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RESOLVENT ESTIMATES FOR SCALAR FIELDS WITH
ELECTROMAGNETIC PERTURBATION

MIRKO TARULLI

ABSTRACT. In this note we prove some estimates for the resolvent of the op-
erator —A perturbed by the differential operator

V(z,D) =ia(z) -V + V(z) inR3.
This differential operator is of short range type and a compact perturbation

of the Laplacian on R3. Also we find estimates in the space-time norm for the
solution of the wave equation with such perturbation.

1. INTRODUCTION

In this work, we study perturbations for the classical wave equation, the classical
Schrédinger equation, and the classical Dirac equation. More precisely we consider
the following three Cauchy problems:

Ou + da(x) - Vu+ V(z)u = F,

1.1
u(0) =0, Owu(0) =0, (1.1)
i0pu — Au+ia(z) -Vu+V(z)u=F, teR, xR (1.2)
u(0, ) =0, '
and
7, 0,u +ia(x) - Vu+V(z)u=F, teR, xR’ (13)

u(0,2) =0.
The solution of problem (1.3) is usually called spinor. Here the Dirac matrices v,

are
(1 0 . 0 Ok .
’YO - (O _1) 9 'Vk - <_Ok O> 9 k_ 172)3'

and the Pauli matrices o), are

0 1 0 —i 1 0
1=\ o) 27\ o) 7 o —1)
For the 1-form a = Z?:l ajdz? for the magnetic potential, by the Poincaré lemma,

we know that if a/, a are two magnetic potentials with da = da’, then a = o’ + d¢,

2000 Mathematics Subject Classification. 35105, 35J10, 35P25, 35B25, 35B34, 35B40.
Key words and phrases. Perturbed wave equation; perturbed Schrédinger equation;
perturbed Dirac equation; resolvent; short range perturbation; smoothing estimates.
(©2004 Texas State University - San Marcos.

Submitted July 12, 2004. Published December 7, 2004.

1



2 M. TARULLI EJDE-2004/146

where ¢ € C. The operators (—A +ia’ -V +V) and (—A +ia-V +V) are related
by

(=A+id -V+V)=eP(=A+ia-V+V)e?, (1.4)
where V.=V, —i-Vd + (¢/)2 and V = Vi —i- Va — A + a2 + ¢%. So we will
assume that a = (a1,a2,a3) are measurable functions, such that Va; exists (in

distributional sense) and it is measurable, defined as a; = a;- +0;¢ for j =1,2,3,
where the functions a; and 0;¢ satisfy the inequalities

Coo
i ’ < — e. R3
()] + [[2|Va)(x)| < e (@)’ a.e. t € R° 5 >0,
‘8j¢(l‘)| + Hx|V8]¢(J:)| S W, a.e. r € Rg.
€0

The potential V' (resp. V4, V1) is a non-negative measurable function satisfying the
inequality

C

V(z) < —sor——, ae z€R? 1.6

V@< oy e v eR (16)
where €y, Cp > 0, C1 > 0 are constants, and

We(|z|) == |z|* + |z|7¢, V2 € R3. (1.7)

We see that the potential a;(z) is bounded from above by Cé|z|~'~¢0 if || > 1,
while a;(z) < C§|z|~'T0 if |z| < 1, and the potential V(z) is bounded from above
by C6|z|=27%0 if |x| > 1, while V(x) < Iw‘_% if |z| < 1. The last estimate shows
that we admit singularities of a; and V, such that a; is in L? (R?), while V is not
in L7 (R?). In the papers [I], [2] Agmon showed how scattering theory could be
developed for general elliptic operator with perturbations O(|z|~!17¢) at infinity and
Agmon-Hoérmander generalized the techniques required to study the perturbation
of simply characteristic operators (see [2I]). In [I4] one can find a perturbation
theory for potentials decaying as |x|~27¢ at infinity.

In [35] the free wave equation and Schrédinger equation (ie. a = 0,V = 0)
are studied and for both the following estimate are obtained (in [35] some sharper
estimates are proved):

Izl =2 W5 Ve, )| 22 < Clllx|2 Wi F (2, )| 222 (1.8)

Similar estimate leads for other dispersive equations of mathematical physics. The
equation is known as smoothing estimate for the Schrédinger equation.

In this work we shall establish the same estimate for potential perturbation
of the wave and the Schrédinger equations.

Theorem 1.1. If u(x,t) is the solution of (1.1) with (A +ia-V +V) satisfying
(1.5) and (1.6) then, for any 6,0’ > 0:

_1 _ 1
2|~ 2 W5 Vu(z, )| 212 < Clllx]2 WsF (1) 1212, (1.9)
_1 _
Iz~ F Wy u(z, )| 202 < CllF(2,8)| 1210, (1.10)
2|2 WV (2, D)u(z, t)l| 212 < Cll|lz|EWsF (2, t)] 122 (1.11)

For (1.2) we have the following statement
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Theorem 1.2. If u(x,t) is the solution of (1.2) and (L.3) with (A +ia-V+V)
satisfying (1.5) and (L.6) then, for any 0,0" > 0:

_1 — 1
llal~* Wy Vule, )| 12102 < Clllal*WaF (@,0)] 1212, (1.12)
el * Wy a2z < CIF (@, 0)ll 121, (1.13)
el WV (. Dyu(, 1)l 1312 < Cllla|*WsF (2, 22 (1.14)

For the corresponding homogeneous problem
i0wu — Au +ia(z) - Vu+V(z)u=0, teR, z€ R u0,2)=f, (1.15)
we have the following result.
Theorem 1.3. If u(x,t) is the solution of then, for any 8,6’ > 0:
llel =2 W5 Vule, Dllrzz < Clll 12, (1.16)
where H‘S, (R3) is the perturbed homogeneous Sobolev space.

Recall that H@(R?’) is defined, for any p,q > 1 and for any s € R, as the
completion of C§°(R?) with respect to the norm:

11, =D 2% lei(V=Av)flIZe, ¥ € C5°(R), (1.17)
JEZ

where —Ay is the operator

—Ay = —A+V(z,D), (1.18)
with ,
V(z,D) =ia(z) - V+V(z) =i a;(x)du+V(x) (1.19)
j=1

and EjeZ w;(A) =1, with ¢;(\) = @(%), v € CP(R), suppp C [%,2].

Remark 1.4. We can use the perturbed homogeneous Sobolev space in (|1.17)
because, the assumptions (1.5) and (1.6 imply that oging(—A + V(z,D)) = 0 so
the wave operators exist and are complete [24] 25| [31].

The key point in this work is the use of appropriate estimates of the resolvent
Ry (A% £i0) defined as follows:

Ry (A2 +i0)f = lim, Ry(\? +ie)f, (1.20)
where
Ry (A% +ie) = [(\2 +ie) + Ay)] L, (1.21)

with the notation D = i~'V. The operator in (1.18) has to be understood in the
sense of the classical Friedrich’s extension defined by the quadratic form

avhn= [ @R+ [ VE)reP

3
+ 3 [ @I s € O E),

and the limit in (1.20) is taken in a suitable L? weighted sense.
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More precisely, given any real a and § > 0, we define the spaces Lg’(; as the
completion of C§°(R?) respect to the following norms:

12, = [ Pl W ada, it a>0
and
13, = [ 1Pl Wy (ade, ita <o

where the weights Ws(|x|) are defined in ([1.7).
The existence of the limit in (1.20) (known as limiting absorption principle [1]
4, 2], 25] can be established in the uniform operator norm

B(L3 550 L2 1 j95) V6> 0.
To verify the limiting absorption principle we use the following resolvent identities:
Ry (\? i) = Ro(\? +ig) + iRo(\* +ic)a - VRy (\? + ic)
+ Ro(\? +ie)V Ry (A +ie),
Ry (\? i) = Ro(\? +ig) + iRy (\? £ ic)a - VRy(\? + ie)
+ Ry (\? £ i)V Ry(\? £ ie).
The previous identities combined with the classical limiting absorption principle for
the free resolvent imply
Ry (A\? £i0) = Ro(A\? £i0) +iRo(N\> +i0)a - VRy (\? £ i0)
+ Ro(A? £i0)V Ry (A2 + 40), (1.22)
and
Ry (A £i0) = Ry(A* £i0) + iRy (A\? +i0)a - VRy(\? £ i0)
+ Ry (\? £i0)V Ro(\? £ i0).
Several works have treated the potential type perturbation of the free wave

equations. The case of purely potential perturbation V(z) is considered in [6]
under the following decay assumption:

C
|x|4+50 ’

(1.23)

V()| < [ > 1,

for some C,09 > 0. In [I0] the previous assumption is weaken and the decay

required at infinity is the following one: |V (z)| < WL‘HSO The family of radial

potentials V(z) = 17z, where ¢ € R*, are treated in the papers [27] and [9]. More
precisely, the first paper treats the case of radial initial data, while in the second
work general initial data are considered. In these papers dispersive estimates for
the corresponding perturbed wave equations are established. In [14] the assumption
means that at infinity the potential is bounded from above by C|z|~27%0,
while its behavior near = 0 is dominated by constant times |x|~2*¢0. In this
paper Strichartz type estimates for the corresponding perturbed wave equation are
established. In this work we introduce a ”short range” perturbation with symbol of
order one and means that at infinity our potential is bounded from above by
C|z|~17%0, while its behavior near # = 0 is dominated by constant times |z| =10,
It is clear that the assumption , are quite general and allow one to consider
non radially symmetric potentials.
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The work is organized as follows. In the section 2 we prove some estimates for
the operators Ro(A? 4 i0). In section 3 we give some estimates for the perturbed

resolvent Ry (A2 &i0). In section 4 we prove theorems and

2. FREE RESOLVENT EESTIMATES

This section is devoted to prove of some estimates satisfied by the free resolvent
operator Ro(A? £ 40).

Lemma 2.1. The family of operators Ro(\? £1i0) satisfies the following estimates:

(i) For any 6,0’ > 0 there exists a real constant C = C(8,6") > 0 such that for
any A > 0:

_1 — . C 1
2| ~2 W5  Ro(X* £d0) f 2 < 3 el =W £ 2 (2.1)

(ii) For any 6,d’,e > 0 that satisfy 0 < e < 20’, there exists C = C(§,¢",¢) >0
such that for any A > 0:

2|~ 2 W5 L Ro(A% £40) f || 2 < Cll|z| = We f]| 2 (2.2)

(iii) For any 6,0’ > 0 there exists a real constant C = C(,9") > 0 such that for
any A > 0:

2] =2 W5 Ro(\ £i0) || 2 < 122 W £ 2 (2:3)

5’
A\2+967

(iv) For any 6,8 > 0 and for s € [1/2,3/2], there exists a real constant C =
C(8,8") > 0 such that for any \ € R:

2] W5 Ro(A\? £00) fll 2 < O[> Wi f| 12 (2.4)

(v) For any 0,8’ > 0 there exists a real constant C = C(6,6") > 0 such that for
any A > 0:

Izl =2 W5t Ro(A? £ 0) f] 12 < 122 W £ 2 (2.5)

5/
A2+3

(vi) For any 0 > 0 there exists a real constant C = C(d) > 0 such that for any
A>0:
2l =2 W5 Ro(X* £ 0) f 12 < C| |2 (2.6)
(vii) For any §,6" > 0 and for s € [1/2,3/2], there exists a real constant C =
C(68,8") > 0 such that for any X > 0:

2|~ *W5 'V Ro (A2 £40) f|| 2 < C ||2|*Wsf|| 2. (2.7)

Proof. In the sequel we will use the following representation formula for the operator
Ro(A\? £0):

eiiMx—y\
Ro(A\* £i0) f(x) = % / Wf(y)d?% (2.8)

The proof of (2.1)) can be found in [I] and [5]. The proof of (2.2)), (2.3), (2.4), (2.5),
and (2.6)) can be found in [I4]. The proof of (2.7) can be found in [3T], 37, 21],

where slightly different spaces have been used. (I
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Lemma 2.2. Assume that the perturbation V(x, D) satisfies Assumption (1.5,
(1.6). Then the following estimates are satisfied: For any 0,0" > 0 there exists a
real constant C' := C(6,8") > 0 such that for any A > 0,

2]~ 2 Wy Ro(A2 £ i0)V (, D) fl| 2 < Clll2| == Wy £l e, (2.9)
]2 W5V (2, D)Ro(A* £40) f| 2 < C|[[a]> Wi f 2. (2.10)

Proof. We split the proof of into two step.
Step 1. Estimate of
iRy(\? £i0)a - V. (2.11)

We have the formula

iRy(\? £i0)a - Vf =iRy(\? £i0)V(a - f) —iRo(\* £i0)(Va) - f (2.12)
From the functional calculus we have [V, Ro(A? £1i0)] = 0, so we rewrite as

iRy(A? £i0)a - Vf := iVRy(A\*> +£i0)(a - f) —iRo(\* £i0)(Va) - f. (2.13)
We have

2|2 Wy iRo(A? £ i0)a - V f]| 2

< C|l|x|"2W; LV Ry(A2 £ i0)af| 1> + C|||x| "2 W; YiRo(A\? 4 i0)(Va) f| L2
(2.14)
We can estimate now the first term in the right-hand side of (2.14). Using (2.7)),
we obtain

Iz "2 W, LiVRy(A2 £ i0)af| 2 < C|ll|x| "2 Wytaf]| - (2.15)
By assumption ([1.5)) and choosing 0 < 6" < €g, 6, < €9 — ¢” we have
x| "2 W5 YiRo(A2 +i0)a - Vf|| 12 < Cl|lz|2 W taf| L2
< Ol 2 W,y f 22 (2.16)
< Ol 2 W5 f e

For the second term in the right-hand side of (2.14)), we use the estimates (2.4) and
obtain

Il =3 Wy tiRo (N2 £i0)(Va) 12 < ClllaPWerVafllr2.  (217)
By (1.5), choosing 0 < ¢§"” < €g, dp < €9 — 6", we have
[l =2 W5 iRo(A £ i0)a - V fll2 < Cl[a|2 Wi (Va) £ 12
< Cllfa|™ 2 Weo—s0 fll2 (2.18)
< Clll2 =2 Wy, fll 2.
From the fact that §, < &, we put &’ < 8. Then (2.14) becomes
2|2 W5 iRo(A? £ i0)a - V £l 2 < Ol =2 Wy £l 2. (2.19)
Step 2. Estimate of
Ro(\2 £i0)V £. (2.20)
From assumption ([1.5), we see that |Va;(z)| < %. Then we proceed as in
Step 1 to obtain

2| ~2 W5 Ro(A2 £ i0)V f|| 2 < Cl|2| "2 W5 £l 2 (2.21)



EJDE-2004/146 RESOLVENT ESTIMATES 7

Taking into account estimates and (2.21]), we arrive at
||~ 2 W5 Ro(A? % i0)V (x, D) f | 2
< |[[2[72 Wy LiRo(\ £ i0)a - V|12 + ||~ Wy Ro(A? £ i0)V f|| 2
< Ol 2 W5 flle -

Thus (2.9) is established.
The Proof of (2.10) is the dual to the estimate (2.9)) and it is omitted. O

3. PERTURBED RESOLVENT ESTIMATES

In this section we prove some estimates for the perturbed resolvent Ry (A% £10).

Theorem 3.1. Assume that the perturbation V(x, D) satisfies the assumptions

(1.5) and (1.6)). Then for any 0 < & < €p/2 there exists a family of operators
Ay € B(L? L?, ;) such that,
PR

_%75a
AF o[I — Ry(A\2 +i0)V (2, D)] = I = [I — Ro(A\?> £i0)V (x, D)] o A.
Moreover, there exists a constant C = C(8§) > 0 such that,
14X fllz2, < Clfllz, . YAER.
-y T1

2

Theorem 3.2. Assume that the perturbation V(x, D) satisfies the assumptions

(1.5) and (1.6)). Then for any 0 < & < €y/2 there exists a family of operators
By € B(L3 4, L3 ;) such that,
25 25

Bi o[l — V(z, D)Ry(\* £i0)] = I = [I — V (2, D)Ry(\* + i0)] o Bf.
Moreover, there exists a constant C' = C(J) > 0 such that
IBXflzz < Cliflly . VAER.
2° 20

We have
Ro(\2 £i0)V (z, D) = iRo(A? £i0)a - V + Ro(\* +i0)V. (3.1)
Now we need the following lemmas.
Lemma 3.3. Assume that the potential V' satisfies assumptions . Then
(1) The operators Ry(A\? £ i0)V are compact in the space B(LE%WL%%’&,),

provided that 0,0 are small. Moreover the following estimate is satisfied:

|Ro(X* £i0)V [z, o2, )0
3,

_1 s
2’5

as A — oo.
(2) The operators V Ry(A\? £i0) are compact in the space B(Iéﬁ7 Lé,é,), pro-

vided that 6,6" are small. Moreover the following estimate is satisfied:

IVRo(\* £i0)llprz 12 ) — 0,
1671,

as A — 0.
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Proof. The proof of (1) can be found in [I4] Theorem III.1 and Lemma III.1]. The
proof of (2) is the dual of (1) where

VRo(\? +140) = (Ro(\* Fi0)V)*
and is omitted. O

Lemma 3.4. Assume that the potential ia - V satisfies assumptions (1.5). Then
(1) The operators iRy(\?> £i0)a-V are compact in the space B(L* , ., L*

1 1 )
75’67 5761 )

provided that 0,6’ are small.
(2) The operators ia - VRo(X* £ i0) are compact in the space B(L3 5, L3 ),
25 2

provided that 5,0’ are small.

Proof. For part (1), we follow the proof in [I4]. Let {f,} be a sequence bounded
in L? , 5 and let g, :=iRo(\* £i0)a -V f,. We split the proof in two cases:
2

Case 1. Compactness in Bag,. \ BQL, for 0 < r < oo. The estimate (2.9 implies that
if 4,8’ are small, then

iRy(\2 £1i0)a-V € B(LE%’J,LE%’J,). (3.2)
In the proceeding of the proof, we use the representation (2.13)) for the operator
(2.11) acting on L?, ;. The estimate (3.2) implies that ||gn |25, \5,) < C(r).
2 20
Let now ’
IVgnllzzsas 5 )
S CH’L(A + )\Q)Ro()\2 + Z-O)afHLQ(BQr\B%)
+ ON?|||z| "2 W, YRy (A2 + i0)af||12(ma 5 )
+ ClJz| "2 Wy iV Ry(A? + i0)(Va)f 2z 5y )
< C”afHLQ(BzT\B%) + ON?||2| "2 W iRy (N2 £ Z.O)afHLQ(Bz,,,\B%)
+ Clll "2 W5 iV Ry(X* £ i0) (Va) [l 2525, )
With estimates (2.1)), (2.7) and the assumption (1.5)), we obtain
G
IVgnllzzman sy ) < Clr Al 72 Ws 1anL2(Bzr\B%)

and from the boundness of {f,.}, [|[Vgnllz2(B,\B, ) < C(r, A). So we have
2r

||VgnHH1(Bzr\B%) S C('I", )\)
The compactness of the Sobolev embedding due to Rellich-Kondrachov theorem
implies that {g,} is compact L?(B, \ B1) for any 1 < r < co.
Case 2. Compactness in (R*\ B,)U B 1. To study compactness in this space, we
use the inequality

/ 2 ()W (el ol do
(RS\BT)UBL
’ (3.4)

<( s Wil(leD) / G2 (1)WY (ja )| e
{(R3\B,)UB1} R3



EJDE-2004/146 RESOLVENT ESTIMATES 9

The definition of the weights Ws(|z|) guarantees that for 6 > 0 there exist real
constants ¢ (8), c2(8) such that ¢; (6)Ws < W2 < ca(5)Ws. This property combined
2

with (3.4]), where we chose ¢’ = %, implies

/ G ()W (ja) e e
(R3\ B, )UB

S =

<C(  sup W((l(lx\))/ galle)W 5 (o)) |z~ da
{(R3\B,)UB1 } R3 2

<C'( sup - Wit(laD)IIflze , -
{(R3\B,)UB1 } -3

Moreover (Supy(rs\5,)uB, } W (|z])) — 0 if 7 — oo and it implies with an easy
diagonal argument the compactness of the sequence {g,} in the space L? , s
ol

Proof of (2) This is the dual to part (1) of this theorem. We can also proceed
independently following [1], [2I, Chapter XIV, Scattering Theory. lemma 14.5.1]
or [40]. O

Proof of Theorem[3.1 Lemmas and the choice of § (small perturbation) in

the coefficients of the perturbing term (1.5)) imply that the operators [Id —Ry(\? £

i0)V (z, D)] are injective in B(L%lﬁ) and are compact perturbation of the invert-

ible operator Id. We can apply tfle Fredholm Alternative Theorem to obtain the

existence of the operators AY. To prove the uniform bound ||Af||B(Lz » < C we
1

consider two cases. -
Case 1: X large. As a consequence of lemma there exists A > 0 such

that if A > X then [[Ro(A* +i0)V (2, D)|p>, y < 3 and this implies that
,%75

[[1d —Ro(A* £ i0)V (z, D)]|| 5> )2 1 provided that A > X. This uniform bound
-3

from below for the operators implies an uniform bound from above for their corre-
sponding inverse operators Af.

Case 2: A small. The boundedness of ||Af||B(L2 ) for A < X is a consequence of
,%)5

the continuity of the family of operators Af in the space B(L? , s) With respect to
3

the parameter A € [0, 00) and of the compactness of the interval [0, A,]. O

The proof of Theorem [3.2]is analogous to the proof of theorem therefore, we
omit it.

Remark 3.5. The notion of resonances of an operator was introduced in quan-
tum mechanics for Schrodinger operator. The resonances of an operator can be
connected with poles of the associated resolvent function taken in some general-
ized sense. The problem of resonances arise in mathematical physics and in other
field such as geometry. In our case this problem arises when we have perturba-
tion of operator acting in some Banach spaces. Several works have treated the
theory of resonances, we refer the reader to [2, 20| 28] [33] 38]. The remark sug-
gest that resonances may exist in the case of electromagnetic perturbation of type
V(z,D) = ia(z) - V + V(x). To assure that resonances cannot exist we impose a
smallness assumption on a.
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Theorem 3.6. Assume that the perturbation V (x, D) satisfies (1.5) and (1.6). For
each 0 < 0 < €p/2 we have

(i) There exists a real constant C = C(§) > 0 such that for any A € R:
R . C
el =257 Ry (02 % 0) g2 < 37757 (35)
(ii) For any € > 0 that satisfy 0 < € < 20, there exists C = C(d,€) > 0 such
that for any A € R:
=45 Ry (& i0) |2 < Clllal™> W ] 2 (3.6)
(i) There exists a real constant C' = C(§) > 0 such that for any A € R:

Iz~ 2 W5 Ry (A2 £40) f 2 < |2 W | 12 (3.7)

5/
A2+87

(iv) For any §,6' > 0 and for s € [1/2,3/2], there exists a real constant C =
C(6,9") > 0 such that for any A € R:

2|~ W5 Ry (A2 £ i0) f || 2 < Cl|2*~* Wi f|| 2 (3-8)
(v) There ezists a real constant C' = C(0) > 0 such that for any A € R:

Iz~ 2 W5 Ry (A2 £40) || 12 < o ]2 W £l 2 (3.9)
24657
(vi) For any § > 0 there exists a real constant C' = C(6) > 0 such that for any
AeR: )
2l W; Ry (32 4+ 10) 112 < Cfllzs. (3.10)

(vi) For any 8,8 > 0 and for s € [1/2,3/2], there exists a real constant C =
C(68,68") > 0 such that for any X > 0:

2]~ W5 'V Ry (X £i0) f|| 2 < C ||2[*Ws f| 2 (3.11)
Theorem implies that the identity can be written as:
[T — Ro(\? £i0)V (x, D)|Ry (\? £ i0) = Ro()\? £ i0),
and the following identity,
Ry (M 4i0) = AF Ry(\? +i0). (3.12)
Theorem implies that the identity can be written now as:
Ry (A £40)[I — V(z, D)Ro(A\* +i0)] = Ry(\* £40),
and the following identity,
Ry (A2 +i0) = Ro(\? +i0)Bi. (3.13)
Proof Theorem[3.6, Estimate can be proved combining the identity
with the theorem and estimate in the following way:
lla| ™3 Wy Ry (A £0) f| 2 < [[[a] ™2 Wy AT Ro(X £0) £ .2
< Ol W5  Ro(X* £ i0) f] 2
< Ollle = W5 £l 12

Estimate (3.6) can be proved combining the identity (3.12)) with the theorem [3.1{and
estimate (2.2) as before. Estimate (3.7 can be proved combining the identity (3.12))
with the theorem and estimate (2.3]) as before. Estimate (3.8) can be proved
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combining the identity (3.12]) with the theorem [3.1] and estimate (2.4) as before.
Estimate (3.9) can be proved combining the identity (3.12)) with the theorem
and estimate ([2.5)) as before. Estimate (3.10) can be proved combining the identity

(3.12)) with the theorem and estimate (2.6) as before. Estimate (3.11]) can be
proved combining the identity (3.13]) with the theorem and estimate (3.11) . O

Theorem 3.7. Assume that the perturbation V(x, D) satisfies (L.5), (1.6). For
each 0 < § < €y/2 we have for any A € R

Il 2 W5V (x, D)Ry (X +i0) f || 12 < C|l[]2 W f|| 2. (3.14)
Proof. The resolvent identity implies
V(x, D)Ry (A\?4i0) = V(z, D)Ro(A\?+i0)+V (x, D) Ro(A\*>£i0)V (2, D) Ry (A2 +i0).
From this we have
[I — V(z, D)Ro(\* £i0)] Ry (\* +£i0) = V(x, D) Ry(\? % 40). (3.15)
Following theorem [3.2 part (2), we have
V(z, D)Ry (A\? +£i0) = BV (2, D)Ry(\* £ i0) .
Combining this with estimate obtain
IV (2, D)Ry(X* £ i0)f|l 15 < ClIBYV (x, D)Ro(N* £i0)f|.3 |
27 2

< O||V (2, D)Ro(X* £ i0)f| 13

<Olfles -
L5

4. PROOF OF MAIN ESTIMATES

In this section we prove the main theorems We use the techniques
of [23] and [35].

Proof of Theorem[I1. Case 1. Wave equation. To prove (1.9), we take Fourier
Transform in time variable in (1.1)) to get

(A2 + Ay)a(\, z) = —F(\, ). (4.1)
Using and the limit absorption principle, we get
(A, ) = —Ry (A2 £i0)F'(\, z). (4.2)
and consequently R
Vi(\ z) = —=VRy (A £i0)F(\, ). (4.3)
Now we can use and obtain
e~ 2 W5 Va, 2)llzz < Cllle 2WSE (N, )|[7- (4.4)
Integrating over A and using the Plancherel identity in time variable, we have
el == Wy V(e )l ez < Clllal*WaF (w,0)]| 132 (4.5)

To prove (|1.10), we use, after the Fourier transform, the identity (4.2]), the
Theorem and the perturbed resolvent estimate (3.10)).
To prove (|1.11)), we apply the Fourier Transform to obtain

V(z,D)i(\ z) = V(z, D)Ry (A2 £i0)F(\, z) . (4.6)
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Then using the estimate we have
|22 W5V (2, D)\, z)| g2 < Clllx|> WsF (A, 2)]| 2 - (4.7)
Consequently,
el W5V (2, Dyu(e, Oll 20z < Cll el FWsE ()21 (18)
Remark 4.1. The constants in (1.9), (1.10), are all independent of \.

Case 2. Dirac equation. The Dirac equation can be treated as the wave equation.
In fact we write the solution of (|1.3)) as the following integral equation:

u= /0 Ut — s)F(u(s),V(x,D))ds, (4.9)

where F(u(s),V(z,D)) = a-Vu+ F(t,z) and U(t) denote the propagator of the
free Dirac equation given by

sin(tv/—A)
VA
A reduction to the wave equation can be done by applying the operator [J to the
solution and using the relation

0,0Mu = 0. (4.11)
So the estimates (1.9), (1.10) and (L.11)) remain valid. O

Proof of Theorem[I.3. The proof of non-homogeneous case is the analogous
of the perturbed wave equation (I.1)). However we have to replace A% by A > 0
in the definitions , , (2.8) and in the estimates for free and perturbed
resolvent in the section 2 and 3. O

Proof of Theorem[1.3 For the homogeneous case, the TT* argument [17, 22] com-
bined with the estimates (|1.9) imply (1.16). O
Remark 4.2. By the definition of the perturbed Besov space we have I, := B“g,’z’z,
for any s € R, so we can replace H‘l/2 by B‘l,/f2 in the (1.16]).
Remark 4.3. One can also consider the following Cauchy problems for the per-
turbed wave equation and the Dirac equation:

Ou + ia(z) - Vu+ V(z)u =0,

u(0) = f, Ow(0)=g.

U(t) = cos(tv—A) — (17 9;) (4.10)

(4.12)

and
7, 0,u +ia(x) - Vu+V(z)u =0, teR, zeR?

u(0,z) = f,
As in the case of Schédinger equation, the T argument combined with the esti-
mates ((1.9) applied to the problem (4.12), for any 4,4’ > 0, yields

Lo
2|~ 2 W5 Ve, t)llzz < CUf gy + lgllze)-
For problem (4.13)), with any 4,4’ > 0, the following holds:
G
=2 W5 V(e )l 222 < Cllf |l »

(4.13)

where, in the previous estimates, we used the L? — L? boundness of the operator

_VAV given by the following lemma.
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Lemma 4.4. The operator

\/—LTV’ where V is the gradient on R® and —Ay is

defined by the (1.18) satisfies the estimate

v
||\/_7va|&2 <C|flz2, feL> (4.14)

Proof. One can rewrite the left-hand side of (4.14) as

\Y \Y
, . 4.15
(—==I7=—=7 (4.15)
Setting in the g= \/%va, we obtain
(Vg,Vg) < C(-Av f. f)
(4.16)

< Ci(-Af ) +ila- VI )+ / VISP,

where as in the previous estimate we used the smallness assumption (|1.5)). So (4.14]
is established. U

=
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