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GENERALIZED SCALAR CURVATURE TYPE EQUATION ON
COMPLETE RIEMANNIAN MANIFOLDS

MOHAMMED BENALILI, YOUSSEF MALIKI

ABSTRACT. In this work, we investigate positive solutions for a quasilinear
elliptic equation on complete manifold M. This equation extends to the p-
Laplacian the equation of the prescribed scalar curvature. A minimizing se-
quence is constructed which converges to a non trivial solution belonging to
C1e(K) for any compact set K C M and some « € (0, 1).

1. INTRODUCTION

Let (M, g) be a complete Riemannian manifold of dimension n > 3, with bounded
geometry, R(z) its scalar curvature and p € (1,n). Let HY(M) be the standard
Sobolev space endowed with the norm

HUHH{’(M) = |[Vull v ary + [Jull Lo (ar)-

In this paper, we seek for a positive solution v € H?, (M) to the equation

1,loc
Apu+ a(z)uP ' = fz)uP* L. (1.1)
where A,u = —div(|Vu[P~2Vu) is the p-Laplacian of w on M and p* = =.

Our results extend those of Druet [2] obtained in the case of compact manifolds.
On complete Riemannian manifold conditions at infinity on f must be added.

In the case p = 2 and the function a(z) = n("n_fl)R(gc), where R(z) is the scalar
curvature of the manifold M, the problem of the existence of a positive solution of
the equation is originated from the study of pointwise conformal deformation
of Riemannian metric with prescribed scalar curvature. If in case p = 2, u is
a positive solution of on (M, g), then the scalar curvature of the pointwise
conformal metric ¢/ = um-2g is % f (cf. [2]). The equation is referred as
the generalized scalar curvature type equation.

Our main result in this paper is as follows.

Theorem 1.1. Let (M, g) be a complete non-compact Riemannian n-manifold with
n>3,1<p<n such that p?> < n. Let a, f € C>(M) be real valued function on
M. Suppose that operator Lyu = Apu + a(z)uP~! is coercive. Under the following
assumptions:

(1) At a point x, where f is mazimal, we are in one of the following cases
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(i) p<2,n>3p—2 and a(xz,) <0

ii n— ~0f(eo) | 2R(z
(i) p =2 and 25 ra(n,) < 5Lzl 4 20

(iii) p > 2 and (%)%‘23) < R(z,).
(2) (M,g) is of bounded geometry, that is: Ricci > —c, where ¢ > 0 is a
constant, and the injectivity radius is strictly positive.

(3) There ezists a constant C > 0 such that

IVf < Cf,|V3f] < C’f,/ la| ¥ dv, < C’/ fdvg < 00 and / PP dv, < oo.
M M M

(4) The functions a and f are bounded and f is strictly positive.

Then, there exists a positive solution w € HY ;,.(M) of (L) such thatu € c (K)
on any compact set K of M for some a. € (O 1).

This article is organized as follows: in the second section we construct a sequence
of minimizing weak solutions, in the third section we give sufficient geometric con-
ditions to guarantee the strong convergence of the minimizing sequence. Using the
Aubin’s test functions, we show in the last section that these geometric conditions
are satisfied.

2. CONVERGENCE OF THE MINIMIZING SEQUENCE

In this section, we construct a sequence of weak solutions for (|1.1)). The following
theorem has been proved in [2].

Theorem 2.1. Let (M,g) be a Riemannian compact manifold 1 < p < n such
that p*> < n, and let a, f € C°(M) be real functions on M. We assume that the
operator Lyu = Apu + a(x)uP~! is coercive. If at a point x, where f is mazimal,
we have one of the following cases

(i) p<2, n>3p 2 and a(x,) <0

(i) p=2 and 8(n—1) a(z,) < ?(f(p)-l- ( )

(n—2)(n—1)
(iii) p > 2 and (%)% < R(zo).

Then, there exists a positive solution u € HY (M) of (1.1) such that u € C" (M)
for some a € (0,1).
Let Q; be an exhaustion of the complete manifold M by compact manifolds

o
with smooth boundary such that ©Q; C ;1. Let u; be the minimizer given by
Theorem 2.1l for

Apu; + a(x)ug_l = M(Qj)fu;)*_l in Q;
Uj > 0 in Qj (2.1)
u; =0 on 08 .
By the monotone decreasness of 11(€2;) and the coercivity of the operator Lyu =
Apu+ a(z)uP~!, we have
1
[ull zr(0y) < EM(QI) (2.2)

where ¢ > 0 is a constant. Since (2.2) implies the boundedness of {u;} in HY (M),
we can choose a subsequence of {u;} still denoted {u;} such that u; — u weakly in
HY (M)
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Proposition 2.2. The sequence {u;} converges weakly on every compact set K of
M to a solution u € CH*(K) of

Apu+a(x)uP™ = fuP*t in K
u>0 inK (2.3)
u=0 ondK

for some ac € (0,1).

To prove the boundedness of {u; }in C1'*(K), we use propositions from the paper
of Druet [2] which have their origin in Tolksdorf [7] Guedda and Veron [3] and
Vazquez [§].

Proposition 2.3. Let (M, g) be a compact Riemannian n-manifold. Assume that
u € HY(M) is a solution of Apu+ a(z)uP~ = f, wheren > 2,1 <p<n, a(z) €
Lo (M) and f € Lv (M), then u € L'(M) fort € [1,00).

Proposition 2.4. Let (M, g) be a compact Riemannian n-manifold. Assumen > 2,
l<p<mn, feL(M) for some s > % and w € HY (M) is a solution of Ayu = f
on M. Then v € L>®(M).

Proposition 2.5. Let (M, g) be a compact Riemannian n-manifold and h(x,r) €
C°(M x R). Assumen > 2,1 < p < n and ¥(z,r) € M x R, |h(z,r)| <
Clr[P*~1+D. Ifu € HY(M) is a solution of Apu+ h(z,u) =0, then u € Cl’Q(M),
Moreover |[ul[g1.0 5y < € where € is a constant depending only on |lul| = (ar) and
([, )

HLoo(M)'

Proof of Proposition[2.3 First we show that the sequence {u;} is bounded in L*(K)
for any t € [1,+00). Involving Proposition we have only to check that the
sequence {a(z) — fu?" "} is bounded in L7 (K). We have

/| WP dv, < 25 /K(|a(x)|

=257 (lal )7 + (1L 7 (lusllz)?]

3

+ ‘fﬁug*)d”g

where [[ullX = ([ |u|pdvg)1/p. Since by the relation(3) the sequence{u,} is
bounded in LP(K), so is in LP*(K), we have the desired conclusion.

Next, we show that {u;} is bounded in L*°(K). According to Proposition
we have to show that the sequence {g;} given by g;(z) = —a(x)u;(z)P~1 +
f(z)u;(z)P*~1, is bounded in L*(K) for some s > %. But this fact is a consequence
of proposition

Finally, we take h(z,uj) = a(x)uf™" — f(z)u""", and since by assumption the
functions a and f are bounded on the mamfold M, one has the boundness of the
sequence {h(z,u;(x)} in the compact set K.

By proposition u; € CH*(K) &< elpon, K, ||gjllL=(k))- The
boundedness of {u;} in L*°(K) implies that {gj} and C(p,n, K, ||g;llL=k)) are
bounded. Consequently, {u;} is bounded in C**(K). So by Arzela-Ascoli theorem
{u;} converges uniformly towards a weak solution u of on each compact
set. g
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3. STRONG CONVERGENCE

In this section, we have to show that the solution w is not trivial. To achieve
this task, we give sufficient conditions that guarantee the strong convergence of
minimizers constructed in the previous section. Let K be any compact set of the
complete manifold M, 2K a compact set containing K and n € C°°(M) be the

function
(2) 0 on K
xTr) =
K 1 on M—2K.

Let £ > 1 and {uq} be the sequence of minimizers given by Proposition and

L k4T

Il.llp be the LP(M)-norm. we are going to estimate the ratio |V(nfr uq * )lp.
Letting {4} be the exhaustion, of the complete manifold M, considered in the

previous Sectlon Denote by Ay, = {u € HY () : fQ flu[P*dvg = 1} and Ij(u) the

functional I (u) = [, (IVul? + [ulP)dv,.

Proposition 3.1. Under the conditions (2), (3), (4), of Theorem[1.1] and
(sup f())/?* inf Iy(u) < K(n,p)7",
M—K u€Ay

—1

k+p
the ratio ||V(7]f71*uq " )|lp ts bounded.

Proof. For p > 2, using Simon’s inequality [5], that is to say: for any vector fields
X and Y on the manifold M,
X +YP <Cp{|X|IP2X +|Y|P?Y, X +Y)

where C), is a constant depending on p and (.,.) denoting the metric. We get
ktp—1
IV (nf7uy )Hp
k+p—1

/ V(nfFug b )Pdu,
k 1
/| Vi) - *jj (0f % Yuy ™ Vug)Pdv,

<G / (w ) PG () P2V (nf )

k=1y(
(Lt 7 Vg |p—2vuq}

k+p—1

x g " Vf) + B S5 T Vg dug
e R R C o L T Rl

x = /M nf U PRV (50 [PV (nf 57), Vg dvg

(B2t [ (g7 VP (0 7). Vg
On the other hand,

/M npfp/p*uI;Apuqdvg =k /M ,rlpfp/P*uZ—l |qu|17dvg
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+p /Mmfp%>p*1u’;|wq|p*2<wq,v<nfp%>>dvg

and
/nfp%uI;erilAp(nf’Tl*)dvg
M
- / P () P,
M
F(ktp—1) /wari)u’;*p-ﬂvmfﬁ) P2V, Vinf ) dv,
SO

IV (nfo uq P I

1.k -1
<G /Mnfm’;“*Mfm)dvg k(%) /anfp/p*uZApuqdvg

— b= 1) [ afFA P (T, Vs ),

— (Bztyrtegd / (17 )P~ 1§ [Vag P~ (g, V(15 oy |.

Multiplying (1.1) by (nf P%)pu’; and integrating over M, we get

1
/ (nfe- )pu’;Apuqdvg
M (3.1)
a1 _ 1 o
—— [ a@)arF il te,) [ (@f P
M M
Using Holder inequality, we obtain
[ arFr s a,
» (3.2)

< (AZE%f)p/p*(/M Kfug*de,])l_i(/ (nfp* = l)p*dvg)p/p*'

The first term of the right-hand side of (3.1) is estimated as
[ a@ms e,
M

< </M7K |a(z)|3dvg)5(/M (nfp*uHZ 1)p*dvg)p/p*'

Since by assumption

/|a dv p/n<C’/ fdvg < o0,

we choose the compact set K so that

€
/MiK deg < 5
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Then
| s augie,
M
1 1 k+p—1 P p/p* (33)
< ((( sup f)p/p*/ fub) e +5></ (nfﬁuq ? ) dvg> )
M—K M M
On the other hand we have
1 1 1 .
Vnf7e) = frNn+ nf 'V
and since by assumption |V f| < C, we obtain
1 a1 nc .1 a1
[Vnf | < 3|Vl + g < O
where C' is a universal constant. So
1 _ R 1
| a0 ), Vg
M , (3.4)
<C Frrub P2 V| dv,.
M—-K

Using Holder inequality we obtain that the right-hand side of this inequality is
bounded above by

/ . fp/p*u§+p_2\qu|dvg

([ i) ([ )y

Applying Holder’s inequality again, we get

(3.5)

|,

p(k+p—2) 1 plktp—2)

(p— p(p—1) (p—
S (/ ug*dvq) pr(p—1) (/ fp*(pfl)*p(kdrpf?) d’l}q) e (36)
M-K ’ M-K ’

(bt p—2) p(k(erZ? 1— p(kzrp*j)
< (sup NFET ([ e} U ([ )T
M—-K M-K M—-K

As above, we get

/Mmf%*>p-1u’;|wq|ﬁ-2<m (/7)) du,

<C fp/p*u’;|qu\p_1dvg
M-K

pi* px(p—1) 1—;%
§C</ fp/p*ug*) (/ fp/p*|qu| e ) .
M—-K M—-K
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px
px—k’

/ fp/p*|qu\O‘dvg
M—K
a 2 1—a
< YVu,|Pdv, )" / fr=ado v 3.7
() rvwlan) ([ ) (37)

p(p—1) % « 1_%
<(swp NFFH( [ vulran) ([ )T
M-K M—-K M-K
On the other hand,
Ap(nf=) = —div(|V(nf7) P2V (nf77))
= |Vnf# P2 A(nf7) — trace (V|V (nf )

Since a = (p— 1) plpr—k) —pr(p=1) _ };**:pkk > 0 and

we have p —a = ik

P2 @ V(nf))
and

A(nfv) = fo= Ay +nAfo — trace(Vy @ V f77)

1 1 1 1 1 BN 1 1
< frEAn+ —(1— —)nfr VPR 4+ —nfe T TAf+ —f VS
p* px* px V%
then

|A(nf)| < Cfo

and

IV (nf5) P2 A f7)| < CF 5

From ) ) )
IVIV(f7) P72 = (p = 2)[V(nf 7)) P2V |V (nf77)

and Kato’s inequality, we deduce that

IVIV(nf#)P~2| < (p—2) |V (nf )

P32 (nf 7).

Now, since
V2(nf°)

1 2 4 1 1 a1 1
= PRV V@ V(L nfE V@V + -V,
px* px* p* p*

we obtain

IVIV(nfo) P2 < Cfe

Finally, we get

1A (nf7)| < Cf5

and
/M 0B UL (7 ) du,

p/p*, k+p—1
<C e S ug (3.8)
k+p—1 1_ktpt

el f, o) (o)

Sobolev’s inequality leads to

(/MiK ug*dvg)p/p*
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< (K(n,p)? + s)/ |Vug|Pdvg + A/ ubdvg
K M-K

A
< (K(n,p)? +5)(/M_K [ Vug|Pdvg + W/M—K “Zdvg)

From the coercivity of the operator L,u = —A,u — a(x)|u[P~?u, we get

- p/p*
( uy dvg)
M-K

1 A

< P PP
(K (n,p)? + ) max (1’K(n,p)P+5)/M_K(|qu| + ub)dv,

c
< C‘/ ([Vug|? + ulb)dvg,
M

where C' = %(K(nap)p + €) max (1’ W)

{ugq}, which has a compact support in €, we have

/M(|qu|p +a(z)ub)dvy = A,

i p/p* ~
( ug dvg> < CAg.
M-K

Since by assumption the Lagrange multipliers satisfy
1

K(n,p)P(supp;_ g f)P/P*

- p/p*
( u? dvg> <. (3.9)
M-K

Combining inequalities (5) to (13) we obtain

and by construction of the sequence

hence

Ay <

we have

k+p—1

Vs F O <0 17 ) )
M-K M-K

a1 hdpmloo p/p*
X (/ (nfosug * ) dvg) +C.
M-K

Using Sobolev’s inequality, this expression is bounded by

M [ e )

—1 —1

1 k+ 1 kt+
% ((K(n,p)” + )V (nf Fuq " )lE+ AlnfFug " |5) +C,

(3.10)

where K (n,p) is the best constant in the Sobolev’s inequality. For the last term in
(3.10)), we write

/ fp/p*ul;“’*ldvg
M-K
kt+p—1

k+p—1 Y 1—
(o) ([ )
M-K M-K

Ktp—1 |_r4p=1

< ( Su%f)%)zi)(/ug*dvg) " (/fp/p*dvg) T <

M—
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k+p—1
From the assumption on the Lagrange multipliers, ||V (nf Tl*uq " )5 is bounded.
In the case 1 < p < 2, the Simon’s inequality writes

X +Y[P < C, (|XIP2X + [Y]P72Y, X + V)2 (IX]P + |y]P)—%

where X, Y are any vector fields on the manifold M.

Putting
k+p—1 N
X =uq " V{fr),
k+p—-1, 1 krk4+p—1, 1 k1
V= ———f)ug” ————0f7 )uq” Vu,
b p
we get
k+z—1 s k—i—p—l 1 k= p
ug b V) + EEP L 3™ v,

P2y (nf o)
(

(FEE=1) (p—1) 1
<G[(ua 7V IVOU)

k+p—1\p—1 L p—1 (%) p—1) p—2
+( P (f e )P ug [V [PV,

p
k4+p—1 s k+p—1 1 k=t p/2
< (g V) + L 7 )|
_ 1 k+p—1 1 _ 1-£
< [ T s ) (S ]

Then
-1

k+p
IV (nf5=ug * )y

_ 1 k+p—1 1 _
<Gy [ [t P (v
k+p—1 B _ 1 1
4 B Yl 2 )P (T, V(1)
k+p—1 p/2

+ P ) Vg [Py, V(0 f 7))

p
X [uk PV )+

2

E+p—-1 1 _
L i\

And by Holder’s inequality, the above expression is less than or equal to
_ E k+p-—1 a1 _
e N R e e C e N
M

E+p—-1, .1 _ 1
TV ()

k+p—1
p

< ([ kv

P=2(Vug, V(nf 7))

1 1 2/
Pt 5 b Vg PV, V(7)) | dug )

k‘+fp‘f 1 1 _ 5
S 7 Pl Vg P)dvg)

k4+p—1

Arguing as in the case p > 2, we obtain that ||V(nf71* uq *)[[p is bounded. [

p+(
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4. GENERIC THEOREM

Letting K be any compact set of the complete manifold M, we formulate in this
section a generic theorem. First, we establish

Lemma 4.1. Assume that every subsequence of {uq} which converges in LP(M)

with p > 1, converges to 0. Also assume there ezists a constant C > 0, independent
kt+p—1

of q such that ||V(77ff%*uq "B <C, k>1. Then

lim sup/ (nfﬁuq)p*dvg =0.
M

q— 00

Proof. Suppose that limg_.., sup fM(nfp%uq)p* > 0. Using Holder’s inequality we
obtain

1
/M (nf = ug)™ dvg
n(p—1)+p nk—p

1 B pi\ w1 nie o) EE=)
g sup f(/ (nfp* Uq P )P ) n P ( Ug nk—p dUg) n P
M-K M M

n(k-]:p—l)
lim sup/ ug " dvg > 0.
M

q— 00

then

A contradiction with the fact that every subsequence of u, converging in LP(M),
p > 1, converges to 0. [

As a consequence of the above lemma, we obtain the following generic theorem.
Denote by A = {u € H (M) : [,, flu["*dvy = 1} and I(u) is the functional given
by I(u) = [,,(IVulP + |u[?)dvy where M is a complete Riemannian manifold.
Theorem 4.2. Let (M,g) be a complete Riemannian manifold of bounded geom-

etry, 1 < p <n, and let a, f € C°(M) be real functions on M with f > 0. We
assume that:

(i) The operator Lyu = Apu + a(z)uP~! is coercive
(ii) Conditions (3) and (4) of Theorem[I.] at infinity on f are satisfied
(iil) (supy, f)vi* infyuep I(u) < K(n,p)~P.
Then possesses a positive solution u € CH*(K) for any compact set K C M
and some o € (0,1).

Proof. Suppose that

wf (2))P/P* K (n,p)P lim sup/ ful*dvg < 1
B(mm‘s)

q—00

then by Lemmag, we get that

lim sup/ ful*dvyg =0
B(z,,0)

q—0o0
which contradicts the fact that
/fug*dvgzl. (4.1)
M
In fact -
ful*dv :/ ful*dv, < / ful*dv (4.2)
/M ¢ U2, B(z;,0) . ; B(x4,0) o
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where M = U2, B(x;,9).
So for sufficient large ¢ the last term in (4.2)) is strictly smaller that 1. Conse-
quently
wf (z))P/P* K (n,p)P lim sup/ Jub*dvg > 1
1 B(z0,8)

— 00

and since by assumption pf(z))P/P*K (n, p)? < 1, we obtain

lim sup/ fuldvg > 1.
g—0 B(x,,9)
which is a contradiction with (4.1)).

Then the condition that every subsequence of the sequence of minimizers {uq}
which converges has 0 as a limit is false and the theorem is proved. [

Examples of functions satisfying the conditions of Theorem The con-
ditions at infinity in Theorem are satisfied, for example by functions decreasing
like power functions: f ~ 779, Vf ~ p~% ! and V2f ~ r~92 with ¢ > n%*. Since
fM fp/p*dug < 400 implies that ~

ﬁ is integrable.
If the function a decays at infinity as r~¢ , then the condition that f ut %dvg <

C fM fdvg < +o0 implies that the decay rate g satisfies ¢ > p.

5. TEST FUNCTIONS

In this section we give the proof of our main result (Theorem [L.1). For this
task we check that the condition (iii) of the generic theorem proved in section 4 is
satisfied.

Let K be any compact set of the manifold M and z, € M — K be the maximum
on of the function f as given in Theorem Let r = d(x,, x) the distance function
from z, to any point z in the manifold M — K.

Let § > 0 be smaller than the injectivity radius; for € > 0, we consider the test
function

(47778 —(e4671)7F ifr<d
0 ifr>46.
Note that the function u. was introduced by Aubin in [I]. We have

(Z=2)p(e+ron)"oremT) ifr <8

V. (z)]P =
[Vue (@) {o ifr >4

SO

_ 5
/ |Vu (x)[Pdvy = <n p)p/ (e + r%)_”rwrﬁdr/ Q.  (5.1)
B(z,,0) p—1 0 Sn=1(r)

where d) denotes the element volume on the sphere S™~1(r).

Let S(r) = f Sn-1(r) d2. Taking into account the expansion of the determinant
in a system of geodesic coordinates at a point z,, we get

Vg =1-Rz'z? + o(r?).

A computation in [I] gives us

S(r) =wnp-1(1 — %1"2 + 0(7"2))
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where w,,_; is the volume of the standard unit sphere S*~! in R". The integral

(5.1) becomes

/ Ve ()P,
B(z,,0)

B
= (L Py 2oyt (- Boa 0o
(p—l) wn,l/o (e4+rT=>) "r ( o’ + o(r?))dr.

1—
Letting s = reTp, we get

n—op n 5" P\ — 1
/ |Vue (z)|Pdvg = ( Pwp_1e" P / (L+sm7) "s" o1
B(x,.6) p—1 0 (5.2)
R p—1 p—1
x (1- 6718262( i 0(3252( Z )))ds,
set
Il = / t7 N1 +t)"Pdt withp—q—1>0,
0
1
B(p,q) = / =11 — )7t dt  withp >0, ¢>0.
0
Put t = s7-7, then the integral (5.2) becomes
[ V@,
B(x,,90)
6ﬁ671
p—1 n—=DPyp 173|:/ —ngn(l-1)
=2 - Wp_1E P 14+¢)7 " »/dt
e [
519%15_1 _
_ 20-1) Blzo) / (14 1) 20 gy 4 (™5 )]
6n Jy
p—1n—-p,, kﬂ{/oo —nyn(1—1)
= — Wnp—1€ p 1 + t t P dt
(=) s
_ c2u-p Blzo) /00(1 + ) D0 g /Oo (1+ )"~ 3)dt
on 0 §p—Tg—1

“!‘52(17%)%/% (1+t)—nt(n+2)(1f%)dt+O(EZ(P;1>):|.
1

6n #671

‘We have

lim [ (1+6)"™" "Dt =0
e—=0 Jsp=T o1
and if n + 2 > 3p, then

lim [ (146 ™2 0=Dg =0,

e—0 §P—Te—1

So
[ V@,
B(2,,6)
Rl By, g 08 - omp B 000 | 0],
p p-1 6n
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On the other hand, a simple computation, for (p > ¢ + 1), gives the following

formula
Pg+DI'(p—qg—1)

I'(p) ’
where I' denotes the Euler function from which we obtain the following relation

JH20-5) _ D((n+2)(1— )+ DI(F2 - 3) 0=
n - 1 n
T(n(l- 1)+ DO(Z - 1)

Finally the equality (5.2)) becomes

/ Ve () Pdv,
B(x0,0)

II=B(g+1lp-qg—-1)=

n(l—21)
n =a(n,p)l, "

(5.3)
- 1 - n _n(l—21 R
=" p (z — f)pwn—ﬁl*;In(l p)[l —20=)q(n, p) éa:) + o).
The expansion of | B(2,5) auPdvgy is computed in the same way as above,
/ auldvg
B(zo,0)

5
z/ ué’r”fldr/ a+/gdf?
0 57=1(r)
g D n
:/ ((e+r71) "% —v)’r"lar
0

X / (a(xo) + %Vija(xo)xixj + 0(7“2)) (1 — éRij(a:O)xixj + 0(r2))dQ
Snfl(r)

)
= wn10(z,) / Pl e+ r T L= pu(e + 17 T)E T 4 of(e +r7T) B )]
0

R(z,)  Aa(z,)
% [1 —( 6n + 2nR(z,

))r2 + 0(7’2)} dr.
. 1-p
Putting s =r"7 , we get
1-p

/ auldv,
B(,,0)

e P
= wp_1a(x,)eP P / s 4 sPT)P {1 —prer N1 4 s7T)
0

P\ n_q1 n_ R(IEO) Aa(mo) _1 1
p—1)p 1 P 1 — 2.2(1 p) 2(1 p) 2
+o(l+s71)r ¢ } {1 ( ot 2na(%))s € +e o(s )}ds.

Letting t = s#, we get

/ auldvg
B(,,0)

P — 1 §p=te™! 1
= wn_ra(z,)eP T / =)= 4 gyp
p 0

X [1 —prer M1 41) + o(1 + t)sﬁfl}
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R(x,) n Aa(z,)

<= 6n 2na(x,)

EODL0D) 4 20 Do(20 )]

-1 I e~ ! B
= ia(z,)eE / =D)L )P+ o(ePF)
p 0

Since p < n?, we have

lim [, "0 4 )P = 0;
e—=0 Jsp=To—1

therefore,

-1 n 1-1)—1 n
/augdvg = pTwn_la(xo)epfFI:(_p ») +o(eP7 7).

From the formulae

n(1-LH)—-1 I‘(n(l - %))F(ﬁ - p)

I — p
e f—p)
03 _ C(n(1— )+ 102 -1) _ n(l— )T (n(1 - )02 - 1)
! I'(n) I'(n)
we deduce that
n(l—1)— I'(n)I'(X —p n(l—1 n(l—1
L T
! n(l— )P —pI(;—1)
Finally, we get
wp—1 _1 0
/ audvy = 320, ala )b In T 4o E). (5.4)
B(x,,8) p

Now, we compute the term
/ ful*dv,
B(x,,0)
5
[
0
5
/ 7,,nfl
0

[ e+ 5 Vafaala'al + o) (1 - gRolza)a's? +olr?)de
Sn=1(r)

Y(e+rem)=5 —V)p*dr/ F/gd
Sn=1(r)

((
((

e+rr1) 8 — ) dr

X

8
:/ r”fl((€+rﬁ)1_% fu)p*dr
0

1 Rij(xo) i 9
- /5"—1(7-) {f(mo) + (ivijf(x°> - f(%)T)x ! 4+ o(r )]dQ

g P_\1_n p* Lo Ty
= wnflf(xO)A (e )T =) (1 - (Rén ) + QARJ;((J;O)))W +o(r?))dr

0 T To)\ o 5
= wnflf(xo)/o P e ) T (1 - (Réno) + ij;((xo)))r +o(r?))dr.
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Letting s = ran, we get

-1
/ ful*dvg = P==w, 1 f(x,)e
B(z,,0) p

GENERALIZED SCALAR CURVATURE TYPE EQUATION

. ésliTp »
P "N 4 sp-T) T
0
A 1 1

x [1- (Réx‘)) +

Setting t = 3#7 we obtain

tn(l_%)_l(l + t)fn

)2 9)205) o o(12(-3))20-5)) gy,
0= N (1 4 )t = 0

t(n+2)(1—%)—1(1 +1)"dt =0

/ ful*dv,
B(zo,9)
1 6%571
= Lwnflf(xo)eT /
0
Af(x,
% (1_ (R(xo) + f(zo)
6n 2nf(x,)
Since
o0
lim
=0 Jsp-T1c—1
and
lim Y
=0 Jsp-T -1

provided that p < 14 %, which is the case if p> < n, we deduce that

~/B(mo,§)

R(xO)

—-n

1
ful*dvg = Twn,lf(xo)sT [In

n(l—2)-1

(n+2)(1-1)

=

6n
Hence, by putting

Af(wO)
i)

n

T ((n+2)(1 - 1))r(n=22H)

c(n,p) = —L
L(n(1—3))r(%)
one has
/ ful*dv,
B(z,,0)
—np—1 n(1-1)-1 R(z,) Af(zo) n(1-1)
= p n— o I’ﬂ P ]._ ) In P
€ P w 1f(£L' ) [ ( 6n + an(xo))C(p )
+207%) 4 o(2079))]
and since
_1y_ INES) _1 _1
n(1—-1)—1 P n(l-3) n(1-3)
In = n [n ? :d(n7p)1n
n(n — %)F(g -1)
it follows that
/ ful*dv,
B(x,,6)
—ap—1 n(1-1)

E P

wn—lf(xo)d(n7p)jn

_162(1_%) + O(g?(l—%)) )
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R(z,) Af(z,)
< [1=( 6n 2nf(xo)

From equalities (5.3 and (5.4, we get

)e(n, p)e2173) 4 o(e279)].

B(z,,6)
p—1 n—p, 1—n nl-%) a(n,p) 2(1-1)
= _ I, "N o 5.5
» Wn l(p—l) [ on R(z,) (5.5)
+ b(n,p)(%]f)pa(xo)sp_l +0o(e?79)) 4 o(eP7Y)].
Since
([, o)’
B(zm(s)
_n -1 1-1 *
=gt p(pTwn,lf(xo)d(n,p)I:( p))p/p
R(z,) | Af(zo) 2(1—1) 2(1-1)
1-—- p/p*
Do G et oy
we get

S5, 5 IVUE| + aul)dvg
* / *
(fB(zo,é) fug dvg)p 3

-1 n(1-1
- o)

p—1
x [1- (“(g,;p)a<xo>52“—%> — b(n, pla(zo)e” 1) + o(217F)) + o(e )]
<[t G+ G el et ()]

Now, since the function
o= (1+ rv%l) e
realizes the best constant in the Sobolev’s imbedding H} (R™) C LP*(R"), that is

(] omar)™ =Ky [ joras.

( f)pwn,l/ (14 7)ot gy
p— 0

:K(n’p)*p(wn_l/ (1_|_7=ppf1)7nrn—1d7_)
0

we get

n —

p/p*

By letting t = r%, we have

p—1lmn—p * —nyn(1-1)
( )Pwn_1 / (1+t)~ " w)at
p p—1 0

-1 & 1 /p*
— K(n’p)*p<wn_1p / (1 +t)7ntn(1—;)—1dr)17 p '
P Jo
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Therefore,

1 -1 n(l—21 *
)pwn—lln ’ :K(nap)ip(pTwn—ld(n7p)In(1 p))p/p

p p-1
which implies

_ n—p.,,p—1 n(l—-1), 2 _p
K P = Pl——wp_1In ?7)"d(n,
(n,p) (p_l)( 5 Wn=1 )" d(n,p)” 7

Then the equality (5.6) becomes
fB(wo,(s) (IVul] + aul)dv,

(fB(%,é) ful*dvg)

= Klup) 7S [1 = (G R0

6n
k)
p (1'0) (1'0) 2 1_% 9 1_% (57)
[+ 2nf(%))( P21 4 o(e20-9)]
-t # 1= {2 -

- (Bl pafe) e - 7% Sltea) 1, =)

+o(eP™) + 0(62(1_%))].
If 1 <p<2andn+ 2> 3p, the bracket in the equality (5.7 is equivalent to

1+ (p -1 YPb(n, p)a(z,)eP .

Then, if a(x,) < 0, we get

Pl o, pla(ey)er—t < 1. (5.8)

1+

If p =2, the bracket reads

a(n,2) n—2c(n,2) 1 n—2Af(z,)
( 6n - n 6 )R(.’[O) - (m)%(n, 2)@(1’0) - n 27’lf(l'o)0(n, 2)

where the quantities a(n,2), b(n,2) and ¢(n,2) are replaced by their respective
expressions. The condition

a(n,2) n—2 1 b(n,2) n—2Af(x,)
(6nc(n,2)  6n? ) R(wo) - (m)z c(n,2)a($o) o 2nf(x,) >0
implies
nm+2)(n—2) n-—2
( 6n2(n —4)  6n2 )R(%)
1 24(7171)(7172)2&17 n—2Af(z,) )
(n—2) n2(n —4) (o) n  2nf(z,) >0
that is,
Aflwo) 2 801 pia) <o, (5.9)

TN Gk v oy
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Now for, p > 2, the bracket in question is equivalent to

a(n,p) _n—p n—p Af(z,)
(6nc(n,p) ~ 6n? ) B(wo) - n 2nf(x,)

The condition

(n+2)(n—p) n-p n—pAf(x,)
(6n2(n —3p+2)  6n? JR(eo) - 2m? f(x,) >0
becomes
Aflwe) P pos (5.10)

f(zo) n—3p+2
Each of the conditions (5.8]), (5.9) and (5.10|) assures that
fB(a:o,(S) (|Vul| + au?)d’ug

( fB(ac,,,J) fug*d”g)p/p*

and a fortiori the condition (iii) of the generic theorem is satisfied. Therefore, our
main theorem (Theorem [1.1)) is proved.

< K(n,p) " f(z,) 7"/
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