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BLOW-UP FOR PARABOLIC EQUATIONS IN NONLINEAR
DIVERGENCE FORM WITH TIME-DEPENDENT
COEFFICIENTS

XUHUI SHEN, JUNTANG DING

ABSTRACT. In this article, we study the blow-up of solutions to the nonlinear
parabolic equation in divergence form,

n

(h(u))t = Z (aij(z)ux,i)zj —k(t)f(u) in Q x (0,t%),
i,j=1 '

n
Z a¥(z)ug,v; = g(u) on 8N x (0,t*),
4,j=1
u(z,0) = up(z) >0 in Q,

where Q is a bounded convex domain in R" (n > 2) with smooth boundary 9.
By constructing suitable auxiliary functions and using a differential inequality
technique, when  C R™ (n > 2), we establish conditions for the solution blow
up at a finite time, and conditions for the solution to exist for all time. Also,
we find an upper bound for the blow-up time. In addition, when Q C R™ with
(n > 3), we use a Sobolev inequality to obtain a lower bound for the blow-up
time.

1. INTRODUCTION

There are many results about the blow-up of solutions to nonlinear parabolic
problems; see for example [4, 6] [T6] 18] T9] and the references therein. A variety
of methods have been used to study the blow-up phenomena of the solutions to
parabolic equations in a bounded domain Q@ C R™ (n > 2). Authors often derive
lower bounds for the blow-up time by restricting  C R? (see [12}[13,[14]). Recently,
some studies determined lower bounds for the blow-up time when Q C R™ (n > 3),
see [11, 38, [8, [@, 10].

In this article, we investigate the blow-up of solutions to the nonlinear parabolic
equation in divergence form,
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n

(h(w), = > (a7 (@)uz),, —k(Of(w) inQx(0,t),

LI (1.1)
Z a’(z)ug,v; = g(u) on 0Q x (0,t%),
i,j=1
u(z,0) = ug(z) >0 in Q,
where 2 is a bounded convex domain in R™ (n > 2) with smooth boundary 052,
(@ (x))nxn is a differentiable positive definite matrix, v is the outward normal
vector to 09, ug(z) is the initial value, t* is the maximal existence time of u, and
Q is the closure of 2. Set Ry = (0,+00). We assume, in this paper, that h is a
C?(R;) function with h/(s) > 0 for all s > 0, k is a positive C*(R,) function, g
and f are nonnegative C(R, ) functions, and ug is a nonnegative C''(Q) function.
The blow-up phenomena in parabolic equations with nonlinear boundary con-
ditions have been studied in [2] [7, [T1 [16]. Payne, Philippin and Vernier Piro [15]
studied a special case of ,

ug = Au— f(u) in Q x (0,t%),
ou *
o g(u) on 9Q x (0,t"), (1.2)
u(x,0) = ug(x) >0 in Q,

where 2 is a bounded convex domain in R™ (n > 2) with smooth boundary 0.
When © C R™ (n > 2), some conditions on data were established to ensure that
u(x, t) exists for all time or blows up at some finite time. Moreover, they also derived
an upper bound for blow-up time. In particular, when 2 C R3, they obtained a
lower bound for blow-up time under more appropriate hypotheses.

In 2] [T1], the following special case of has been discussed,

n

Uy = Z (aij(x)uzi)xj — f(u) in Qx(0,t"),

ij=1
Z a’(x)uz,v; = g(u) on IN x (0,t%),
ij=1

w(x,0) = ug(z) >0 in Q,

where © is a bounded convex domain in R" (n > 2) with smooth boundary 90€2.
Under certain conditions on data, Li and Li [I1] showed that the solution blows up
or remains global when Q C R™ (n > 2). For Q C R3, a lower bound for blow-up
time was also derived. By restricting Q@ C R™ (n > 3), Baghaei and Hesaaraki [2]
derived a lower bound for blow-up time when blow-up occurs.

Motivated by above works, we study the more general problem (L.I]). It seems
that the auxiliary functions defined in [2, [IT],[T5] are no longer applicable for problem
(1.1). By constructing suitable auxiliary functions and using a differential inequality
technique, we establish conditions on the data for the solution u(z,t) to blow up
at a finite time, and for the solution to exist for all time when Q@ C R™ (n > 2).
Also, we obtain an upper bound for the blow-up time. When Q C R™ (n > 3), we
use a Sobolev inequality to derive a lower bound for the blow-up time. Note that if
h(u) = u, (a¥(z))pxn is a unit matrix, and k(t) = 1, problem is the same as
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problem (L.2)); if h(u) = u and k(¢) = 1, problem becomes problem (1.3)). In
the above two cases, our results derived in this paper still hold. Hence, our results
can be regarded as an extension of the results in [2] [T}, [15].

This article is organized as follows. In Section 2, we establish the conditions
on the data sufficient to guarantee that the solution u(x,t) exists for all time. In
Section 3, we obtain an upper bound for the blow-up time under some appropriate
assumptions. In Section 4, we obtain a lower bound for blow-up time. Section 5,
we give two examples that illustrate the results obtained.

2. GLOBAL SOLUTION

In this section, we establish a sufficient condition for the existence of a global
solution. We define the auxiliary functions

O(t) = /QH(u(x,t)) dz, t>0; H(s)= 2/05 yh'(y)dy, s>0. (2.1)

Since (a())nxn is a positive definite matrix, there exists a constant § > 0 such
that

> ali(w)gg; > 0l¢f (2.2)
i,j=1

for all x € Q2 and all £ € R™.

Theorem 2.1. Let u(xz,t) be the nonnegative classical solution of problem (|1.1)).
Suppose that functions f, g, h, and k satisfy

f(s) >ms?,  g(s) <v2s?, h'(s) <, s>0, (2.3)
k() >m, t>0,

where p, q, Y1, 72, Co, and m are some positive constants, and
p>1, ¢>1, p+1>2q. (2.5)
Then u(x,t) exists for all t > 0 in the measure ®(t).

Proof. Using the divergence theorem and assumptions (2.2)—(2.4)), we have

(1) = /QH’ (u(z,t)) up de = Z/Q’uh'(u)ut dx

:Q/QU(_

n
ij=1
n

(0" (@)uz,),, = k() (w)) da

= /(mu 2 a’(z)ug,vjds — Q/Q Z: aij(:c)uziuzj dx
—2k(t)/ﬂuf(u)dx
< 2/@9 ug(u)ds — 20/Q |Vu|? dz — 2k(t)/ﬂuf(u) dz

< 272/ ut™t ds — 29/ |Vu|? dz — 2m71/ uPtt da.
a0 Q Q
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Owing to [IT, Lemma 2.1], we deduce that

1)d
/ ultds < E/ wl™ dz + M/ ud|Vu| dz, (2.7)
o0 Po Ja Po Q
where
po = rg}zn(x v), d= max |]. (2.8)

Substituting (2.7)) into (2.6)), we obtain
2 2 1)d
(1) < ﬂ/ uq+1dx+M/ uq|Vu|dx—29/ IVl da
Q Q Q

£o £o (29)
— 2m’yl/ uPT dz.
Q
Using Hoélder’s and Young’s inequalities in the second term of (2.9), we have
1/2 /1 1/2
/uq|Vu|dx < (5/ u2qu> (7/ |Vul? dx)
% Q X € Jo (2.10)
€
< 7/ u? dx + —/ |Vu|? dz,
2 Q 2e Q
where ( )
v2(q+1)d
=—"—>0. 2.11
£ ol (2.11)
Inserting (2.10)) into (2.9) and using (2.11)), we can rewrite (2.9) as
2 1)d
(1) < ﬂ/ w . da 4 M/ 20 dg
Po Ja Po Q
1)d
+ (M — 29) |Vu|?dz — 2my, / uPT dx (2.12)
Pog Q Q
2
il ] / wItt dz + 260¢2 / u??dx — 2my; / uPT dz.
Po Ja Q Q

It follows from ([2.5]) that 0 < % < 1. We apply Holder’s and Young’s inequal-
ities to obtain

p+1—2q

a1
/u2q dx < (/ watt d:v) r (/ W dx) re
Q Q Q

1 pt+1—2q q—1
= (UPHEZQ / udtt dz) P (O’/ uPtt dz) e (2.13)
Q Q

cPH1-20 aces / s d;Hq;lg/ W de,
Q Q

p—q p—q
where ( )
myip —4q
O<o< —5—7—7+. 2.14
7S 20— 1) (214)
Next, we substitute (2.13) into (2.12) to obtain
(1) < 11/ ut dz — 12/ uP ™ dx (2.15)
Q Q
with
2 202 1-2 —q 20c%(q — 1
=2 W51 -2q) apen o 2D

Po pb—q p—q
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In view of (2.14)) and (2.5)), we have I, I, > 0.

Using Holder S mequahty, we have

a+l —
/ ul™tdr < (/ uP ! dac) Q| (2.16)
Q Q
2 —
/ u?dz < (/ uP ™t dx) o |Q\%, (2.17)
Q Q
where || is the volume of 2. Thanks to (2.3)),

Hu) =2 / yh' () dy < 2o / ydy = Gu’;

that is
H(u). (2.18)

Combining ([2.15))-(2.18]), we obtain
I ¢
P'(t) < Il</ uP ! dx) (|Q|p+ - 3(/ uP ™t dx) H)
Q I\ Ja

<1 (/upﬂdx)m(mﬂﬂ _12((|Q|M/u2dx)p2l)“)
= Q L Q
% pb—qg
51—1(/ uPH! dm) o+ (|Q|m (2.19)
Q
|Q\(p DIEES p) (/H dx Bt )

:Il(/ﬂup“dx)WOmil 77|Q|w(?10)T©%(t)).

Thus, u(x,t) cannot blow up in measure ®(¢) for all time ¢ > 0. In fact, if u(z,t)
blows up at finite time t* in measure ®(t), by passing to the limit as ¢ — t*~, we
have lim;_, ¢~ ®(t) = +o0c and
eoal-p) 1\ =g
lim (|Q|p+ - f\m (7) ? cppT(t)) = . (2.20)
t—t*— Co
In view of (2.19) and (2.20), we deduce ®'(t) < 0 in some interval [to,¢*). Hence,
for any t € [to,t*), we have ®(t) < ®(ty). Taking the limits as t — t*~, we obtain
+oo = lim ®(t) < D(tp)

t—t*—

which is a contradiction. The proof is complete. [

3. BLOW-UP SOLUTION

In this section, we establish conditions for the solution of (1.1) to blow up in
finite time, and give an upper bound for the blow-up time. We set the following
auxiliary functions:

F(s) = Sf(y)dy, G(s) = /Osg@)d% >0, (3.1)

\Il(t):2/ ds—/z

i,j=1

T)Ug, Uy, T — 2k(t)/ F(u)dz, t>0, (3.2)
Q
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where u is the nonnegative classical solution of (1.1). We also use the auxiliary
function ®(¢) defined by (2.1). Our main result reads as follows.

Theorem 3.1. Let u(x,t) be the nonnegative classical solution of problem ((1.1)).
Suppose that functions f, g, h, and k satisfy

sf(s) <21+ a)F(s), sg(s)>2(1+B)G(s), h"(s) <0, s>0, (3.3)
K(t) <0, t>0,

where o and B are nonnegative constants with 0 < « < B. In addition, assume that
the initial value ug satisfies

U(0) =2 G(up) ds —/ Z T)Uoy, Upg, dz
o6 ij=1 (3.5)
— 2k(0) / Flug) dz > 0,
Q

Then u(zx,t) blows up at a finite time t* in the measure ®(t), and

po B0

25(1 + B)¥(0)
When 8 =0, we have t* = oo.

8> 0.

Proof. Using the divergence theorem and ({3.3]), we have
:/H’(u(x,t))utdx:2/ uh’ (u)uy dz
Q Q
_ 2/Qu( S (@@, k(t)f(u)) da

4,j_1
_2/ Z X ) Uy, V]d8—2/ Z uxiumjdx
le)

1,7=1 1,5=1

—Qk(t)/uf(u)dx
:2/89ug ds—2/ Z

1,5=1

1—1—5/ G(u ds—Z/Z T)Ug, Uy, A

i,j=1
41+ a)k /F

1 =\
:2(1+B)(2/{99G(u)ds—HB/Q”z_:laﬁ(az)umumj dz

21+«
S R /Q F(u) d:v)
2(1+B)¥(t).

T)Ug, Uy, dx — 2k(t) / uf(u) dx
Q



EJDE-2022/08 BLOW-UP FOR PARABOLIC EQUATIONS 7

Furthermore, from (3.4) and the divergence theorem,

n

() =2 » G (w)uy ds — /Q ( 3 aij(x)umiumj)tdx—Qk’(t) / F(u) da

ij=1 Q
—2k(t)/F’(u)utdx
Q
22/ g(u utds—2/ Z T)Ug, (g, )¢ do — 2k(t /f Yur da
o0 )

Tj

+2/“tz ” u,; v dx — 2k(t /f Juy da (3.7)

i,j=1

=2/ utds—Z/ U )y, vj ds
oQ o0 ”z:l !
+2/ ST

i,j=1

:2/899(u)utd8—2/92(iaij(x)uziut) dz

ux v dx — 2k(t /f Yug dz

n

= Q/Qut( Z (aij(a:)um)mj — k(t)f(u)) dz

ij=1

= 2/ B (w)u? dz > 0.
Q

Hence, ¥(t) is a nondecreasing function in t. By (3.5, we know that ¥(¢) > ¥(0) >
0 for all t € (0,t*). It follows from (3.6]) that

o'(t) > 0. (3.8)
Employing Holder’s inequality, (3.6])—(3.8]), and the fact that h'(s) > 0 for all s > 0,
we have

/ ]' ! 2 / 2
WO (1) < 5 (@) = 1+ﬁ(/uh () )

< 1+ﬁ/ w)uy dx/ B (u)u? dz (3.9

< — B (u)u? de.
<V [
Using assumption (3.3)) and integration by parts, we obtain

) =2 [ o)y = [ 1)y
0 0
=y = [ ) dy = K )
0
Combining this and (3.9)), we have

U(t)d'(t) < 1+B /H B\IJ’(t)(b(t).

(3.10)
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Multiplying the above inequality by ®~275(t), we obtain

(W()d =P (t)) > 0. (3.11)
We integrate from 0 to ¢ to obtain
Ut P(t) > w(0)d P (0) = M > 0. (3.12)
Now and imply
(1) > 2(1 + B)T(t) > 2M (1 + ) A (¢). (3.13)
If 8 > 0, it follows from that
(@R (1)) = —BO~1 P (@' (t) < ~2MB(1 + B). (3.14)
Integrating over [0,t], we obtain
dA(t) < ®P(0) — 2MB(1 + B)t. (3.15)

It is obvious that (3.15]) cannot hold for all time ¢. Consequently, u(x,t) blows up
at some finite time ¢* in the measure ®(¢) and

] ©(0)
"< ————.
28(1+ B)¥(0)
For 8 = 0, we have o = 0. It follows from (3.13)) that ®(¢) > ®(0)e?M?  which
implies that t* = co. The proof is complete. O

4. LOWER BOUND FOR THE BLOW-UP TIME

In this section, we consider & C R™ (n > 3), and assume that f,g,h, and k to
satisfy the following conditions:

f(8) <msP, g(s) <mes?, NW(s)>(, >0, (4.1)
K'(t)
k(t) > m, ) <n, t>0, (4.2)

where p, q,71,72,(, and m are positive constants, and 7 is a nonnegative constant.
Moreover, we assume that

p>1, ¢g>1, 2¢>p+ 1. (4.3)

We define the auxiliary functions

A(t) = ot (t) /Q B(u)dz, t>0, B(s)=2r /OS P (y)y*tdy, s>0, (4.4)

where r is a constant such that
1
r > max{1, in(q -1} (4.5)

In this section, we need the Sobolev inequality

(/Q(ur)n% dx)”Tf <c(/ﬂu2rdx+/Q|VuT|2dx)l/2, (4.6)

where ¢ = ¢(n,) is the best Sobolev constant depending on n (n > 3) and .
For the more details we refer reader to [5, Corollary 9.14]. We state our result as
follows.
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Theorem 4.1. Let u(x,t) be the nonnegative classical solution of (1.1). Assume
that (4.1)—(4.3) and (4.5)) hold, and u(xz,t) becomes unbounded in the measure A(t)
at a finite time t*. Then

. e dr
2> 2r—(g—1)(n—2)
A(O) JlT + JQT 2r—n(q—1)

where
2rn Y2
J = + =, 4.7
-1 ¢ o
n(q— 2
J2:01( (2¢ —p—1)[2r —n(g—1)] C;m
2r(2¢—p—1)+n(g—1)(p—1) (4.8)
2r — n(q — 1) “or <n(q1 1) 1 %W
+ s C3 )(C) ?
_2(a=1) n(g=1) n(g=1) 7\ 2 72(27‘ ta- 1)2d2)
— p—1 27 2r — 4.9
=5 (G F oy ) @
Q 2r(2 -1 —1(p-1 2(2r —1)0
., _ il =" [2r(2¢ — p )+n(q =Vl _2@r=10 0
n(qg—1)% n(qg—1)e

and po and d are defined by (2.8).
Proof. By the divergence theorem and assumptions (2.2), (4.1),(4.2), and (4.5), we

obtain

A1)

2r , ar ,

= (K (1) /Q B(u)dz + k7-1(¢) /Q B'(u)uy dz

_ 2 K, e 2 21,
RS0 k»=1(t) /Q B(u)dx + 2rk (t)/gu R (uw)u da
< pZinlk%(t) /Q B(u) dz

2k 1(0) [ (3 (@ @ )e, KOS W) da
5
< p2i771 A(t) + 2rk 771 ( / = 1”221 T)ug,vjds

_zr(zr—l)ek%(t)/ 22|y de — 20k :pll(t)/uzr_lf(u)dx
Q Q

- pzi” A(t) + 2k (1) /

o0

uQr—lg(u) ds — 2r(2r — 1)914;;72%1(1,‘) / u2r—2|vu|2 dz
Q

2r4p—1

—2rk” -1 (t)/u%*lf(u)dx
Q

2 - 2(2
< LnlA(t) +2r'y2k%(t)/ Tl ds — @r = krp— / V" |? dz
1)

- 2r71k2'p+p1 ' (t) / u? TPl dg,
Q

(4.11)
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It follows from and (4.5)) that 0 < 5 +p 7 < 1. Applying Holder’s inequality,
we deduce that

650 [ ae s (5 @) [ retan) T ol
Q Q

or equivalently,

2r4+p—1

k”’?ffl(t)/ =l > || " (k 2T (L )/ u?" d;v) T (4.12)
Q Q

Then we substitute (4.12)) into (4.11)) to obtain

A'(t)_p A()+2mgk%()/ uw?r Tl ds

2(2r—1)0
(’" Sl e Y /\W’"de (4.13)
2r+p—1

— 2y | (kp T(t )/Qu2rdx> 2T

Now, we deal with the second term on the right-hand side of (4.13]). Using (4.5)
and [II, Lemma 2.1 ], we obtain

= (t)/ u? Tl ds
a0

(4.14)
r 2 - 1 d T
< Ek’%(t)/ u? Tt dg 4 @rta=1)d pzfl(t)/ u? 12|y da.
Po Q Po Q
Utilizing Holder’s inequality and Young’s inequality, we have
2
ﬁ/ w21y < (%/ u2rt2a-2 dx)1/2(/ w2 dx)1/2
1 1
S (n )2/ U2T+2q72dl'+ 7/ U2Td.'17
2 0" Ja 2 Ja
and
2’/" +q— 1 / 2r+q—2|vu| dx
) /2 1/2
( 7'+q TQ / |v r|2dz (/ u2r+2q72dx>
Q
(4.16)
_ 51 / Va2 dz ((27“+q—1) dQ/u2r+2q—2dx)1/2
PoEL Q
2r 4+ q —1)%d? / _
< r 2d ( 2r+2q 2d
<52 / |Vu"| + e Qu x,
where
2r —1)60
£1 = u > 0

72
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Inserting (4.15)) and (4.16) into (4.14)), we have
k%(t)/ urrte—lgs
o0

E (t)/gum" dz

1 2 —1)2d? r
+ 1 ((2)2 + M) K25 (1) / (24202 g
2 9051 Q

+—k = /|vu7"|2dx

From this and -, we deduce

2 2r
A'(t) < rn A(t) + T’)/le’j(t)/ u?" dw
p—1 0

2 —1)%a?
+’I"’YQ((£)2+ ( T+q ) )k T (t)/ w2242 qp
Po Po€1 Q

—2(2r—1)0 r
+< (T ) +5172)k%(t)/ |VUT|2d«I
Q

r r

2r-;p—1
()/uwdx) t
Q

Then, we pay our attention to the integral k%(t) Jo u?rt2a-2qy in ([4.18).
Noticing that 0 < W < 1 in view of (4.5)), and using Hélder’s inequal-
ity, we obtain

k7T (t) / w222 gy
Q
2r 2n 7@_1;?—2) o W
< (krl(t) / (u") 722 d;c) (kﬁ(t) / u? da:)
Q Q
Owing to the Sobolev inequality given in (4.6)), we obtain
/(UT)% dz < C% (/ u2r dx—f—/ |VUT|2dx)m. (4.20)
Q Q Q

Substituting ([4.20) into (4.19) and using (4.2) and the inequality
(a+0)" <2¥(a" + V"), a,b,n>0,

l\D\»—l

(4.17)

(4.18)

— 2ry|Q " (kP 1

(4.19)

we derive

_2r_ _
k-1 (t)/u2r+2q de
Q
n (g=1)(n—2)

< (k‘%(t)c%(/u%dx—i—/ |VuT|2d:v)m) ZT
Q Q

2r—(g—1)(n—2)

X (k%(t)/ u?" dx) :
Q
n(g—1) n(g—1)

< BT ()M ((/ de) T+ (/ v 2dz)
Q Q

2r—(g—1)(n—2)

X (kpzfl (t)/QuQT dx) QT
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n(g—1)

= kT (e T2 (kP () / w?dz) 7
Q

+ (k%(t) |Vu7"\2dx) n(g:l))(k%(t) /Q u?" dx)w

r+q—1
2(¢—1) n(q 1) n(q 1) N 2(q—1) n(q 1)  n(g=1)
<m~ T ¢ (kp 1()/u2rdx) +m” T ¢ 27
Q

n(g—1) 2r—(g—1)(n—=2)

x (k%(t)/ﬂwu*\?dx) ” (k%(t)/gu”dx) T (4.21)

From (4.5)), we can easily see that 0 < (q L < 1. Tt follows from Young’s inequality
that

n(g—1) 2r=(g=1)(n=2)

= t)/Q|Vur|2dm) QT (k%(t)/ﬂu”dx) QT

2r—(g=1)(n—2) 2r—n(g—1)

p [1vwraa) T (s  [ran) )T

n(g—1)

(cdk%(t)/ |Vu”|2dx) QT
Q
__n(q-1) R 2r—(g—1)(n—2) 27‘72(q—1)
(* (krzu [ ara) T
-1
(q c3 /\Vur|2dx

2r—(g—1)(n—2)
2r —n(g—1) —52eo /o
+ ( )63 r—n(g=1) (kp .

21 o r—n(q—1)
5 (t)/Qu dx) )
(4.22)

where c¢3 is defined in (4.10). Combining (4 and (4.22)) with (4.18), we have

| /\

2 T q n(q n(g—1
A(t) £ —LA®M) + k7T (1) / ¥ dz 4 pygm A
- Q
2r +q—1)%d® - e
y «gu%) (k,il(t)/ u?r dz)
Po Poc1 Q

- n(g—1 n(q— _ 2 32
+T’72m72(pq—11)c = >2 = ((2)2 + —(QT +q2 1) d )
£0 Poc1

2r—(g=1)(n—2)

(t) / uz’“dx) o
Q

n [_ 2(2r —1)0 Lae N ICERICEL PRICS
r T

ny2  (2r+q—1)%d*\n(g—1) 2r / 9
x((—)" + ca|kP-1(t Vu'|* dx
<(p0) péer ) 2r 3} ®) I | |
2r4+p—1

— 2y [ (k (¢ )/Qu%"dm) ”

_ _mn(g—=1) _ o -
X 3 Zr—n(a-1) 2r 7;54‘1 1) (klil

2rn S

= A(t)+r’ygkpz%1(t)/uQde—Fcl(k%(t)/uQde> ’
p—1 Q )
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2r—(g=1)(n—2)

— — _ _n(a=1) - YO
1 2r Tl(q 1)61C3 2r—n(q—1) (k%(t)/ u2r d],‘) 2 (q—1)
2r Q

2r4p—1

_2ml|Q|—pT?(k%(t) /Q uQde) o (4.23)

where ¢; is given in (4.9). In view of (4.3)) and (4.5)), we have

(2¢ —p—1)[2r —n(g—1)]

0< < 1.
2r2g—p—1)+n(g—1)(p-1)
Then Young’s inequality implies that
o r4+q—1
(kp*l (t)/ u?" dx) "
Q
S TCT ) L, TRLRESE e e et
_ (62 Ca—p—1)[2r—n(qg—1)] (k‘THl (t)/ u2,. dx) r—n(q ) r(2¢—p n(q P
Q
) 2r4p—1 2n(g—1)2
T 27 I3 —p— n(g—1)(p—
X (cz (km(t)/ w2 dx) ) e (4.24)
Q
n(g—1)2
(2¢ —p—1)[2r —n(q —1)] C;er—)n(q—m
T 2r2g-p-1)+n(g-1)(p-1)
. 27‘2—((1—1)(71,1—2)
% (kP*1 (t)/ u2r dl’) r—n(qg—1)
Q
2r4p—1

2n(q_1)202 =T ’LL2T T
M T ey LG (“/Q d :

where ¢y is defined by (4.10)).
Finally, we insert (4.24) into (4.23) to obtain

Al(t) < 2T—”A(t) + mzk%(t)/ u?" dz
p—1 Q

+Cl( (2q_p—1)[2r_n(q_1)] ci% (4 25)
2r2q—p—1)+n(g—1)(p—1) 7 '
n(a— r—(g=1)(n—2)
n 2r —n(q — 1)07#”1‘)”) (k%(t)/ o dx> S T e
2r 3 Q
From (4.1, we obtain
B(u) = 27”/ W (y)y* ' dy > 27"@/ y?dy = U
0 0
that is
2r 1
u" < ZB(U) (4.26)
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By (4.26)), we rewrite (4.25) as

’ 2rn ™2, 2r
A'(t) < liA(t) + Tkp (t)AB(u) dx

+C1( (2¢ —p—1)[2r —n(q—1)] C;Wﬂi(qim
2r(2¢—p—1)+n(g—-1)(p-1)

2r —n(g—1) 72_(7{2”) 1, 2rolapinsd) (4.27)
+ 2T CS (C)

i
X (kﬁ(t)/ B(u)dx) o
Q

2r—(g—1)(n—2)

= JlA(t) + JgA(t) 2r—n(q—1)

where J; and Jy are defined in (4.7) and (4.8]), respectively. The integration of
(4.27) from O to ¢ results in

A dr
/ 2r—(g—1)(n—2) S L.
A(O) J].T _|_ J27- 2r—n(g—1)
Since u(x,t) blows up in measure A(t) at finite time ¢*, we pass to the limits as
t — t*~ to obtain a lower bound

£ e dr
t= 2r—(¢g—1)(n—-2) *
AO) JiT + Jor 2r—na—D

The proof is complete. O

5. APPLICATIONS
We provide two applications of Theorems 2.1} B.1] and 1]

Example 5.1. Let u(z,t) be a nonnegative classical solution of
3

31
(u+In(1 +u)), = «E v |x\2>uwi) C(lteHu? inQx(0,6%),
i=1 i
& 31 2 2 *
Z (E + || )umul =u” on JIN x (0,t%),
i=1
15 —
u(x,0) = 6 +z* in Q,
where Q = {z = (21,72, 23) : |z|> = Zle 2?2 < 1/16} a ball of R®. Now we have
3 &+ |z)? 0 0
(a9 ()5, 4 = 0 3Lt |zf? 0 , h(u) =u+1n(l+u),
0 0 34 |xf?

1
E(t)=14e7t  f(u) = g(u)=1% wuo(z)=—+|z[*>, n=3.
From (2.1, (3.1) and (3.2)), it follows that
u u 1
F = [ fdy= [ oy =g
0 0 3

u u 1
G(u)Z/ g(y)dyz/ dey:gu?’,
0 0
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H(U)=2/0 yh’(y)dy=2/0 y(1+1+ ) dy = u® + 2u — 2In(1 + u),

:/QH(u)dg;:/Q(u2+2u—21n(1+u)) dz,

and
3
U(t)=2 - G(u)ds —/ Za”(m)(uzi)Q dx—2k(t)/ﬂF(u) dz

:2/ " ds—/z + ) uxi)2dz—§(1+e’t)/u3d1:.

Q

By choosing o = 8 = 1/2, it is easy to check that (3.3)) and (3.4) hold. We then
calculate

®(0) = /Q (ug + 2up — 2In(1 + up)) da

:/ ((16 + Il ) (%2+le2) —2In (%—Hx\z))dx:OJOOS

2 4
\II(O):f/ uods—/z< +|x|2> uomi)de—g/ugdx
Q
2 15 2\° 3 2\ o / 15
= - —4 _— _ -
3/ (16+x|> ds /Q(16+\m|>|x| dz 39( o) da

= 0.4232.

It follows from Theorem [3.1] that w(z,t) blows up at t* in measure ®(t), and

" 2(0)
< ——
~ 26(1+ B)¥(0)
To use Theorem in obtaining a lower bound for the blow-up time t*, we
select 1 =y =1,p=¢q=2,(=1,m=1,7=0,0 =31/16, and » = 3. Here
Q| = 7/48, po = 1/4, and |d| = 1/4. It is easy to verify that (£.I)-([.3) and
hold. The best Sobolev’s constant ¢ = 371/241/3772/3 is given in [17]. Inserting
the above paraments into 77 we obtain ¢y = 270.2244, co = 0.0525,
cg =0.0239, J; = 3, and J; = 3.8333 x 10*. By (.4), we have

u u 1
B(u) = 27“/ W (y)y* ' dy = 6/ y5(1 + —) dy
0 0 Yy

6 3
=ul+ u 2u4+2u3—3u2—|—6u—6ln(1—|—u),

—0.1588. (5.1)

3
=(1+e"° /(u +7u5—§u4+2u3—3u2+6u—61n(1+u)> dz,
Q
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2
15 6 6,15 5 3/15 4
=64 | ((f5+1eP) +5(5+1F) —5(55+1F)
6/Q 16+|x| +5 16+|ac| 5 16+|x|
15 N3 15 N 15 )
+2(E+|m|) 3(1—6+|x\) +6(E+|x|)

—6ln (% + \:c|2)) da = 5.5901.

6 3
A(0) = 64/ (ug + gug — Sup + 2ud — 3ul + 6ug — 61n(1 + uo)) dz
Q

Since u(x,t) blows up in measure ®(t) at finite time ¢*, u(z,t) must blow up in
measure A(t) at t*. From Theorem we obtain a lower bound

s > dr
t - 2r—(gq—1)(n—2)
AQ©) JiT + Jor T —nla—D

> dr
- =1.2423 x 107°.
/5.5901 37 + 3.8333 x 10475/3 X

Combining this with (5.1]), we obtain
1.2423 x 107° < t* < 0.1588.

Example 5.2. Let u(z,t) be a nonnegative classical solution of

3
(wtIn(l+w), =Y ((1+2f) uy,), —e'u' inQx (0,7,

i=1

3
Z (14 |2|*) ug,vi = u®  on 9Q x (0,t%),
i=1
u(z,0) =1+ |z*> in Q,
where Q = {z = (z1, 29, 23) : [2> = 327, 22 < 1}, a ball of R?. Now
- 1+ |z)? 0 0
(a(x)) g, 5 = 0 1+ |x]? 0 , h(u) =u+In(1+u),
0 0 14 |zf?
kt)=e', flu)=u', g(u)=u? w(x)=1+z]* n=3.
Here we choose 71 =2 =1, p=4,q=2,(; =2,0 =1, and m = 1. It is easy to

see that (2.2)—(2.5) are valid. Consequently, by Theorem u(zx,t) exists for all
time ¢ > 0 in measure ®(¢) with

<I>(t):/QH(u)dx:/Q(u2+2u—21n(1+u)) dz.
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