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REACTION DIFFUSION EQUATIONS WITH BOUNDARY
DEGENERACY

HUASHUI ZHAN

ABSTRACT. In this article, we consider the reaction diffusion equation

ou

E = AA(U‘): (ma t) €0 x (O»T)’
with the homogeneous boundary condition. Inspired by the Fichera-Oleinik
theory, if the equation is not only strongly degenerate in the interior of {2, but
also degenerate on the boundary, we show that the solution of the equation is
free from any limitation of the boundary condition.

1. INTRODUCTION

Consider the equation

ou
5, = DA, (2,) €Qx(0,7), (L.1)

with the homogeneous boundary condition, where © C RY is an open bounded
domain with the appropriately smooth boundary 92, and

Au) = /Ou a(s)ds, a(s) >0, a(0)=0. (1.2)

One of particular cases of equation (1.1)) is

Ou m

5 Au™. (1.3)
According to the degenerate parabolic equation theory, if there is no interior point
in the set {s € R : a(s) = 0}, as usual we say that equation is weakly
degenerate; otherwise, we say that equation is strongly degenerate.

For the Cauchy problem of equation 7 Vol'pert and Hudjave [14] investigated
its solvability. Thereafter, much attention has dedicated to the study of its well-
posedness [T}, 2, [3] 10} 16 17, 18].

When we consider the initial-boundary value problem of equation , usually
one needs the initial condition as

u(z,0) = up(z), =z €. (1.4)
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However, can we impose the Dirichlet homogeneous boundary condition
w(z,t) =0, (z,t) €N x(0,T), (1.5)

into the problem?

Obviously, when both and hold, equation is not only degenerate
in the interior of €2, but also on the boundary 0f). If it is weakly degenerate, we will
show that equation can be imposed by the boundary condition actually.
While, if it is in the strongly degenerate case, we will show that the solution of
equation is free from any limitation of the boundary condition. Let us give a
brief review on the corresponding problems.

The memoir by Tricomi [I3], as well as subsequent investigations of equations of
mixed type, elicited interest in the general study of elliptic equations degenerating
on the boundary of the domain. The paper by Keldys [9] plays a significant role in
the development of the theory. It was brought to light that in the case of elliptic
equations degenerating on the boundary, under definite assumptions, a portion of
the boundary may be free from the prescription of boundary conditions. Later,
Ficheral6, [7] and Oleinik [11, 12] developed the general theory of second order
equations with a nonnegative characteristic form, which, in particular contains
those degenerating assumptions on the boundary. We can call the theory as the
Fichera-Oleinik theory.

To study the boundary value problem of a linear degenerate elliptic equation:

N+l N+1
rs B _ N1
T;“ @) 3%8:55 ;b +e(@)u = f(z),z € QC RV, (1.6)

it needs and only needs the part boundary condition. In detail, let {n;} be the unit
inner normal vector of 92 and denote

Sy ={z€dQ:a" nmn, =0, (b, — ay’)ny < 0},

~ (1.7)
Y3={z€0Q:a"’nsn, > 0}.

Then, to ensure the well-posedness of equation (1.7), according to the Fichera-
Oleinik theory, the suitable boundary condition is

u|22U23 :g(z)' (18)

In particular, if the matrix (a") is definite positive, is the regular Dirichlet
boundary condition.

If A~ exists, in other words, equation is weakly degenerate, let v = A(u)
and u = A~1(v). Then it has

Av — (A7 (v)); = 0. (1.9)

According to the Fichera-Oleinik theory, one can impose the Dirichlet homogeneous
boundary condition (1.5]).
But, if equation (1.1)) is strongly degenerate, then A~ does not exist, we can
not deal with it as equation . We rewrite equation as
Ju
ot
and let ¢t = zn41. We regard the strongly degenerate parabolic equation as
the form of a “linear” degenerate elliptic equation as follows: wheni,j7 =1,2,..., N,

= a(u)Au +d' (u)|Vul?, (z,t) € Q x (0,T), (1.10)



EJDE-2016/81 REACTION DIFFUSION EQUATIONS 3

a’(z,t) = a(u(z,t)), a¥(z,t) =0, i # 7, then it has

s a’ 0
(a’ )(N+1)X(N+1) = O O .

If a(0) = 0, then equation (1.10) is not only strongly degenerate in the interior of
Q, but also degenerate on the boundary 0€2. We can see that Y3 is an empty set,
while

~ a’(u)a—“,, 1<s<N,
bs(x;t):{_l ox; 8:N+1

Under this observation, according to the Fichera-Oleinik theory, the initial condi-
tion (|1.4) is always required. But on the lateral boundary 9 x (0,T'), by a(0) = 0,
the part of boundary in which we should give the boundary value is
ou ou
2y = {o € 00 (05 |, eon ~ ¢(0) 5, |cpn s < 0} =0 (1.11)

where {n;} is the unit inner normal vector of Q2. This implies that no any boundary
condition is necessary. In other words, the initial-boundary problem of equation
is actually free from the limitation of the boundary condition. Certainly, the
above discussion is based on the assumption that there is a classical solution of
equation . In fact, due to the strongly degenerate properties of A(u), equation
generally only has a weak solution. So it remains to be clarified whether
the solution of the equation is actually free from the limitation of the boundary
condition or not?

2. MAIN RESULTS

For small n > 0, let

Sn(s):/os o ()b, hn(s):%(l—

Obviously, h,(s) € C(R), and
ha() 20, [shy(s)| <1, 1S,(5)| <1,

7lliir%) Sy (s) =signs, %E% 5S5y(s) = 0.

?)+- (2.1)

(2.2)

Definition 2.1. A function u is said to be the entropy solution of (1.1)) with the
initial condition (1.4), if

1. u satisfies
weBV@NI¥@n). 5o [ VaDdse Q. @3
2. For any ¢ € C3(Q7), ¢ > 0, k € R, with a small n > 0, u satisfies
// {In(u — k)i + Ay(u, k) Ap = S) (u—k)|V /Ou \/@dsﬂp} dxdt > 0. (2.4)
T
3. The initial condition is true in the sense that

}E%/Q |u(z,t) — ug(x)|dz = 0. (2.5)




4 H. ZHAN EJDE-2016/81

One can see that if ([1.1)) has a classical solution w, by multiplying (L.1) by
1.5, (u—k) and integrating it over Qr, we are able to show that u satisfies Definition
On the other hand, letting n — 0 in (2.4)), we have

// [l — klir + sign(u — k)(A(w) — A(k))Ag] dz dt > 0.

Thus if u is the entropy solution as in Definition then u is a entropy solution
as defined in [I0] [14] et al.

Theorem 2.2. Suppose that A(s) is C3 and ug(x) € L>=(Q). Suppose that

A'(0) = a(0) = 0. (2.6)
Then (L.1)) with the initial condition (1.4)) has a entropy solution in the sense of
Definition [2-]

Theorem 2.3. Suppose that A(s) is C?. Let u and v be solutions of (1.1) with the
different initial values ug(x), vo(x) € L*(Q) respectively. Suppose that the distance
function d(z) = dist(z,X) < A satisfies

1
|Ad| < ¢, 7/ dzx <, (2.7)
A Ja,
where A is a sufficiently small constant, and Qy = {z € Q,d(z, Q) < A}. Then

/Q |u(z,t) —v(z,t)|dx < /Q luo — voldx + esssup(, yeaax o, [u(@,t) —v(z,1)].
(2.8)

3. PROOF OF THEOREM [2.2]

Let T, be the set of all jump points of u € BV (Qr),v be the normal of T',, at
X = (x,t), u™(X) and ™ (X) be the approximate limit of u at X € T',, with respect
to (v,Y — X) > 0 and (v,Y — X) < 0 respectively. For the continuous function
p(u,x,t) and w € BV (Qr), we define

plu,x,t) = /0 p(rut + (1 —7)u™, z, t)dr, (3.1)

which is called the composite mean value of p.

For a given t, we denote I'l, H' (vi,...,vY) and u' as all jump points of
u(+, ), Housdorff measure of T, the unit normal vector of T, and the asymptotic
limit of u(-,t) respectively. Moreover, if f(s) € C}(R) and v € BV (Qr), then
f(u) € BV(Qr) and

Of (u)
a.’ﬂi

holds, where zy41 = t.
Lemma 3.1. Let u be a solution of (1.1). Then
a(s) =0, sel(ut(x,t),u (z,t)) ae only, (3.3)

where I(c, B) denote the closed interval with endpoints o and 3, and (3.3)) is in the
sense of Hausdorff measure Hy(T,,).

~ 0
:f'(u)a—;f_, i=1,2,...,N,N +1, (3.2)

The proof of the above lemma is similar to the one in [18], so we omit it.
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Lemma 3.2 ([4]). Assume that Q C RY is an open bounded set and let fi,f €
Li(QY), as k — oo, fr — f weakly in L1(Q) and 1 < g < co. Then

tion inf || il 0y > 115 0 (3.4)
We now consider the regularized problem
%: = AA(u) + eAu, (z,t) € Q x (0,7), (3.5)
with the initial and boundary conditions
u(z,0) =up(z), =z€q, (3.6)
u(z,t) =0, (x,t) €0Qx(0,7T). (3.7)

It is well known that there are classical solutions u. € C%(Qr) N C3*(Q7) of this
problem provided that A(s) satisfies the assumptions in Theorem One can
refer to [15] or the eighth chapter of [§] for details.

We need to make some estimates for u. of (3.5). Firstly, since ug(x) € L>()
is sufficiently smooth, by the maximum principle we have

ue| < luollL= < M. (3.8)

Secondly, let us make the BV estimates of u.. To the end, we begin with the
local coordinates of the boundary 9f2.
Let 9 > 0 be small enough. Denote

E% = {z € Q;dist(x,%) < do} C U, V5,
where V. is a region, and one can introduce local coordinates of V.,
yp = FF(z) (k=1,2,...,N), yn|s =0, (3.9)

with F* appropriately smooth and F~ = F}¥, such that the yy—axes coincides
with the inner normal vector.

Lemma 3.3 ([I5]). Let u. be the solution of equation (B.5) with (3.6), (3.7). If
the assumptions of Theorem[2.3 are true, then

/ |7|d0 < a1+ (| Vue| o) + | |L1(Q ) (3.10)

with constants c;, i = 1,2 independent of ¢.

We have the following important estimates of the solutions u. of equation (3.5))
with (36), (D).
Theorem 3.4. Let u. be the solution of equation with ( , . If the
assumptions of Theorem[2.9 are true, then
| grad uc|1 (o) <c, (3.11)

where | grad u|? = ZN |2 + | “|2, and c is independent of €.

Proof. Differentiate 1) with respect to x5, s = 1,2,-, N,N + 1, xy+1 = ¢, and
sum up for s after multiplying the resulting relation by u.,, %. In what
follows, we simply denote u. by u, denote 9Q by >, and denote do by the surface

integral unite on X.
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Integrating it over € yields

Ouy Sy(| grad u| | gradu\ p
S = |1
q Ot Ug, | grad u| /Bt/ T)drdx dt/Q (| grad u|dz,

where pairs of the indices of s imply a summation from 1 to N + 1, pairs of the
indices of i, j imply a summation from 1 to N, and {n;}}¥; is the inner normal
vector of Q. So we have

| Aty

Sy (| grad ul)
| grad u|
Sy zmadul)

!
8xi [a" (W)t ua, + a(W)ts, e, us, |grad u| (3.12)
W)Uy, U, ) U 7Sn(\gradu\)dx |
5‘:51 TenE ST orad ul
S, (| grad ul)
/ - (@0, Jus, 2 B
Sp(| grad ul)
/ n
s (@' (u)Ug, Uy, Uy, arad dl dx
N
_ Z* / a2 Sullgradul)
&m T= | grad ul
0
/ o (W), 5Ty grad uda
[ (| gradul)dz (3.13)
/zz(fu)fu_,,37rzZ (\gradu\)daf/fn(|gradu|) 0 (a' (u)ug, )dz
s Q Ox; '
0
= | . @ Wus,) [| grad ul S, (|grad ul) — I (| grad u])] de
Q 0%;
—/a’(u)uwimln(\gradu\)da
b
S, (| grad ul)
6371 (a(w) gz, )ua, \gradu\ dx
[ (el e rad ulds
’ ) (3.14)
= /Ea(u)uwlzbnlafs I, (] grad u|)do
61, (| grad )
— | alu)— Uy q; Uz o, AT,
JRCES
where & = u,,.
/ Auy,uy, Snleradul) o
| grad u| (3.15)

oI, (| grad u|) / 021, (] grad u|)
=—¢ | —b—ndo —e | — Uy g, U, AT
L axz Q 655861) o
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From (3.12)-(3.15)), by the assumption a(0) = 0, we have
d
— | T rad u|dz
- / | gradu

“Jsor

) [l grad u|S, (| grad u|) — I,,(| grad u|)] dz

921, (| grad ul)

— [ a(u Ug o, Uz, AT 3.16

o de., (316)

01, (| grad u])

—¢ | —5 Uy 2, Uz, AT

/Q 9E:08p Y

I d
— [/ a'(u)uzinilnﬂgradu\)da—|—€/ deo
by > Ox;
Note that on X, we have
0=cAu+ AA(u), u=0, (3.17)

then the surface integrals in ([3.16)) can be rewritten as

S[g/zé).f,](gmdu) Jdo +/E a’ (w)ug,n; (|gradu|)do}

ox;
al d I d
:_5/[ ollgradul) = A, n(|g;j “D]da
» 8131 n
I d I d
+/a(u)[a o (| gra “D n; — Au n(|gara u‘)}da
ox; Qu
2 i on
I d d
:_5/ [5 n(| gra u|)ni—Au (Iggj UI)]dJ
b 8.Ti on
Since gy, v = u]s = 0, we have
0
}]ig%)S = —e/Esign(a—Z)(uwwjnjni — Au)do. (3.18)
Using the local coordinates on V., 7 =1,2,...,n, we have

Yo = Ff(z), k=1,2,....N, ynls=0.
By a direct computation (refer to [I5]), on ¥ NV, we obtain

Ug;z; = ZU'Z/Nku Fk + Z Uy Fy; Fk +uyszlzg )

k N N N-1 m N 7N
u - Zk:luyNku FJ,JFJ,JFZL +Zu F FN uymFllljFIJFll
A | grad FNV|2 YN YR |grad FN |2 7

in which F* = FF. since the inner normal vector is

N N
= —(881; ,...,ZZN)Z —grad 'V,
it follows that
Uaia; My — AU = Uy, (W - 7”7”)

By Lemma we see that lim, .o S can be estimated by |grad u|z:(q).
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By letting n — 0, from
lim | gract ]S, (| gradt u]) — I, (| grad ul)] =
17*)

we have p
a/ |gradu|dx§c1+(;2/ | grad u|dz.
Q Q

Further, by Gronwall’s Lemma we have

/ | grad u|dz < c. (3.19)
o

By (3.5) and (3.19), it is easy to show that
// (a(ue) + €)|Vue|? de dt < c. (3.20)
T

Thus, there exists a subsequence {u.,} of ue and a function v € BV(Qr)
NL>*(Qr) such that u., — u a.e. on Qp.

Proof. We now prove that u is a generalized solution of equation ([L.1) with the
initial condition (1.4). For any o(z,t) € C4(Qr), we have

11,55
_//T [/Ou \/@ds_/ou \/@ds]%(x,t)dxdt.

By a limiting process, we know the above equality is also true for any ¢(x,t) €

L3(Qr). By (3:20), we have

o(x,t) dx dt

a u
d
o, o J, Ve
weakly in L?(Qr) for i = 1,2,..., N. This implies
B / Va(s)ds € L*(Qr), i=1,2,...,N.
Thus u satisfies in Definition

Let p e C’g(QT), © >0, and {n;} be the inner normal vector of Q2. Multiplying
3.5) by »S,(us — k), and integrating it over Qr, we obtain

// k)t dxdt—l—/ (e, k) Ap da dt
T

_ 5/ Vue - VoS, (u. — k) dx dt — e// \Vu5|25;(u5 —k)pdxdt (3.21)

Qr
f// a(ue)|Vue|*S) (us — k)pda dt = 0.

By Lemma [3:2]

Ou, Ou
. . / _ € €
hmmf/QT Sy (ue k)a(ug)ami arigodxdt

e—0

z//QT S;(uk)w/ou Via(s)ds|*¢ dz dt.

(3.22)
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Let ¢ — 0 in (3.21)). By (3.22)), we get (2.4)). Finally, we can prove equality (2.5))

in a similar manner as that in [I4] or [I8], we omit the details. O

4. PROOF OF THEOREM

Proof. Let u and v be two entropy solutions of (|1.1)) in the sense of Definition
Suppose the initial values are

u(z,0) =uo(x), v(z,0)=uve(x). (4.1)
By Definition for any p € C2(Q71), ¢ >0, and n > 0, k,l € R, we have

// [In(u — k)i + Ay(u, k) Ap — S (u — k)|V /Ou \/@ds\ch} drdt >0, (4.2)
// [In(v — 1)y + Ay(v,)Ap — S, (v — )|V /0 \/@dsm} dydr > 0. (4.3)

Let ¢(z,t,y,7) = ¢(x,t)jn(x — y,t — 7), where ¢(z,t) = 0, ¢(x,t) € C5°(Qr), and

(@ —y,t = 1) = wp(t — T wp (2 — 4i), (4.4)
wp(s) = %w(%) w(s) € C5°(R), w(s)>0, w(s)=0

o0 (4.5)
if |s| > 1, / w(s)ds = 1.

— 00

We choose k = v(y,7), | = u(z,t), o1 = Y(x,t,y,7) in (4.2)-(4.3), integrating
over Q7 we obtain

//T //T[In(“ —0) (Y + r) + Ay (u, ) Agth + Ay (v, u) Ay]
— Sy (u— v)(IV /Ou Va(s)ds|? + V/OU \/@dsﬁ)wdx dt dy dr = 0.

Clearly,

(4.6)

9jn | Ojn djn | Ojn
ot Tor =V on T ow
op oy B¢ o 0 09

ot Tor ot am oy T omd™
For the third and the fourth terms in (4.6)), we have

// [A) (u, v)Aztp + Ay (v, w)Ayp] de dt dy dr

=0, i=1,...,N;

://Q /Q (A, (11, 0) (Dain + 200 jhas + dAGR) + Ay (0, W) A i} da dt dy dr

= // / {A (u,v) Az din + Ay(u, 0)ba, jha, + Ap(V, 1), jny, } dx dt dy dr
Qr QT

_ //QT/QT{a(U)W v)g;i f/u a(s)Sy (s — v)dsg;i)éf)jhz,;}dx dt dy dr,

where

—

a(u)Sy,(u—v) = /0 a(su™ + (1 — 8)u™)S,(su™ + (1 — s)u™ — v)ds,
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v P 1 v
/ a(s)S) (s —v)ds = / / a(0)S, (o — su™ — (1 — s)u”)dods.
u 0 Jsut+(l—s)u—

Since

// / (=) (17 / Vals)dsl” +1v, / Va()ds[?)y du dt dy dr
//QT//QTS u—v) Iv/ords\ |v/0\fds| ¥ da dt dy dr

+2//QT//QTS{7(UU)VQC/OU \/@ds-vy/ov Va(s)dsip da dt dy dr .

By Lemma [3.1] we have

// // Vv/u\/i/vFS'(0—5)dad5wdxdtdydT

// // //\/"5“++ u)alovt + (1 - o)~

x xS [ovt + (1 —0)o” —su” — (1 = s)u”]ddoV,uVyvde dtdydr

//Q//Q/O /0 Splovt + (1 — o)™ —sut — (1 —s)u"|ddo

X v a(u)Vgyur/a(v)Vyvde dt dy dr

_//QT//QT/OI/Olsg,(U—u)vx/Ou\/@dsvy/ov Va(s)ds dx dt dy dr.

and

// // vv/u\/i/v\/isl0—5)dod5¢dxdtdydT

S I [ v

5}
/ a(0)S! (o — sut — (1 — s)u_)dads—ujhwi¢dﬂc dt dy dr.
P (-su ! Ow;

We further have

/LT/LT(G(U)%—U)S;_/LUG(SE; u)dsg Vihae, @ dx dt dy dr

+2// // Sy (u— UV/uFds~Vy/ Va(s)dsy da dt dy dr

I, / o+ (1 o) (1 ™l
// (- (0 —su™ = (1= s)u”)dods

—1—2/ Va(sut + (1 —s)u )/ a(0)S; (o — su*
0 sut+(1—s)u—
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(1-29)u )dads] 68 Jhz, ¢ dx dtdy dr

//T//T/ /WHM [Va(o) — Va(sut + (1 - s)u)]

x Sy(o—sut —(1— s)u_)dadsa—_jhwiqbdx dtdydr — 0,

ox;

as 1 — 0. Since
lir% Ay (u,v) = lir%An(v, u) = sign(u — v)[A(u) — A(v)],
n— n—

we have
}]E%[A'ﬂ (uv ’U)Qﬁxl]hxl + An(“: U)stijhyi} =0. (47)
By 1' and letting n — 0,h — 0 in (4.6)), we obtain
// [z, t) — v(w, 0)|ér + |A(w) — A(w)|A] dedt > 0. (4.8)
T

Let 6. be the mollifier. For any given € > 0, y = (y1,...,yn), 0:(y) is defined by

5-(0) = (L),

where

felv\Q toif |yl < 1,
o(y) =32 ol
0, if [y > 1,

with

A= / 6“”%_1611}.
B1(0)

Especially, we can choose ¢ in by
(b(x’ t) = W,\s(l“)n(t)7
where 7(t) € C§°(0,T), and wy(x) is the mollified function of wy. Let wy(z) €
C2(2) be defined as follows: for any given small enough 0 < X, 0 < wy < 1,
w|on = 0 and
wi(z) =1,if d(x) = dist(z,00) > A
where 0 < d(z) < A and

Then wye = wy * 0:(d),

WA (d) = / WA (d — 5)d.(s)ds
{|s|<etn{0<d—s<A}

/{S|<€}ﬂ{0<ds<)\} A2
We know that

U
=)V (@i (d)Vd)
U d)|Vd|* + w).(d)Ad]

—~
~
=
&
>33
&
—
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2
05 |
A2 J{sl<epnfo<d—s<A}
By using condition (2.7), and that |Vd(z)| =1, a.e. = € Q, from we have

/QT| (e, ) — v(a, t)|q§tdxdt+c/ / Dl (@)ju—v|dedt > 0. (4.9)

where Q) = {z € Q,d(z,00) < A}. Since |} (d)] < £, let € — 0 in (4.9). We have

T T
lim/ / () (@)l — o] de dt < 5/ / n(8)[u — o] da dt.
e—0 0 Q5 A 0 Qa

According to the the definition of the trace of the BV functions [4], we let € — 0
and A — 0. Then we have

cesssupyo (0,1 |u(T,t) — v(w,t)| +/ |u(z,t) — v(z,t)|n, dedt > 0.  (4.10)
Qr

ds + w\ (d)Ad).

Let 0<s<7<T, and

n(t) = /S_ as(0)do, e < min{r,T — s}.

—t
Then it follows that

T
cess D o:m) [ue )~ 0(w 0] + [t = 9) = aclt = 7)]u = vlgsqayit > 0.
0
By letting ¢ — 0, we obtain

lu(z, 7) —v(z, 7)|L1(0) < |u(z, s) —v(@, s)|L1(0) + cesssuppax o) [u(z, 1) —v(z, t)].

Consequently, the desired result follows by letting s — 0. O
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