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REGULARITY CRITERIA FOR THE WAVE MAP AND
RELATED SYSTEMS

JISHAN FAN, YONG ZHOU

ABSTRACT. We obtain some regularity criteria for the wave map, a liquid
crystals model, and the Hall-MHD with ion-slip effect.

1. INTRODUCTION

First, we consider the nD wave maps d : R'*" — S§™ C R'*™ which obey the
nonlinear wave equation
02d — Ad = d(|Vd|? — |0d|*) (1.1)
with the initial conditions
(d, 8¢d)(+,0) = (do,dy), do € S™, do-dy =0. (1.2)

Wave maps have wide applications in physics from the harmonic gauge in general
relativity to the nonlinear o-models in particle physics.

Local well-posedness of has been proved by Tao [20]. Shatah [19]
showed that solutions to the Cauchy problem for wave maps may blow up in finite
time. However, some smallness assumption on the initial data or integrability
condition on the solution itself are sufficient to guarantee the regularity. Fan and
Ozawa [I1] obtained the regularity criterion

Vd,d,d € L'(0,T; BY, . (R")) (1.3)
when n = 2.
The first aim of this article is to prove a following regularity criterion when
n > 3.
Theorem 1.1. Letn > 3 and (Vdy,dy) € H'™*(R") with s > %, |do| =1, do-dy =
0 and d be a smooth solution of (1.1)), (1.2). If (1.3) and d:d € L>°(0,T; L™(R™))
hold true with 0 < T < oo, then the solution d can be extended beyond T > 0.

Next, we consider the liquid crystals model [2] 3], 4] [I6]:

u+u-Vu+Vr—Au=-V-(Vdo Vd), (1.4)
Ord +u-Vd—Ad =d|Vd]?, |d =1, (1.5)
divu = 0, (1.6)
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(u,d)(+,0) = (ug,dp) in R", |do| = 1. (1.7)

Here w is the velocity, 7 is the pressure, d is the direction vector, and (VdoVd); ; :=
>k 0idi0jdy, and hence

1
V- (Vd®Vd) = zk: AdVdj, + §V|Vd\2.
If w =0, then (|1.5) is the harmonic heat flow.
Fan-Gao-Guo [9] proved the blow-up criterion
u,Vd € L*(0,T; BY, ) (1.8)

when 7 = 3. One can find other related results in [8, 24] and references therein.
We will prove the following theorem.

Theorem 1.2. Letn > 3 and s > 5 be an integer. Let ug and do satisfy ug, Vdy €
Hs divug = 0, and |do| = 1 in R™. Let (u,d) be a local strong solution to the

problem (L4)-(1.7). If Vu and V?d satisfy

Vu, V2d € LT (0,T; B3 (R™)) (1.9)
with 0 < @ <1 and 0 < T < oo, then the solution (u,d) can be extended beyond
T >0.

Also we consider the incompressible MHD with the Hall or ion-slip system

6tu+u~Vu+V(7r+%\b|2>fAu:b'Vb, (1.10)
Otb+u-Vb—b-Vu+ hrot(rotb x b) — yrot[(rot b x b) x b] = Ab, (1.11)
divu = divb = 0, ( )

(u,b)(-,0) = (ug,bg) in R3. (1.13)

Here b is the magnetic field. h is the Hall effect coefficient, and v > 0 the ion-slip
effect coefficient, respectively.

Applications of the Hall-MHD system cover a very wide range of physical sub-
jects, such as, magnetic reconnection in space plasmas, star formation, neutron
stars, and geo-dynamos.

Very recently, Zhang [23] obtained the regularity criterion

we L7 (0,7 B3%), Vbe LT5(0,T; B3C) (1.14)

with -1 <a<land 0 < <1when h=1and~vy=0.
Local well-posedness of strong solutions to ([L.10)-(|L.13]) has been proved by Fan,
Jia, Nakamura and Zhou [10], they also obtained the regularity criterion

we La5(0,T;L9), be L¥(0,T;L%), Vbe Lv3(0,T;LP) (1.15)

with 3 < p, ¢ < oo. For standard Hall-MHD system we refer to [T}, [5, [6], (7, T3] 2T, 22]
and references therein.

By the method in [23], we will refine (1.15]) as follows.

Theorem 1.3. Let ug,by € H? with divug = divbg = 0 in R®. Let (u,b) be a
local strong solution to the problem (1.10)-(1.13). If u and b satisfy (1.14) and
be L*>®(0,T; L) with 0 < T < oo, then the solution (u,b) can be extended beyond
T>0.
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In the following proofs, we use the logarithmic Sobolev inequality [15]:
IVd|ree < CQ+[[Vd|[ o log(e + [Vl mi+-)), (1.16)
90l < QL+ (O] o og(e + [9ud]rrs-)) (1.17)

for s > 5 — 1, and the bilinear product and commutator estimates due to Kato-
Ponce [14]:

1A*(f9)llze < CUA* fllLriliglza + 1 F ez A9l La2), (1.18)
1A*(£9) = FA%gllLe < CUVF Lo [N gllza + [A*fllzeallgllzee),  (1.19)

with s >0, A:=(—=A)zand L = L 4 L =L 4 L
p P1 q1 p2 q2
We also use the Gagliardo-Nirenberg inequalities

IVdlZ2 < Clld] L[ V2d] o, (1.20)
V2l < CIVA| Ll A% d| 2, (1.21)
AT d]| 2 < C|VA|7 [|A*F*d] (1.22)

with p:=2s+2and 6 :=1/(1 + s).
We also use the improved Gagliardo-Nirenberg inequalities [12], 17 [18]:

IVulpa < ClIVul -2 i IIUHHSW (1.23)
1A% 20, < c||w||9-1;7m||u||};iz, (1.24)
with ¢ 1= w and 01 :=2/¢1, and
IVdlze < C V| o2 HVdHHSW (1.25)
AV s, < cnwne-g%||Vd||},:ia, (1.26)
with ¢o := w and 0 := q%,
IVl gz, <C||d||ioo"HV2dllB o (1.27)
and
| Do < ClIVull 0% full} 5%, (1.28)
ID* 27| o < cnv%lu o IVl (1.29)
with pg := # and 6 := Sk:;;:ll, and
IVulfs < Cllull e _llul? sz0 with —1<a <1, (1.30)
lull 350 < CIVull 5 [AufF with —1<a<1, (1.31)
and
[Vb]|3. < ClIVbll 5=p lIbll grass  with 0 < B <1, (1.32)

6]l 2es < C|IVB]E7(1AD]S,  with 0 < 8 < 1. (1.33)
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2. PROOF OF THEOREM [L.1]

Testing ([L.1)) by d;d and using |d| = 1 and d - 9;d = 0, we easily get the conser-
vation of the energy:

d

— [ (|0yd|* + |Vd|*)dz = 0. (2.1)

Applying the operator A% to equation ((I.1]), testing by A'**9;d, using (1.18)),

(1.16)), (1.17), (1.20)), (1.21]) and (1.22]), we reach
1d
2dt

= /A1+S(d|vcz\2 — d|0,d)*) A E 0 dd

(‘A1+86td|2 + |A2+Sd‘2)d1‘

< (A= (dIVd*) |2 + A (dl0wd]) || 2 [|A T rd] 2
< C(lldllp= 1A= (V)22 + [Vl Fa [ATT2d] 2 AT 01l 2
+ C(lld] o [|AF(10ed*) | 2 + [|Ordl]| 72 AHSdH 2 )N 0yd] 2
< C(IVdl = |A*d| 2 + ||V2d||LP||A1+Sd||L%)||A1+sathL2
+ C([|0rdl| o= A" 0rd]| L2 + [|0ed]| o | Oedl]| oo [| A2l | 2) [ AT Oy 2
< C|IVd| g |A*dl| 2| A" Oyd] 2
+ C0rdl| L~ A2 0pd ][> + CllOpd| poe | A*Fd L2 AT 0pd| 2
< C(IVdlzo + 0] o= ) (IA*Fd|| 7> + |AF8,d]|72)
<O+ |Vl + 10:d] o, )log(e + )y

with y? := |[A*59,d||2, + ||A*T*d||2,, which gives
sup ([A'0,d|)7. + |[A*Td||3.) < C.
0<t<T

This completes the proof.

3. PROOF OF THEOREM

Since it is easy to prove that there are Ty > 0 and a unique strong solution

(u, 7, d) to the problem (1.4 in [0, Tp], we only need to prove a priori estimates.
Testing (|1.4)) by u and using , we see that
3% /|u| dzr + / |Vu|*de = —/(u -V)d - Addz. (3.1)

Testing (1.5) by —Ad, using dAd = —|Vd|? and |d| = 1, we find that
2dt/|Vd|2dx+/\Ad| dsc—/(u V)d - Addm+/(dAd)
< /(u -V)d - Addz + / |Ad|dz.
Summing up and ( ., we have
/(|u|2 +Vd]?)de < /(|u0|2+ IVdo|2)da. (3.3)

(3.2)
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Applying D? to (1.4)), testing by D?u, using (1.6)), (1.18), (1.19), (1.23]), (1.24),
(1.25), (1.26)) and (1.27]), we obtain

2dt /|Dsu| dx+/|D1+su\ dx

=— /(Ds(u -Vu) — uVD*u)D*udzx + /DS(Vd ®OVd) : VD?udx
< ClIVulpa D%l 2u, [D*ullr2 + ClIVd|Le DV 20, VD L2

< Ol Vullgze 1D ull 2| D*ull g2 + C|Vd| go | D*T*Vdl| 2| DAl 2
< CHVUHB;QM ||DSUH§°‘||D1+SUII%2

+C|\V2d| |DS+1d||2 D> *2d|| 22 | D' 2
||D1+S HL2 +3 ||DS+2d||L2 +CHVU||B—a 1D ul|Z
+C[IV2d|| "a ID**d]7-.
Applying D**! to (L5)), testing by D**!d and using (1.6), we obtain
2dt/|Ds+1d\ dot [ Dl de
= / Dt (d|Vd[*) D> ddx (3.5)

- /(Dsﬂ(u -Vd) —uVD* ) D ddr =: I} + I,.

Using (|1 , |d| =1, -, -, and , we bound I; as follows.

L < |\ D*THAIVAP)| 2 [ D] 20y
[ a2+2 La2—2

< O(lld] = |1 D> (|Vd]?) | |2, +||Vd||iqz||Ds“d|| 20z )IIDs“dIIL&
a2 —
< O(IIVd]|ze | D*2d| 12 + IIVdIIqu IIDg“dH )IIDSHdH

< O|IVd|[iae [|ID*Fd|)? by + 7||DS+2d||L2
[ a2—2 16
1 s
< OVl e IVdlG..o + 151D 2dlIZ:
HDS+2d”L2 + V2| £ ‘2 ID**d] 7.

Using the Leibniz rule, we write I as follows.

S
I =— / (CyDuD*'d+ Y CD*uD***Fd + Cyy1 D™ - V) D™ dda
. h=2 (3.6)
=L+ Y I+ It
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By the same calculations as that of I, we have

14 < OVl | D] 2w D
< D"l + 0||v2d||;§x Dl

Using (1.23)) and (1.24)), we bound I3 as follows.
Iy < O|[Vul HDS+1d|| 20y || D¥Fd]| 2

< OVl % ull} g+a-||V2dH o IVl 2 1D

sta

< C(IIVUIIBw + IIVdeB—a )(IIUIIHs+a + IVl ger)ID* il (54

< 16||DS+1uHL2 + 1D

+C([[Vull 3 ‘2 + ||V2d||;§7m)(\|DSUH%2 +[|D**d||7»)
Using (1.28) and (L.29), we bound Y";_, I% as follows.

\|V2d||9 vl O D e

s+a

212 < OVl O HUII
k=2

He+a

< c<uw||3;ew + HVQdIlB;ng)(IIUIIHm + 1Vdl o) | Dl
< CIVull oo + 192l oo Y[l rese + [V )
< (ID%ull 2 + | D*dl| )

_16||Dé+1u||m Dl

+ OVl 55+ IV 55 )(ID%ul3s + D7 d]22).
Inserting the above estimates into and combining with and using the
Gronwall inequality, we arrive at
ID*ul| oo (0,7522) + 1D* d| Lo (0,7:22) < C-
This completes the proof.

4. PROOF OF THEOREM [L.3]

We only need to show a priori estimates. For simplicity, we will take h = v = 1.

First, testing (1.10) by w and using (1.12f), we see that

2dt/|u| dx+/|Vu|2dx—/(b V)b - udz. (4.1)
Testing (|1.11]) by b and using 7 we find that

2dt/|b| da:+/|Vb\ d:r+/|b><rotb| dx—/(b Viu-bde.  (4.2)

Summing up and ([4.2)), we obtain
1d

T /(\u|2 + [b]*)dx + /(|Vu|2 + | Vb2 + |b x rot b|?)dz = 0. (4.3)
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Testing (|1.10)) by —Au, using (1.12)), (1.30) and (1.31)), we infer that

th /|Vu| dx—l—/|Au| dx

= /(uV)u - Audz — /(b -V)b - Audz

= — Z/ﬁjuiﬁiuajudx - /(b - V)b - Audzx
,J

< C|IVullzs + 1l VO]l 2 | Au] 2
< COllull e 1l s5e + ClIVEIL2 [ Aul| 2
< Cllullpe IIVUIlizQIIAUIIH‘X + OVl L2 | Au] 2

*||AU||L2 +CHUII % IVullze + ClIVBIZ..
Testing (1.11)) by —Ab and using , we deduce that
2 2
2dt /|Vb| d:17+/|Ab| dx
:/(u~V)b~Abdm—/(b~V)u'Abdm

+ /(rot b x b) rot Abdz — /[(rot b x b) x b]rot Abdzx:
= 61 +€2+€3+£4
We bound #; and /5 as follows.

0 = Z/ui&;bafbdx - _ Z/ajuiaibajbdx < O||Vul 22| Vb]|24
@, i,
1
< O Vullp2[[b]| L[| Abl[ 22 < Cl|Vul|2[|Ab 2 < EHAbHiz + C||[Vul|3-.
1
by < ||bl| L= || Vull L2 | AD|| 2 < OVl p2||Ab|| g2 < EIIAblliz + C||[Vul3-.

Using (1.32)) and (1.33)), we bound ¢3 and ¢4 as follows.

_ Z /(rotb x 03b)0s rot bdz < C||Vb|[24 ]| Ab|| .2

< 0||Vb||B ;. ||b||H1+B||Ab||L2 < O|[Vb| s _[IV0] 12" |1 Ab] 27

IIAbIIL2 + CIIVbH 5 IIVBIIZ..

ly = Z/@i[(rotb x b) x b]O; rot bdx < Z /[(rotb x 0;b) x b]0; rot bdx
+ Z/[(rotb x b) x 9;b]0; rot bdx < C||b]| =< ||Vb||24]| Ab|| L2

1
76||Ab||L2+CHVb” 2 IIVBlZe.
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Inserting the above estimates into (4.5, and combining this with (4.4]), and using
the Gronwall inequality, we conclude that

HVUHLM(O,T;LZ) + ||vb||Loo(07T;L2) < C. (46)

This completes the proof by (1.15).
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