IV e @), Lo@o 100 = Ol @)
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and hence, (4.30) implies
nh~>nolo H{jnh—‘l - 17|F1 ||L2(F1) =0.

Thus, thanks to (4.29)), we find that

Olp, =v*. (4.51)
Now, set
v =0, (4.52)
Since by construction vy,|q, = Unlq,, it follows from (4.30)) that v € H(Q) and
nh_)rr;o ||'Un|Q0 — ’UHHl(QO) =0. (4.53)
Moreover, thanks to (4.25)) and (4.50]),
[0l (20) = 101 (2) = 1. (4.54)
On the other hand,
ol = It -
"o Lliz) Wanllg e L@
[[tn — | L2(0) 1

1
: ) EATRI.
e Ty~ T/e@

where L is the constant defined through (4.18)). Thus, it follows from (4.18) and
(4.19) that

. - "
,}LH;O an - ZHLZ(Q) =0.

Consequently, thanks to and , we find that
@=Lo in La(N). (4.55)
Moreover, thanks to ([#.25)), ([4.26), (4.53) and (4.55) we have that
@€ H (Qo), suppi C Qy, @>0. (4.56)
Now, set u := @]q,. Thanks to and (£.55), we have that

u=Lv and lim ’
n—oo

(4.57)

Un‘QO -

u H _
Lilm o)
In the sequel we will show that u is a weak solution of P[\, g, Bo(b)]. Indeed, since
v € H'(Q) and supp o C Qo, it follows from Theorem [2.7| that & € H], (). Thus,

vE Hllg(Qo) and hence u = Lv € Hllg(Qo). Now, pick
EeCr(QUTy).
Then, multiplying the differential equations
Lo, = \Wuo, —af(,up)v,, n>1,

by &, integrating in €2,,, applying the formula of integration by parts and taking
into account that supp €& C Q¢ UT'; gives

N N
a’l}n 85 ~ avn
O Z/ gt [ oo

ij=1

N
vy,
= /QO()\W—CLf(-,un))Unﬁ—F Z /F1 Otijaixif’nj,

1,j=1

0
0
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for each n > 1, where the coefficients &;, 1 < i < N, are given by (2.10). Moreover,
using d,v, +bv, =0 on I'y, n > 1, yields

N
vy,

N
vy, B B B L
Z aijail‘ignj = ;Vzaixigf <anal/>£ = ayvnf = bvnfa

ij=1

and, hence, for each n > 1 we find that

N N
v, 0 / _ Ovy, /
Qi ———— + ; + QoUpn
Z /Qo jé)xi al'j ; Qo axzf Qo 0 E

i,5=1

:/Q AW = af (- un))vn€ — [ bun €.

I
Thus, using (4.6, 9|r, = v|r, and

lim ||Un - u”Lz(Q) = 0, lim ||Un|Qo — UHHl(QO) = 0,
n— 00 n—oo

(4.58)

nlLII;O an|1"1 - U|F1 ||L2(F1) =0,

and passing to the limit as n — oo in (4.58)), the theorem of dominated convergence
implies

N N
dv 0¢ _ Ov
Z/Qoalﬂaxiaw;/m%xi“/ma(’”g

ij=1

:/ (AW —af(-,u))v€ — bv€.
Qo

I
Finally, multiplying (4.59) by L and taking into account that u = Lv gives

N N
Ou 0¢ / _ Ou /
> Qijp—m=+ ) ain—E+ | aué
ij=1 /QO TOx; 0y o, O o

- / AW — af (- u))ué
Qo

/Flbug

for each & € C°(Qo UT1). Therefore, u € Hl, (o), u > 0, is a weak positive
0

solution of P[A, Qg, By(b)]. Since ug is the unique positive solution of P[A, Qq, Bo(b)],
necessarily

(4.59)

up =u= Lv. (4.60)
Now, thanks to (4.53)), it follows from (4.60)) that
. Ug
Jm lonle, — 7l = 0. (4.61)

Moreover, since

~ U 1 1
Un|Qo — Uy = ||’LLn||H1(Q) |:('Un|QO - f) + (Z - m)’do} s
n || H1
it follows from (4.8]) that
1

~ Uug 1
[unlay — ol 1 () < M[an|90 - f”Hl(Qo) + ’f - m’”uoﬂm(ﬂo)} :



EJDE-2004/74 VARYING DOMAINS 31

Therefore, thanks to (4.18)) and (4.61)), we conclude that

lim ||un|a, — uollm(a,) = 0.
n—oo

This shows the validity of (4.3) along the subsequence we have been dealing with.
As the previous argument works out along any subsequence, the proof is completed.
|

The following result provides us with some sufficient conditions ensuring that
condition (4.2) is satisfied. Therefore, under these conditions the conclusion of
Theorem [l is satisfied.

Theorem 4.2. Let Qg be a proper subdomain of 0 with boundary of class C* such
that

o =TouT;, THNT; =90,
where T satisfies the same requirements as To, and let Q, C Q, n > 1, be a
sequence of bounded domains of R of class C* converging to Qo from the exterior
such that

dist(0Q,0Q, NQ) >0, n>0. (4.62)
For each natural number n > 0 let B,,(b) be the boundary operator defined by ,
Then, the following assertions are true:

(a) Suppose [2.8) on T'1 NINY and O # QO C Qo. Then, for each n > 0,
ac ﬂ Arp r, ( and  [Q,]° = Q0, (4.63)

where T§ = 0Q, \ T1 and [Q,]% is the corresponding open set of the

a

definition of the class ™Urp r,(2n), n > 0. Suppose, in addition, that
A€ A[Qo,Bo(b)] Then,

xe () Al Ba(0)]. (4.64)
n=0
b) Suppose Qo N QO = 0. Then, a € A, . (). Moreover, ng € N exists for
r9,r,
which
we () %ol (4.65)
n=no
Furthermore,
Ae [ A€, Bn(D)] (4.66)

A€ A, B0
(¢) Suppose QN Qo #0, QN =0, and ng € N exists for which Q, N QY is
of class C? and

00, NN NN,)=020,n2NQ°, n>ng. (4.67)

Suppose, in addition, that T N K, # 0 implies T'\ K, C QF for any compo-
nent ' of T'Y. Then, a € Qlifo r, (o) and

ac ﬂ Ay 1, ( [2.00=02NQ,, n>ne. (4.68)

n=no
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Suppose, in addition, that A € A[Qq, Bo(b)]. Then, mo € N, mg > ng, exists
for which

Ae () Al B.(b)]. (4.69)
(d) Suppose on T'1NI[Q)Y and
1. QYN Qg # 0 is of class C?,
2. 0N\ Q) £0,
3. no € N exists such that Q0 N Q,, is a proper subdomain of Q of class
C? if n > ng,

4. (32) is satisfied for any Q € {Qo, Vngsj 2 j > 0}.
Then, a € erg,pl (Q0) and my > ng exists for which

)
ac m Q[FZ)LJH (Qn) A [Qn]g =Q,N Qg Zf n e {O,m0+j 1] > 0} (470)

n=mo

Moreover, if, in addition, A € A[Qq, Bo(b)], then, for some £y > my,

e ﬁ A, B (D)]. (4.71)

n:[o

(€) Suppose a € AT(Q), i.e. Q0 =0. Then,

ae (A r, (@), (4.72)
n=0
i.e., a € Urn v, (V) and [Q,]0 = 0 for each n > 0. Moreover,
AEA[Q,By(b)] = Ae () Al Ba(D)]. (4.73)
n=0

Furthermore, in any of the five previous cases, if (2.8|) is satisfied on Ty, X €
A[Q0, Bo(b)] and w,, stands for the unique positive solution of P[X\,Qy, By ()] -
whose existence is guaranteed for n sufficiently large—, then, thanks to Theorem

1

nh—{go ||Un‘QO — 'LLOHHl(QO) =0, (4.74)
where ug is the unique positive solution of P[X,Qq, Bo(b)].
In most of the applications, in order to have the results of the theorem it suffices
assuming that
dist(9€2,9Q0 N Q) >0,
instead of (4.62]), since this condition implies (4.62)) to hold for n = 0 and n suffi-
ciently large.

Proof. Without lost of generality we can assume that 2,11 is a proper subset of
Q, for each n > 1. Then, € is a proper subset of €2, for any n > 1 and, for each
n>1,

dist(Ty, 090 N ,) > 0,
since 9y N Q, C T'Y and €, converges from the exterior to Qg as n — co. Thus,
thanks to Proposition[2.4]

o[£ (N) B (b), Q] < o1L7(N). Bo(B). %], > 1. (4.75)
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Now, we will proceed to prove each of the assertions of the theorem separately:

(a) Suppose B # Q% C Qp. Then, for each n >0, Q% N Q,, = Q0 # 0 is of class C2,

since Q0 C Qy C Q,,. Moreover, for each n > 0,
00,N0NaN°NN,)=020,n2NnQY, n>0,

since Q0 N Q, = QY and 90, N Q C I'Y. Therefore, thanks to (4.62), it readily
follows from Theorem [3.1](a) that (4.63) is satisfied. Note that

a[L(N), B(b, [Qn]a), [Q]a] = a[L(N), B(b, ), ], n>0. (4.76)
Now, suppose A € A[Q2y, By(b)]. Then, thanks to Theorem m(a),
a[Lp(N), Bo(b), Q0] <0< a[L(N),B(b,Q2),0Q0]. (4.77)

Therefore, thanks to (4.75) and (4.77), we find that, for each n > 0,
alLp(A), Bu(b), 2] <0 < o[L(N), B(b, Q). Q]
Consequently, (4.64)) follows from Theorem a).
(b) Let T’ be any component of I') satisfying I' N K # ). Then, it follows from
P\KcCTycoQ A QN =0,
that
C\K)NW =0 A T\K)NK=90.
Thus, (I'\ K) N (Q2 U K) = () and, hence, (1.10)) implies I' \ K C Q}. Therefore,
thanks to (4.62), we find from Theorem [3.I|b) that

a < Q[Fg,rl (Qo) .

On the other hand, since
ngQ():@ A nQn2907
n=1

ng € N exists for which
AN, =0, n>ng. (4.78)
Pick n > ng and let I' be any component of I'y satisfying I' M K # (). Then, it
follows from
P\KcTico, A Q,nQ =0,
that
C\K)NW =0 A T\K)NK=90.
Thus, (I'\ K) N (22 U K) = () and, hence, (1.10)) implies I' \ K C Q}. Therefore,
thanks to (4.62), Theorem [3.I[(b) implies (4.65).
Now, suppose A € A[Qq, Bo(b)]. Then, thanks to Theorem b),
U[Ef(A)a Bo(b), 2] < 0.
Thus, thanks to (4.75)), for each n > ng, we have that
a[Lr(N), Bn(b), Q] < a[Ls(N),Bo(b), 2] <0, n>mng,

and, therefore, thanks again to Theorem b), condition (4.66) holds.
(c) Since any component of QN must be a component of I'), thanks to (4.62),
it follows from Theorem H(b) that a € Qllfo r, (€p). Similarly, thanks to Theorem
03
5T{a),
ac Q[I‘g,l‘l (Qn) ) [Qn]g =Q,N Qg , n2>ng. (479)
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In particular,
lim [[2,]0] = lim |2°NQ,| =0,

n—oo

since Q,, — Qo from the exterior, as n — oo, and QY N Qg = 0. Here | - | stands for
the N-dimensional Lebesgue measure. Therefore, thanks to Theorem there
exists mg > ng such that

o[L(N),D,[2,)9] >0, n>mg. (4.80)
Now, we shall show that, for each n > mg,
T NA,° =0 (4.81)
and that, consequently,
B(b, [Qn]a) =D

is the Dirichlet boundary operator. On the contrary assume that I'y N 9[Q,]% # 0
for some n > mg and let I'] be a component of I'y such that

T 19120 # 0.
Then, T} C 9[Q,]5, since a € Az r, (), and, hence, a = 0 in a neighborhood
of T in Q,. Thus, 't C 900 and, therefore, I'; cannot be a component of 9y,
because Q9 Ny = (. This contradiction shows (4.81]). Consequently, (#.80) can be
written in the form

0 < a[L(N), B(b, [2]°), [2:0°], 7 >mo. (4.82)

a a

Now, suppose A € A[Qq, By(b)]. Then, thanks to Theorem [2.13|(b) and (4.75), we
find that
and, hence, (4.82)) gives

a[Lr(N), Bn(b), Q] <0< a[LN),B(b,[2.]2),[2.]%], n>mg.

Therefore, thanks to Theorem b), (4.69) is satisfied. This completes the proof
of Part (c).
(d) Since Q20N Qg # 0 is of class C% and

I NN NNQ) =02 N2NQY%,
it follows from Theorem [3.1fa) that
a€Argr, (), [Qolo =920 N%.

Moreover, since Q9 N, is a proper subdomain of Q of class C? and €2,, — Qg from
the exterior, as n — oo, it is easy to see that

lim Q°NQ, =02NQ, (4.83)

n—oo

from the exterior. Furthermore, since Q0 N Qg # 0, there exists mg > ng such that
Q%N Q,, # 0 for each n > mg. Therefore, thanks again to Theorem (a),

aempg,pl(ﬂn), [Qn}g :Qgﬂﬂn, n>mg.

This completes the proof of (4.70)).
Now, suppose A € A[Qq, Byo(b)]. Then, thanks to Theorem a),

U[‘Cf(/\)v BO(b)’ QO] <0< U[L:()‘)v B(b’ [90}2)7 [90]2] . (484)
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Thus, thanks to (4.75), (4.70) and (4.84), for each n > mg we have that
LX), B (b), 2] < 0 < a[L(N), B(b, [Q]3), [0]a] -
Moreover, thanks to , it follows from Theorem that
Jim o[£(X), B(b, [Qn]3), []a] = o1L(V), B(b, [0]5), [Q]a] -

a a

Therefore, £ > mg exists for which
oL (), Ba(b), 2] <0 < a[L(N), B(b, []3), ]0], 7>,

and, hence, thanks to Theorem a), (4.71) holds.
(e) Suppose a € AT (). Then, QY = @ and, thanks to (4.62)), condition (4.72)) can
be easily obtained from the definition of A (,,), n > 0. Suppose, in addition, that

A € A[Q0, Bo(b)]. Then, thanks to (4.75]), Theorem implies
oLy (N), Bn(b), 2] < a[Lf(N), Bo(b), Q2] <0, n>0.

Therefore, thanks again to Theorem (4.73) is satisfied. This completes the
proof of the theorem. O

5. INTERIOR CONTINUOUS DEPENDENCE

In this section we analyze the continuous dependence of the positive solutions
of respect to interior perturbations of the domain © around its Dirichlet
boundary T'y in the special case when 0, is the conormal derivative with respect to
L. So, for the remaining of this section we assume . As in Section 4, we will
refer to as problem P[X, 2, B(b)]. Also, we will denote by A[Q2, B(b)] the set
of values of A € R for which P[\, ), B(b)] possesses a positive solution.

The following result will provide us with the interior continuous dependence of
the positive solutions of P[A, 2, B(b)].

Theorem 5.1. Suppose (2.8). Let Qo be a proper subdomain of Q with boundary
of class C? such that
00 =THuT,, THNT; =0,

where T satisfies the same requirements as To, and let Q, C Q, n > 1, be a
sequence of bounded domains of R of class C? converging to Qg from its interior.
For each n € NU{0}, let B,,(b) denote the boundary operator defined by

=l o
where Ty := 00, \T'1, n € NU{0}. Suppose in addition that

a € AQ), A€ AQo,Bo(b)]
and that ng € N exists for which

a€ ﬁ AQ,), A€ ﬁ Al Ba(D)] . (5.2)

n=no n=no

For each n > 0, let u,, denote the unique positive solution of P\, Qy, B, (b)]; it
should be noted that the uniqueness is guaranteed by Theorem|2.13. Then,

lim ||ﬂn - UO”HI(QO) =0 (53)
n—00
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where

iy = 4 U n>1. (5.4)
0  inQo\Qy,

Proof. Suppose (5.2)). Then, thanks to Theorem the problem P[\, Q,,, B, ()],
n > ng, has a unique positive solution, denoted in the sequel by u,. Moreover,
thanks to Lemma

Uy € Wgn(b)(Qn) C H*(Q,), n>ng,

and u,, is strongly positive in €2,,. Since u,, € H*(£,,) and u,, = 0 on I'}, we have
that i, € H*(Qp) and

tnl 1 (00) = lUnllzr(@,)s 72 n0- (5.5)

Moreover, since u,, is strongly positive in €2, I'y = 9Q,, \ I'y for each n > 0 and
Q, CQpy1 CQ, n € N it is easily seen that for n > ng,

Ltptr = Wuprr —af (s, Ups1)Uner  in
B (b)tunt1 >0 on 0Q,
and
Lug = MWug —af(,up)ug in Qy,
B.(b)ug >0 on 99, .

Thus, for each n > ng the function u, 1 is a positive supersolution of the problems
P\, Qy, B, (b)] and ug is a positive supersolution of P[A, 2, B, (b)]. Hence, thanks
to Theorem we find that

Unt1lo, = Un >0, uola, >u, >0, n>ng.

Therefore, in €y we have that

O<ﬂn0§ﬂn§an+1§uo, n>ng. (56)
Now, setting M := |lug||1_ (0), it follows from ({5.6)) that
||ﬁ‘nHLoo(Qo) S M, n Z no . (57)

Now, changing ) by g, the proof of Theorem can be easily adapted to show
that there exist u € H(Q) and a subsequence of @, n > ng, labeled again by n,
such that

lim ||17,n - UHHl(QD) =0.

n—oo
ng, Theorem implies u € H%O (Q0). Moreover, it
0

is easily seen that u provides us with a weak positive solution of P[X,Qq, Bo(b)].
Since u can be regarded as a principal eigenfunction for a second order elliptic
operator, u provides us with a positive solution of P[X,Qq, By(b)]. Thus, thanks
to the uniqueness of ug, u = ug. As the previous argument works out along any
subsequence of ,, n > ng, the proof of the theorem is completed. O

Since @, € H%g(ﬂo), n >

The following result provides us with some sufficient conditions ensuring that
condition (5.2) is satisfied. Therefore, under these conditions the conclusion of
Theorem [5.1] is satisfied.
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Theorem 5.2. Suppose . Let Qg a proper subdomain of Q0 with boundary of
class C% such that
00 =THuTly, TyNr; =0,

where T satisfies the same requirements as Ug, and let Q,, n > 1 be a sequence of
bounded domains of RN of class C? converging to Qg from its interior and satisfying
(4.62). For each n > 0 let B,,(b) denote the boundary operator defined by (5.1)).
Then, the following assertions are true:

(a) Suppose Q2NN =0 and TNK # O implies T\ K C QF for any component

T of I'). Then,

ae () A, (). (5.8)
n=0
Moreover, if A € AlQo, Bo(b)], then there exists ng > 1 such that
Ae () Al Ba(b)]. (5.9)

(b) Suppose Qo N Q2 #£ 0 is of class C%, ng € N exists such that Q0N Q, is of
class C* if n > no, and (3.2) is satisfied for any Q € {Qo, Qng+; : j > 0}.

Then,
a€Argr, (), [Qolo =00 N, (5.10)
and mg > ng exists for which
ac () Arpr (), [)S=020NQ,, n>my. (5.11)
n=mao

Moreover, if, in addition, X\ € A[Qq, Bo(b)], then

o0
Ae [ A, B (b)] (5.12)
TL:ZO
for some £ > my.
Thanks to Theorem[5.1], in any of these cases we have that

lim Hﬁn — UOHHI(QO) = 0, (5.13)

n—oo

where U, is the extension to Qg defined by (5.4) and ug is the unique positive
solution of the problem P\, Qq, Bo(b)].

Proof. Once proven parts (a) and (b), the relation follows as a straightfor-
ward consequence from Theorem [5.1] Without lost of generality we can assume
that €, is a proper subset of €, for each n > 1. Then, €, is a proper subset of
Qg for any n > 1. Now, we proceed to prove each part of the theorem separately.
(a)]; Thanks to Theorem b), a € Qlli_g,rl (Q0). Moreover, since lim,, o 2, = Qo
from its interior,

LN, =0
for each n > 1. Furthermore, if " is a component of 92, N Q for which I' N K # 0,
then it follows from that

P\KCQy\KcCQf.
Therefore, Theorem b) implies a € 91}"37111(9"), n > 1. This completes the

proof of (5.8).
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Now, suppose A € A[Qq, Bo(b)]. Then, thanks to Theorem b),

O'[Ef()\),B(b,Qo),Qo] <0. (514)
Moreover, thanks to Theorem [2.9]
lim o[Lf(N), B(b, ), Q] = o [L(N), B(b, ), Qo] - (5.15)

Thus, thanks to (5.14)) and (5.15]), ng > 1 exists for which
alLs(N),B(b,9,),Q,] <0 if n>ng.
This completes the proof of (5.9)).
(b) Condition (5.10) follows from Theorem [3.1|b). Moreover, since lim, .o €2, =
Qo from its interior, Q, N QY # () for large enough n > 1. Thus, mg > ng exists for

which Q,, N Q2 # 0 is of class C? for each n > mg. Therefore, thanks to Theorem
3.1(b), (5.11)) is satisfied. In particular, each of the principal eigenvalues

alL(N), B(b,[2,]2),[2.]°], n>mg,

a a

is well defined. Now, suppose A € A[Q, By(b)]. Then, thanks to Theorem a),
a[L(A), B(b, ), Q] < 0 < o[L(X), B(b, [Q]a), []a] - (5.16)
Moreover, since lim,, o, 2, = Qg from its interior,
nli_?;o[Qn]g = [la
from its interior. Hence, Theorem [2.9] implies

nh_)Holo U[C(/\), B(b, [Qn]0)7 [Qn}o] = U[‘CO‘)? B(b, [90]2)7 [90]2] : (5'17)

a a

Thus, thanks to (5.16) and (5.17)), £y > myg exists for which
U[ﬁf(A)» B(b,2), Qn] <0< U[‘C(A)v B(b, [Qn}g)v [Qn]g]

if n > ¢y. Therefore, thanks to Theorem a), the proof of (5.12)) is completed.
As already mentioned above, (5.13) follows from Theorem This completes
the proof. 0O

6. CONTINUOUS DEPENDENCE
As an easy consequence from Theorems [£.1] and [5.1] the next result follows.

Theorem 6.1. Suppose (2.8)). Let Qg be a proper subdomain of Q with boundary
of class C? such that
00 =THuTy, THNT; =0,

where T satisfies the same requirements as o, and let Q, C Q, n > 1, be a
sequence of bounded domains of RN of class C* converging to Q.

Let QL and QF, n > 1, two sequences of bounded domains in 2 such that QF,
n > 1, converges to Qo from the interior, QF n > 1, converges to Qo from the
exterior and

QA cQnQ,, U, QP n>1.

For each Q € {Qy,Q,, QL QF :n > 1} let B(b, Q) denote the boundary operator
defined by

g o {u on 8Q\F1, 6.1)

B(b, Q)u
o,u+bu onT;.
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Suppose, in addition, that
a € Urop, (o), A€ A[Qo,Bo(b)], (6.2)
and that there exists ng > 1 such that

ae [ [Roa,ru.r (@) N Ao, r, () NRoaer, ry (28] (6.3)

n=no

and
oo

xe () (Al B(b, Q)]0 AL, B, QL] N ARE, BB, QE)) . (6.4)
n=no
Let uy denote the unique positive solution of P[\, Qg, B(b, Q)] and for each n > ng
let wp, ufl, ul denote the unique positive solutions of

P[A,Q, B(b, )], P\ Qp, B(b,Q)], - PIX Q7 B, Q7]

respectively. Now, forn > 1, set

noin Q]
al =g (6.5)
0 inQo\Q,
n ) Qn
= n>1. (6.6)
0 inQ\Q,
Then,
Jim o, — uolla e =0, lim [|d, —uol| 10, =0, (6.7)
il <up <ulloy, @l <dnlo, <ulla,, nQ, n>mng. (6.8)
Therefore, for each p € [1,00),
lim Han|90 — UOHLP(QO) =0. (69)
n—oo

Proof. Relations (6.7)) follow straight away from Theorem and Theorem
Relations follow very easily combining the uniqueness of the positive solutions

with Theorem Now, thanks to (6.7) and (6.8)),

nh_)ngo ||’L~l’n|90 - uOHLz(Qo) =0, (610)

and, hence,
nlLH;o [tnloy —wollL, ) =0, 1<p<2. (6.11)

On the other hand, arguing as in beginning of the proof of Theorem we find
from and Theorem that

tnlo, < ublo, < ullo,, n>mng. (6.12)
Thus, setting M := [[uf |1 (o) implies that

ltnllzoe) <M, n>ng.
Finally, combining this uniform estimate with gives
nl;rr;o 1tn |0y — u0||Lp(QO) =0, 2<p< .

This completes the proof of the theorem. ([l

Adapting the proofs of Theorem [£:2] and Theorem [5.2] one can easily obtain
rather simple conditions on a and the €,,’s so that (6.2)) imply (6.3)) and (6.4).
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