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BLOW-UP CRITERIA AND INSTABILITY OF STANDING
WAVES FOR THE FRACTIONAL SCHRODINGER POISSON
EQUATION

YICHUN MO, MIN ZHU, BINHUA FENG

ABSTRACT. In this article, we consider blow-up criteria and instability of
standing waves for the fractional Schrédinger-Poisson equation. By using the
localized virial estimates, we establish the blow-up criteria for non-radial so-
lutions in both mass-critical and mass-supercritical cases. Based on these
blow-up criteria and three variational characterizations of the ground state,
we prove that the standing waves are strongly unstable. These obtained re-
sults extend the corresponding ones presented in the literature.

1. INTRODUCTION

In recent years, there has been a great deal of interest in using fractional Lapla-
cians to model physical phenomena. By extending the Feynman path integral from
the Brownian-like to the Lévy-like quantum mechanical paths, Laskin [23] [24] used
the theory of functionals over functional measure generated by the Lévy stochastic
process to introduce the fractional nonlinear Schrodinger equation (NLS)

0 — (=A)* + f(¥) =0, (1.1)

where i2 = —1, 0 < s < 1 and f(?) is the nonlinearity. The fractional differential
operator (—A)? is defined by (—A)*y = F1[|£]?*F(¢)], where F and F~! are the
Fourier transform and inverse Fourier transform, respectively. The fractional NLS
also appears in the continuum limit of discrete models with long-range interactions
(see [22]) and in the description of Bonson stars as well as in water wave dynamics
(see [15]). Recently, an optical realization of the fractional Schrédinger equation
was proposed by Longhi [2§].

In this article, we consider the blow-up criteria and the strong instability of
standing waves for the fractional Schrédinger-Poisson equation

Zatw - (_A)S,(/) - (b,(/) + |¢|p1/) = 07 (th) € [OvT*) X Rga

(—A)6 = P, (12
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where 1) : [O T*) x R3 —> C is the complex valued function, s,r € (0,1), and

0<T*< . Under this assumption, ¢ can be expressed as
[¥(y)
w@-wdéﬂx_|3%mh (1.3)
which is called the r-Riesz potential, where
. — p—3/29=2r F(% —2r)
' I'(r)

In (1.3), and in the sequel, in we often omit the constant ¢, for convenience of
notation. Substituting ¢ into (|1.2) leads to the fractional Schrédinger equation
0 = (~A)% = (o O « W)y + [Py =0, (t2) € 0.T7) xR, )
711(0,.’,5) = wo('x)a
where g € H®.
For the classical NLS, i.e., s = 1, we have the Variance-Virial Law

2dt/ |2 (t, x)|? x—21m/ Y(t, )z - Vip(t, x) d, (1.5)

provided that 1y € ¥ := {v € H' : v € L?}, where I'm denotes the imaginary
part. By using and the virial identity, we can obtain the blow-up results for
the classical NLS with negative energy E(1y) < 0 and finite variance [5]. However,
this argument breaks down for 0 < s < 1, since identity fails in this case
by the dimensional analysis. It turns out that the suitable generalization of the
variance for the fractional NLS is

VO /'wtx SVt @) do = [o(—A) @), (16)

Given any sufficiently regular and spatially localized solution ¥(t) of the free frac-
tional Schréodinger equation 9,9 = (—A)%Y, a calculation yields

LA @) = 2mm [ 0t )z - Vor(t, 2) da (1.7)
2dt R3

This idea has been successfully applied to prove the blow-up results for with

radial solutions and the Hartree-type nonlinearity (|z|=7 * [1|?)¢ with v > 1 in

[0, 43]. But this method can not work due to the nontrivial error terms which seem

very hard to control for the local nonlinearity |¢|P1). Boulenger et al. [3] applied

the Balakrishman’s formula

sinms [ —A
—A)® = sl — g 1.8
(-ay = [, (18)

and obtained the differential estimate
d _
%(Im /R D(t)Ver - Vi(t) d:c)

<12pE (k) — 20[[(—A) P03z + or(1)(1 + [[(—2)2p(1) |26,
where 6 = 3p — 2s. With the help of this key estimate, they proved the existence
of radial blow-up H*® solutions by applying the comparison theory.
However, to the best of our knowledge, there are no any blow-up results for
so far. In particular, equation includes two classical nonlinearities, i.e.,
power-type |¢|Py and Hartree-type (|z|~(3=27) x |)|?)sb. The study of blow-up
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solutions for is of particular challenge, because the methods for proving blow-
up results of with power-type |[¢|P¢ or Hartree-type (|z|~ =27 % |p|?)e) are
usually different, so we should develop a new method when both nonlinearities
appear simultaneously.

Inspired by the ideas in [9], we study the blow-up criteria for . The difficulty
is the presence of the fractional order Laplacian (—A)®. When s = 1, we have

1d ()| (t, z)|* dr = QIm/ U(t, 2)Vo(z) - V(t, r) de. (1.9)
2dt Jps R3

Using this identity, Du et al. [9] derived an L?-estimate in the exterior ball. Thanks
to this L2-estimate and the virial estimates, they established the blow-up criteria for
the classical NLS. In the case s € (%, 1), the identity does not hold. However,
by exploiting the idea in [3] and the use of the Balakrishman’s formula , we
can obtain the time derivative of the virial action. Thus, we can obtain the blow-up

criteria for (|1.4).

Theorem 1.1. Let s € (1/2,1) and 1o € H® be the corresponding (not necessary
radial) solution to (L.4) on the mazimal time interval [0,T*). If there exists 6 > 0
such that

sup  Q(¥(1)) < —6 <0, (1.10)
te[0,T)

where Q(1(t)) is defined by (1.14). Then one of the following statements is true:

e (t) blows up in finite time, i.e. T* < +00; or
o (t) blows up in infinite time and there exists a time sequence (ty,)n>1 such
that t,, — +oo and
Jim [I(=8)* "2 (ta)]|2 = . (L.11)

Based on the blow-up criterion (1.10), we will study the strong instability of
standing waves of (L.4). The standing waves of (1.4]) are solutions of the form

e™ty, where w € R is a frequency and v € H*\{0} is a nontrivial solution to the

elliptic equation
(=A)u+ wu + (|2]7C72) s ju>)u — |ulPu = 0. (1.12)

Note that (1.12)) can be written as S/ (u) = 0, where

1 w 1 —(3—2
) = gl + s + 5 [ (ol s )

4
1.13
— L o
P + 2 Lp+2
is the action functional. Then we define
Qu) := GASw(u)‘)L\:l
5 o (1.14)

= sllull%,. +

—(3—9r 3p 2
T [ el e — 5l

(p+2)
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with u*(z) := A3/?u(\z) and
Ko (u) := (s +7r){(S,(u),u) — I,(u)

4s+2r — 3 w(2s+2r — 3)
= |l + =———|ull7-
2 2
4 2r — 3 1.15
T Hir/ (||~ G2 « ju)?) ul?dz (1.15)
4 s

(4042 —3, e
- p_|_2 ”u”LerZa

where I, (u) denotes the Pohozaev identity related to , see .

The usual strategy to show the strong instability of standing waves of the clas-
sical NLS (s=1) is to establish the finite time blow-up by using the variational
characterization of ground states as minimizers of the action functional and the
virial identity. More specifically, the variational characterization of ground states
by the manifold N := {v € H\{0}, Q(v) = 0} can imply the key estimate
Q((t)) < 2(Su(wg) — Sw(w)), where u is the ground state solution. Then, it
follows from the virial identity and the choice of initial data g that

2
D013 = 8QUAD) < 16(S, (o) — Su(u)) <0

for t € [0,7™). This implies that the solution ¢ (¢) blows up in a finite time. Thus,
we can prove the strong instability of ground state standing waves [5] 26}, 311, 32} [33]
37). However, in many cases, it is hard to obtain the variational characterization of
ground states by the manifold N'. But we can obtain the variational characterization
of ground states by the Nehari manifold and obtain the key estimate Q(v(¢)) <
2(S,, (o) — S, (w)) |16} I7, 18, 27, 19, 29, B0, 34 [38] [41].

When s = r =1 and p € {2/3} U (1,4/3), Bellazzini and Siciliano [I] proved
the existence of orbitally stable standing waves for (L.4). Kikuchi [25] showed the
existence of standing waves for with s =r =1 and 0 < p < 4 and proved that
the standing wave e’“u is strongly unstable for all w > 0 when 2 < p < 4. When
4/3 < p < 2, it shows that there exists @ > 0 such that the standing wave e’y
is strongly unstable for all w > @. In the L2-supercritical case, i.e., 4/3 < p < 4,
Bellazzini et al. [2] improved the result of Kikuchi and proved that the standing
wave e'“!y is strongly unstable for all w > 0. When 4/3 < p < 4, Feng et al. [13]
proved that the standing wave e™*u is strongly unstable for all w > 0.

Equation with p = 4s/3 is a class of nonlinear Schrédinger equations with
combined L2-critical and L2?-subcritical nonlinearities. When we try to study the
variational characterization of ground states by the manifold A, it is hard to ob-
tain S/, (u) = 0, see Lemma Moreover, we find that the usual Nehari mani-
fold is not a good choice in this case. Fortunately, we can obtain the variational
characterization of ground states by the Nehari-Pohozaev manifold A; = {u €
H*\{0}, K, (u) =0}. Based on this variational characterization and a theoretical
analysis, we can obtain the strong instability of standing waves for .

Theorem 1.2. Let w >0, s € (1/2,1), 2s+2r > 3, 45/3 < p < 4s/(3 — 2s) and
u be the ground state related to (L.12)). Then the standing wave ¥ (t, z) = e™'u(x)
is strongly unstable in the following sense: there exists {ion} C H® such that
Yon — w in H® as n — oo and the corresponding solution 1, of with initial
data g, blows up in finite time or infinite time for any n > 1.
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This article is organized as follows. In Section 2, we present some useful lem-
mas such as the local well-posedness theory of , Brezis-Lieb’s lemma, and the
compactness lemma. In Section 3, we prove the localized virial estimates related
to . In Sections 4 and 5, we prove Theorems and respectively.

2. PRELIMINARY LEMMAS

In this section, we recall some preliminary results that will be used later. Firstly,
let us recall the local theory for the Cauchy problem . The local well-posedness
for the fractional NLS in the energy space H® was studied by Hong and Sire in
[20]. The proof is based on Strichartz’s estimates and the contraction mapping
argument. Note that for non-radial data, Strichartz’s estimates have a loss of
derivatives. Fortunately, this loss of derivatives can be compensated by using the
Sobolev embedding. However, it leads to a weak local well-posedness in the energy
space compared to the classical nonlinear Schrodinger equation. We refer the reader
to [7, 20] for more details. We can remove the loss of derivatives in Strichartz’s
estimates by considering radially symmetric data. However, it needs a restriction
on the validity of s, namely g <s< 1

Proposition 2.1. Let 3/5 < s < 1, 0 < p < 325 and ¢y € H* be radial.

Then there exists T = T(||to| ms) such that admits a unique solution ¢ €
C([0,T),H?®). Let [0,T*) be the mazimal time interval on which the solution
is well-defined. If T* < oo, then |[1(t)| gz — oo ast T T*. Moreover, for all
0 <t < T*, the solution ¥(t) satisfies the following conservation of mass and
energy

[¥(@®)lL2 = [[voll L2,
E(¥(t)) = E(vo),

where

1 1
E@W (1) = SOl + 7 [ (2l7C727 % [ut) ) (@)t 2)Pde
WO+ [, o

1
- ﬁ”ﬂﬂ”iﬁx

In this article, we use the so called Brezis-Lieb’s lemma [4].

Lemma 2.2. Let 0 < p < co. Suppose that u, — u almost everywhere and {uy}
is a bounded sequence in LP. Then

i (a2~ lln — wll, — ull5,) = 0.

Lemma 2.3 ([40]). Let w € H® and 2s + 2r > 3. Suppose that u, — u in H® and
Up — U a.e. in R3. Then

/ (|72 sy [2) | *de = / (12772 s gy — wl?) g — ul*da
R3 R3

+ [ (0720 < P e + o(0).
R3

The following compactness lemma is vital in our discussions [, [10].
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4s

Lemma 2.4. Let 0 <p < gy

and {u,} be a bounded sequence in H® such that

limsup ||un || g < M, liminf||u,||fr+2 > m.
n—00 n—oo

Then there exist a sequence (Ty)n>1 in R® and uw € H* \ {0} such that up to a
subsequence,

Un(-+ xy) = u  weakly in H®.
Finally, we recall the Pohozaev identity related to (1.12) [40].
Lemma 2.5. If u € H® satisfies equation (1.12)), then it holds

lJull%. +wllullZ: + /W(Ix\’(?”m *uf®)uPde — |lul?F. =0 (2.2)
and
3—2s 3w 2r+3 _(3_9
() s= S5l + Pl + 25 [ (el O ) lufae
3 i (2.3)
- mllullim =0

3. LOCALIZED VIRIAL ESTIMATES

In this section, we prove some localized virial estimates related to (1.4). Let us
recall some useful results in [3].

Lemma 3.1 ([3]). Suppose ¢ : R — R is such that Vi € WL, Then for all
we HY2, it holds

| |, 5@ Vela) - Vu()de] < OVl (IIV12ule + ol o2l V2 2

for some constant C > 0.

To study the localized virial estimates for ([1.4)), we introduce the auxiliary func-

tion
_ 1 a9
U (T) := ¢s AT mu(x) csF (7@2 mn m)’ m > 0, (3.1)
where
sinms
Cs 1=
T

Lemma 3.2 ([3]). Let s € (0,1) and ¢ : R — R with Ap € W2, Then for all
u € L? it holds

[t [ (82l dedm] < €A%l Al

for some constant C > 0 dependent only on s.

We refer the reader to [3] Appendix A] for the proof of Lemmas and

Given that
sinms [ m?
dm = S|f|2s_2,
- / (e + m)?
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Plancherel’s and Fubini’s theorems imply that

> s 2 . sinws [ m*dm - 5
/O m /ngum| da dm = RS( - /0 (|§\2+m)2)|§| () [2de

= /RS(SIEIQS_Q)IEIQW(OIQdf = sll(=A)*2ulZ-

(3.2)

for any u € H*.

Lemma 3.3. Let s € (1/2,1) and ¢ : R?* — R be such that Voo € W, Then for
any u € L? it holds

oo
[ me [ @0unf dedm| < ClAGIES VIRl
0 R
for some constant C > 0 dependent only on s.

Proof. The idea is essentially similar to [3, Lemma A.2]. For the reader’s conve-
nience, we just present the outline of our proof. Splitting m-integral into fop .
and fpoo ... with p > 0 to be chosen later. For the first term, we use integration by
parts and Holder’s inequality to have

P P
‘/ ms/ (Ago)\um|2dxdm‘ = ‘/ m® V@-(Vumﬂm—&—umVﬂm)dxdm‘
0 R3 0 R3
P
— |Vl / 18 |Vttt 2 A

p G
= 9l ([ m*=/2 dm)

< Cp* V2| V| poe [lull -

Here we use the fact ||V, |2 < Cm=Y2||ul|g2 and ||um |2 < Cm~Y|u||g2 which

follows from the definition of u,,. For the second term, we have

[ [ (@0l deam| < Clagli= ([ m s dm)
p R3 p

< Cllaplosfuls( [ me2dm)
P

< Cp M| Apl e [lull.

Combining two terms yields

o)
‘/0 /Rg(Aap)|um|2 dx dm‘ < C(p3_1/2HVSO||L°° —’—ps_lHA(p”Loo)Hu”%Q

for arbitrary p > 0. Minimizing the right hand side with respect to p, i.e. choosing

p= (%)2, we obtain the desired result. O

By the same argument as in Lemma[3.3]and Lemma 3.1} we obtain the following
result.

Lemma 3.4. Let s € (1/2,1) and ¢ : R?* = R be such that Vo € W, Then for
any v € HY? we have

oo
[ [ Ve Vundzdm| < CIT el [l
0 R3

for some constant C > 0.
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Let 1/2 < s < 1 and ¢ : R®> — R be such that ¢ € W2, Assume that
Y € C([0,T%), H?) is a solution to ((1.4). We define the localized virial action of ¢
associated to ¢ by

Volott) = [ plalit. o) da.

Lemma 3.5 (Virial identity). Let s € (1/2,1) and ¢ : R® — R be such that
o € W2, Assume that ¢ € C([0,T%), H®) is a solution to (1.4). Then for any
t € [0,7%) we have

9,
=i [T [ @olnOF dram—2i [ [ 5,096 Vhn(t) dram,
0 R3 0 R3

where ¥, (1) = cs(—A +m)~1)(t).

Proof. Tt suffices to prove Lemma 3.5 for ¢ (t) € C§°(R?®). The general case follows
by an approximation argument. We write

Voltb()] = (0 (), p9(1)),

where (-,-) is the scalar product in L?. Since v (t) satisfies (1.4), it is easy to see

that J

o Velv 0] = 10 (1), [(=4)°, @ (1)),

where [X,Y] = XY — Y X is the commutator of X and Y. To study [(—A)%, ¢], we
recall the Balakrishman’s formula

(—A) = sm7rs/ =1 —A dm.
T Jo —A+m

Using the fact that for operators A > 0, B with m > 0 being any positive real
number

A m 1 1 1
T P = - o B = ol Bl = A Pl

and letting A = (—A)*, B = ¢ and using the Balakrishman’s formula, we have

s _sin7s < A
[(_A) 790]_ A m [7A+m790] dm

™

sinms [ 1 1
= S [—A, o] ———— dm.
T /o m—A—!—m[ 7('0]—A—|—m "

Thus we obtain

(W), [(=4)%, ¢l (1)

= (W), (Si“” Ooo A e dm) (o)
1 1
_c/ m* (1), — e A el (D) dm

/ m(ca(=A + m) " (E), [— A, gles(—A +m) (1)) dm

- / ms @m(t)( — Aph(t) — 2V - V¢m(t)> de dm
0 RS
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= [T [ (80000 2,050 Tun)) ddin

A direct consequence of Lemmas [3.3] and [3.4] is the following estimate.

Lemma 3.6. Let s € (1/2,1) and ¢ : R®> — R be such that p € W3, Assume
that v € C([0,T*), H®) is a solution to (1.4). Then for any t € [0,T*) we have

d
| Vel ]| < ClIVellwr ¥ )17

for some constant C > 0 dependent only on s.

We next define the localized Morawetz action of 1) associated to ¢ by

My[p(t)] :=2Im [ (t,z)Vo(x) - Vip(t, x)dz. (3.3)

R3

By Lemma we obtain the bound
IM[p®)]] < C(IV@llLos, [[Ap] o) 1) F1/2-
Hence the quantity M.[¢(t)] is well-defined, given ¢(t) € H*(R?) with s > 1/2.

Lemma 3.7 (Morawetz identity). Let s € (1/2,1) and ¢ : R®> — R be such that
Vo € W3, Assume that ¢ € C([0,T*), H®) is a solution to (1.4)). Then for each
t € [0,T%) we have

& Mlu(e)

- / [ {0t ) - (A2} dodm
u(t.2) Plutt. )P — 9) - (Veols) — Voly)
(3—2r) /RB/R3 PR dzx dy
p+2/ Aplyp(t)|PT? d,

where Y, (t) = ¥ (L, ) is defined in (3.1)).
Proof. Integration by parts yields

(u(t), [ (|=[~B72 s« u(t)]?), i Ju(t))
= —(u(t), [(Ja| 2« Ju(t)[?), Vo - V + V - Volu(t))

—2 / Voo V(J[ 702 « fu(t) ) u(t) da
s u(t,2) PJu(t, )P — ) - (Vole) = Vo)
= 2r) /RS /]R3 dx dy.

|z — y[p-2r

(3.4)

The rest proof is similar to [3] Lemma 2.1], so we omit the details. [
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4. BLOW-UP CRITERIA FOR (|1.4))
Lemma 4.1. Let n >0, R > 1 and the solution ¥(t) of (1.4]) satisfy

Cr:= sup |JU(t)||gs < oo. (4.1)
t€[0,400)

Then there exists a constant C > 0 independent of R and Cy such that
[t de <+ or)
|x\>R

for all t € [0, Tp] with Ty := C6‘2

Proof. Let us now introduce 6 : [0, 00) — [0, 1] a smooth function satisfying

{o if0<r<1/2,

9 =
=31 itr>1.

For R > 1, we denote the radial function
or(z) :==0(r/R), r=|z|
We have

Von(r) = 0(/R),  Abn(a) = 550" (r/R) + —=0'(r/R).

In particular, we have
IVorlwi= ~ [Vorle + [|[Adr|Le < CR™'. (4.2)
We define the localized virial potential as
Vol = [ on(@lu(t.o) do.
We have

Vo [6(6)] = Von 0] + / ivm (r))dr

< Voulto] + ( sup [, o))t

T€[0,t]

By Lemman and , we obtain

sup | V¢R[w(f)]| < C|[Vorllwre sup [[¢(7)||7. < CCFR™,
T€[0,t] T€[0,t]

for some constant C' > 0 independent of R and C;. Therefore,
Vorl(t)] < Vogltho] + CCFR™!

for all ¢ > 0. By the choice of § and the conservation of mass, we have

Voaltnl = [ on@lin@Pdz< [ (@) de =0,

|lz|>R/2
as R — 0o or Vy,[to] = or(1). On the other hand,

/ ot 2)| d < Vi [10(8)]
|z|>R

Combing the above estimates, we arrive at the desired result. [
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Proof of Theorem|[1.1. If T* < +o00, then the proof is done. If T* = +o00, then we
need to show ((1.11)). Let ¢ : R® — R be such that Vo € W3, In addition, we
assume that ¢ = (r) is radial and satisfies

2
= forr<1
r)=1< 2 -
() {const. for r > 10,

and ¢ (r) < 1forr > 0. Given R > 0, we define the rescaled function pr : R® — R
by
x

— P2 all
vr(r) == R (R> . (4.3)
We readily verify the inequalities

/
L 20, 128 50 5 App() >0

for all » > 0 and all x € R3. It is easy to see that
IVRorlle < R** k=0,...,4,

and
< 10R} for k=1,2
t Vk C {|l‘| = Pid]
supt(Vier) {{R < || < 10R} for k = 3,4.
Applying Lemma 3.7 we have

4 M lit0)]

= [ [ {4000k (0) ~ (3wl (0} dodm

P
p—|-2

(4.4)
A@le(t) [P*2 da

/ / Wt 2)Plv(t )12 (@ —y) - (Ver(z) — Ver(y))
Rf_’) R?)

|£E _ y‘S 27

dx dy,

where 9, (t) = 1 (t,x) is defined in (3.1). Since supt(A2pr) C {|z| > R}, by
Lemma [3.2] we have

[ [ @l @ dedm| < CIA% el 18RRI 9O o)

< CR™|9OI72(1a> r)-
(4.5)
Since @g is radial, we use

92 = (‘Sﬂ _ Ijxk)ar x1$k32

J r r3

to deduce

/oo ms 6k77[]m( )( jk‘PR)aﬂ/}m( ) dz dm

/ /R ‘PR\wm( £)[2 dz dm

*/0 / (Z2 — 28 jo s (0 v
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Using (3.2) leads to
o0 /
/ ms/ @wwm(t)mxdm
0 R3 T

= s||(=A)*"2p(t)||22 + /SDR |Vz/1m()|2dxdm.
0 R3

Since ¢/, < 1, the Cauchy-Schwarz inequality implies

o0 !
/ ms/ = 1)|V1pm(t)|2dxdm
0 R3

0 ]R3

r2

Thus, we have

4/0 . Ot (£) (D2 0R) Ot () daz dm < As||(—A)* /21 (t)]|7 - (4.6)
Note that
— [ Al de = - o0 B [ (3-Ber)e(®)* da.
R3 p —|— 2 Ley + 2 R3
Since supt(3 — Apgr) C {|z| > R} and ||3 — Apgrl||r~ < C, we have

/ (B-App)®FP2dr<C [ O de
RB

|x\>R

< Cllw()

4s—(3—2s)p

L

2 (Jo|2
< Ol 1. It

M
Ol 222> )

4s—(3—2s)p

. 15 (3-20)p
S CCE [0l p2ai>r) -

Thus we obtain

3p 45— (3-25)p
-2 / AR do < ==L @) [52 + OCF 9O g oy - (47)
We denote the last term in by T. We have
t, )2t y)|?
=(3—2r) / / z—y)- (Ver(z) - V¢R(y))w ) |1§£2,.y)| dx dy.
R3 JR3 |z -yl

By using
supt(|z — y|* — (z —y) - (Vor(z) = Vor(y))) C {|z| = R} U {ly| > R},
in the region {|z| > R} we obtain
|z —y[* = (& —y) - (Ver(z) = Vor(y))| < Clz —y[*.
Thus, we obtain

2 [u(t, @) (t, y) |
’ /leR /RS[I:E —y]* = (x—y) - (Ver(z) — Vor(y))] T dx dy

<C (J[ O [ () [*) [ (1) d.

lz| >R
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To estimate this term, we deduce from the Sobolev embedding that

WOI? e <Clo@la lw@)

L3+2r

—2r
|z<

< OI-AYPUmET. (48)

Thus, it follows from the Hardy—Littlewood—Sobolev inequality and the conservation
of mass that

/ (e~ s [ (1) [2) [ (0)? da
|2|>R

< O~ w [p() P
< Ol L W7

LT (ja|2R)

(Gl

6
L3=7 (|o|>R) L33 (2] > R)

3—2r +2r—3
< OOl 6O e,
4s42r—3
< O W aE
We can derive an estimate in the region {|y| > R} too. Similarly, we can obtain
2r—3
T<@-20) [ (a0 < PO P do + OO 00l sy (49
By using (4.5)—(4.9)), we obtain
d
Mo lp(0)
< 4s][(=2)*2(0) |72 + CR* |91 Z2 (> p)

6
+@=20) [ (o705 |¢<t>|2>|u<t>|2 do — Lo

. 5 totar s (4.10)
+ CCE WO g +CCr e IOl oo
l 4s—(3—2s)p
< 4QH(D) + CR™ [ (D) ayy + CCF (0) | ooy

3—2r 4s42r—3

+CC° W) 2(rs )

By Lemma [£.1] we see that for any n > 0 and any R > 1, there exists C' > 0
independent of R and Cp such that for any ¢ € [0, 7] with Tp = we have

CC'2 I

4
dt

4s—p(3—2s)

M [(8)] < 4Q((1)) + CR™2 (5 + 0r(1))? + COPE (1 + op(1)) %

4s542r—3

+CC, (n+or(1) %
3p 4s—p(3—2s
< 46+ CR™2(n? + op(1)) + COZ ("5 + op(1))

27 4s+27' 3

+ CC " (n + or(1)).
We first choose 1 > 0 small enough so that
3 27‘ s+21r—3
COF == L ooy T = 235 > 0.

We next choose R > 1 large enough so that

d

Z M (1] < =5 <0 (4.11)
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for any t € [0, Tp] with Ty = (;7—52. Note that 1 > 0 is fixed, so we can choose R > 1
1

large enough such that Tp is as large as we want. From (4.11)) it follows that
Mo [¥(1)] < =6t

for all ¢ € [tg, To] with some sufficiently large to € [0,Tp]. On the other hand, by
Lemma and the conservation of mass, we have for any ¢ € [0, +00),

(Men @] < CCler) (V12003 + 100 122 11V1/ 20 @)z )
< CC(pr) (V129 @) 3= + 9 @113 )
< cCler) (V120132 +1).
By interpolating between L? and H*, we obtain for any ¢ € [to, Ty

6t <~ Mo [(8)] = Mo [w(0)]] < CCloR) (I(-2)/26(2)
This implies that

1
Pa+1).

I(=2)""2¢(t)]| 2 = CF° (4.12)
for all ¢ € [t1,Tp] with some sufficiently large t; € [to,Tp]. Taking ¢ close to

Ty = C"—g%, we see that ||(—A)%/2(t)||L2 — oo as R — oco. Taking R > 1 sufficiently

large, we have a contradiction with (4.1]). The proof is complete. O
5. STRONG INSTABILITY OF STANDING WAVES

In this section, we prove Theorem Let us start with the following charac-
terization of the ground state related to (|1.12)).

Proposition 5.1. Let w > 0, 2s + 2r > 3 and % <p< %. Then u is the

ground state related to (1.12)) if and only if u solves the minimization problem
d(w) = inf{S,(v) : v € H*\{0}, K, (v) = 0}. (5.1)
To solve this minimization problem, we consider the minimization problem
d(w) = inf{S,(v) : v € H*\{0}, K,,(v) < 0}, (5.2)
where
~ K
§u(v) = S (v) - —el)
4s +2r — 3 (5.3)
_ LHU”Z + p(s+71)—2s Hv||p+2 .
Cds+2r =30 T (pr2)(ds+2r—3)" T
If K, (v) <0, then
4s +2r — 3 4s +2r — 3
Ko(vw) = ZE 2200 ol + SR (a0 s oo
2 4 R3
w(2s+2r — 3) (s+7r)(p+2)—3
+ SRR ol - SRS S o2, >

for sufficiently small A > 0. Thus, there exists Ay € (0,1) such that K, (Agv) = 0.
It follows that
~ ws

Suov) = g vl + ¢

_ p(s+71)—2s \p+2
4s + 2r 0

p+2)(4s+2r — 3)

) -
HU”Z[)IH < Su(v),
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This implies that
d(w) = inf{S,(v) : v € H*\{0}, K, (v) = 0}. (5.4)
In following lemma, we will solve the minimizing problem ([5.2)).

4s

To5s- Then there exists
—2s

Lemma 5.2. Let w > 0, 25 + 2r > 3 and % <p<
u € H\{0}, such that K, (u) =0 and S, (u) = d(w).

Proof. We first show that d(w) > 0. From K, (v) < 0, we have

4s+2r —3 w(2s + 2r — 3) 4s+2r —3 (39
B R, ¢ S g, o BRG]0 oo
(s+r)p+2)-3 +2
< D+2 ”U”iwm
which implies
1 (s+tr)(p+2) -3 241
7Ho.1 < Hw 2+ 9
1) < s ar =g )

where H,,(v) = |[v||%. + wl|jv]|2,. Thus, there exists Cyp > 0 such that H,(v) > Cy
for all K,,(v) <0. This implies that there exists C7 > 0 such that

3 p(s+r)—2s +2
S (v)> DETT TS
)2 ZEED 2o,
p(s+7r)—2s (25 +2r — 3)

T (p+2)4s+2r—3)(s+7)(p+2) - 3 Hu(v) 2 C1.

Taking the infimum over v, we obtain d(w) > 0.

We now show that the minimizing problem attains its minimum. Let
{v,} be a minimizing sequence for (5.2), i.e., {v,} € H*\{0}, K, (v,) < 0 and
S.(vn) — d(w) as n — co. Thus, there exists C > 0 such that

2
”vn”%2 + ”vnHiiJrz <C. (5.5)

This, together with K, (v,) < 0 implies that {v,} is bounded in H*. It follows
from d(w) > 0 that liminf, . [|v,][?7?, > 0. Therefore, applying Lemma
there exists a subsequence, still denoted by {v,} and v € H*\{0} such that

Up, = Ty, Uy — u # 0 weakly in H®

for some {x,,} C R3. We deduce from Brezis-Lieb’s lemma (Lemma|2.2)) and Lemma

2.3 that
K, (uy) — Ky(up —u) — K, (u) = 0, (5.6)

S (tn) = Sus(tn — 1) — Sy (u) — 0. (5.7)
Now, we claim that K, (u) < 0. If not, it follows from (5.6) and K, (u,) < 0 that

K, (un —u) <0 for sufficiently large n. Thus, by the definition of d(w), it follows
that

S (tn — 1) > d(w),

which, together with S, (u,) — d(w), implies that S,,(u) < 0, which is a contradic-
tion with S, (u) > 0. We thus obtain K, (u) <0.
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Furthermore, we deduce from the definition of d(w) and the weak lower semi-
continuity of norm that

d(w) < Su(u) < liminf S, (uy) = d(w).

- n—o0

This yields S,,(u) = d(w).
Finally, we show that K, (u) = 0. Suppose that K, (u) < 0 and set
_ 4s42r — w(2s+2r —3)

3 S
Ko@) = BT Doy SO,
4s+2r —3  5_o, —(3—2r
+74 372 /(l(E| G=21) s |u|?) |u)?dx
R3
(s+r)p+2)—3 =
- DB =0 g > 0

for sufficiently small A > 0. Then there exists A\g € (0, 1) such that K, (u) = 0.
It follows that

Bu) = gl + e R a2,
< Sy (u) = d(w),
which contradicts the definition of d(w). Hence, we have K, (u) = 0. O
From d(w) = d(w) and the above lemma, we can obtain the existence of mini-

mization problem (5.1]).
Lemma 5.3. Let w > 0, 25 + 2r > 3 and % <p< 333. Then there exists
u € Ho\{0} such that K,(u) =0 and S, (u) = d(w).

Lemma 5.4. Let w > 0, 25 4+ 2r > 3, and % <p< %. Assume that u €
H*\{0} is a solution of the minimizing problem (5.1)), i.e., such that K,(u) = 0
and S,,(u) = d(w). Then S. (u) = 0.

Proof. We firstly prove K/ (u) # 0. If K/ (u) =0, then we have
(45 + 21 — 3)(—A)*u + w(2s + 2 — 3)u + (45 + 2r — 3) (||~ C~2) % Ju*)u
= ((s+7)(p+2) = 3)ufu=0.

Then

(5.8)

A+ B+C—-D=dw),
(4s+2r —3)A+ (2s+2r —3)B + (4s + 2r — 3)C
— ((s+7)(p+2)—3)D =0,
2(4s+2r —3)A+2(2s+2r —3)B +4(4s + 2r — 3)C (5.9)
—(p+2)((s+r)p+2)-3)D =0,
(3—25)(4s+2r —3)A+3(2s+2r —3)B+ (4s+2r — 3)(3+ 2r)C
=3((s+r)(p+2)—3)D =0,
where

1 w
A=l B =Sl

1 —(3—2r 1
C = Z/Rg(m (3=2r) \u|2)(x)|u(x)|2dac7 D= muuniﬁz.
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The first equation comes from the fact that S,(u) = d(w). The second one holds

since K, (u) = 0. The third one follows by multiplying by u and integrating

both sides. The fourth one is derived by applying the Pohozaev equality to .
After a direct calculations, we have

p((s+r)(p+2)—3)D

A = =
sA=iC, C 2(4s +2r —3)
_9 2) —
S
These A = B = C = D = 0 which is a contradiction with A, B,C, D > 0. Thus,

K, (u) 0.
Next, applying the Lagrange multiplier rule, there exists i € R such that S/, (u)+
pK/ (u) = 0. We claim that 4 = 0. As above, the equation S/ (u) + pK/,(u) = 0
can be written as
(—A)u 4+ wu + (2|78 « u)?)u — |ulPu
+ p[(4s +2r — 3) (2|73 s Ju?)u + w(2s + 2r — 3)u (5.10)
+ (4s+2r = 3)(=A)°u— ((s+7)(p +2) — 3)[ul’u] = 0.
By the same argument as in (5.9), we have
A+B+C—D=dw),
(4s +2r —3)A+ (25 +2r —3)B+ (45 +2r —3)C — ((s +r)(p+2) —3)D =0,
2(u(ds +2r —3) + 1) A+ 2(u(2s + 2r — 3) + 1)B
+4(u(4s +2r =3) + 1)C = (p+2)(u((s +r)(p+2) = 3) + )D =0,
(3—2s)(u(4s+2r —3)+1)A+3(u(2s+2r —3)+1)B
+ (u(4s +2r —3)+ 1)(3+2r)C = 3(u((s +7)(p+2) —3) + 1)D = 0.

We now deal with the above system. Consider A, B,C, D as unknown quantities,
and denote the coefficient matrix by M. Computing its determinant, we have

det M = —4sup(s +7)(1 + p(ds + 2r — 3))((p — 2)s + pr).

Note that
1
det M =0« =0, p=0 = -2 =0.
e p=0,p=0 p=—rror—s (P=2s+pr
Because of 2s+2r>3and%§p<3fzs7it follows that (p — 2)s + pr > 0. We

will show that p must be equal to zero by excluding the other possibilities:

(DU pu#0, u# _er%’»’ then det M # 0, and hence the linear system has a
unique solution (depending on the parameters p, p,d(w)). Applying Cramer’s rule,
we obtain
d(w)(4s + 2r — 3)(2s +2r — 3)

P T e (-2 o)

<0,

which contradicts D > 0.
(2) If u = _er%’)’ then the third equation reads

4sB+ (p+2)(s(p—2) +pr)D = 0,
which contradicts B, D > 0. Thus, p =0 and S/,(u) = 0. O
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We now denote the set of all minimizers of (5.1 by
M, ={ue H\{0} : S, (u) = d(w), K,(u)=0}.
Lemma 5.5. M, CG,.

Proof. Let w € M,,. It follows from Lemma that S/,(u) = 0. partlcular
we have u € A,,. To prove u € G,, it remains to show that S,,(u) < S, (v) for all

v € A,,. To see this, we notice that
Ku(v) = (s +7)(S,(v),v) — L,(v) =0

for all v € A, where I,(v) is defined by (2.3). By definition of d(w), we have
Sw(u) < S, (v). Thus, u € G,. O

Lemma 5.6. G, C M,,.

Proof. Let u € G,. Since M, is not empty, we take v € M,,. By Lemma [5.5]
v € G,,. In particular, S, (u) = S, (v). Since v € M,,, we obtain

Sw(u) = S, (v) = d(w).

It remains to show that K,(u) = 0. Since u € A,, we have S/ (u) = 0 and
I,(u) =0, hence K, (u) = (s +7)(S,,(u),u) — I,(u) = 0. Therefore, u € M,,. O

Proof of Proposition . It follows immediately from Lemmas|[5.3] and[5.6] O

When 2 <p< 3 55, to study the strong instability of standing waves for ,
we need to establish the following characterization of the ground state related to
(1.12).

Lemma 5.7. Let w > 0, 25 4+ 2r > 3, % <p< %, and u be the ground state
related to (1.12)). Then

Sw(u) = inf{S,(v) : v € H*\{0}, Q(v) = 0}. (5.11)
Proof. Firstly, we claim that the minimizing problem in (5.11)) is well-defined. Let
v e H\{0} and Q(v) =0. If p= %, then

Su(0) = Su(0) — 5-QM)

5.12)
w 2s4+2r -3 (32 (
= *”’UH%? + R8s /RB(|$| G=21) 5 Jo|?) Jv|?dz > 0.
And 1f— <p< 3 %5, then
Sw(v)
— Su(0) — 2Q(v)
S 3p (5.13)
3p —4s w 3p+4t—6 _(3_
= o]l + 5””“%2 + T /RS(M B2 s |v|?)|v|?dz > 0.

Thus we denote d := inf{S,(v) : v € H*\{0}, Q(v) = 0}. Firstly, we deduce from

and that

By the definition of d, we have
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Let v € H*\{0} be such that Q(v) = 0. If K,(v) = 0, then it follows from
Proposition [5.1] that
Su(v) > Se(u).
If K, (v) # 0, we notice that
w(2s+2r —3)

4s +2r — 3 54
Ko@) = BXZ 20 pmyp y SEEH 2D e,
4 2r—3
+ 8—"_774)\3—27“/ (|x|—(3—2r) % |’U|2)‘U|2dl‘
4 s
(s+r)(p+2)—3
- LD I oy,
where v*(z) 1= A¥?v(Az). When 28 < p < ;%5 we have
2 2r —
lim (o) = S22 =) e 0 and lim Ku(0)) <0, (5.14)
A—0 2 A—o0
When p = 4s/3, it follows from Q(v) = 0 that
3p
2 +2
sllvll. < m““”iwm

which implies that holds. Thus, there exists A9 > 0 such that K, (v*°) = 0.
This implies that

S (v0) > S, (u).
On the other hand, by some basic calculations, we have

-2
) = N ol + TN [ (O ol
R3
3p_q Sp
- mj”””iﬁz
Qe
e}

Next, we define

F) = Q)

3p
3—2r o _(a_ A2 3]? 2
— 225|012 \3 2r/ (3—2r) 21y 2de — PPt
N2 ol + 22 e e A I 2
When p = %, it follows from Q(v) = 0 that s||v||%,, < %Hv”iﬁw Thus, it

is easy to see that the equation f(A) =0 admits a unique positive solution A = 1.
When % < p < 2 assume that there exists \; # 1 such that f(\;) = 0. It

3—2s?
easily follows that
3-2 v||Pt2, 3 3p
20 (el s - xS

3p
If \; > 1, then A3* — X\372" > 0 and A?* — A\? < 0, which is a contradiction. If

3p
A1 < 1, then A\F* = X\372" < 0 and A\?* —\> > 0, which is a contradiction. Therefore,
the equation f(\) = 0 admits a unique positive solution A = 1. Therefore,

IS, (1Y) >0, forall A€ (0,1),
IS, (v™) <0, forall A € (1,00).
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We thus obtain that S, (v}) < S, (v) for any A > 0 and X # 1. In particular, we
have S, (v*) < S,(v). Thus, S,(u) < S,(v*) < S, (v) for all v € H*\{0} and
Q(v) = 0. Taking the infimum over v, we have S,(u) < d. This completes the
proof. O

To obtain the key estimate ((5.19), we need establish the following variational
characterization of the ground states to (1.12]). Firstly, when p = 22, we define

SL0) = Su(w) — 5-QM)

5.15)
w 25+ 2r -3 (32 (
——Mm+—§——/uﬂ““ﬂwwmm
S R3
When Fp< 3 55, we define
2
S2(v) :== S, (v) — —
0) = 5.(0) - Q)
3p —4s w
=6 ol1%. + 5 llvlZ2 (5.16)
3p+4t—6
+£%5féﬂwmeWW%m

Lemma 58 Letw >0, 25 4+ 2r > 3,
related to . Then for k =1,2 we have

S, (u) = SE(u) = inf{Sk(v) : v € H*\{0}, Q(v) < 0}. (5.17)

Proof. We only prove the case k = 1. The proof of the case k = 2 is similar. We
denote

55, and u be the ground state

d"(w) = inf{S¥(v) : v e H*\{0}, Q(v) < 0}.
Since u is the ground state related to , Q(u) = 0. It follows from the definition
of d*(w) that
SL(u) > d*(w). (5.18)
Let v € H*\{0} and Q(v) < 0. If Q(v) = 0, then from Lemma [5.7]it follows that

SL0) = 8u(0) — 5-Q(0) = Su(v) > Sulu) = SL(w)
If Q(v) < 0, we note that

. )\3—27“ el )\3773 3p 9
Q™) = X2 o2 + ; /RS<|$| (3 zr)*|v|2)|v‘2dm—m7|| o|PT2, >

for sufficiently small A > 0, so there exists Ao € (0,1) such that Q(v*) = 0. We

thus have

w 2s4+2r — 3 _(3—92p
Su() = S llvllfe + 7/ (J] = @727 5 Jo]) o] *da
2 8s R3

w 28 +2r —3 o_ —(3—2p
szm+—§;f£”@mﬂ“%mmwm

= S, (™) = S, (1Y) = Su(u) = S, (w).
This implies that d!(w) > S} (u). This, together with (5.18)) implies that S. (u)
d*(w).

ol
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Let u be the ground state related to (L.12). We define
B, ={ve H*\{0}:5,(v) < Su(u), Q(v) <0}

Lemma 5.9. Let w > 0, 25+ 2r > 3, and u be the ground state related to (1.12)).
If % < p < 225 then the set B, is invariant under the flow of (T4). That is, if

3—2s’
Yo € By, then the solution ¥ (t) to with initial data 1y belongs to B,, and
Qi(1)) < 25(S(vo) — S(u)) (5.19)

for any t € [0,T%).

Proof. Let vy € B,,, by Proposition we see that there exists a unique solution
¥ € C([0,T*), H®) with initial data 9. We deduce from the conservations of mass
and energy that

Sw(w(t)) - Sw(wO) < Sw (u) (520
for any ¢ € [0,7*). In addition, by the continuity of the function ¢ — Q(¢(t)) and
Lemma [5.7] if there exists to € [0,7) such that Q(x(t9)) = 0, then S,,(1(tg)) >
S, (u), which contradicts (5.20). Therefore, we have Q(¢(t)) < 0 for any ¢ € [0, 7).
This, together with Lemma [5.8] implies that

=

S (u) < SL0) = Su(l1) — Q) = Sulun) — LU
5.(u) £ S2((0) = SL((0) — Q) < Sulve) - LU
for all t € [0,7*). This completes the proof. 0

Proof of Theorem[I-3 Let u be the ground state related to (1.12)) and {\,} C R
be such that A\, > 1 and lim,,_,,, A\, = 1. We take the initial data

Yo.n(x) = N3 2u(\, ).

Therefore,
lim ([¢o,nllr2 = lim |lufz> = [jullz:,
n—oo n— oo
T [l = Tim X ull . = lull ..

Thus, we deduce from Brezis-Lieb’s lemma (Lemma that v, — v in H® as
n — co. By Lemma [5.7] we have

Sw(z/’O,n) < Su(u), Q(on) <0

for all n > 1. Thus, ¥, € B,,. Let ¢, be the maximal solution of (|1.4]) with the
initial data g ,. We deduce from Lemma that ¢, (t) € B, for all ¢ € [0,T%)
and

Q(n(t)) < 25(S(Yo,n) — S(u)) <O0.

Thus, applying Theorem we obtain that the solution v, (¢) of (1.4) with initial
data 1), blows up in finite or infinite time for any n > 1. O

Acknowledgments. This research was supported by the Outstanding Youth Sci-
ence Fund of Gansu Province (No. 20JR10R A111), by the Department of Educa-
tion of Gansu Province: Youth Doctoral Fund Project (No. 2022QB-031), and by
NWNU-LKZD2022-03 and NWNU-LKQN2019-7.



22

(1]
2]

(10]
(11]
(12]

(13]

(14]
(15]
[16]
(17]
(18]
(19]
20]

21]

(22]
23]

[24]
[25]

[26]

Y. MO, M. ZHU, B. FENG EJDE-2023/24

REFERENCES

J. Bellazzini, G. Siciliano; Stable standing waves for a class of nonlinear Schrodinger-Poisson
equations, Z. Angew. Math. Phys. (2011), 267-280.

J. Bellazzini, L. Jeanjean, T. Luo; Existence and instability of standing waves with prescribed
norm for a class of Schrodinger-Poisson equations, Proc. Lond. Math. Soc., 107 (2013), 303~
339.

T. Boulenger, D. Himmelsbach, E. Lenzmann; Blowup for fractional NLS, J. Funct. Anal.,
271 (2016), 2569-2603.

H. Brézis, E. H. Lieb; A relation between pointwise convergence of functions and convergence
of functionals, Proc. Amer. Math. Soc., 88 (1983), 486-490.

T. Cazenave; Semilinear Schrodinger equations, Courant Lecture Notes in Mathematics vol.
10, New York University, Courant Institute of Mathematical Sciences, New York; American
Mathematical Society, Providence, RI, 2003.

Y. Cho, G. Hwang, S. Kwon, S. Lee; On finite time blow-up for the mass-critical Hartree
equations, Proc. Roy. Soc. Edinburgh Sect. A, 145 (2015), 467-479.

V. D. Dinh; Well-posedness of nonlinear fractional Schrodinger and wave equations in Sobolev
spaces, Int. J. Appl. Math., 31 (2018), 483-525.

V. D. Dinh, B. Feng; On fractional nonlinear Schrédinger equation with combined power-type
nonlinearities, Discrete Contin. Dyn. Syst., 29 (2019), 4565-4612.

D. Du, Y. Wu, K. Zhang; On blow-up criterion for the nonlinear Schrédinger equation,
Discrete Contin. Dyn. Syst., 36 (2016), 3639-3650.

B. Feng; On the blow-up solutions for the fractional nonlinear Schrodinger equation with
combined power-type nonlinearities, Commun. Pure Appl. Anal., 17 (2018), 1785-1804

B. Feng; On the blow-up solutions for the nonlinear Schrédinger equation with combined
power-type nonlinearities, J. Evol. Equ., 18 (2018), 203-220.

B. Feng, R. Chen, J. Liu; Blow-up criteria and instability of normalized standing waves for
the fractional Schrodinger-Choquard equation, Adv. Nonlinear Anal., 10 (2021), 311-330.
B. Feng, R. Chen, Q. Wang; Instability of standing waves for the nonlinear Schrédinger-
Poisson equation in the L2-critical case, J. Dynam. Differential Equations, 32 (2020), 1357
1370.

B. Feng, Q. Wang; Strong instability of standing waves for the nonlinear Schrédinger equation
in trapped dipolar quantum gases, J. Dynam. Differential Equations, 33 (2021), 1989-2008.
J. Frohlich, G. Jonsson, E. Lenzmann; Boson stars as solitary waves, Comm. Math. Phys.,
274 (2007), 1-30.

R. Fukuizumi; Stability and instability of standing waves for the nonlinear Schrédinger equa-
tion with harmonic potential, Discrete Contin. Dyn. Syst., 7 (2001), 525-544.

R. Fukuizumi, M. Ohta; Instability of standing waves for nonlinear Schrédinger equations
with potentials, Differential Integral Equations, 16 (2003), 691-706.

N. Fukaya, M. Ohta; Strong instability of standing waves for nonlinear Schrédinger equations
with attractive inverse power potential, Osaka J. Math., 56 (2019), 713-726.

N. Fukaya, M. Ohta; Strong instability of standing waves with negative energy for double
power nonlinear Schrédinger equations, SUT J. Math., 54 (2018), 131-143.

Y. Hong, Y. Sire; On fractional Schrodinger equations in Sobolev spaces, Comm. Pure Appl.
Anal., 14 (2015), 2265-2282.

L. Jeanjean, T. Luo; Sharp nonexistence results of prescribed L2-norm solutions for some
class of Schrodinger-Poisson and quasi-linear equations, Z. Angew. Math. Phys., 64 (2013),
937-954.

K. Kirkpatrick, E. Lenzmann, G. Staffilani; On the continuum limit for discrete NLS with
long-range lattice interactions, Comm. Math. Phys., 317 (2013), 563-591.

N. Laskin; Fractional Quantum Mechanics and Leévy Path Integrals, Phys. Lett. A, 268
(2000), 298-304.

N. Laskin; Fractional Schrodinger equations, Physics Review E, 66 (2002), 056108.

H. Kikuchi; Existence and stability of standing waves for Schrédinger-Poisson-Slater equation,
Adv. Nonlinear Stud., 7 (2007), 403-437.

S. Le Coz; A note on Berestycki-Cazenave’s classical instability result for nonlinear
Schrodinger equations, Adv. Nonlinear Stud., 8 (2008), 455-463.



EJDE-2023/24 BLOW-UP CRITERIA AND INSTABILITY OF STANDING WAVES 23

[27] X. Lin, S. Zheng; Mixed local and nonlocal Schrodinger-Poisson type system involving vari-
able exponents, Electron. J. Differential Equations, 2022 (2022), no. 81, 1-17.

[28] S. Longhi; Fractional Schrédinger equation in optics, Opt. Lett., 40 (2015), 1117-1120.

[29] M. Ohta; Strong instability of standing waves for nonlinear Schrédinger equations with har-
monic potential, Funkcial. Ekvac., 61 (2018), 135-143.

[30] M. Ohta; Strong instability of standing waves for nonlinear Schrédinger equations with a
partial confinement, Comm. Pure Appl. Anal., 17 (2018), 1671-1680.

[31] M. Ohta; Stability of standing waves for the generalized Davey-Stewartson system, J. Dynam.
Differential Equations, 6 (1994), 325-334.

[32] M. Ohta; Stability and instability of standing waves for the generalized Davey-Stewartson
system, Differential Integral Equations, 8 (1995), 1775-1788.

[33] C. Peng, Q. Shi; Stability of standing wave for the fractional nonlinear Schrédinger equation,
J. Math. Phys., 59 (2018), 011508.

[34] S. Qu, X. He; Multiplicity of high energy solutions for fractional Schrodinger-Poisson systems
with critical frequency, Electron. J. Differential Equations, 2022 (2022), no. 47, 1-21.

[35] T. Saanouni; Strong instability of standing waves for the fractional Schrodinger equation, J.
Math. Phys., 59 (2018), 081509.

[36] T. Saanouni; Remarks on the inhomogeneous fractional nonlinear Schrédinger equation, J.
Math. Phys., 57 (2016), 081503.

[37] Q. Shi, C. Peng, Q. Wang; Blowup results for the fractional Schrédinger equation without
gauge invariance, Discrete Contin. Dyn. Syst. Ser. B, 27 (2022), 6009-6022.

[38] J. Sun, T. F. Wu, Z. Feng; Multiplicity of positive solutions for a nonlinear Schrédinger-
Poisson system, J. Differential Equations, 260 (2016), 586—627.

[39] T. Tao, M. Visan, X. Zhang; The nonlinear Schrédinger equation with combined power-type
nonlinearities, Comm. Partial Differential Equations, 32 (2007), 1281-1343.

[40] K. Teng; Existence of ground state solutions for the nonlinear fractional Schréodinger-Poisson
system with critical Sobolev exponent, J. Differential Equations, 261 (2016), 3061-3106.

[41] J. Zhang; Sharp threshold for blowup and global existence in nonlinear Schrédinger equations
under a harmonic potential, Comm. Partial Differential Equations, 30 (2007), 1429-1443.

[42] S. Zhu; On the Davey-Stewartson system with competing nonlinearities, J. Math. Phys., 57
(2016), 031501.

[43] S. Zhu; On the blow-up solutions for the nonlinear fractional Schrodinger equation, J. Dif-
ferential Equations, 261 (2016), 1506-1531.

YICHUN Mo
DEPARTMENT OF MATHEMATICS, NORTHWEST NORMAL UNIVERSITY, LANZHOU 730070, CHINA
Email address: sg25888@163.com

MIN ZHU (CORRESPONDING AUTHOR)
DEPARTMENT OF MATHEMATICS, NANJING FORESTRY UNIVERSITY, NANJING, JIANGSU 210037,
CHINA

Email address: zhumin@njfu.edu.cn

BINHUA FENG (CORRESPONDING AUTHOR)
DEPARTMENT OF MATHEMATICS, NORTHWEST NORMAL UNIVERSITY, LANZHOU 730070, CHINA
Email address: binhuaf@nwnu.edu.cn



	1. Introduction
	2. Preliminary lemmas
	3. Localized virial estimates
	4. Blow-up criteria for (??)
	5. Strong instability of standing waves
	Acknowledgments

	References

