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GENERIC SIMPLICITY OF EIGENVALUES FOR A DIRICHLET
PROBLEM OF THE BILAPLACIAN OPERATOR

MARCONE C. PEREIRA

ABSTRACT. In this work we show that the eigenvalues of the Dirichlet problem
for the Bilaplacian are generically simple in the set of C4-regular regions.

1. INTRODUCTION

Boundary perturbations have been studied by several authors through different
perspectives, since the pioneering works of Rayleigh [17] and Hadamard [6]. Among
others, we mention the works of Micheletti [I1] and Uhlenbeck [20] in which generic
properties of eigenvalues and eigenfunctions of second order eliptical operators with
respect to variation of the domain were obtained.

Many problems of the same type were considered by Henry in [§] where the
author developed a general theory on perturbation of domains and proved several
results on boundary perturbations for second order eliptic operators. Following his
approach Pereira [15] obtained results on the eigenvalues of the Dirichlet’s problem
for the Laplace operator on regions satisfying symmetry properties. Some results
correlating boundary perturbation to the Laplace operator and to reaction-diffusion
problems can be found in [I6] and [12].

There are also many works on perturbation of the boundary in the literature
using the concept of shape differentiation (see e.g. [18, [19]). In particular, Ortega
and Zuazua used this concept in [I3] to study the eigenvalue problem

(A2 4+ XNu=0 inQ

1.1
u = % =0 ondN. (1)
In this interesting work, the authors, among others results, presented a proof of
the generic simplicity of the eigenvalues of . Unfortunately, there is a problem
in their proof. The authors assumed that the eigenvalues and eigenfunctions are
analytic with respect to the diffeomorphism giving the variation of the region, which
is not true in general.
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Our goal here is to give a somewhat different approach to obtain the simplicity of
the eigenvalues of using as our main tool a general form of the Transversality
Theorem to overcome the problem in their proof.

This paper is organized as follows. In section 2 we state some background results
needed in the sequel. In section 3, we prove the continuous dependence of a part
of spectrum of consisting of a finite system of eigenvalues with respect to
variation of domain. In section 4, we prove analytic dependence of the simple
eigenvalues with respect to the perturbation of the boundary. In section 5, we prove
the main results of the paper, namely, the generic simplicity of the eigenvalues of
(1.1) in the set of open, connected, bounded, C*-regular regions Q C R", n > 2.

2. PRELIMINARIES

The results in this section were taken from the monograph by Henry []], where
complete proofs can be found.

2.1. Some notation and geometrical preliminaries. Given a real function f
defined in a neighborhood of = € R"”, its m-derivative at « can be considered as a
m-linear symmetric form h +— D™ f(x)h™ in R™, with norm

| D™ f(x)] = max|h|§1\Dmf(x)hm|.

If Q is an open subset of R” and E is a normed vector space, C™(Q, E) is the
space of m-times continuously and bounded differentiable functions on {2 whose
derivatives extend continuously to the closure 2, with the usual norm

I fllem@,e) = omax supzea|D? f(z)].

If E =R, we write simply C™ ().
Let O}, £ (€2, E) be the closed subspace of C"™ (€2, E) consisting of functions whose
m!" derivative is uniformly continuous.
We say that an open set @ C R™ is C™-regular if there exists ¢ € C™(R™, R),

which is at least in C} ..(R™, R), such that
Q= {z e R";¢(x) > 0}

and ¢(x) = 0 implies |V¢| > 1.
Let m be a non negative integer and p > 1 a real number. We define the Sobolev
spaces WP (Q) and WP (Q), as the completion of C™ () and C{"(£2) respectively

under the norm
1/p
= ([ 3 1D"ura)

lee|<m

where CJ*(€) is the subspace of functions on C™(£2) with compact support (when
p = 2 we usually write H™ () = W™2(Q) and HJ*(Q) = Wy*(Q)). We some-
times need to use differential operators (gradient, divergence and Laplacian) in a
hypersurface S C R™.

Let S be a C*! hypersurface in R and let ¢ : S — R be C! (so it can be extended
to be O on a neighborhood of S), then Vg¢ is the tangent vector field in S such
that, for each C* curve t — z(t) C S, we have

& 6a(1)) = Vsolalt)) - (1),
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Let S be a C? hypersurface in R” and @ : S — R™ a C! vector field tangent to S.
Then divg @ : S — R™ is the continuous function such that, for every C! ¢ : S — R
with compact support in S,

/S(divsa)¢: f/sa'-vyz).

Also, if u : § — R is C?, then Agu = divs(Vsu) or, equivalently, for all C*
¢ : S — R with compact support

[ onsu=— [ vso-vsu

Theorem 2.1. (1) If S is a C' hypersurface and ¢ : R* — R is C in a
neighborhood of S, then, on S, Vg¢(x) is the component of V(z) tangent
S at x, that is
Vsola) = Vo(x) — o2 ()N (a)
ON
where N is an unit normal field on S.
(2) If S is a C? hypersurface in R™, @ : S — R™ is C* in a neighborhood of
S, N :R® — R" is a C' unit normal field in a neighborhood of S and
H = div N is the mean curvature of S, then
o - . 0
divsd =divd — Ha- N aN(a-N)
on S.
(3) If S is a C? hypersurface, u : R — R is C? in a neighborhood of S and N
is a normal vector field for S, then

ou  9%u ON
Asu=Au— H— — —— e
su=au—loy Nz TV gN
on S. We may choose N so that g—% = 0 on S and then the final term
vanishes.
Remark 2.2. Ifu € H*NHZ(), we have Au = gj\;; on 0. In fact, by Theorem
Z1
0= AaQu
ou 0%u ON
=Au—divN— — — C
U iv N aN? + Vaqu N

2

= Au — a—UZ on 0f.
ON

We often need the following uniqueness theorem for the Bilaplacian.

Theorem 2.3. Let Q C R™ be an open, connected, bounded, C*-reqular region and
B a ball which meets 92 in a C* hypersurface BNOSY. Assume u € H*(2) and for
some constant K

|A?u| < K(|Au| + |Vu| + |u|) a.e. Q with

2 3 (2.1)
_Ou _ 0w Ou o Broo.

“TON T aN? T oN?

Then v =0 in Q.
This theorem follows from [10, Theorem 8.9.1].
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2.2. Differential calculus of boundary perturbation. Consider a formal non-
linear differential operator u +— v

ou ou 0%y 9%u

o) = £ (3u0), 5o 5= 0) 55 @)

2), =2 )...) yeRr®
5y13y2(y) ) Y

To simplify the notation, we define a constant matrix coefficient differential operator
L

ou ou 0%u 0%u .
Luy) = (), 5 @)oo 5w Gz W) ) ) € R

with as many terms as needed, so our nonlinear operator becomes
u— () = f(-, Lu())

More precisely, suppose Lu(-) has values in R? and f(y,\) is defined for (y, A) in
some open set O C R™ x RP. For subsets {2 C R™ define Fqg by

Fa(u)(y) = f(y, Lu(y)), y € Q

for sufficiently smooth functions u in Q such that (y, Lu(y)) € O for any y € Q. For
example, if f is continuous, €2 is bounded and L involves derivatives of order < m,
the domain of Fq is an open subset (perhaps empty) of C™ (), and the values of
Fq are in CY(£2). (Other function spaces could be used with obvious modifications).

If h : Q@ — R"™is a C* imbedding, we can also consider Fj,(q) : C™(h(Q)) —
C°(h(£2)). But then the problem will be posed in different spaces. To bring it back
to the original spaces we consider the ‘pull-back’ of h

R*: CF(W(Q)) — CH(Q) (0<k <m)

defined by h*(¢) = ¢ o h (which is a diffeomorphism) and then h*Fh(Q)h*_1 is
again a map from C™(Q) into Cp(€2). In this sense, we may express problems of
perturbation of the boundary of a boundary value problem as problems of differ-
ential calculus in Banach spaces. This is more convenient to apply tools like the
Implicit Function or Transversality theorems. On the other hand, a new variable
h is introduced. We then need to study the differentiability properties of the func-
tion (h,u) +— h*Fh(Q)h*ilu. This has been done in [8] where it is shown that, if
(y,A) — f(y,\) is C* or analytic then so is the map above, considered as a map
from Diff™(2) x C™(Q2) to C°(2) (other function spaces can be used instead of
C™) where

Diff "(Q) = {h € C™(Q,R") : h is injective and is bounded in Q}

1
| det B/ ()|
is an open subset of C"™ (€, R™) (given an open, bounded, C™ region g C R™). To
compute the derivative we then need only compute the Gateaux derivative that is,
the t-derivative along a smooth curve ¢t — (h(t,.),u(t,.)) € Diff () x C™(Q).
Suppose we want to compute

0

2 Pt (0)(0) = (v, L)

with y = h(t,z) fixed in Q(t) = h(t,2). To keep y fixed we must take z = x(t),
y = h(t,z(t)) with
Oh  Oh Oh,_,0h

_on on_, / __un on
0=3; t g2 O =2 == 5
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that is, z(t) is the solution of the differential equation % = —U(z,t) where
U(z,t) = (2&)~122 The differential operator
0 0 Oh,-10h
Dy=— — t)— = (=)=
=g Vg Ve =(5) %

is called the anti-convective derivative. This derivative at a fixed point x corre-
sponds to the t-derivative at y = h(t,z) fixed. The results (theorems 2.7)
below are the main tools used to compute derivatives.

Theorem 2.4. Suppose f(t,y,\) is C' in an open set in R x R™ x RP, L is a
constant-coefficient differential operator of order < m with Lv(y) € RP (where
defined). For open sets Q@ C R"™ and C™ functions v on Q, let Fo(t)v be the
function

y— fty, Lo(y)), y € Q.
where defined. Suppose t — h(t,-) is a curve of imbeddings of an open set Q C R™,
Q(t) = h(t,Q) and for |j| < m, |k| <m+1 (t,z) — 8,03h(t,x), Okh(t,z), OFult, )
are continuous on R x Q near t =0, and h(t, ~)*71u(t, -) is in the domain of Fo.
Then, at points of

Dy(h* Fouy (0)h* ™) (u) = (h* Fa (R ™) () + (h* Fo (R ™) (w) - Dyu

where Dy is the anti-convective derivative defined above,

Fo(t)uly) = (1,9, Lo(y)

and

Fo(t)o - w(y) = 25

is the linearization of v — Fg(t)v.

(t,y, Lu(y)) - Lw(y),y € Q

Remark 2.5. Suppose we deal with a linear operator A = Z|a\§m aq(y) (6%)06 not,
explicitly dependent on ¢, and h(t,z) =z +tV(z) +o(t) as t — 0 and x € 2. Then
att=20

o _ _ _
5p (AR T )| o = Db AR )| o+ By eV (AR )|
o
:A(ﬁ—zf—V-Vu)—kV-V(Au)
ou
— AT 4+ [V-V,A
gt TV VA

since %A = 0. Note that the commutator [V - V, A](-) is still an operator of order

m.

Consider now a boundary condition of the form
b(t,y, Lv(y), MNo)(y)) =0 for y € 9Q(t),
where L, M are constant-coefficient differential operators and N (y) is the out-
ward unit normal for y € 9Q(t), extended smoothly as a unit vector field on a
neighborhood of 9€(t). Choose some extension of Nq in the reference region and
then define NQ(t) = Nh(t,Q) by

h*Ni,0) (%) = Ni,0) (h(7)) = (2.2)
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for z near 92, where (h;1)7 is the inverse-transpose of the Jacobian matrix h, and
I |l is the Euclidean norm. This is the extension understood in the above boundary
condition: b(t,y, Lv(y), M Nq)(y)) is defined for y € Q near Q2 and has limit zero
(in some sense, depending on the functional space employed) as y — 09.

Lemma 2.6. Let Q) be a C?-regular region, Nogy a C! unit-vector field defined on
a neighborhood of Q) which is the outward normal on 09, and for a C? function
h : Q — R"™ define Ny on a neighborhood of h(02) = Oh(S2) by above.
Suppose h(t,-) is an imbedding for each t, defined by
0
ah(t,x) =V(t,h(t,x)) for x € Q,h(0,z) =z,
(t,y) — V(t,y) is C? and Q(t) = h(t,9), Now = Nuw,)- Then for x near
00, y = h(t,x) near OQ(t), we may compute the derivative (%)y:wnsmm and, if
y € 09,

0

. _ INq)
5 Vo (y) = D¢(h* Npr,0))(2) = —(Vaﬂ(t)a + UaNg(t) (2/))

where o =V - No is the normal velocity and Voo is the component of the
gradient tangent to ON).

Theorem 2.7. Let b(t,y, \, 1) be a C function on an open set of R x R™ x RP x
R? and let L, M be constant-coefficient differential operators with order < m of
appropriate dimensions so b(t,y, Lv(y), M N (y)) makes sense. Assume that
is a C™*! region, Nq(x) is a C™ unit-vector field near Q) which is the outward
normal on 05, and define Ny q) by when h : Q@ — R™ is a C™T1 smooth
imbedding. Also define Byq)(t) by
Byyv(y) = b(t,y, Lv(y), M Ny (y))

fory € h(Q2) near Oh(Q).

If t — h(t,-) is a curve of C™ ! imbeddings of Q and for |j| <m, |k| <m+1,
(t,x) — (0;00h, 0%, 0,05u, OFu)(t,z) are continuous on R x Q near t = 0, then at
points of Q near OS2

Dy(h*Brayh* ™) (u) = (W Byayh* ™) (w) + (W* B hoyh™ ") (w) - Dyu

*th(Q) *—1 *
87Nh )(u) - Dy(h* Nowy)

where h = h(t,-); Bh(g) e B'yq) are defined as in Theorem

0
l;%m ) -nly) = gj;u, y Lu(y), MNuey (v)) - Mn(y)

and Dt(h*NQ(t))‘(,m 18 computed in Lemma .

+(h

2.3. Change of Origin. In the above, the “origin” or reference region is ). But
we may easily transfer the origin to any g diffeomorphic to Q. Let Hy : Q@ — Qg
be the diffeomorphism and for every imbedding h : 0 — R"™ define the imbedding
ho=ho H(;l : Qo — R™. Similarly define

xo = Hy(z),uo = Hy 'u,
(Hg )" Na(z)

Noy (20) = Ny () (Ho(wo)) = ||(Hg )T Ne(z)||
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and then h(Q) = ho(Qo),
h* Fyioyh* ™ u(x) = hiFyg (o) bt~ uo(@o),
h* Buoyh™ ™ u(@) = hiBhy (o bt~ uo(x0),
using the normal
Nhg(920) (ho(0)) = Npay(h()).
This “change of origin” is used frequently in the sequel, as it permits us to compute
derivatives in h at h = iq, where the formulas are simpler.

2.4. The Transversality Theorem. A basic tool for our results will be the
Transversality Theorem in the form below, due to D. Henry [8]. We first recall
some definitions.

A map T € L(X,Y) where X and Y are Banach spaces is a semi-Fredholm map
if the range of T is closed and at least one (or both, for Fredholm) of dim N (T),
codim R(T) is finite; the index of T is then

ind(7T) = dim N (T') — codim R(T).

We say that a subset F' of a topological space X is rare if its closure has empty
interior and meager if it is contained in a countable union of rare subsets of X. We
say that F' is residual if its complement in X is meager. We also say that X is a
Baire space if any residual subset of X is dense.

Let f be a C* map between Banach spaces. We say that x is a regqular point of f
if the derivative f’(z) is surjective and its kernel is finite-dimensional. Otherwise,
x is called a critical point of f. A point is critical if it is the image of some critical
point of f.

Let now X be a Baire space and I = [0,1]. For any closed or o-closed F' C X
and any nonnegative integer m we say that the codimension of F is greater or
equal to m (codim F> m) if the subset {¢ € C(I", X) : ¢(I"™) N F is non-empty }
is meager in C(I™, X). We say codim F' = k if k is the largest integer satisfying
codim F' > m.

Theorem 2.8. Suppose given positive numbers k and m; Banach manifolds X,Y, Z
of class C*; an open set AC X xY ; a C* map f: A Z and a point € € Z.
Assume for each (z,y) € f~1(&) that:

(1) gi (x,y) : ToX — TeZ is semi-Fredholm with index < k.

(2) Either
(a) Df(z,y) = (a—f a—f) (T X X T,Y — TeZ is surjective; or
(B) dim {R(Df(z y))/R(af (z,9))} >m+dimN (4L (z,y)).

(3) (z,y) =y : f7HE) = Y is a-proper, f71(&) = Uj2; M; is a countable
union of sets M; such that (z,y) — y : M; — Y , is a proper map for
each j. [ Given (z,,y,) € M, such that y, converges in'Y, there exists a
subsequence (or subnet) with limit in M,].

We note that (3) holds if f=(¢) is Lindeldf [every open cover has a countable
subcover| or, more specifically, if f~1(&) is a separable metric space, or if X,Y are

separable metric spaces.
Let Ay = {z|(z,y) € A} and

Yeris = {y : € is a critical value of f(-,y) : Ay — Z}.
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Then Y is a meager set in' Y and, if (z,y) — y : f~H(&) — Y is proper, Yo is
also closed. If ind% < —-m <0 on 1), then (2(c)) implies (2(3)) and
Yoriv = {y : € € f(Ay,9)}

has codimension less than or equal to m in'Y. [Note Yo is meager if and only if
codim Y54 > 1/

Remark 2.9. The usual hypothesis is that & is a regular value of f, so (2(«))
holds. If ( ) holds at some point then ind(%) < —m at this point, since
codlmR( ) > dim{ % Df) }. If ind (%) < —m and (2(«)) holds, then (2(3)) also

<)

holds. Thus (2(8)) is more general for the case of negative index.

3. CONTINUOUS DEPENDENCE OF A FINITE SYSTEM OF EIGENVALUES

Let Q C R™ be an open, connected, bounded, C*-regular region. It is well known
that the problem (1.1)) possesses an enumerable sequence of negative eigenvalues
0> A > A1 > - — —o0. In this section, we will show the continuous dependence
of the eigenvalues of

(A2 +X)v =0 in h(Q)
0 (3.1)

vza—;\]]:() on Oh(Q)
with respect to variation of h € Diff4(Q). More precisely, we show that a part of
spectrum of (3.1) consisting of finite system of eigenvalues changes continuously

with h.
To accomplish that, we use the theory described in section rewriting(3.1) as
(A2 + MR =0 inQ
o (32)
u = 87]1\? =0 on 9N

where u = h*v. Observe that the problem (3.1) is equivalent to (3.2]). In fact, v is
a solution of (3.1)) if and only if u is a solution of

(A2 + Nh* 'u=0 inQ
(3.3)

where Nj,(q) is the normal of the region h(€2) defined by (2.2)). Now,

(4 g0} = i( e

7

= by 2)(Nn(e)i(h(z))
i,j=1

= Nh(n)(h(w))b(x)VU(x)

i(x) [the i,j-th entry in the transposed inverse of the Jacobian
= (b;;)(z) with z € Q. Since u = 0 on 02 we have
Ou

Vu = a—N on O0f2.

where b;;(z) = (hg');

ji
Matrix of h] and b( )
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Observe that, for all € €, b(z) is a non singular matrix and b(x)N(z) is in the
direction of Nj,q)(h(z)). Thus
ou

0 -1
TN hA* " 7u=0 ond) << N =0 on 012,

that is, v is solution of (3.1)) if and only if u = h*v is solution of ([3.2).
The next Lemma is essential in the proof of the continuous dependence of a finite
system of eigenvalues of (3.1]) with respect to variation of h € Diff*(£).

h*

Lemma 3.1. Given hg € Diff4(Q), there exists a mneighbourhood Vi of hg in
Dift*(Q) such that, for all h € Vy and u € H* N H3 ()

(AR — R A2 ull ey < e IAEARHS  ull 2o
with €(h) — 0 as h — hgy in C*(Q,R").

Proof. Tt is clearly sufficient to consider the case hg = iq. We have

d 1 0 =
h*——h* = h! bij(x

Ay u(e) yi (we z:: 0:5] Z it ax]
where b;;(x) = (hg!');i(x), that is, b;j(x) is the i, j-th entry in the transposed

inverse of the Jacobian matrix of h, = (g:? )i j—1- Therefore,
3%

haa Bl u(z ):Zlbzk(x)ak(zlbm(m)gxuj(x))

y? P Oy, \ =
:gw)g[ai( ) ) + b 5
zébm(x)bu( o >+j§bm<x>a§ (bis (@) (),
" ayea;yz * 71’“’(1‘)
:lzn;bél(x)aaxl(6212(u0h_1)(h(97))>
- l,j,:=1 bsl(x)bik(x)bij(x)afmgih(x)
4 Lj’z:::lbsl(x)bik(x)ai(bij(af>>afj;mj x
. Z_ [0 ) i) ) 0
N Z": {;m(bik(x))aik(bij(x))+bik(x)aj;m(bij(x)ﬂbsz(r)g;(x),

<
e
Il
[
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R VR »

~ 0 o3

=) brs(@) 53— (== (woh™")(h(x))
; Oy (3%3%’2 )

0ty
= W(ﬂf) + Ll (u) (),
where
L (@) = (b0 bi(a)? — 1) i ()
s a 8$526$i2

" 0*u
+ Z (1 - 5s,r,l6i,j,k)bsl (:E)bST' (J")bik (‘T)bm (JU) or axlam axk '1:)
r J

N Z 88 [bsl(x)bik(x)bij(x)}b“"r(x)axngja:ck(z)

d3u
—  (x
0x,071,0x;

[k (@)bis (@) [ ber ()b ()

n 3’LL
+ bwwmm%ﬁww%%%m

- agi%mwmwwiiw
(9581 8$k81‘j

o (b0 g b)) 55 2)

o [P s 5 )] 5 o)

b3 o) [ () g ) ()] S o)

Thus

ARy = A%u+ L' (3.4)
with L'u = Zzizl Ll u. Since b;; — 6;; in C*(Q,R™) when h — i in C*(Q,R"),
the coefficients of L" go to 0 uniformly in x as h — ig in C*(Q,R"). It follows
that,

I u] 2 () < e(M)IA%ul 20 (3-5)
where €(h) goes to 0 as h — ig in C4(Q,R"™). O

Theorem 3.2. Let A be an eigenvalue of i Q with multiplicity m and 1
an interval such that X\ is the unique element of the spectrum in I. Then, for any
n > 0 and any interval J C I with A € J, there exists a neighbourhood V of iq
in Diff*(Q) (k > 4) such that if h € V there exist exactly m eigenvalues (counted
with multiplicity) A1 (h),..., Am(h) of in J depending continuously of h with
Xi(iq) = A for all 1 < i < m. Moreover, the projection P(h) of L?(2) onto the sum
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of the associated eigenspaces of Ai(h), ..., Am(h) satisfies |P(h) — P(iq)| < n in
V.

Proof. To prove this Theorem we use the theory of perturbation for unbounded
operators developed in chapter IV of [9]. By Lemma proved above, A; =
h*A2h ' — A? is A%-bounded ( that is, D(A,) = D(A?) = H* N HZ(Q) in L*(Q)
and [[Apul r2(0) < €(h)||A%u| L2 for allu € HANHG () with e(h) — 0as h — iq).
Moreover, there exists a neighbourhood V' of ig in Diff*(Q) such that e(h) < 1 for
all h € V. Therefore, by Theorem IV 2.14 of [9], we have that Aj, + A% = h*A2p* !
is a closed operator in L?(Q) with

S(h*A2h* ™1 A%) < (1—€(h))re(h) VYheV (3.6)

where 6 is the gap between closed operators defined in [9]. If J is an open interval
satisfying the hypotheses above, we can find a closed curve 7y in C with int yNR = J.
Since d(h*A2h* 1 A2) — 0 as h — iq in CF, it follows, from Theorem IV 3.16 of
[9] that, if [|iq — hllck(q) is small enough, h*A2h* ™! posses exactly m eigenvalues
A1(h), ..., Am(h) counted with multiplicity in the interior of . Being real, they
must lie in J as required. Furthermore, by the same result, it follows that P(h) —
P(ig) in norm as h — ig in C* as asserted. O

Corollary 3.3. The set
Dy, = {h € Diff *(Q) : —M is not eigenvalue of in h()
and all the eigenvalues X € (—M,0) in h(Q) are simple}

is open in Diff*(Q) for all M € N.

Proof. Let hg € Dy and A1,..., )\ be the (simple) eigenvalues of A2 in ho(Q)
greater —M . Let also =y be the circle of radius M with center in the origin.

From the previous Theorem, for each 1 < ¢ < k there exists a neighborhood
Vi C Diff4(Q) of hy and continuous functions A; : V; — (=M, 0) such that A;(h) is
a simple eigenvalue of h*A2h* ™! for any h € V; with Ai(ho) = A\; and the sets A;(V;)
are pairwise disjoint. Define V = nf:o V; and observe that Vh € V, h*A2h*~! has
k eigenvalues greater —M, which are all simple. Therefore, D), is open. O

4. PERTURBATION OF SIMPLE EIGENVALUES

Let © C R™ be an open, connected, bounded, C*-regular region and Ay a simple
eigenvalue of the equation
(A2 4+ Nu=0 inQ
0 (4.1)
U= a—;\tf =0 on 09
with corresponding eigenvalue ug, with [, u§ = 1.
Consider the map F : H* N HZ(Q) x R x Diff*(Q) — L?*(Q) x R defined by

F(u,\ h) = (h* (A% + /\)h*_lu,/ u? det ).
Q
Then F is analytic by section and F(u, A\, h) = (0,1) if and only if v = htue
H*N HZ(h(Q)) is a solution of (3-1) with [, o v? = 1.
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Observe that F'(ug, Ao, i) = (0,1) and the operator
OF
A(u, A)
(i1, \) — ((A2 + Xo)i 4 Aug, 2/ uou)
Q

is an isomorphism. In fact, since )y is a simple eigenvalue of Fredholm operator
with index zero

(ug, No,iq) : H*NHZ(Q) x R — L*(Q) x R

A% H*n HZ(Q) — L*(Q),
we have

R(A% 4+ o) @ [uo] = L*(Q).
So, given (f,a) € L?(92) x R there exists a unique

(i, A) = (%uo + w/ uof) € H* N HZ(Q) x R,
Q

where w € H* N HZ(L) is a solution of
(A% 4+ Xo)w = f — Mg

with w_Lug, such that

O o 2o (i, A) = (A2 4+ Ao)it + du 2/u i) = (f,0)

a(u’ )\) 05 N05 Q2 ) - 0 05 a 0 - I N
It follows that %(uo, Ao, iq) is a continuous bijection, therefore an isomorphism,
by the Closed Graph Theorem. Thus, by the Implict Function Theorem there ex-
ists a neighbourhood V' of ig in Diff*(Q2) and analytic functions u(h) and A(h) in
V such that F(u(h),A(h),h) = (0,1) for all h € V. In fact, we can say more,
%(u(h), A(h),h) is an isomorphism for all h € V, that is, A(h) is simple eigen-
value in V. Therefore, we have the following result.

Proposition 4.1. Let \g be a simple eigenvalue of . Then, there exists a
neighbourhood V of iq in Diff*(Q) and analytic functions u(h) and X(h) from V
into H* N HZ(Q) and R respectively, satisfying for all h € V.. Moreover, A(h)
is a simple eigenvalue for all h € V' with A(ig) = Xo.

5. THE GENERIC SIMPLICITY OF THE EIGENVALUES

Let P be a property depending of a parameter z € X, where X is a Baire
topological space. We say that P is generic (in ) if it holds for all z in a residual
set of X.

In our application, X will be the class of regions C*-diffeomorphic to a fixed
region € of class C*, that is,

X = {h(Q) : h € DIff *(Q)}.
We introduce a topology in this set by defining a (sub-basis of) the neighborhoods
of a given () by
{h(); Ik —iqllcarny <&, with € > 0 suficiently small}.

When [|h—iq || ca(,rn) is small, h is a C* imbedding of  in R™, a C* diffeomor-
phism to its image h(€2). Michelleti [I1] shows this topology is metrizable, and the
set of regions C*-diffeomorphic to € may be considered a separable metric space of
Baire.
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In fact, we will prove in our application that the property P holds for all h €
Diff*(Q) except a meager set F C Diff*(Q). However, the set F of imbeddings
excluded will be always defined by properties of then image (therefore, it is invariant
by composition with C*-diffeomorphisms of € into €2y). This imply that (see [§])
the set of the regions defined by F are also meager in our space X.

In this section, we show that, generically in the set of open, connected, bounded,
C*-regular regions 2 C R, n > 2, all eigenvalues of are simple. In order to
apply transversality arguments, we first show that our generic property is equivalent
of zero being a regular value for an appropriate mapping. More precisely, we have

Proposition 5.1. Let Q C R™ be an open, connected, bounded, C*-regular region.
Then, all eigenvalues of are simple if and only if zero is a regular value of the
mapping ¢ : H* N HZ() x R — L2(Q) defined by

d(u, ) = (A% + M.
Proof. In fact, 0 is a regular value of ¢ if and only if for all (u,\) € H*NHZ(Q) xR
with ¢(u, A) =0
D (u, \) (1, ) = (A% 4+ \)a + \u
is onto. Now, since the operator (A% + \) : H*N HZ(Q) — L?(Q) is selfadjoint and
Fredholm with index zero we have
L*(Q) = R(A% + ) @ N(A% + \).
Thus, Dé(u, A) is onto if and only if
R(A? +X) @ [u] = L*(9),
that is, if and only if A is simple eigenvalue of (1.1)). O
Consider the map F : H* N HZ(Q) x R x Diff*(Q) — L?(Q) defined by
F(u, A\, h) = h*(A% + \h* u.

Observe that zero is regular value of the map

(u,\) = F(u, \, h) (5.1)
for h € Diff*(Q2) if and only if 0 € L?(h(Q)) is regular value of

o H* N Hy (R(Q)) x R — L2(h(Q))
(In fact, h* is an isomorphism.) So, since that the problem (3.1)) is equivalent to
(3.2), we have by Proposition that all eigenvalues of (|1.1)) in h(Q2) are simple
if and only if 0 € L2(f2) is regular value of the map (5.1). Therefore, to prove
the generic simplicity of eigenvalues of the Dirichlet Problem for Bilaplacian it is
sufficient to show zero is regular value of (5.1)) for most h € Diff*(Q), or to show
zero is regular value of F' verifying the hypotheses of Theorem Transversality. We
try to do that and fail. For certain h € Diff*(£2), zero may be a critical value of F.
But the critical point has special properties, namely, if (u, A, h) is a critical point
of F' there must exist another eigenfunction v of (4.1)) in A(£2) such that AuAv =0
on Oh(€2). Then, we have to show that the special properties can only occur in
a “exceptional” set of regions diffeomorphic to 2. To do this, we consider the
mapping
Q: H*nHLQ)® x R x Diff 4(Q)

— L2(Q) x H3(09) x L*(Q) x H3 (0Q) x L*(09)
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defined by

_ o . .
Qu, v, A\ h) = (h*(A2+)\)h* b, b (A7 4 )R,

h*a%h**lu, {h*Ah**luh*Ah**lv}‘m)
and then we use the condiction 2(3) of Transversality Theorem.

Observe that (u,v,\,h) € @~1(0,0,0,0,0) if and only if u,v are eigenfunctions of
in h(Q) satistying AuAv = 0 in 9h(2). So, we show there exists an open
dense set in Diff*(Q2) such that the restriction of F' on this set has zero as regular
value, proving the result.

Remark 5.2. Without loss of generality, we can work with C®-regular instead of
C*-regular regions. In fact, by Corollary given M € N the set Dy, is open
in Diff*(Q). If we prove that this set is also dense in Diff*(Q), the result follows
taking intersection in M € N. Now, to prove density we can work with more regular
regions since C*-regions can be aproximated to C*-regions with & > 5. This is
necessary because we need to use Theorems of regularity to Elliptical Equations in
ours proofs.

The next Lemma shows that the eigenfunctions u of (4.1)) can not have Au =0
genericaly in the set of the C®-regular region with n > 2 in a nonempty open set
of the boundary fixed. This one is necessary in the proof of the Lemma

Lemma 5.3. Let Q C R™ be an open, connected, bounded, C®-regular region with
n > 2 and J C 002 a nonempty open set. Consider the analytic map

G : By x (=M, 0) x Diff °(Q) — L*(Q) x H3?(.J)
defined by

Gu A h) = (B*(A% + Nh*u b An "l )

where By = {u € H*N HZ(Q) — {0} | ||lul| < M}. Then the set

Ci; = {h € Diff>(Q) | (0,0) € G(By x (=M, 0),h)}
is meager and closed in Diff>().

Proof. We apply the Transversality Theorem. By section [2.2] we have that the
mapping G is analytic in h. It is clearly also analytic in the other variables. We
verify hypothesis (3) of the Trasversality Theorem showing the mapping (u, A, h) —
h: G=1(0,0) — Diff°(Q) is proper. Let {(tn, A, hn) tnen € G=1(0,0) with h,, —
ho = iq [ the general case is analogous]. Since {upnen C Bar and {A\,}neny C
(—M,0), we can suppose, by compactness, that there exist u € HZ(Q) and X\ €
(=M, 0) such that u, — v in H(Q) and A, — X in (=M, 0). During the proof of
Lemma we proved that h*A2h* 'y = A%y + LPu for all h € Diff°(Q) where
L'y is small when h is closed to ig. So, we have, for all v € H2(Q)
0= lim [ o{h (A% 4+ X\ )hE  u,}

n—oo O

= lim [ o{(A%+ \)u, + L' u,}
Q

= lim [/ AvAun—i—/v{)\nun_FLhnun}}
Q Q

n—oo



EJDE-2004/114 GENERIC SIMPLICITY OF THE EIGENVALUES 15

= /{AvAu+ Avul,
Q

since u, — u in H3(Q), \, — A in (=M, 0), h,, — iq in Diff®(Q) and

‘ / th”’un
Q

by equation (3.5)), where lim,, . €(hy,) = 0. Thus, u € By, is a weak, therefore
strong solution of ([1.1)). Now, we will show that {u, }n,en converges in H* N HE(£2)
tou € H*N HZ(Q). In fact, for all n, m € N

1A% (un = wm) | 2() = 1L (tn = ) + (L = L™ Y,
+ )‘n(un - um) + (An — )\m)umHL2(Q)

< loll 2y 1L unll L2 () < Me(hn)[[v]l 2o,

following that
A2 (up, — wm)||p2(0) — 0 as n,m — +oo. (5.2)
Since that there exists ¢y > 0 such that
||A2(Un - Um)HLZ(Q) > collun — um||H4ﬁH§(Q)a
we have, by , that {u, }nen converges in H*N HZ(Q) to u € H*N HZ(Q). This
proves that the mapping (u, X\, h) — h : G=1(0,0) — Diff®(Q) is proper.

Let (u, A\, h) € G1(0,0). By section we can suppose that h = iq. The partial
derivative 0G /0(u, \)(u, \, ig) defined from H*N HZ(Q) x R into L2() x H3/2(J)
is given by

oG
O(u, \)

8G1 8(;2
Ou, \) " O(u, )

- ((N N+ Au’ ]).
Now, DG(u, \,iq) defined from H*N HZ(Q) x R x C°(Q, R™) into L?(Q) x H3/2(J)
can be computed by Theorem [2.4] like the Remark [2.5] and it is given by

DG(u, \,ig) (i, A, h) = (DGl(u, Ai) (@, A h), DGa(u, A, ia) (11, A, h))

(u, Ay i) (i, ) = ( (u, A, i) (i, \) (u, \, i) (i, A))

where
DG (u, M ia) (it A, h) = (A2 + ) (@ — h - V) + h - v[(AZ + )\)u] + u
= (A2 4+ \)(04—h-Vu) + M,

DG (u, M ia) (i, A, h) = {A(i — h - Vu) + i - V(Au)}(J

= {A(u—h-vuw%hw}b

since that (AZ + XN)u = 0 in Q and Aulpg = 0. By [2], we have that Q@ C R",
C5-regular implies that w € H5(Q), so h- Vu € H*(Q).

Now, we can easily see that the hypothesis (1) of the Transversality Theorem is
satisfied. In fact %(u, A, i) is a Fredholm map, so we have that %(u, A iq)
is a semi-Fredholm map with index < +o0.

We now prove that (2/3) also holds, that is, we show that

i | R(DG(u,)\,iQ)))} .
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Suppose this is not true. Then there exist 01,. .., 0, € L*(Q) x H3/2(J) such that
for all h € C°(2,R™) there exist 1, A and ¢y, ..., ¢, such that

377

DG(u, N i) (i, A, h) = ¢85, 0; = (0},0),
j=1

that is,

) . . OAw . -
2 | — . Y — . —_— . frd -t
((A + A) (@ —h-Vu) + M, Al — h - V) + el N) j§_1:cjaj. (5.3)

Consider the operator Sazy : L2(Q) — H* N HZ(Q2) defined by
v=38p21xf where (A2 + Nv— f € N(A% 4+ \), vIN (A% +N).
Observe that operator Saz is well defined. In fact,
(A% +)\): H'nHZ(Q) — L*(Q)
is a Fredholm map with index zero. Then, we have that
R(A? +\) @ N (A% + \) = L*(Q).

So, given f = f1 + fo € L?(Q), f1 € R(A2+ )) e fo € N(A? + \), there exists
unique v € H* N Hg(Q) such that (A% + A)v = fi with v LN(A? + N).

Choosing h € C5(,R") with h = 0 on 9Q — {J}, we can solve the first com-

ponent of equation (5.3) modulo the finite dimensional subspace N (Sazyy) =
N(A2? + ), since Au|; = 0. In fact,

l m
H—h'vu=Z£ju]'+ZCj8A2+,\9;, (54)
j=1 j=1
where {u1,...,u;} is an orthonormal basis of N'(A% + \). Substituting (5.4) in the
second component of (5.3) we obtain that

0N -
Wh'N’J

belongs to a finite dimensional subspace of H3/2(J) for each h € C°(Q,R") with

h =0 on 902 — J. But this can only occur, in dimQ > 2, if

0Au
So, the solution u satisfies the hypothesis of the Theorem which implies u = 0.
Since u € H* N HZ(Q) — {0} we have a contradiction, proving the Lemma. (]

Lemma 5.4. Let Q C R™ be an open, connected, bounded, C®-regqular region with
n > 2. Consider the analytic mapping

Q 2BM X BM X (*M,O) X DM
— L2(Q) x H3(09) x L*(Q) x H?(09) x L'(69)
defined by

Q(u,v,\, h) = (h*(A2 + AN, h*a%h*_lu, h* (A% + A\)h* o, h*a%h*_lv,

R*AR* uh* ARt
o0
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where By = {u € H*NHY(Q) — {0} | [ul| < M} and Dy = Diff>(Q) — C92. [O45
is the meager and closed set that exists by Lemma . Then, the set

Ey ={h € Dy |(0,0,0,0,0) € Q(Bar x Bar x (—=M,0),h)}
is meager and closed in Diff®(£).

Proof. We apply the Transversality Theorem. The hypotesis (3) can hold like in
Lemma Let (u,v,\,h) € Q@71(0,0,0,0,0). By “change of origin”, we can
suppose without loss of generality that h = iq.

The partial derivative Q(u, v, A, iq)/d(u, v, \) defined from H*N HE(Q) x H*N
HL(Q) x R into L2(Q) x H2(09) x L2(Q) x H3(dQ) x L*(99) is given by

oQ

B,o, ) (oA i)0)
o )
= (M%(u, v, Aiq)(+), MQUQ)\)(U’ v, A, 10)(4),
8@3 . 6Q4 . 6@5 ’ ’
W(U’U’MQ)<')’ m(“ava/\’m)(')v W(U,U,)\,ZQ)(.)> :
a(j%k)(“’”’ A ig) (1,0, A) = (A% + Vi + M,
0 ) 9
8(3?]3)\)(1’%”3 )‘719)(“,1), )\) = (Az —+ A)'U + ).\'U,
Q4 D
m(u,v, Nig) (9, 3) = 50
a(j%(u% N ig) (1,9, A) = { AuAv + AvAu}’m.

Now, DQ(u,v, A, i) defined from H* N H}(Q) x H*NH{ () x R x C*(Q,R") into
L2(Q) x H3(8Q) x L(Q) x H?(9Q) x L*(09) can be computed by Theorems
and 2.7 and is given by

DQ(u,v, Aia) () = (DQi (v, A ia) (), DQa(u,v, A i) (),

DQa(u,v, A ia)(-), DQa(u, v, A, i) (-), DQs (u, v, A, i) () )

DQ1(u,v, N, iq) (@, 9, \, b)) = (A2 + X) (4 — h - V) + Au

C N s % g a . ; ou .
DQg(u,v,)\,zQ)(u,v,)\,h):8N( —h~Vu)+h~V(a—N)—Vu~V(h~N)
:%(u—h-VU)—i—h-NAu
DQs(u, v, \,iq) (@, 9, A\, k) = (A2 + X\)(0 — h - Vv) + Mo
0

DQuy(u,v, N, iq) (0, 0, A\, h) = — (0 — h-Vv) +h- NAv

ON
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since Vu = 3N =Vv = @ =0 on 0N and Algg = 8N2 on 0f);

DQs(u,v, A, iq)(, 0, A, h)

- {Au [AG—h- V) + h- V(Av)] + Av[A(i — h- Vu) + h - V(Au)] Hm
Observe that the hypothesis (1) of Transversality Theorem is easy to verify. Now,
we prove (2(3), that is, we show that

R(DQ(u,v,\,iq)) \
d {R(m(u,v,A,iQ))}_m

Suppose this is not true. Then there exist 61, ...,6,, € L?(2) x H3 (09) x L*(Q) x
H3(89Q) x L1(09) such that, for all i € C5(€2, R™) there exist @, 9, A and c1, ..., cm
such that

DQ(u,v, A, iq) (4,0, A, h ch i 0},95,0;’,0;1,9]5)
that is,

(A2 + N)(i— - Vu) + du= > ¢;0}, (5.6)
jfl

o (- h-Vu)+h-NAu= ch (5.7)
j=1

(A2 N)(0—h-Vo)+do = ¢07, (5.8)
j—l

d

o~ h-Vv)+h-NAv = ch (5.9)
j=1

—

Au[A(iJ — h-VU) +h'V(A”)] "’AU[A@_ h~Vu) +h V(Au)]}‘m

m (5.10)
=Dt
j=1
Let {u1,...,u,} C L*(Q) be an orthonormal basis constituted by eigenfunctions of

(1.1) with corresponding eigenvalues A and consider the linear operators
Apzgn: LA(Q) — HY* N Hy (Q),
Cazyn: H2(0Q) — HY(Q) N HL(Q)

defined by
w=Aa2,2f+Carz1 29 € H'N H&(Q)
where
9 ow
(A" +Nw—f€ur,...,up], wllug,...,up, N =9 on o0N.

We obtain, by equations (5.6)), (5.7)), (5.8) and (5.9) that

p m
uw—h-Vu= ij’dj + ZCj{AAer)ﬂ]l- + CA2+)ﬂj2-} —Cazyx (h . NAU) , (5.11)

Jj=1 Jj=1
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l m
O—h-Vov= Z niu; + Z Cj{AAz_,_)ﬂ? + CA2+>\9;1} —Ca24 (h . NAU). (5.12)
Jj=1 Jj=1
Substituting these equations in (5.10) we have

Aulh V(&) = ACazar (b NA0))| + Av[i- V(Au) = A(Cazyr (b NAw)) | ‘69

. (5.13)

belongs to a finite dimensional subspace for all h € C5(Q,R™). Since AulAv = 0

on 9N and iq € Dy, J = {z € 9Q | Au # 0} is a nonempty open set in 9 and
Av=0on J. .

Choose h € C%(Q, R™) satisfying h = 0 on dQ — .J. Thus, using (5.13), it follows

that
{Au(h- V(Av) — AvA(Caza (b NAw)) | ‘m (5.14)

belongs to a finite dimensional subspace when h varies. In fact, for these choices of
h we have that )
CA2+)\ (h . NAU) = CA2+)\(O)
belongs to a finite dimensional subspace and Av (h . V(Au)) =0 on 99
Now, observe that
{Au(h - V(Av)) — AvA(Cpzy (h- NAU))}]J = Au(h- V(Av)) ]J.

Thus, by equation (5.14]) we obtain that the mapping

Yih— Au(h . V(AU))’J,

defined for h € C5(Q, R™) with & = 0 on dQ — J, has finite rank. But this can only
oceur [in dimQ > 2] if V(Av) =0 on J C 9. Observe that, in this case

2
0=Av= 87112 on J,
ON
82
0=V(Av) = V( 112) on J.
ON
Thus the eigenfunction v of (|1.1)) satisfies
0? 3
—UQ = —1; =0 onJ
ON ON
that is, v satisfies (2.1)) and by the Theorem v = 0in Q. Then we obtain a
contradiction, proving the result. O

Theorem 5.5. Generically in Diff4(Q) all eigenvalues of are simple.
Proof. By Remark , we can suppose that region €2 is C°-regular. Consider the
map F : By x (=M, 0) x Upr — L?(Q) defined by

F(u, A\, h) = h*(A2 + \)h* " tu
where Uy = Dy — Epr. We will show, using the Transversality Theorem, that the
! {h € Ups : 0 is not a regular value of (u,\) — F(u, A\, h)}

is meager and closed in Ups. From this, Proposition [5.1] and Baire’s Theorem the
result follows taking intersection with M € N.
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We can easily see that the hypotheses (1) and (3) of the Theorem are satisfied.
It remains only (2a) to be proved. We reason by contradiction. Suppose there
exists a critical point with F'(u, A, h) = 0. Without loss generality we can suppose
h = iq. Then, there exists ¢ € L*(Q2), such that

(DF(u, A, iq)(t, A, h), 1) = 0 (5.15)

for all (@, \,h) € H* N HE(Q) x R x C*(Q,R") where DF (u, \,iq) : H* N HZ(Q) x
R x C5(, R™) — L?(Q) is given by

DF(u, A, iq) (i, A, h) = (A2 + \) (i — h - V) + Au.
IfX:h:Oin,wehave
/ Y(AZ+ N =0 Ya € H* N HF (),
Q

that is, ¢ € R(A? + /\)J' = N(A%Z+)). Since 99 is of class C°, we have ¢ € H>(£2)
and satisfies

(A2 4+ N =0 inQ

Ifhzzleand).\eRwehavefQuw:Q If \ =4 =0and h € C5(Q,R"), we
obtain

o:—/ﬂwm + N (- V)

- /Q{Uz V) (A2 + A — (A 4 N) (i Vu))

_ ; 0 0 0 . . o
= an{(h : Vu)a—N(Aw) - AiﬂafN(h -Vu) — W(A(h -Vu)) + A(h - Vu)a—N
. 9 9 .
= [ 4t ) (aw) - dvg i V)
_ . 0AY Ou a /: ou
= Ny gy — vy (b Mg )
=— | h-NAYAu Yhe C°(Q,RM).
o

So,
/ h-NApAu=0 Vhe C°(Q,R")
o0
which implies Ay Au = 0 on 9. Since iq € Uy, we obtain a contradiction. a
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ADDENDUM: POSTED JUNE 30, 2006.

The author wants to correct some typing mistakes found in Section 5. The open
interval (—M,0) must be replaced by the closed interval [—M, 0] in the following
definitions: G in Lemma [5.3] @ in Lemma [5.4] and F in Theorem [5.5l This
condition is used in their proofs.
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