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PREFACE

This thesis i1s concerned with the consideration of the theory
of vector-valued functions of vectors. Limits and continuity of
vector-valued functions of vectors, matrix theorems concerning
vector-valued functions of vectors, differentials and dexrivatives
of such functions, as well as line integrals are considered. A
final chapter concerning vector fields is presented.

The vector-valued functions of vectors are especially
important in the vector field, since other classes of vector
functions are sub-classes of this class of functions. There is
developed here, in the main, material of interest in scientific
application, and it is in such fields that it is hoped that the
material developed will prove most significant and useful.
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1.1 Glossary of Symbols.

The symbol:

iff

CHAPTER I

INTRODUCTION

means :
the set of counting numbers.

the set of all points on a straight
line or the set of all numbers

associated with these points.
the set of all points in a plane.

the set of all points in a three-

dimensional space.

the set of all points in an n-

dimensional space.

belongs to or is of the class of.

if and only if.

the set of all continuous functions.

implies.



The symbol:

[a,b]

(a,b)

Dom %

vk
v
]
1.2 Definitions.
The statement that:

1. a set A is a subset
of the set B, denoted

by ACB

2. A=3

means:

the set of points such that a point
x € [a,b], iff, x is a, x is b, or

else x is between a and b, where

a, beg El.

the set of points such that a point

x € (a,b), iff, x is between a and

b, where a, b € EI.

domain of f.
neighborhood.

deleted neighborhood.
the del operator.

the derivative of f.

means:

A and B are each sets such that if

X € A, then x € B,

A and B are each sets such that

AC B and BC A.



The statement that:

3. AU B is the union of

two point sets A and B

4, AN B is the intersec—
tion of two point sets

A and B

5. V(i;r) is a neighbor-

hood of a point *x e EN

6. V*(§;r) is a deleted
neighborhood of a point

-
X € EP

7. ; is an accumulation

point of a set S ¢ EV

8

6ij’ i’j - 1,2,3,'..,0,

is the Kionecker delta

9. a function f from E°

to E1 is differentiable

>
at a point x

means:

AU B is the set of all points x

such that x € A or x € B.

AN B is the set of all points x

such that x € A and x € B.

V(:;r) is the set of all points
; € E" such that if r > 0, then

- ->
ly - x| <«

- ->
V#(x:r) is the neighborhood V(x:r)

minus the point X

; is a point in E® such that every
deleted neighborhood V*(;:r) of ;

contains at least one point of S.

1, 4f i = §
I ={ , 1,3 = 1,2,3,...,m.

0, 1f 1 # §

f is defined in a neighborhood V(;;r)
of X and there exists a vector a
(independent of ﬁ) such that for any
point X+ ﬁ of V*(;;r),

£(x +0) = £(X) + a*h + $(x;h)°h,

where %i% $(§;E) = 3.



Notation: The term ;°K is called the differential of f at ; and ﬁ
and is denoted by d f(;;g). The vector ; is called the derivative

of £ at x and 1is denoted by ) f(z).

1.3 Algebra of Vectors.

The statement that: means :
V? 1s an n-dimensional v? is the set of all n~tuples of
vector space numbers which belong to E1 specified

by X = (xl’x2""’xn)’ where X £ El,

k=1,2,...,n, and are called vectors.

X +'; is the sum of two X + ; = (x1+y1,x2+y2,-..,xn+yn)-
>
vectors, X = (xl,xz,...,xn)
s
and y = (yl,yz,...,yn),
each of which belongs to

vV, neJ,

r X is the product of T ; = (rxl,rxz,...,rxn).
and ;, where r ¢ El and

->
X = (x],xz,...,xn) € Vn,

n € J,

; = ;, where xk = yk, for all k = 1,2,...,n.
-

Xm= (xl,xz,o-o,xn) and

-

y= (yl’yzun,yn), each

of which belongs to Ve,

neld,



The statement that:

x - ; is the difference
of two vectors

X= (xl,xz,...,xn) and
; = (yl’YZ""’yn)’ each
of which belongs to Vn,

neJ,

|%| 1s the absolute value
of the vector

-> n
X = (xl,xz,...,xn) eV,

neJd,

3 is the zero vector
-

u is a unit vector

a set of vectors

-+ -> g -»>
ulg uzg u3, * o » Uk

constitutes a basis

in Vv©

V is the del operator

in E3

means:

> >
X -y= (x]~y1,x2—y2,...,xn-yn).

n ¥
HIEE IS
k=1

<> -
0 1is the vector such that |0| = 0.
U is the vector such that |u| = 1.

1) 31, i=1,2,3,...,k, are linearly
independent, and

2) each vector of v" can be expressed
as a linear combination of the

‘Ji, i=1,2,3,0..,k.

V is the operator

-+ > ->
uy Dxl + u, sz + ug Dxa, where

-+ > -+> 3
Ups Uy, Uy is a basis in E”.



1.4 Assumed Properties.

-»> -»> n -»> e d n
Property 1. If each of x and y e V', then x+y € V,

-> -> n > > > >
Property 2. If each of x and ye V', thenx +y =y + x.

he R 4 4 n
Property 3. If each of x, y, and z € V', then

;+(;+;) = (§+'§)+'§.
- n > -> - >
Property 4. 1f x € V', and 0 is the zero vector, then x + 0 = x.
Property 5. If X € Vn, and r € El, then r x € V",
Property 6. 1If X € Vs then (1) x=x
Property 7. I1f r, s € El, and % € Vn, then (r + s) X=rx+sx.

Property 8. If r € EI’ and §, ; each € Vn, then
-> -> > >
r(x+y)=rx+ry.

n

Property 9. If x € V®, n e J, then |- x| = |%|.
Property 10. If X € Vn, neJ, and ¢ € El, then |c il = lcl 1:].
Property 11, If x and y € V", n € J, then |x + y| < [X] + |¥].

Scalar Properties,

Definition. The statement that ;-; is the scalar (dot) product of

two vectors X = (xl,xz,...,xn) and ; = (yl’YZ""’yn)’ each of which

n
€ Vn, n € J, means ;-; s L X Yy
kel k 'k



Property 12. If X and ; each € Vn, n € J, then ;'; = ;°;

Property 13. If X and ; each € Vn, neJ,and T € El, then

(r Xy =1t .

Property 14. If -::, ;, and 2z each € Vn, n £ J, then

> & > -> > -+
x*(y+2z)= x'y+§-z.

Property 15. 1f xE Vn, n € J, then -:E';__?__ 0, and ;'; = 0, iff,

x=0.

Property 16. If X and ; € Vn, n € J, then ;';l < I;I !;I, and

23 = I3 3], 265, 525,52, 0r k= 70

Properties of Vector Cross Products.

Definition. The statement that x X ; is the vector cross product of

-> > 3
two vectors x = (xl,xz,xs) and y = (yl,yz,y3), each of which ¢ V-,

means
-+ -> ->
ul u2 u3 X X b4 X X X
oy = X,y Xy = 2 3'51+ 1 3§2+ 1 2'53.
Yo 73 1 Y3 vy Y2

Property 17. If * and ; each € V3, then x X ; = - (; X ;).

Property 18. If ¥ and ; each € V3, and r € El, then

xX)xy=r (xxy.

Property 19. If ;, ;, and z each € V3, then

XX F+2D e Gxxy) + (xx2).



Property 20. If x and ; each € V3, then I; x ;|‘; l;] I;I.

Property 21. If ;, ;, and z each € V3, then

XX (Fx2) = (x2) y - (xy) z.

1.5 Assumed Theorems.

1.5.1 Theorem. If a function f from E® to E1 is differentiable

-> ) ->
at x, then f € C° at x.

1.5.2 Theorem.

1. £ is a function from E® to E].

2, g is a function from E® to El.
3. f 1is differentiable at a point x in EV.
4. g is differentiable at x.

——) f+gandf gare differentiable at X, and

[f + gl (x;h) = d £(x;h) + d g(x;h),

d
Dlf+g)@® =D £x) =D g,

0.

(£ g) x;h) = £(x) d g(x;h) + g(x) d £(x3h); and

£ gl® = £&) D g +g® D £(x).

o+

1.5,3 Theoren.
1. £ 4s a function from E® to El.
2. £ is differentiable at x € E".
3. g is a function from E1 to El.
4. g is differentiable at £(X).
- g ° f is differentiable at §, and

d [g o £] G5B) = d g(£GR)3df Gsh)), and

Dlgof1(x) =D g(£()) D £(x) .



1.5.4 Mean Value Theorem.
1. £(x) € ¢®, a< x < b.
2. £'(x) exists, a < x < b.

— £(b) ~f(a) = (b -2a) f'(a+8(b ~a)), vhere 0<8 <1,

1.5.5 First Fundamental Theorem of Integral Calculus.
1f £ ¢ C° on an interval I, and a, t € I, then
t
D, [ f(x) dx=£(r), tel,
a
1.5.6 Second Fundamental Theorem of Integral Calculus.
If F' ¢ C° on an interval I and a, be I, then
b
| F'(&x) d x = F(b) - F(a).
a
1.5.7 Theoremn.
1. £(x) sCo, a<x<b.

—> f(x) is uniformly continuous on {a,b].

1.5.8 Theorem,

1. u(x) = g(x), a < x < b,

2. y(x) = £(u), u(a) < u < u(db).
3. g'(x) exists, a < x < b.

4. £'(u) exists, u(a) < u < u(b).

—> y'x) =£"(u) g'(x).



CHAPTER 1I1I

LIMITS AND CONTINUITY OF

VECTOR~-VALUED FUNCTIONS OF A VECTOR

2.1 Definitions.

2.1.1 Definition. The statement that f is a vector-valued function
of a vector means f is a correspondence from a set A of vectors to a
set B of vectors such that to each vector ace A, there corresponds
only one vector ?(;) £ B: {.e., fisa mapping of the set A into the
set B. If A is a set in E and B is a set in Em, then we call Ta
function from E® to E". If ? is a function from E" to Em, then

@ = (5@, £,®, £,60, . . ., £ (), vhere £,(0),

1 with domain Dom f and

k=1,2,3,...,m, is a function from E® to E
rule of correspondence that fk(;) is the kth component of the vector

.
2.1,2 Definition. The statement that b is the limit of the function

f(§) at Z, written iig ?(?) = i, means a is an accumulation point

of Dom ? and 1if € > 0, there exists a § > 0 such that if ; € Dom ?

and 0 < |x - a] < &, then |FX) - B] < ¢.

2.1.3 Definition. If ¥ and E are two vector-valued functions from

E® to Em, and ¢ 1s a function from E? to El, then f + E, ? - ;, f°§,
f x E, and ¢ f are defined as follows:

10



The domains of f & E, -E, and T x E are all Dom f N Dom E, and

Dom [¢ ] is Dom ¢ N Dom f; and

i1f x € Dom [f % g], then [f +t gl (X) = £(x) t g(X); and

1f X € Dom [£+g], then [F+23] X) = £(X) 2(x): and
i

3

if , and % € Dom (f x E], then

it
1f X € Dom [¢ F1, then [6 FJ(X) = ¢(X) £(x).

-5
and g are functions from EP to E

X

E] (;) = .t!(;) x g(;); and

2.1.4 The statement that [f o E] (%) is a vector-valued function
of a vector means if E(;) 1s a function from E® to E® and £ is a
function from E" to EP, then [.f’ ° E] (%) is a function from E® to
EP, with rule of correspondence £ o E] &) = 'f(-é(;)), vhere

Dom [f o g] 1s {X | X € Dom g, g(x) € Dom £}.

From the definitions of the operations above, 1t is seen quite
easily that if T (fl’fZ’f3""’fm) and E = (gl,gz,g3,...,gm),
then

T4 8= (£48,80%8y,E 448000 o f 42 ),

-8 (e tpmey ey ofyey)s

¢ fa (¢f1,¢f2,¢f3,...,¢fm), where ¢ fk means the product of the

functions ¢('£) and fk&)’

m
fog= L f

g
k=1 k ®k’

-
x g = (£,85-F48,,E48)~F184,f18,-F,8,)

11
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2.2 Limit Theorems.
2.2.1 Theorem.
> m
1. b = (bl’bz""’bm) € E.
2. TG = (£,G0,£,(),...,£_ (x)) 1is a function from E" to E".
->
3. a 1s a point of accumulation of Dom f.
112-»—» 4
4. Tom f(x) = b.
;i& f (;) = b, for each k = 1,2,3 m
j x+a k k gl gty yllie
Proof:
Since iig ?(;) = %, then given € > 0, there exists a § > 0 such that

if X € Dom ¥ and 0 < I; - ;I < §, then l?(%) - g] < g or
n b

[z (B -5 = [EG - ¥ < e

k=1

2

n
Then, £ (£, () - b)? < e, 1£0< |x - 3] <&

k=1

Hence, we can conclude that (fk(§) - bk)2 < 82, k=1,2,3,c0.,m,

and [£,(0) - b | <€, k=1,2,3,...,m, if x € Dom f and

Thus, iig £, = by, k= 1,2,3,...,m,

2,2.2 Theorem.

i. b= (bysbyaesesh ) € ",
2. F@) = (£, (X),£,(X)ss0.,f (X)) is a function from E® to E".
1 2 m

3.ais a point of accumulation of Dom f.
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4. 3B £ () = by, where k = 1,2,3,...,n.
e 3y .3
= I .
Proof :
e
Now, if a fk(x) = bk’ k=1,2,3,...,m, then if € > 0, then
€
corresponding to 7 > 0, there exists Gk > 0 such that if x € Dom f
E
8nd O < l; - .;l < Gk, then 'fk(;) - bk! < -/"; 9 k = 1,2,3,-.-,“‘0
If we choose § = min {Gk}, k=1,2,3,...,m, then, if % € Dom £ and
0< |%x-al <8, then

m ) m Y
[F(x) - B| = [z (£, - bk)z] < [z Ei] = €.
k=1 k=1

Thus, iig ?(;) = b.

2.2.3 Theorem.
1. 2 and b are each vectors.
2. For each € > 0, |a - B} < e.
—) a=3.
Proof:
Either ; = g, or else 2 * ﬁ,
Let us assume that a # ﬁ, then a - b # 3, I; - gi # 0, and we have
[§-%] =da>o0,deE.
Let € = d, then from the hypothesis, I; - gl < d,

Hence, we have a contradiction, and thus we must reject our assump-

tion and accept the only other possibility; i.e., that a = b.
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2.2.4 Theorem.
1. T and § are functions from E" to E".

-> -> >
2., a is an accumulation point of Dom f N Dom g.
3. 323 - L.

lig B (x) =

— MWEp®-370 3G 11
Proof:
Let £() = (£,(R),£,(X),..0,E (),
B = (8 ®),8,(),-..,8,(X)).
L= @lyenly, and
T @,T,,....T).

Now, fx) ¢ g(x) = (f (x)*gl(x) £ (x) gz(x),---,f (x)+ gm(x))

From hypothesis (1) and 2.2.1, we know that i&g fk(§) = Lk’
k=1,2,3,...,m

Now, from hypothesis (2) and 2.2.1, we know that iﬁg gk(;) = Tk’
kw=1,2,3,...,m.

Hence, li& [ k(x) gk(x)] = Tk’ k=1,2,3,...,m.

Thus,

HB (F@ £ ¥®)

- 33, e, @), 3B, Dg, G, L, P Brg B)

= (L, 2Ty, Ly tTy, oo o, L #T)
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= (Ll’ LZ’ s Lm) - (T15 Tz: LI ’ Tm)
> >
=1L 2T.
H lig >\ o> +~+
ence, *.¥ (fi g}(x) =1 2T

2.2.5 Theoren.
1, -f(-;:) and ;(;) are each functions from E® to E".

2. 2 is an accumulation point of Dom n pom E
He i -1
3. pq £f(x) = L.

4.£§EQ)=E

— MY -BI® -Wi®-1-1
Proof:
Let TX) = (£,(0,£,®),...,£ @),
@ = (8,®),8,(%),...,8 @),
L= (,Ly,eesl), and
Te(r,1,....1).

Now,

means the products of the functions fk(;) and gk(;).
Hence,

i ey o A

i& (f E](x) ;_& (flgl + fzgz + ...+ fmng

i i;
'i'*%f181+:%+§f282+' . .++§fgm



T,+...+L T

=L 2 "2 m ' 'm

1 Tl + L

Hence,

i L o Whe st
;;_,f (f°s) (x)

LF-32im - B3 .

2.2.6 Theorem.
1. -E(;) and ;(‘;) are each functions from EP to E

2. a 1s an accumulation point of Dom b N pom -{g

i >
3. %ﬁf tx) =1.

11 *
—> 2 (ExgG=1xT
Proof:

Let 1) = (£;(8),£,G),£,()),
26 = (g, 6),8,(®),85(3),
1= (Ly5LysLy), and

->
T = (Tl ’T2§T3) .

16

3

Now, from hypothesis (1) and 2.2.1, we know that —3;12 fk(;) = Lk’

k=1,2,3.

Also, by hypothesis (2) and 2.2.1, we know that ii% gk(;) = Tk’

k= 1,2,3.
Now,
-
(% B) () = (£)857E48,,E48) 18508185 E8)

Thus,
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1 14 1 1
i"f(? x g)(x) = (32-3“2834382)921:'3“331*133)’i’»f(fﬁz"fzgl))'

Now, from the limit theorems regarding real-valued functions of

vectors, we know that
i > - - -
PRI X B = Ly Ty =Ly Ty Ly Ty = Ly Ty, Ly T, = Ly Ty

15
=T x T,

2,2.7 Theoremn.
1. 'f'(;) is a vector-valued function from E® to E".

-+ -+
2. a is an accumulation point of Dom f.
Hod .3
3. 33 () - 1.

- ? is unique.

Proof:
> -+
Either b is unique or else b is not unique.
Assume that b is not unique, then there exists a vector (L # B such

€
'E ’

that -};2 -f&) = %', which means if € > 0, then corresponding to
there exists a 6' > 0 such that if a is an accumulation point of
Dom ¥, and 0 < I; -2l < §', then | - -l;'l <% .

Now, from hypothesis (3), we know that ;1':;2 ?(;) = '1;, then correspond-
ing to -ez—, there exists a 8" > O such that if a is an accumulation

point of Dom f and 0 < |X ~ a| < 8", then |F(x) ~ 3] <—§- .

Choose § = min (8',8"), then if 0 < |X - 2| < &, then
B-%'=3-F@® + i@ - b'|
< |E@ - B + [F@ - B

<

e

4

~ o

=€ .



i8
Hence, from this result, since B and B’ are constant vectors, from
> >
2.2.2, we know that b' = b, which contradicts our assumption, and

thus g is unique.

2.2.8 Theoren.

1. % is a vector-valued function from E? to Em.
1

2. ¢ is a real-valued function from E® to E°.
3. ; is an accumulation point of Dom ?‘n Dom ¢.
'lig-r-r ‘-P
4, ¥ea £(x) = A.
m 4 ¥y =
5. a ¢(x) = B.
-
— WenHic-31%.
Proof:

Now ¢ () TG) = (6GOE, (0,00, (D, .. ,0GOE ().
From hypothesis, %i% f(;) = A and %ig ¢(;) = B,

->
Let A = (A], A2, .« v e Am), then
iﬁ% i = (A, Ay, « « -, A), and

;1;_{2 £, = A, k= 1,2,3,...,n

Hence, 313 ¢(0) T() = 32 (6D, B0 RE,@,...,6(HE, )

(%, @3B @, 3 %G @)

(BAI,BAz, ¢« v @ ’BAm)

B (Al, Az, s s s Am)

B Z.

Hence, the theorem is proved.
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2.3 Continuity Definitions.

2.3.1 Definition. The statement that a vector-valued function ]
of a vector is continuous at the point 2 in Dom f means for each
€ > 0, there exists §_ > 0, such that if X € Dom T and ﬁ: - '5[ < 6y

then |F&) - T@@)] < ¢.

Remark. In the case a is not an accumulation point of Dom T and
if -f(;) exists, then ? is continuous at ; - Z. When ; is an

accumulation point of Dom -f, then the definition is equivalent to

lr{g IG) = f@).

2.3.2 Definition. The statement that a vector-valued function -f

is continuous on a set S £ Dom -f means the restricted function ?S
(the set of values of T on the set S) is continuous, where ¥S is
the function with domain, Dom in S, such that fs(;) = ?(;), if

XecDom N s.
2.4 Continuity Theorems.

2.4.1 Theoren.

1.f = (fl(;),fz(;),...,fm(;)) is a function from E® to E°.

2. 2 € Dom %.

3. Fec® at x = a.

—3 £, eC®at X =3, vhere k = 1,2,3,...,m.
Proof:

Since ? e C° at ; o ;, and ; € Dom f, then for each € > 0, there

exists a Gs > 0 such that if ; € Dom ? and |§: - Z' < 68, then
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@) - T@)] < .
o ot ~> ;5 > > ->

But, [kzl (fk(x) - fk(a))z] = lf(x) - f(a)l < g, where x € Dom f
and l; - Zl < 68’ so,
m
T
k=1

£, - £,Gn? <,

£, - £,GN? < &, or
£,G) - £, @) <€, 1f X € Dom ¥ and [X - 3 < §_.

Hence, fk ec®at x= ;, k=1,2,3,...,m

2.4.2 Theoren.

1. T = (f1 (?:),fz(;),...,fm(;)) is a function from E® to ET.

2. Z £ Dom ‘f

3. £ ec®at Xx=a, k=1,2,3,...,m

::::) ? € Co at ; - ;.
Proof:

Since fk ec®atxa Z, k=1,2,3,...,m, then if € > 0, then corre-
[ (k) -> ?
sponding to T there exists a 66 > 0 such that if x € Dom
-> <> k -+ > €
and |x - a] < 62 ), then |£, ) - £, @) < o= .
Let § = min {Gék)}, then if X € Dom ¥ and I-:: - ;l < §, then
€
lfk(;) bt fk(.a))l < Tm, k = 1,2,3,.-.,3!, and

m %
T® - @] = [z (fk(§) - fk('é))z]
k=1
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Therefore, [?(;) - %(;)‘ <eg, if |§ - ;I < §, and hence,

b q (o] -» -»
f e C at x = a.

2.4,3 Theoren.

> > n m
If the functions f, g, from E  to E, are each continuous at

2 -»> -» > -> ->
X = a, then f + g is continuous at x = a.

Proof:
Let F = (£,(0),£,(®),...,£ (X)), and
g = (8 @.8,,.0 0,8,

where x € E® and x € Dom £ N Dom 8-

Now, \

> -

f+8=(f1+gl’f2+gz,ua-’fm+8m)'

Since  and E eclatxe= ;, then fk and By k =1,2,3,...,m, € C°

at x = a, from 2.1.4,

Hence, the function fk + By o k=1,2,3,...,m, € c® at ; = ;,

->
Thus, f+ E is continuous at x = ;.

2.4.4 Theoren.
If the functionsg f, E, from E" to Em, are each continuous at
; - 3, then f- E is continuous at X = :.

Proof:

Let £ = (£,(),£,(%),...,£, (X)), and
g = () ()., (... 00,
where ¥ € E® and % € Dom £ /N Dom E.

Now,

-8 ).

c*
E-8=(f) -8 fy-8p - o o0 gy
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Since f and E e c° at ; = ;, then fk and By > k=1,2,3,...,m, € c®

at ; = Z from 2.4.1.

Thus, the £, - 8 » k=1,2,3,...,m, € c® at X = a.

k

-> -»> -> ->
Hence, £ ~ g is continuous at x = a.

2.4.5 Theorem.
2> - n m
If the functions f, g, from E* to £, are each continuous
at x = Z, then f - E 1s continuous at x = a.
Proof:
-n
Let T = (£,(0),£,(),...,£,X)), and
-> > -+ >
g = (81(3),82(8),---,%(3)),
where x € E® and x € Dom f /\ Dom g.
m
-
Now, f eg=s L f g .

- -> -> >
Since f and g are each continuous at x = a, then from 2.4.1, fk

and By k=1,2,3,...,my are continuous at ; - ;, and fk - e ¢c°

at x = Z, k=1,2,3,...,m
n > ->

Hence, I fk &y is continuous at x = a, and thus,
k=1

- -+ -+
£ * g is continuous at X=a.

2.4.6 Theorem.

If the functions f, é: from E to E3

» are each continuous at
; = Z, then ? X E is continuous at ; = Z.

Proof:

Let Fm (£,X),£,(0),...,E (X)), and

E = (81(;)932(;)10 '-’Em(;))s
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where x € E® and X € Dom ¥ {) Dom E
Now,
Exg = (£)8y - £38y, £38) - £183, 118, = £
Since ¥ and E are each continuous at x = ;, then from 2.4.1, fk and
g, are continuous at X = ;, where k = 1,2,3,.,.,m.
Hence, f233 - f332, f331 - f183’ flg2 - fzgl are each continuous at

- -> > > - -
X = a, and thus, f X g is continuous at x = a,

2.4.7 Theoremn.
1. ¥ 1s a function from E" to E™.
2. fec®atx=a.
3. ¢ 1s a function from E® to El.
4, o ¢ c® at x = a.
_—:) ¢'f'eC°at;=;.
Proof:

-
Let £ = (fl, f2, f3, .« v ey fm), then
6 F = (95, 0y, ¥4, « . ., OF ).
Since ¢ and ¥ are continuous at x = Z, then fk(;) e ¢° at ; -2

by 2.4.1, k

1,2,3,...,m, and 6(X) fk(SE) ec®at x = a,

k=1’2’3’0ll’ml
Since we have a product of continuous real-valued functions of

vectors at X = ;, then by 2.4.2, ¢ fec at x = a.
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2,4.8 Lemma.
1. 1s a continuous function from E® to ET with domain D.
2. A is open relative to R = ?(D).
jo— ?*(A) = {—:: l ?(;) € A} is open relative to D.
Proof:

Let §D £ ?*(A), and let ;; = ?(;o)'

Since A is open relative to R and ;; € A, there exists a neighbor-
hood V(;o;e) such that V(;o;e)ﬂ RC A. Also, since .f e ¢ at ;o’
corresponding to € > 0, there exists § > 0 such that X e V(;o;ﬁ){\ D
implies £(x) € V(y_;e) N RC A.

Thus, V(§°;6)!\ D is contained in f*(A); and hence, ?*(A) is open

relative to D.

2.4.9 Theorem.

1. ¥ is a continuous function from E® to E".

2. E is any connected subset of Dom ?.

::::) %(E) is a connected set,
Proof:
Let us assume E is the domain of f.
Suppose, then that ?(E) is not a connected set., Then, there exist
two disjoint sets A and B, both open relative to ?(E), such that
f(E) = A U B.
By 2.4.8, the sets ?*(A) and ?*(B) are open relative to E. Also,
these sets are disjoint, and E = ?*(A UB) = z*(A)IJ ?*(B). This
means that E is not connected. Thus, we have a contradiction, and

must conclude that f(E) is a connected set.



2.4.10 Theorem.
1. T 1s a function from E™ to E™.
2, ;, -): € Dom .
3. ]f(;) - -f(;)l < R - ;I, for all .:;, ; € Dom Z.
::) ¥ ¢ c® 1n Dom £.
Proof:
Suppose ; € Dom f.
Let € > 0, then if % € Dom -f, and we take § = £, then if
|X - ¥| < § =€, then we have |EX) - T3] < |x - ¥] < e.

Hence, Te C° at -)'; € Dom f, and thus f e c° in Dom f.
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CHAPTER 111
MATRICES
3.1 Definitions.

3.1.1 Definition. The statement that A is an m X n matrix of real
numbers means A 1s a function with domain the set of pairs of integers
{(1,1) | 1£i<m1<3Z n} and with range in El, and a function
value A(i,j) 1s an entry of the matrix and will be denoted by aij’

and where the matrix is described by displaying the entries in a

rectangular array:

811 %12 213 cov 21n
821 22 23 T 4n

A=l 831 a3p azy ... 85,

L] » * . Ll . L]
. . L] ¢ e .
. . . « & & L]

ml ™2 8n3 t nn

3.1.2 Definition., The statement that two matrices A and B are
equal means A and B are each m X n matrices, and A(i,j) = B(i,3);

i.e., their corresponding entries are equal.

Remark. We will write the matrix A in the abridged notation:

A= (a i=1,2,3,,..,my j =1,2,3,...,n.

1)

3.1.3 Definition., The statement that A + B is the sum of two

m X n matrices A = (aij) and B = (bij)’ i=1,2,3,,04,m

26
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y=1,2,3,...,n, means A + B = (aij + bij)’ i=1,2,3,...,m,

i=1,2,3,...,n.

3.1.4 Definition. The statement that r A 1s a matrix, where
A= (aij)’ i=1,2,3,...,my j =1,2,3,.4.,n, and r € El means
r A is the m X n matrix [r AJ(4,3) = ¢ A(4,3), 1 = 1,2,3,...,m,

j=1,2,3,...,0

3.1.5 Definition. The statement that 6 is the zero matrix means

® is the matrix (6,,) such that 6({,j) = 0, 1 =« 1,2,3,...,m,

1]
j = 1,2,3,'00,1‘-

3.1.6 Definition. The statement that - A is the additive inverse
of an m X n matrix A means - A is the matrix such that

[- Al(4,3) = - A(4,}), 1 = 1,2,3,...,m, j = 1,2,3,...,n,

Remark. We note that the vector space consisting of all 1 x n
matrices of numbers of E1 is isomorphic to EN: i.e., there is a one-
to-one correspondence between the 1 X n matrices and the vectors in
E® such that the operation of addition and multiplication by a number
of E1 are preserved under this correspondence.

->
Let a = (al, Bgs + v vy an) correspond to A = (a11 815 oo aln)”

iff, aj = alj’ for § = 1,2,...,n. Then if 2 and b correspond to
A and B, respectively, then

a+b= (a1 + bl’ a, + b2, R bn) corresponds to
A+ Ba= (a11+b11 a12+b12 e e aln+b]n), and

s
ras= (ral, Tay, o o o ran) corresponds to

rAm= (ra11 Ta;, .o raln),
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Since 1 X n matrices have the characteristics of vectors in En,
we will identify a 1 X n matrix with the corresponding vector;
1 X n matrices are called row vectors. In a similar manner, we can
set up an isomorphism between the space of n x 1 matrices and E".
Thus an n X 1 matrix may be identified with the corresponding
vectors in En, and thus n X 1 matrices are called column vectors.
In general, the vector space consisting of all m X n matrices of

numbers in E1 is isompophic to E°R,

3.1.7 Definition. The statement that A B is the product of an

m X n matrix A and an n ¥ p matrix B, m, n, p € J, means AB is the
n

m X p matrix C = (cij) such that cij = kfl &k bkj’ i=«1,2,3,...,m,

j = 1,2,3,.--,1)-

Remark. If A is a 1 X 1 matrix, the following one-to-one correspon-
dence follows: A corresponds to its single entry 81° We can see
that the operations of addition and multiplication are preserved
under the correspondence between 1 X 1 matrices and the set of num-
bers of El. ~Then, we can identify a 1 X 1 matrix with the numbers
of E1 which is its single entry.

If A iz an 1 X n matrix and B is an n x 1 matrix, and z and K are
corresponding vectors in En, then the scalar product a * b corre-

sponds to A B,

3.1.8 Definition. The statement that a real-valued function
defined on a set Q of all matrices with entries from El, denoted
byl H, is a matrix norm means for all matrices A, B which belong

to ) and numbers r of El, then
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(1) hAl > 0, 4f A # 6 , and NOIl = O;
(2) ix Al = |r| BAN;
(3) A + BB < 0AN + ABIl, where A and B are each m X n matrices; and
(4) WA BH < WAW W BN, where A is an m X n matrix and B is an n X p

matrix, m, n, p € J.

Remark. If we identify vectors in E® with n X 1 matrices (or 1 X n
matrices), then the matrix norm could be the Euclidean distance:
%] > 0, 1£ % # 3, and [3] = 0;

|z %] = 2] [xl:

|Xx + 3] < |x| + [¥] (Triangle Inequality); and
I.:: <yl < I;I I-}"I (Schwarz Inequality).

Also, for vectors in E*, we may define a vector (matrix) norm by

the rule ";" = lxll + lle + ...+ |xn|.

We see very readily that this definition satisfies (1) - (4) of
3.1.8, For example,

x+yhefx, + 9, + |x, +y,] + + |x +y |
y 17N 2 TVl T n " In
b ]xll + Iyll + [le + |Y2! +. ..+ lxnl + lynl
< x| + 4y,
3.1.9 Definition. The statement that a matrix A is the limit of
the matrix-valued function F at §, written lim F=Aor %_13 f(;) = A

means, corresponding to each € > 0, there exists a § > 0 such that

whenever y € Dom F and 0 < |y - x| < 8, then IFGF) - ab < €.
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Remark. It should be observed that if F = (fij)’ i=1,2,3,...,nm,
j=1,2,3,...,n, is an m X n matrix-valued function, then A is an

m X n matrix.
3.2 Matrix Theorems.

3.2.1 Theoren.
1. A is an m X n matrix.
2. B 1s an n X p matrix,
3. C1s a p x q matrix.
—) A@®BCO=(@@BC.
Proof:
A (BC) and (A B) C are each m X q matrices.

A]SO, for 1 = 1,2,3,...,!1!, and J = 1,2,3,0",q,

n
[A BC)(1,3) = I A(d,k) [B Cl(k,3)

k=1
n P

= kfl 83k rfl bkr crj
n p

" o ol Bk Prr Cr
P o

= rfl kzl 34k bkr crj

P n
= I [ L a b ] c
r=l lkml ik “kr T]

P
= I [AB](i,r) C(x,3)
r=]
= [(A B) C]J(4,3) .
Thus, A(BC) = (AB) C .
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3.2.2 Theoren.

1. A is an m X n matrix.

2, B is an n ¥ p matrix.

3. C is an n X p matrix.

::::) A(B+C)=AB+AC.
Proof:
A(B+C)and A B+ AC are each m X p matrices.
For each (1,j) such that i = 1,2,3,,..,mand j = 1,2,3,...,p, we

have

n
I A(i,k) [B + Cl(k,3)
k=1

[A(B + C)1(1,3)

Z a
k=1

1k ®yy * ogy)

n
L (a
k=1

1k Py ¥ 24 iy’

n n
= I a. bkj + Z a

C
el ik kj

(AB+AClI(,]) .

Thus, A (B + C)

AB+AC.

3.2.3 Theoren.
l. Ais an m X n matrix.
2. B is an m X n matrix.
3. C is an n ¥ p matrix.
—— (A+B)C=AC+BC,
Proof:
(A+B) Cand AC + B C are each m X p matrices.

For each (i,j) such that { = 1,2,3,...,mand j = 1,2,3,...,p we have



n
2 [A + B) (i,k) C(k,3)
k=1

]

[(A + B) Cl(i,])

n
= X (aik+

b,.) ¢
el ik’ “kj

n
I (a
k=1

ik %kj ¥ Pik Cky)

n
= L a

n
oGk G Y Pak oy

[ACc+BCl(i,}) .

Hence, (A+B) C=AC+BC.

3.2,4 Theorem,
1. A and B are each m X n matrices.

2. C and D are each n X p matrices.

j— (A+B) (C+D)=AC+BC+AD+BD.

Proof:

Using the two preceding distributive laws, we have

(A+B) (C+D)=(A+B)C+(A+B)D
=AC+BC+AD+BD,

Hence, (A+B) (C+D)=AC+BC+AD+BD.

3.2.5 Theorem.

32

The real-valued function defined on the set 2 of all matrices

m n
with real entries by the rule §All = [iz I a
=] ja=l

A 13 an m X n matrix, is a matrix norm.
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Proof:
If we 1dentify the m X n matrix A & Q with a vector in Emn’ then RAW
is just the Euclidean length of this vector and properties (1), (2),
and (3) are fundamental properties of length of a vector. To prove
property (4) holds, if C = A B, where A = (ai

m 23 n P
tan? ups? - [z g aijz] [kz: g bkrz]
i=1 j=1 =] r=1

j)’ B = (bjk)’ then

m n n p

=% I I % 8132 b’
1=] §=1 kel r=l
m P
and ba B2 =we? = £ 5 e @
i=]l r=l
mp[n 2
=L I | a,6b ]
i=] rsl bjmy 4 3T

m n n p
= I I I L a
i=] j=1 k=l r=1

b

ij bjr 3k kr °

m n n p
Then, B2 B2 - fa B2 =5 3T 3 I a, .l bkrz

1=]1 j=1 kel r=1 1

m n n P

- L z L I a b a b
f=1 jul k=1 p=1 13 37 71k Tkr
m n n P )
=% &I I I I (a )

b, - a;,, b
1s] jm] kel r=1 33 KF ik T
> 0.
Hence, IIA!I2 ] Bllz 2 hA Bll2 and JA B < WAN BN, so property (4)

holds.

Remark. The matrix norm in 3.2.5 is called the Euclidean Matrix

Norm,
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3.2.6 Theorem.
1. A is an m X n matrix, m, n € J.
2. F is an m X n matrix-valued function of a vector.

3. x s a point of accumulation of Dom F.

= g for each

ij 1)

i = 1,2,3,0.0,‘“, and j L 1,2,3,..-,1’-

— B p o, s, B0

Proof:

1f lip F = A, then for any € > 0, there exists 6 > 0 such that

> m n ->. 2 K >
F(y) -Al= | £ T (f,.(x) - a,,) ] < g, whenever x € Dom F

and 0 < I; - ;I < 6.

Hence, !fij(;) - aij‘ < e, for each 4 = 1,2,3,...,m, j = 1,2,3,...,n,
1£0< |y -x| <8.

This shows that

iﬁ% fij(‘;?) = a,,, vhere 1 = 1,2,3,...,m and § = 1,2,3,...,n.

1lim

1f 53 fij(';?) = ags1=1,2,3,...,m, and § = 1,2,3,...,n, then for

- €
e > 0, there exists Gij > 0 such that Ifij(y) - aij, <=
1i=1,23,...,my, j =1,2,3,...,n, whenever ; € Dom F and
> >
0<|y~-x| < 844
Let § = min {Gij}, i=1,2,3,...,mand § = 1,2,3,...,0.

Then, whenever y € Dom F, and 0 < |y - X] < &, we have



IFG) - Al =
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CHAPTER 1V
THE DIFFERENTIAL AND DERIVATIVE
4,1 Definitions and Theorems.

4,1.1 Definition. The statement that a function -f from E® to E" is
differentiable at the point % means f is defined in a neighborhood
V(;;r) of x and there exists a matrix A (independent of -ﬁ) such that

for any point X+ T oof V*(;;r),

M FG+h =@ + AT+ oGh R, vhere 1B oGih) - .
> . > >
The term A h is called the differential of £ at X and h and is
> >
denoted by d f(x;h). The matrix A is called the derivative of -f’
at x and is denoted by D ?(?c).
In (1) all the vectors are column vectors, A and ¢(§;.t:) arem X n

matrices, and 6 is the m X n zero matrix.

Equation (1) can be written

-+ > -
fl(x+h)\ £, a;; a5, o+ - ap] h,
> -+ >
fz(x+h) ] fz(x) . 8y; 855 o+ o+ 8y h2
-> - -+
£ (& +h £.(x) a4y 8o -+ A h
<>
b1 KR b, G L o 4y G hy
-+ -+ > >
. by B 9, G5B . . . 6, (x5B) h,
»> > -+ > > >
Opy (30 6 o (x3h) . .. @ (x5h) h



£, a K\ 3, Gy - %
> > > > > -+
£,(x) a, * h 3. &0 ¢ %
|2 . |22 . |2
- -> - > >
£, (0 Y \§_Gesh) - B
fl(}’) + ’51 - h+ 31(’;;3) . E‘
> > > > > >
_ £,60 +3, - B + $2(x;h) *h
> -> - -»> > >
£ +3a b+ Gsh) h‘

Thus, equation (1) is equivalent to

(2) fk('{ +1) = fk(?z) +'£k c B+ ¢k(§;'ﬁ> *h, k=1,2,3,...,m,
where ;k = (akl’ Bgs v v e s akn)’ and

$k(;;-l:) = (¢k1(;;—ﬁ) ¢k2(-x’;-ﬁ) * - - ¢lm(;;?‘))’ k L 1,2,3,;.-,1“.
1€ %ﬁg (%;h) = 6__, then for each k, k = 1,2,3,...,m,

%i% $k(;;ﬂ) = 0.
Thus, if F3 is differentiable at §, then each of the component
functions fk is differentiable at ;, and similarly, if

3B 3 Gt = 0 for esch k = 1,2,3,...,m, then %i% oGih) = 0_ .

37

This shows that f 1s differentiable at x if each component function

fk ig differentiable at Xe Thus, we haves

4.1.2 Theoren.

1. = (fl’fZ""’fm) is a function from E® to E".

2. ? is differentiable at ;.

::::j Each component function fk’ k=1,2,3,...,m, 18

differentiable at §.
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4.1.3 Theorem.
4 - n m
1. £ = (fl,rz,...,fm) is a function from E” to E .

2. Each component function fk(§) is differentiable at x.

—  f is differentiable at x.

Remark: If T 1s differentiable at ;, then each component function

- -> - >
fk(x) is differentiable at x and the vector a, is D fk(x),

~

k=1,2,3,...,m
Hence,
> > >
D, £,(x) D, £;(x) ... D £ ()

. b, £,x) D, £,Z) ... D_£,(
(3) p 3(X) = 172 2 72 n 2

> -> -
D1 fm(x) D2 fm(x) e Dn fm(x)‘
and
> > >
B e G- R d £, Gesh)
> - -> -> >
D£f.(x) «h d £,(x;h)
at@h =pE®h-| % S R
D fm(?:’) - ) d fm(‘;;“ﬁ)

The matrix~-valued function defined by

D1 fl D2 f2 o« .o Dn f1
D1 fz D2 f2 P Dn fZ
D1 fm D2 fm o e e Dn fm

is known as the Jacobian matrix of the function ? from E® to T,
We have shown, then, that 1if ? is differentiable at ;, then the

derivative of ? at ; is the value of the Jacobian matrix of ? at ;.
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Let us suppose that F is a matrix-valued function defined on amn

open set E in E®. Then we have:

4.1.4 Definition. The statement that a matrix-valued function F,

_)
defined on an open set E on En, is continuous at the point X, of E

means iﬁgo F(;) = F(;o)'

We see, then, that F is continuous at ;o in E, iff, each entry f

ij

is continuous at ;;. Then, from 4.1.3, we see that the following

theorem is obtained.

4.1.5 Theorem.
1. f is a function from E® to E".
2. The Jacobian matrix of T is continuous on an open set E.
::::5 f is differentiable on E; i.e., corresponding to each
X € E, there is a neighborhood V(g;r)tz E such that
for any x+he VR (X;1),
G+t =T +0 @70 + oG 1,

where %i @(;;ﬁ) = 8. Moreover, for any closed set

FCE and any € > 0, there exists a § > 0 such that
No(x;h) < € whenever x, x + h € F and 0 < || < 8.
Proof:
Let x € E, and let V(;;r) be a neighborhood of X contained in E.
Take h such that |h| < r. We know, from the theory of real-valued

functions of a vector, that if f is a function from E® to E1

, and
if Dz f exists on an open set containing the closed line segment

-+ + -+ -+
from x to x + hu, where u is a unit vector, then there exists a
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number 8 € (0,1) such that £(x + hu) - £(x) = h D> £(x + 6hu).

Applying this mean value theorem for i = 1,2,3,...,m, we have

> > -> - > -
£,G+ T - £, = £, Gx+hu +. . Fhu) - £,()

> -> -
= fi(x + hlu1 + . . .+ hnun)

|

> -> ->
fi(x + h2u2 + .. .4 hnun)

+£,(x + hou, + +hu
1= ¥y ¢ e 0 nun)

->
f (x + h . e F hnun)

%3t

-+ - >
+ .. . % fi(x + hnun) + fi(x)

-
h,u

=h 247

>
i(x + 6 h

+ +hu
1111%1 + v nun)

1 1

+ h, D (x + 6 h + h

tn
2 Dy £y 120292 .. .+thu)

3%3
- -
+ ...+ hn Dn fi(x + einhnun) ,

where 0,, € (0,1), 1 = 1,2,3,...,m, § = 1,2,3,...,n, and 'Jj is the

unit vector with jth component 1 and all other components O.

Since the partial derivatives D fi are continuous on E, then

b

x+ 0 ...+ hnﬁn) =D i(x) + ¢1j(x sh),

3 £y i} j J 3
vhere 313 byy Gy = 0.
Then,
£ G+R) - £, @ =h b £, + 0, &G0 +. ..
+h {0 £, +9¢, G}
g6 8+3,Giby + B
and

TG+ -f@ =DFf@E h + 0(x;h) h
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Since each partial derivative Qj fi is continuous on any closed set
FCE, then it is uniformly continuous on F, Hence, corresponding
to £ > 0, there is a Gij > 0 such that ;, X+heF and ]ﬁl < Gij
imply that
-»

-
+ 6,.h,
'Dj £, & eiJ 5y

Let 6 = min {Gij}' Then X, x + h € F and 0 < |h| < & imply

-> - > > €
*+...+hu) - Djfi(x)l - |¢1j(x;h)| <TE=

m n L1k m n 2%
Ho(x; )l = [z L ¢, 2(?:;}.)] < Lz T —5—] = ¢, and thus,
1s] j=1 =1 j=1 @

%i% ®(x;h) = 6, and our proof is complete.

4.1.6 Definition. The statement that a function f from E® to E"

is of class Ck on an open set E, written fe Ck on E, means each of
the components fi’ i=1,2,3,...,m, 1s of class Ck on E; i.e., all
the kth order partial derivatives of fi are continuous on E for each

i. 1’2’3,...’m.

4.1.7 Theoren.
1f f is differentiable at ;, then ? is continuous at ;.
Proof:
-> -> - -
If £ is differentiable at x, then for any point x + h in some
deleted neighborhood of §,

TG+ =F@ + AL+ o) B, vhere %},% o(x;h) = 0.

Thus, %i% ?(; + ﬁ) - ?(;), and hence, ¥ is continuous at X
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4.1.8 Theorem,
1. ¥ is differentiable at x.
2. E is differentiable at x.
::::} T+ E is differentiable at x and
D (f+g @& =D I +D gx), and
a E+ G = a &b +aeGh.
Proof:
Since ? and E are each differentiable at ;, there exists some

neighborhood V(;;r) of % such that for any point X + % in V*(;;r),

TG+ =E® +D E® % + 0(%;h) 1, where %1% o@G:h) = 0, and

TG+ 1) =5 + 0 3@ R+ ¥@h) R, vhere $R ¥Gih) = 0.
Then, if X + h € V*(x;r),
F+E+D =FT@®+pE@® h+0@M) h+g(X) +D gk h
+ ¥t
=+ +DE® +D g} 1
+ {0GR) + Y} .
Since %i% {(6x;h) + W(§;ﬁ)} = 0, then f + E is differentiable at ;,

and
D+ =D fE +D gx), and

dE+D® = d T +a 26D

4.1.9 Theoren.
1. £ 1s a function from E to EV.
2. E is a function from E® to E".
3. ¥ 1s differentiable at x.

4., § is differentiable at x.
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. E is differentiable at ;, and

t
TE+@ = *Dg&E +g® b &), and
d

D@ =F® +d 3@ + 3% - a TxH.

Proof:

Let T = (flé),fz('ﬁ),...,fm(%’)), and

E = (31@),32(;).---.8,“(;)).

Then'f-'g’eflg1+f2g2+. )

. + fm 8y

> > > <>
D(.f"'g)(x)»D(f1 gy *f, gt . +E gD

-f. D B
jDg +teg DE

+£ D g

>
= (f] D 8; + f2 2

> -»>

-

>
f
>
£

d - ®

4.1,10 Theorem.

1. f is a function from E® to E

> n
2. g 1s a function from E* to E

3. ? is differentiable at ;.

4, E is differentiable at x.

——

+ £
+g

-
Dg, +.

> -
*+Dg+g-*Df, and

-+ ->
D 2% + gy D f2 + ..

(=14

f

m m

->
A fm D 8m)

>
.+ &p D fm)

x) + d g(x;h) + g®) + d Fxsh).

3

3

.

f x E is differentiable at ;, and

D (FxgE =T xD g + [0 F®] x g(X), and

d F+DE =@ xd g&sh) + [ FEM] x 2.

Proof:

Let £ (X) = (fl(?:’),fz(;),fB(i)), and

B = (8, (9,8, ,85(3).
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-> -+ -
0 0 0 Uy u2 u3
> -+ -+
-, £, f|+|bg D Dy,
8 8 & & %) 83
-+ -> -»
ul u2 u3
+| g £, £,
-+ -+ ->
Dg; Dg, Degy
-+ -+ - - -+ -
Ul u u3 ul uz 113
> - >
-=15g Bg, Deyl+|f £, £,
- > -+
g1 g g3 Dg, Dg, Deg,

=D¥fxg+ixny
= F(x) xD gk + [DE@] x g.

Then, d (f x g)(x) = ¥(x) x d g(x;h) + [d F@x;0)] x g&).

4.1.11 Theorem.

1. ? is a function from E" to E".

2. u is a function from E" to El.

3. f 1s differentiable at §.

4. u 1s differentiable at X.

— u 1 15 differentiable at X, and
D (wHE® = ul@ D EG + [B u(®] T, and
d (D& =u@ d TGH + (d uG)) TG .
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Proof:

Let f = (£15F55-++»£ ), then
u -t' - (ufl,ufz,...,ufm), and

DPUDH®@ =@ uf ’ﬁufz, . ,3ufm)

1’

<+ > -+ - - ->
= (ub f] + f1 Du ubd f2 + f2 D uyea,u D fm + fm D w

-»> -> -
{ubd fl’ ubd f2, e s« g ubd fm)

3
+(flnu,f23u,...,fm'ﬁu)
=u(3f1,ﬁ‘f2,...,'ﬁfm)+(15u) (£15 £s » » « » £)

u@) D ) + D u@®] F().

4.1.12 Theoren.
1. f(;) = ¢ is a constant function from E® to E".
—) Dec=0_.

Proof:

let ¢ = (cl, Cos o v = s cm), wvhere the Cps k=1,2,3,...,m, are

constants.
’chl Dye;, =« .- Dye

D. ¢
Now, D f(;) «=Dow

s ea
.o
.0
LY
.o
.
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4.2 The Chain Rule.

We will consider the composition of vector-valued functions of a

vector,

4.2.1 Definition. The statement that f o E is the composition of
T with‘z, where'§ is a function from E” to E® and f is a function
from E* to EP means o E is the function from E® to EP with rule
of correspondence & o E)(;) = f(;(;)) and with domain

Dom (£ og) ={x| x€ Domg, g(x) € Dom £}. If f = G APIPN P

then foga (F,°8, £,°8, « - - » £_°2)

P

4,2.2 Theorem.

1, E is a function from E® to E'.
2. 1§m§= 3.

3. ? is a function from E® to EP.
4, ? € Co at g.

5. a is an accumulation point of Dom (? ° E).
—y Wi.i-id.
Proof:

Let € > 0. Since fTecat E, there exists a number r > 0 such

that |?(§) - ?(f)l < € whenever ; € Dom ¥ and I; - fl <r.
Since 1%@ E = g, there exists a number § > 0 such that
|E(§) - gl < r whenever x € Dom £ and 0 < |§ - ;l < 8.

1f ¥ € Dom (? o E) and 0 < |§ - ZI < §, then ]E(;) - ;| <r, and

FG@E) - E@®)| <e .

Thus, 1%@ o E = ?(3).
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4.2.3 Theorem.
1. is a function from E® to Em.

is a function from E® to Ep.

->

g
2. g ec®at a.

-

3. f

->

f

4, F € c° at g(a).

::::) E o E e c® at ;.
Proof:
1f ; is not an accumulation point of Dom o E, then T o E is
continuous at Z.

-’
If a is an accumulation point of Dom ? ) E, then, since

Dom f o EC Dom E, a must be an accumulation point of Dom E and

ER LR 1OF

Then, by 4.2.2, lf“ Fog=F@@) = & o)), and, hence,

fogec ata.
Now, we will state the Chain Rule for differentiating the composi-

tion of functions.

4.2.4 Theorem.
1. § 1s a function from E" to E".
2, E is differentiable on an open set E.
3. T is a function from E® tobEP,
4. T 1s differentiable on an open set containing g(E).
::::) fo E is differentiable on E, and for each %€ E,
the following formulae are true:
pE e @ =0 IER) Dg®), and
d @ o =0 I@E) d G = a TE@;dgG:M).
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Proof:
- - -
Take x € E. Since f is differentiable at g(x), there exists a p X m
matrix A such that for all points E(;) + % in some deleted neigh-
borhood V*(E('x*);s) of E(;),

1) @@ +T) =FE@E) + [A+ 0@ %, where i_{g o) = o.

We will define 4’(3) to be the p X m zero matrix 6 and observe that
¢ is continuous at 3. Also, (1) will hold for all E(;) + i €
V(E(;);s). Since E is differentiable, then E is continuous at §,
and there exists a neighborhood V(;;r) of ; such that

E(V(;;r)) V(E(;);s), and there exists an m X n matrix B such that,
for all x + h £ V¥(x;1),

@) EG+D =EG + [+ ¥R B, vhere 33 ¥ = 0.
Now, take X +hin V*(;;r), and let ﬁ(ﬁ) - ;(; + ﬁ) - E(;).
Then, %ig i(ﬁ) = 9.

From (1) and (2), we obtain
EeDGE+B =FE@E® + k@)
= TE&) + [a+ o(k@E)) k®)
= F@EE) + [a+ 0@EEN] B+ ¥@] &
= ¥(@&) +ABh+0() h.
since 3% 0®) = 3B (0@ B + A ¥ + oA YD - 6,
f o g is differentiable at x.
If we use the fact that A = D F(g(x)) and B = D g(X), we have
D oB)& =0 EEE) D g&), and
d @ oD@ =D EEE) d @Gh) = d FEE);dg;R)), and the

proof is complete.
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Remark: From D (£ © g)(x) = D £(g(x)) D g(x), we see that the entry
Ej(fi o 8)(x) in the 1™ 20w and the jth column of D (£ o g) (%)

is the ith row of D ?(E(;)) times the jth column of D §(§); i.e.,
3 By ;o )G =B £, GG - D, B,
> - ->

>
where Dj g = (Dj 8> Dj Bgs =+« s Dj gm).

We call (3) the Chain Rule, also.



CHAPTER V
LINE INTEGRALS
5.1 Introduction.

The line integral is an Important type of integral which appears in
many physical applications. This type of integral is an integral

of a vector-valued function of a vector along some curve in the
domain of the function. In our development, we will restrict our-
selves to the consideration of functions and curves which are of

the type which occur commonly in physical applications. Line inte-
grals are called, sometimes, curvilinear integrals. The integral

is a generalization of the ordinary Riemann integral, in which the
interval [a,b] 1s replaced by a curve in E" described by a vector-
valued function ; = (xl,xz,x3,...,xn). In this generalization, the
integrand is a vector-valued function f a (fl’fz’f3""’fn) , and is
a function from E" to E® which is continuous on an open set contain~
ing the curve C described by the mapping X of [a,b], and C is a

n >
smooth curve in E; i.e., we assume that x' is continuous and non-

zero on [a,b]. We write the integral f Fed ;, and the dot in this
C

symbol is used purposely to suggest an inner product of two vectors,
The fact is, line integrals can be considered as generalizations of
Riemann-Stieltjes integrals in which both the integrand 3 and the
integrator X are vector;valued functions, and in fact, they could

30
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be defined and developed in an analogous manner to that in which the
RS-integrals are defin;d and developed. Some of the theorems would
be very analogous and could be proved analogously to those which
corresponded in the theory of RS-integrals. We will make a differ-

ent approach, however.
5.2 Definitions and Theorems Concerning Line Integration.

5.2.1 Definition. The statement that [ f ¢ dXis the line inte-
C

gral of ¥ along the smooth curve C which is described by the mapping
- -» b > > 3
x of [a,b) means [ £+ dx = F(x(r)) - X(¢) d ¢.

c a
Remark: Since we assumed that X is continuous on [a,b] and that E;
is continuous on C, the integral on the right in our definition
exists.
From the definition of the line integral and the properties of the

Riemann integral, it is shown quite easily that

f cfedxe=c f Fea ;, and
C c

JE+ cax=[Fedx+[g dx.
c C c

If C is the smooth curve described by X = E(t), t € [a,b], then we

denote - C by the curve traced out in a direction opposite to that
of C; {.e., - C is described by X = E(- t), t € [-b,~a]l. Hence,
£¥ cdxe- tf:a Fi@-v) - é(-—t) d t.

I1f we let u = -t, we obtain
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-> a, L b++ 3
[Feax=) TG@) W du=-] F@L)*Fw du
~C b a

--[Fedx
c

Also, if the curve C is composed of the curves C1 and Cz; f.e., if

C is traced out by tracing out C1 and then CZ’ then

[F.oak=f Feas+] Foai.

c C1 C,

Suppose C is described by the mapping X of [a,c] , and [c,b], respec-

tively, where c € (a,b), then

[Feai=) F@x@) -3 dt
c a

€5 3 b, -+ 3
= FE@) X)) at+[ FE@) « F(r)dt
c

We can extend the definition of the line integral to a path composed
of a number of smooth curves which do not necessarily form a smooth

curve.

5.2.2 Definition. The statement that a curve C is a piecewise
smooth curve means C is a curve consisting of a finite number of

smooth curves.

5.2.3 Definition. The statement that [ ¥ » d X is the line inte-
c

gral of a function T with respect to a curve C composed of the smooth
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m
curves Ck, k=1,2,3,...,m, means f Fedx= I f foedx ,
C k=1 C

k

where ? is continuous on an open set containing C.

5.2.4 Theorem.

1. ¥ is continuous on an open set E.

s

X
1

->

-
3. £t =D g on E,

4., C is any piecewise smooth curve in E from §1 to ;2.

e é-f cd% =gk, - 8.

Proof:
Let C be described by the mapping X of [a,b] and let h(t) = g(;(t)).

Then, h'(t) = ] g(;(t)) . i(t), and

b, . .
[f-dx=[Dgedax=) Dg@E®) X dt
C C a

b
=/ n'(t)at
a

= h(b) - h(a)

= g(x,) - 8.

Rewmark: In this theorem we applied the Second Fundamenaal Theorem

of Integral Calculus to the function h' which is a piecewise continu-
ous function on [a,b]. A function is pilecewise continuous on [a,b]
if it is continuous at all but a finite number of points of [a,b]

and at each point of discontinuity the right-hand and the left-~hand
limits of the function exist. Although the Second Fundamental

Theorem is stated, usually, for functions with continuous deriva-
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tives, the theorem is true in the case wvhere the derivatives are
plecewise continuous functions.

Theorem 5.2.4 states in its conclusion that the line integral of a
function which is the derivative of some function g depends only on
the values of g at the endpoints ;1 and'§2 of the curve, and this
means that in this case, the line integral of such a function is
independent of the piecewise smooth curve in C which Joins §] and
;2, so in this case we say that the line integral in question is

independent of the path in E.

5.2.5 Definition. The statement that C is a closed curve means C

is a curve which is such that its endpoints coincide.

5.2.6 Corollary.
1. ? is a continuous function on an open set E.
2. =3 g on E.

3, C is a piecewise smooth closed curve in E.

—) [¥.dx=0.

c
Proof:

If C is a cloged curve, then the endpoints ;1 and ;2 coincide, and

from 5.2.4, we have [ ¥+ d x = g(x)) - gx)) = 0.

C
5.2.7 Definition. The statement that £ * d x is an exact differ-
ential on an open set E in E" means there is a function g from E®
to E1 such that ? = 3 g on E, and hence,

fx) *dx=Dg® *dx=d glxdx.
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Note that Theorem 5.2.4 shows that if ? e d ; is an exact differen-

tial on E, then the line integral f Tedxis independent of the
c

path in E.
<> 1 -» ->
If £f € C-on E and there exists a function g such that £ =D g on E,

then g € C2 on E, and hence, ﬁij g = Dji gonk, i,j = 1,2,3,...,n,

or what is the same, ﬁi fj = +5 fi on E, i =1,2,3,...,n,

This gives a necessary condition for ¥+ d x to be an exact differen-

tial on E. Hence, if 31 fj(;) # Bj

and j, then f 1s not the derivative of a function on E.

-> -
fi(x) for some x € E and some 1

However, continuity and equality of the partial derivatives 31 fj

and Bj f, are not sufficient to ensure that f * d x 1s an exact
differential on E. Some restriction must be replaced on the open
set E.

It is true, also, that the converse of Theorem 5.2.4 does not hold
unless there is some restriction placed on E. The set E is arcwise
connected if for any two points ;1 and ;2 of E there is a piece-
wise smooth curve in E with endpoints 21 and zz. It is possible to
show that if a set E is arcwise connected, then it is connected.

The converse is not true in general.

If E, however, is open and connected, then E is arcwise connected.

5,2.8 Theoren.

1. ¥ 1s continuous on an open connected set E.

2. frdxis independent of the path C is E.
c

::::> f . d % is an exact differential in E.
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Proof:

Let';° € E. Then if %€ E, let g(§) = f fed g, where C is a
C

plecewise smooth curve from ;o to X and lies in E. Since the
integral is independent of the path in E, the value g(;) does not
depend on the choice of the curve C. Now consider a particular
point ¥ in E and let C] be a plecewise smooth curve from ;o to x
and lying in E. Since E is open, there is a neighborhood V(;;&)

of ¥ which is contained in E. Hence, for |h| < &, the line segment
C, = {x+th ;k | t e (0,1)}, where Kk is the unit vector in the
direction of the Xk-axis, and lies in E. Let C3 be the path

composed of C1 and Cz, and we have

gE+hu) -g® =] Feax-f FTrax=] Frax
€3 ¢ Cy
1~>¢ -+
[ £(x+th w)*hu dt
0

b

=h[ fG+thu)dt
0

= h fk(; + 0 h Zk)’ for some € € (0,1), using
in the last step the First Mean Value Theorem for Integrals.

Since fe c® on E, then

g + h Kk) - g(®)

i im -+ -+
8 P b = EARLEES
= fk(§);

i.e., bk g(§) = fk(;), which shows that D g = f on E.

Hence, f o d ; is an exact differential on E.
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5.3 Applications to Mechanics.

Let ¥ be an E3 force field; i.e., ¥ is a function which assigns to
each point % in some region E of E3 the force f(;) which acts on a
particle at this point. We will define the work done by the force
field in moving a particle along a curve C in E3. The work done by
a force in moving a particle from one position to another is the
component of the force in the direction of motion multiplied by the
distance moved. Let C be a smooth curve described by the equation

x =x(t), a Lt £b. At the point X(t) the component of the force

> >
x> L ox'(r) x'(t)
in the direction of motion is F(x(t)) m , Where ' (t)l is

a unit tangent vector in the direction of the parameter increasing.

So, if we take a partition {tk,n | x = 0,1,2,...,n} of the interval

[a,b], the work done by the force field in moving a particle along
n - -

C is approximately kﬁl F(x(tk,n)) - x'(tk,n) (tk,n - tk—l.n)’ where

Y in S Ek n< te g k=1,2,3,...,0. If these approximating sums
L] } t 4

approach a limit which is a number as the norm of the partitioms
approach zero, then this limit 1is defined to be the work donme by
the force field. 1If we assume ?(;(t)) is piecewise continuous, then
b
this limit exists and is f f(;(t)) cX'(t)dt= £ Fedx
a

Hence, the work done by a force field F moving a particle along a

curve C is defined to be f Foedx.
C
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Remark: In order to ensure the existence of the line integral

f Fedx » we will assume throughout this section that Fec
c

defined on an open set E and C denotes a plecewise smooth curve
contained in E.

1f ; and §2 are the endpoints of the curve C, then this line

1
%
2, -
integral along C is denoted by [ F » d x .
c™1

Remark: Newton's Second Law of Motion states that a particle of
mass m subject to a force field F will move according to the equa~
tion m ;(t) = f(;(t)), where §(t) is the position of the particle
at time t.

Hence,

n ¥(0) + F(6) =% np, (r) + X))

= FGE) - %(t) .

t
2 .
M wa FeplP-ua Fepl?=f FEm) -3 de
£1
->
x(tz) -> -+
= f* Fe+dx.
c*(ty)

The quantity % n l-‘;(t)l2 is called the kinetic energy of the particle
at time t. Hence, (1) states: As a particle moves along its
trajectory.C from ;(tl) to ;(tz), the change in kinetic energy is

equal to the work done by the force field.

5:3.1 Definition. The statement that the force field F defined on
an open set E is conservative means the work done along each closed

curve of E is zero.
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This definition states that the force field ¥ is conservative if the
work done in moving a particle from one position to another is inde~-
pendent of the path along which it moves. If § is conservative and
the domain of f is an open connecred set E, then Theorem 5.5.2
implies that there exists a real-valued function U defined on E,
called a potential funection, such that 3 U= - F on E. Also from
Theorem 5.2.4, if 3 has a potential tunction U, then % is conserva-
tive, and
x

2-) d-r U.* U+
f; ¥ X = (xl) - (xz) .
c’1
Hence, when the force field is conservative, we can write
x

- 2 - 2 { 2, *
Y m iv(tz)l - % m iv(tl)f = F*dx as

v >

c1
m V(e 12 + UG = % 139G + UG

This is the Law of Conservation of Energy: If the force field is
conservative, the sum of che kinetic energy and the potential energy
is a constant,

If U is a potential function for f, then F = - D U, and this relation
implies that, at a point on the surface through §, U is constant.
Such a surface is called an eguipotential.

We will clsse this chapter with some probiems relating to conserva-

tive force fields.
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Problem 1. At a point‘; the force acting on a particle of mass m
due to the earth's gravitational field is %(%) = -m (0,0,g). Show
that this force field is conservative.
Solution:
We must show that there is a potential function U such that

-D U =F. Such will be the case, iff, D, U = 0, D, U =0, and

1
D3 U = mg. A solution of these equations is U(x,y,z) = m g z.
Hence, the force field is conservative. The equipotential surfaces

are clearly horizontal planes.

Problem 2. Suppose a particle of mass m with initial velocity
(a,0,b) and initial position (0,0,0) moves under the influence of
the gravitational force field F(x,y,z) = -m (0,0,g). Verify the
Law of Comservation of Energy.

Solution:

The particle moves according to Newton's Law, F =m ;.

Hence, if ;(t) is the position of the particle at time t,

3(t) = (0,0,-g)
() = (a,0,-gt + b)
*(£) = (at,0,-%gt? + bt).

At time t, since U(x,y,2) = m g z, then

o [V(e) |2 + UG(E)) = % m (a2 + g2t? - 2bgt + b2) + m g (<lgt® + bt)

=% m (a2 + bd) .

Remark: In a conservative force field a particle is in stable equi-

librium at points where the potential energy has a relative minimum.
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Problem 3. In the gravitational force field f(x,y,z) = -m (0,0,g)

determine the points on the surface whose equation is

9 xz + 4 y2 -y z+ 4 =0, where a particle of mass m is in stable
equiligrium,

Solution:

The potential function is U(x,y,z) = m g z, wherem > 0 and g > O,

and we will determine the point where z has a relative minimum. Now,

2
z=f(x,y) =4y +-2--—'£—--t~é » and we must test f(x,y) for a relative
minimum. We have
D1 f(x,y) = 18yx = 0
9 x2 + 4
D, £(x,y) = 4 - =——5— =0,
y
and thus, x = 0, and y = £ 1,
. A8 . _ 18 x
Since D11 £(x,y) = 5 D12 f(x,y) y2 , and

D22 f(x,y) = —% {9 xz + 4), then the expression
Yy

(D3, £) ©y, £) - 0y, £)% > 0 at the points (0,1) and (0,-1).

Also, f has a relative minimum at (0,1) and a relative maximum at
(0,-1), Thus, the only point of stable equilibrium on the given

surface is the point (0,1,8).



CHAPTER VI
VECTOR FIELDS
6.1 Introduction.

Often in the applications of mathematics to physics and engineering
we deal with the concept of vector fields. In the mathematical
sense, a vector field is a vector-valued function defined on some
set. As an example, suppose that to each point ; in the atmosphere
there is assigned a vector $(§) which represents the wind velocity,
then this defines a vector field. If ;(;) is expressed in terms of

- > >
its components relative to some basis {ul,uz,ua}, we can write

VE = v ) U+ v, @ Uy 4 v, Ty

The components Vys Vs V4 aTE three real-valued functions called
scalar fields. The temperature, for example, of each point of the
atmosphere defines a scalar field.

In physical problems involving vector fields one must know not only
the vector ;(;) at each point §, but also how this vector changes
as one moves from one point to another. We have at our disposal
the machinery of partial derivatives to study this change, and this
can be applied to the components of v. In general, these partial
derivatives do not depend on the choice of the basis relative to
which the components have been determined. Thus, partial deriva-

tives are not entirely satisfactory for describing certain physical
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quantities, and in particular when these quantities have meaning
independent of the basis. We have recourse, then, to special com-
binations of the partial derivatives, known as the divergence and
curl, to describe the behavior of vector fields. The divergence
and the curl are independent of the basis (if the basis is orthonor-
mal), and they have a definite physical significance. We will

define and study these concepts.

6.2 The Gradient Field in E".

If ¢ is a real-valued function (a scalar field) defined on an open
set S in En, the gradient of ¢, denoted by V &, or by grad &, is a
vector-valued function defined by

(1) grad 8(x) =V (%) = (DIQ(;) ,D2¢(;),...,Dn¢(;)),

at each point % in S where these partial derivatives exist.
The following properties of the gradient are consequences,

immediately, of the definition:

6.2.1 Theorem.
1. ¢ and ¥ are real-valued functions such that V & and V ¥
both exist on an open set S in E°,
e @V @P+Y)=VId+VYVY
V@ -Y)=oVY+YVD

(AR ERAA))

3 » at points X where
k4

@ )
¥(x) $ 0.

In case n = 3, the gradient has a useful geometric interpretation.

Suppose ¢ is a constant, and consider the set Sc of points X1in S
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where @(?) = ¢. In some cases Sc is a surface. If Sc has a tangent
plane at a point a = (al,az,a3), then from elementary calculus, the
equation of this plane is
D,0(a) (x; - a)) + D,8(a)(x, - a,) + D B()(xy - a3) = 0.

Then V ¢(a) is normal to the plane (and thus normal to Sc) at the
point a. The tangent plane exists whenever V ¢(§) = 3.

The scalar field ¢ whose gradient is V ¢ is called the potential
function of the vector field V ¢. The corresponding surfaces Se
are called equipotential surfaces (or level surfaces). In this
case of E2 fields, each set Sc is a plane curve called an equipo-
tential line (or level line). The equipotential surfaces (lines)

->
are orthogonal to the gradient vector at each point a where

v @) = 0.

6.3 The Curl of a Vector Field in E3.

6.3.1 Definition. The statement that curl T is the curl of the
vector-valued function f = (fl’fz’f3) defined on an open set S in

3

Y
E” means curl f = (sz3 - D3f2, D3f1 - D1f3’ lez - szl), whenever

the partial derivatives on the right exist.

Symbolically, we can write
sy - ->

curl f =V X ? - D1 D2

f1 f2 £
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6.3.2 Theorem.
> > 3
1. f and g are vector fields on an open set S in E~.
> >
2, curl £ and curl g exist on S,
——) curl & + E) = curl ¥ + curl 3.

Proof:

->
Let £ = (fl’fz’f3)’ and

-
g = (81382:83)v

-+ -> >
o Y2 Y3
curl (f + E) = Dxl sz Dx3
£ +g f,te  f3+e

-+
= {sz (f3 + 33) - Dxa (f2 + gz)} uy

-*
- {Dxl (f3 + 33) - Dx3 (f1 + gl)} u,

—*
+ {Dx1 (f2 + g2) - sz (f1 + gl)} ug

->
2" Dx3 g2) Y

->
- (M, £, + D, 83~ b £ - st gy) uy

> -+
= curl £ + curl g .
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6.3.3 Theorem.
1. T is a vector field defined on an open set S in E3.
2, & is a scalar field.
3. curl  exists on S.
4, V 9 exists on S.
— curl @) =0 curl1 T+VoxL

Proof:

From the definition of curl we know, since %< (fl’fZ’fB)’ that

curl (@ f) = 7% X

> ->
- {nx2(¢f3) - nxs(tbfz)} u - {1)x (¥f4) - Dx3(¢f1)} u,

1

-+
+ {Dxl(QfZ) - sz(@fl)} u,

—,
= {¢ Dx2f3 + (sztb) £q - ) Dx3f2 - (Dx3¢) fz} u,

- { D, f3 + (1)x

) £, -®D_ £, - (D_0) £.} u
1 1 3 x3 1 X 1 2

3
%) £,} '63

+ {% Dx‘fz + (Dx ®) f2 -9 szf1 - (1)x

1 2

- -+ -+

= ¢ (szfS) u, + (szﬁ) f3 uy - $ (stfz) Uy
- - >
- (Dx ) fz u, - ] (Dx f3) u, - (Dx $) f3 u,

3 1 1
-+ > -+
+ ¢ (Dx fl) u, + (Dx ) f1 u, + ¢ (Dx f2) u,

3 3 1

- -> -
+ (Dx1¢) f2 ug - ¢ (szfl) ug - (Dx20) f1 ug
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- > -> >
- {MszfS)u1 - @(szfz)ul} - {Q(Dx1f3)u2 - ¢(Dx3f1)u2}

-> -» -> -
+ {@(nx £,)u, - @(nx fl)u3} + {(Dx2¢)f3u1 - (o, ¢)f2u1}

1 2 3
-> -> -> >
- {(nx ¢)f3u2 - (nx ¢)flu2} + {(Dx @)fzu3 - (nx ¢)f1u3}
1 3 1 2
= ®(® £, -D f)u, - OO f. ~D £.)u
x2 3 X, 2771 x1 3 x3 1772

-+ >
+ ¢(Dx1f2 - szfl)u3 + {(sztb)f3 - (Dx3¢b)f2}u1

- Lo, 01y - 0, 91,1,

-pe
+ {(Dx1¢)f2 - (Dx2¢)f1}u3

=0 curl T+ (V&) x £,
Hence, curl (9 ?) = ¢ curl T + (V 9) x z.

Remark: The curl can be given a physical interpretations for
example, suppose a rigid body to be rotating about a fixed axis
with constant angular velocity ®. The basis (31,32,33) is chosen
so that the velocity vector X' of a point P of the body is given by
TN O RIE JUNT SR
3 271 172
here ¥ = x, U; + x, 3 + %, Uy 4 5
where x X u; + x5, uy + x, uy is the position vector OP

The vector & = 33 is called the angular velocity of the body.

The curl of x' is

Y1 2 3
-’-'. = > -
curl x D1 D2 D3 2w u, 2 w,
-mx2 wx, 0

This means that the curl of the velocity of a rigid body rotating

with angular velocity ® is 2 O.
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6.3.4 Theoren.

> 2 3
1. ¢(x) € C” on an open set S of E”.
——) curl (grad ¢) = d.
Proof:
-3
grad ¢(x), n = 3, is
grad $() = (0;6(), DY) ,0,6(X)).
Hence, N
> -> -+
Y1 Y2 Y3
curl (grad ¢) = D1 D2 D3
Di¢ D¢ Dy
]
Dl D2 . D:1 D3 . D1 D2 .
= ul - u, + u3
Db Db Di¢  Dyo Dy Dyo

> >
= (D;Dy¢ - D,D,9) u; - (D;D3¢ ~ D3D49) u,
-+
+ (D1D2¢ - D2D1¢) uy
> > >
= ( u1 + 0 u2 + 0 uy

=0,
3

gince ¢ € C2 on an open gset S in E”.

6.3.5 Definition. The statement that a vector field f is irrota-

tional means curl f = 3.
6.4 The Divergence of a Vector Field in E".

Consider the equation V X E - ?. One might ask: When is a given
vector field ? the curl of another vector field E? A necessary and

sufficient condition for solving such an equation can be stated
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simply in terms of a scalar field known as the divergence, whose

properties we will develop.

6.4.1 Definition. The statement that div f is the divergence of a

vector function fa (fl’f2’f3""’fn) which is a vector field defined
n .

on an open set § in E means div f= lel + szz + .. % ann,

whenever the partial derivatives on the right exist.,

Remark. div f is written, also, as V ° ?, and

T
divieV e Fa 3 D_£

k=1 Xk K

6.4.2 Theorem.
1. ¥ and E are vector fields defined on an open set S in E.
2. div ¥ and div E exist on S.
::::) div (f + E) = div T + div E.

Proof:

From the definition of divergence, we know that

n
aiv I = kzl kafk , where f = (£1Fp,+-+»£,), and

dvi= I D nere g = )
v g X xksk » Wnere g (81’82""’8n .
Then,

- n
div € +3) = k§1 ka(fk +g)

n
« L (D £ +D_g)
k=1 *k k Xy k



n n
= % D f + I D g,
kel *k & kel Xk ¥

= div  + div g.

Thus, div (£ + g) = div £ + div g.

6.4.3 Theorem.
1. T 1s a vector field defined on an open set S of BV,
2. ¢ is a scalar field defined on S.
3. div ¥ exists on S.
4, V ¢ exists on S.
— dav@bhHe=oavi+ o -t
Proof:

Let £ = (fl,fz,...,fn), then

0 F = (OF,,0f,,....0F ).

n n
VE£)s= ID ¢ f = X {c}anx fk+(Dx ¢) fk}

k=1 K kel K K
n n

=¢ I D f, + I (O ¢)f

kel *k * k=1 kK

- div T + (V ¢) - P.
Hence, civ (¢ ?) w $ div T+ (Vo) » z.

6.4.3 Theorem.
1. 7:" - (fl,f2,£3) is a vector field defined on an open set

S of E3.

2. ? has continuous cross~derivatives on S.

—> div (curl f) =o.
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Proof:

We know that

-5
curl £ =

curl ? =V x ? = (Dx £

Now, div (curl ?)

Hence, div (curl ?)

71

-+ ->
u, u,
x Dx
2 3|
> ->
-D f)u, - (M £, -D £)u
2 3 Xq y A | Xy 3 x4 1 2
-
+ M £, ~D fIu
X 2 X, 1 3
=V (VxD)
=D (D £, -D £f,)+D (p £f. ~-D £.)
X; X, 3 X4 2 Xy " Xq 1 X, 3
+D (b _f,-D_ £.)
x3 Xy 2 X, 1
=D D £.-D D f.+D D f,.-D D £
X)X, 3 Xy Xg 2 X, Xq 1 Xy %Xq 3
+D D £, ~D D f
Xq X4 2 x3 x2 1
=D D £, ~-D D £Y+ (M D £, -D D £f,.)
X, X, 3 X, X4 3 X3 Xy 2 X %4 2
+ (O p f. -D D £.)
Xy Xq 1 Xq X, 1
=0+4+0+0

0, since ? has continuous cross derivatives on S.

= 0.
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6.4.5 Theorem.
1. T = (fl’fz'fa) is a vector field defined on an open set

S of E3.

1
2. fl’ f2’ and f3 € C on S.

3. div ?(?) = 0, for each X in S.

->
=) There exists a vector field g = (g,,8,,85) such that

curl E = f.

Proof:

We will construct E explicitly as follows:

Let ; = (yl,yz,ya) be a fixed point in S. For each point

X (xl,xz,xa) in 8, define
*3 )

8 (xp5guxg) = [ Ey(xpuypity) d ey =] Eylmyaty,yg) doty
Y3 Yy

Then, taking the derivatives,

(1) D3 81(81,12sx3) = fz(xl’y2’x3)’ and

Dy 8y (xpsxpex3) = = £5(x),%505)

Now, place

*3 %
gz(xl,xz,x3) - {r L{ D3f3(t1,x2,t3) d tl:l d £y
3 1

Taking the derivatives, we have

*

(2) D3 gz(xl,xz,x3) - f D3f3(t1,x2,x3) dt

Y1 1

and
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X3

(3) D1 82(x1'x2’x3) = f D3f3(x1,x2,t3) d t3
Y3
- f3(x1,x2,x3) - fa(xl’xz’y3)'

Then, define

x )

= - {

83(31’32’33) £ [; szz(tl,tz,x3) d t;] d't2
2 1

%)
+ f fl(xl’tZ’xB) d tz
Y2

27 %
+ [ u {D,£,(t),ty,%,) + D3f3(t1,t2,x3)}dtl] dt, .
2 Us

Taking the derivatives, we have

*

-)-
(4) D2 33(x1,x2,x3) - - £ szz(tl,xz,x3) d t + fl(x)
b

X
1
+ f {DZfZ(tl'xZ’XB) + D3f3(t1,x2,x3)} d t,
Y1
and

*2

(5 D1 gs(xl,xz,xs) - - £ szz(xl,tz,xB) d t,
2

y
2

+ £ div £ (x,t,,%4) d &
2

*2
Y2

>
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From (4) and (2) we have
D, g3(§) - D, gz&) = £,
From (1) and (5) we have
> >
D3 81(;) - D1 SS(X) = fz(x).
From (3) and (1) we have
. > >
D, 8,(®) - D, g, ®) = £,(0).

Thus, curl E(i) = f(;), and our proof is complete.

6.4.6 Definition. The statement that a vector field % is solenoidal

means div f = 0,
6.5 The Laplacian Operator.

If ¢ is a scalar field defined on an open set § in En, then the
definition of divergence gives the formula

div (V ¢) = D11¢ + D22¢ + ...+ Dnn¢’

whenever the partial derivatives on the right exist.

The divergence of the gradient is expressed symbolically as V*V ¢,
and is written usually as v? ¢. The operator V2 is called the
Laplacian operator, and when applied to scalar fields yields the
result given above. The partial derivative equation D2 ¢=0

is called Laplace's equation.

A function ¢ is harmonic on § if it satisfies Laplace's equation on
S.

The operator V2 can be applied, also, to a vector field

fe (£15f5,E4504,E ) by defining

2 2 2 2 2 2
Ve £ = (V £, v fz, v f3, e o0 4 V fn).
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The four operators: gradient, curl, divergence, and Laplacian are

related by the following identity:

curl (curl ?) = grad (div % - V2'¥.

6.6 Surfaces.,

In order to consider further the study of vector fields in E3 we

need the use of surface integrals. The surface integral is the Ez
analog of a line integral in which the path of integration is a
surface instead of a curve.

A surface, speaking generally, is the locus of a point which moves
in space with two degrees of freedom of movement. Several ways of
describing such a locus by mathematical formulae exist. If we use
the usual x y z cartesian coordinate system of analytic geometry,

we can obtain a surface by imposing one restriction on a variable
point (x,y,z), written in the form F(x,y,z) = 0, and an equation of
this kind is called an implicit representation of the surface. If
we are able to solve this equation explicitly for one of the varia-
bles x, y, 2 in terms of the other two variables, say z in terms of
x and y, we obtain an equation of the form z = £(x,y), and we have
what is called an explicit representation of the surface. We can,
apparently, write such a representation in the form which is an
implicit equation as £(x,y) - z = 0.

While these two representations are useful and fairly common in use,
a different way of describing surfaces 1is more useful for theoretical
purposes. This 1s the parametric representation or vector represen-
tation of a surface. In such a representation, we have three

equations in which x, y, and z are expressed as functions of two
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parameters, say u and v:
x = x(u,v), y = y(u,v), z = z(u,v).
This means the point (u,v) varies cver some E2 region R in the uv-
plane, and the corresponding points (x,y,z) trace out a portion of
a surface in E3 space. This procedure is analogous to representing
a space curve by three parametric equations which involve only one
parameter.
The question arises, naturally, as to what restrictions must be
placed on the functions defined by this parametric representation
discussed above. Serious complications result in the theory when
any attempt is made to obtain a great amount of generality in regard
to these surfaces. We will, accordingly, place considerable
restriction on the types of surfaces which we are intending to con-
sider in this investigation. However, most of the familiar surfaces
of solid analytic geometry will be covered under the scope of the
definitions we are going to make.
In order to use the vector notation more effectively, we will write

(xl,xz,x3) instead of (x,y,z) and (tl,tz) instead of (u,v).

6.6.1 Definition. Let T be a rectifiable Jordan curve in E2 and
let R be the union of T with its interior. Suppose there exists an
open set R' which contains R and vector-valued functions

-»> -> 1 <>
X = (xl,xz,x3) such that x € C" on R', Then the image of R under x,
say S = ;(R) is called a parametric surface described by X. If,
also, ; is one-to~one on R, then S is a simple parametric surface.
In such case the image of I' will be a rectifiable Jordan curve

called the edge of S.
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Remark: The definition above is too general for our purposes, so we
will impose the following further restrictions on the function X.

Define vectors D1 ; and D2 ; as follows:

> > > N > >
1) D1 x(t) = D, xl(t) u, + D1 xz(t) u, + D, x3(t) us,
> e - > o
D2 x(ff = D2 xl(t) u, + 02 xz(t) u, + D2 x3(t) ug,
where ; = (tl,tz) € R. Points ;(¥) on S, where the cross

product D1 ;(?) X D2 ;(I) # 6, are calied regular points of ;, and

points where D, Q(I) * D, ;(?) = § are called singular points of X.
We will assume in our development that all excepting possibly a
finite number of points of S are regular points of x.

Let us consider a horizontal line segment in R. Its image under x
is a curve (called a tl—curve) which lies on the surface S. The
vector D1 x represents the vector velocity of this curve. 1In iike
manner, D2 % 1s the velocity vector of a t,~curve, obtained by
setting tl as a constant. There is a t1 curve and a t2 curve
passing through each point of the surface. The restriction

D1 ;(E) x D2 ;(¥) 3 0 means that the velocity vectors D1 §(¥) and
D2 §(Z) are not collinear at this point. Thus, for each regular
point, D1 §(€) and D2 ;(:) determine a plane called the tangent plane
to the surface at the point ;(?). The vector D, §(?) X D, ;(?) is
normal to this plane.

The cross-product D, ® X D, x plays an important role in the theory
of surfaces. Its components can be expressed as Jacobians by means

of the following theorem.
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6.6.2 Theorem.

1f Dl‘; and D2 ; are defined as in (1) of this section, then
3(x,,%,) d(xq,x%,) 9(x,,x,)
(2) D, X x D, X —-——————"(t2 _3) '51 + ————-——-—a(t3 tl) 32 + “‘—"a(tl :2) 33 .
1°°2 172 1’2
Proof:
We have
-> -> >
uy u, ug

Pixp Dyx3) o 1D1% Dlxal .
) D,x D, x 17 D x D,x ' "2
2%y  Da¥, 21 Do¥y

Dyxp D%y |
+ u
3

lDz“l Dyx,

0(x2.33) > a(x3sx1) - b(xl sxz) >
S ALy 1T ey Y2 T STy U

6.7 Explicit Representation of a Parametric Surface.

Suppose we write (2) of the preceding section in the form

D, (B x D, (&) = 3, (®) U, + I, (®) G, + I,(E) U,, where

t = (tl,tz) € R, and where Jqs JZ’ J3 denote the corresponding
Jacobians. At a regular point not all three of these Jacobilans can
be zero. Suppose, to fix the ideas, that J3(g;) # 0 at an interior
point of R, and write the vector equation of S as three scalar

equations, say
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(3) Xy - xl(tl,tz) = 0, Xy = xz(tl,tz) = 0,
Xy - x3(tl,t2) = 0,

Since 33(20) # 0, we can solve the first two equations in (3) for t,

> >
and t, in terms of X and Xp3 i.e., if v = xl(to) and ¥y = xz(to),
then there is an E2 neighborhood V(yl,yz) and a vector-valued func~
tion ; = (31’82) such that the equations
(4) t, = gl(xl,xz), and t, = gz(xl,xz)
are valid whenever (xl,xz) £ V(yl,yz), and when we substitute (4)

into (3), the first two equations in (2) are satisfied identically.
The third equation in (2) becomes

(5) Xy = x3(gl(x1,xz),g2(x1,x2)) = ¢(x1,x2), say.

This implies that we have, always, an explicit representation of S,
at least locally, in a neighborhood of each regular point.

It can happen that equation (5) describes ail of §. 1In such a case,
we can identify the tltz-plane and the xlxz—plane and the vector
equations of S can be written,

(6) x(®) =t Uy +t, 6, + ¢(t;,t,) Uy, vhere t € R.

When a parametric surface is described by an equation of the form (6),
the set R is called the projection of S on the xlxz—plane. When (6)
holds, we see that the fundamental vector product becomes

D, X XD

-> > +* >

Hence, the vector D1 ; x D2 ;, has always, a positive component in

the 31 direction. Similar statements to the above hold if we inter-

change the roles of X, and X4 OF those of % and Xge
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6.8 Area Number of a Parametric Surface.

Let us consider a parametric surface S described by a vector-valued
function x defined on a region R of E2. Let us write 31 = D1 §(¥)

and v, = D2 §<¥), where t = (tl,tz) € R. If we consider t and t,

2
ar representing time, then, when ty increases by Atl, a point
originally at ;(Z) moves along a t;-curve a distance equal, approxi-
mately, to 1611 At; (since IVil represents the velocity along the
tl-curve). Similarly, in time At2 a point of a t,-curve moves a
discance equal, approximately, to |§2| Atz. Thus, a rectangle in R
having area At1 Atz is traced onto a portion of S that is approxi-~
mately a parallelogram whose sides are the vectors Vi Atl and

62 Atz. The area number of the parallelogaam determined by the
vectors 3& Atl and Vz At2 is the length of their cross product;

namely,
> - -
[, 8t x (7, acp)| = V) x ¥, ] A, Ac,
> > -+ +
= ID1 x(t) x D, x(t)| Aty At, .
Thus, the number IDI §(¥) x D2 ;(:)I represents what is called a

local magnification factor for area, and this observation suggests

the following definition for surface area.

6.8.1 Definition. Let S be a parametric surface described by a
vector-valued function x defined on a region R in Ez. The area
number of S is defined to be the value of the following double

integral:

/I Iy x(® x b, x(®] ¢ (g),t,) -
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6.9 The Sum of Parametric Surfaces.

Let R, and R, be two closed regions in Ez, the boundaries of which are

1 2

1‘1 and I‘2, respectively, and I‘:1 and I'2 are rectifiable Jordan curves.
Let us assume that the inner region of P2 is outside that of T 1 and

and S, be

Pln I'2 is an arc joining two distinct points. Let S1 2

parametric surfaces described by vector-valued functions % and ;
defined on R1 and R,» respectively. Assume that X and ; map [ 1 nr 2
onto the same arc; i.e., assume that ?E(I‘ln 1’2) = ;(I‘ln I‘z). Let

01 - ?:(1"1) and C2 - ;(I‘z) be the edges of 31 and 52 and assume,
further, that S1 N 82 - Cln Cz. This means that S, and S, must

1 2

intersect at least along part of an edge, but at no points other
than points of Cl N CZ' The union S] v 52 is called the sum of the
surfaces 31 and 82 and is denoted by S1 + Sz.

If Cl('\ (':2 = Cl - C2 » then the sum S:l + S2 is called a closed

surface. Otherwise, the set “’1” Cz) - (C:l N C2) is called the
edge of S1 + 82. In our investigation, we will restrict ourselves

to the consideration of those surfaces S, + 82, whogse edges are the

1

union of at most a finite number of simple closed curves.

If the sum S, + S, is not a closed surface, then it has an edge

1 2

(say C) and we can define (S1 + 82) + 845 where 8, is an appropriate

parametric surface. We must assume that the regions R1 and R2
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associated with S1 and 82 have exactly one arc in common. The func-
tions which describe S2 and S3 must map R2¢\ R3 onto the same set,
and we must have (S1 + 82){1 Sy =C fiC3. When these conditions
hold, the union (S1 + Sz)l} S, is called the sum (S1 + Sz) + S,
The addition can be shown to be associative. We can extend the
process to a finite number of summands, provided that the addition
is not defined if one of the summands is a closed surface. We
will restrict our work to surfaces formed in this way by adding a
finite number of parametric surfaces. In addition, we will assume
the edge (if any) is the union of a finite number of simple closed
areas. The area of a sum of parametric surfaces is defined to be

the sum of the areas of the individual parts.
6.10 Surface Integrals.

Suppose S to be a parametric surface described by a vector-valued

function X = (xl,xz,xs) defined on a region R in Ez. At the regular
points we can define two vector-valued functions ﬁi and ;2:
D, X(®) x D, X(P)

(1) 7,0 =- -,
1 Ip, % x 0, 3(®|

KZ(E) - — 31(3), where t € R.

For each ?, both vectors 31(3) and zz(t) are unit vectors normal

to the surface.
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6.10.1 Definition. Let ? = (fl’ 20 3) be a vector-valued function

defined on the parametric surface S described above. Define
?(:) = ?(;(E)), where t ¢ R, and let ; denote either of the two

normals ;1 or 32 described by (1). The surface integral of fen

over S, denoted by [[ ¥ ¢+ 1 d 0, is defined by the following
5

equations

(2) fé f-ndo= f£ B - wd o @) x 0, kD) 4 (t5,ty),
whenever the double integral on the right exists.

Due to Theorem 6.6.2, the double integral in (2) can be written as

the sum of three double integrals,

d (xy0%3) d(x3,%y)
S ECTAI A S T

d(xy5x5)
+ II F3 a(tl’ 2) d (tl’tz)} ’

where the plus or minus is used according as D= Ki, or m = ;2,

respectively.
If S is described explicitly by an equation of the form

>
x(t) - t1 1 + t, u, + ¢(t1,t2) 33, we have

[é? cndoat f{ (- FyDyd = F,D,0 + By) d (t),t,) .
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6.11 Triple Integrals.

Let V be a region in E3 enclosed by a surface S, and suppose that

f(xl’xZ’XB) is a function which is single-valued and continuous in
V. Let us make a partition An of V into n subregions Vk o’
’

k=1,2,3,...,n, with respective volumes AV ,» where the norm of

k,n
the partition, ﬂAnﬂ, is the diameter of the Vk n of maximum dlameter,
?

- > ? " "y
k=1,2,3,...,n. Let xk,n = (xk,n’xk,n’xk,n) be a point of vk,n’

k=1,2,3,...,n. Then, we will define the triple integral of f
over V to be
W ffftave MR e xr wmyay
nAM+0 k,n**k,0°*k,n’ “'k,n’

v n k=1
when this limit exists.
This limit is independent of the manner in which V is divided to
subregions, since f is single-valued and continuous in V.

We are interested in triple integrals which have integrands which

are vector functions. Thus, if Fa (fl’fZ’f3) is a vector field

which is single~valued and continuous in V, we will have, following

the definition of integration of vectors,
- > ->
(2) ”{,fdvsul‘fll?]dV+u2{’F2dV+u3‘le3dV.

The triple integrals are evaluated using the methods developed in

elementary calculus.

6.12 Green's Theorems.

2

We will consider Green's Theorems in both E* and E3 in this section.



85
6.12.1 Green's Theorem in £2.

1. S is a closed region in E2 bounded by a curve C.

2. ¥ 1s a vector field which is continuous and has continu-
ous first derivatives in S.

3. t is a unit tangent vector to C in the positive direc-
tion.

4, 33 is a unit vector which forms with unit vectors 31 and

32 a right handed triad.

— [[U - @xPHao=[F-Tds,
] C
Proof:

We will note that the conclusion of the theorem can be written

O, JF,
1) fé(xz-sg)do-—{:(Fldxl-f-dexz).

We will prove, first, that

) HaFld [F,d
m— O = - X 9
g 9%, c 1 1

in the case where C can be intersected by a straight line parallel

to the x, axis in two points at most. Suppose there are two points
D and E where the tangent to C is parallel to the xz-axis. Let d

and e be the abscissae of D and E, respectively. These points

divide C into two parts C' and C". At a general point X = (xl,xz)

in S we will introduce an element of area lying in a strip parallel

to the xz—axis, the left edge of the strip intersecting C' and C"
at the points X' - (xl,xi) and x" = (xl,x;), respectively.

Then,
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ffj‘l‘dc'fe {fxz“f‘]'d"z]d"l

s *2 o X2
d x2
e xé
= I [F](xl,xz)] | d X,
d *2
e e

= £ Fl(xl,xé) d X - £ Fl(xl,x;) d X

d e
= - £ Fl(xl,xi) d Xy - £ Fl(xl,xg) d %,

.—él’ldxl.

Let us consider, now, the case where C can be intersected by a
straight line parallel to the xz—axis in more than two points. Here
we need only to join the points F and G where there are tangents
parallel to the xz-axis by a curve K which is contained in S and
which cannot be intersected by a straight line parallel to the
xz-axis in more than one point. The curve K divides S into two
parts for both of which (2) holds. Hence, if we apply (2) to both
portions, the two line integrals over K cancel, and we establish,
thus, (2) for the entire region S. In a similar manner, we can
establish (2) for the case where several curves such as K are
required. We can proceed likewise when S is multiply connected;
i.e., when S has holes and C consists of several isolated parts.
In a manner analogous to the above, we can prove

F2

(3) ff—;-;dS--édexz.
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Then, subtracting (3) from (2), we have (1), which completes our

proof.,

6.12.2 Green's Theorem in E°.
1. V is a closed E3 region bounded by a surface S.
2. ¥ is a vector field which is continuous and has continu-
ous first derivatives in V.

3. 3 is the unit outer normal vector to S.
=) J}[v-Fdva[[B-nd0.
v S

Proof:
This theorem is called, also, the divergence theorem, and can be

written in the form

dF, a
(1) ”f(ax 3)dV=ff(b1n1+b22+b3n3)dc.
We will prove, first, that
() m‘—-—-dv féb3n3dcr,

in the case where S can be intersected by a straight line parallel
to the x3-axis in two points at most. Let T be the projection of §
on the xlxz plane. On S there is a curve C consisting of points
where the tangent plane to S is parallel to the x3-axis. The curve
C divides S into two parts S' and S§". At a point X = (xl,xz,x3)

in V we will introduce an element of volume lying in a prism
parallel to the xs-axis, the vertical line through x meeting S'

and S" at the points ' = (x ,x2,x3) and x" = (x 12%20%3 m.

Thus,
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JF, *3 oF,
(3) fjé;;;—dv=f£ [3(:}; de;! d (x,,%;)

= f'{‘ {Fy(xy.x5,%) - Fylx;,%,,x9)} d (x,,%;)

Let n' be the unit outer normal vector at x' and let dS' be the
area number of the element cut from S' by the vertical prism.
Let us define n" and dS" at ;" in a similar manner. Then,

= n! L IR, n
d(xz,xl) n, dSs ny d s",

and we can write (3) as
3F3

f!{, 3‘;‘;(1 V= !é' F3(x1’x2’x§) n:; d s'+ fé' Fa('xl,xz,xg) n'3' d s"

= fé F3 n, do .

Let us consider, now, the case where S can be intersected by a
vertical line in more than two points. In such cases, we can
divide V into a number of regions Vl, V2, V3, v e ey Vm by inter-
secting V by a number of surfaces kl’ k2’ Koy ¢ o o km so chosen
that the boundary of each of the regions Vi’ i=13,2,3,...,m, can
be intersected by a vertical line in at most two points. The proof
above of (2) applies, then, to the regions Vi’ 1=1,2,3,...,m.

If we proceed in this manner, the surface integrals over the ki’
i=1,2,3,...,m, cancel, and we establish, thus, (2) for the
region V,

In a similar manner to the above, we can prove that

@ ] 2, [ d d [f] 1y /[ by n, d
—dq Vs b, n (o] an -_— = n C.
v axz 3 2 2 ’ v )xl S 11
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When we add equations (2) and (4), we obtain (1), and our proof is

complete.

Remark. If £ is a scalar field with continuous second-ofder deriva-

tives, then we can set F=Vfand subgtituting in

ff{fv-Fav=[[F ndo,
\/ 3

we obtain

[[[Ve(@E)dVv=f[VE+nda,
v S

or,

) [[f@-mfav=[[D fdo,
v S

where V ¢ V is the Laplacian operator v? and Dn f 1s the directional
derivative of £ in the direction of the outer normal to the surface

S.
6.12.3 The Symmetric Form of Green's Theorem.

Let £ and g be scalar fields with continuous second derivatives in
a closed region V bounded by a surface S. Then, we can apply
Green's Theorem as stated, but with the vector F replaced by

f V g. We have

(1) [[[v-¢EVgdVv=[[EVg-ndo.
v S

However, V » Vgaf (VeV)g+VE Vg
«EVPg+VE-«Vg.
Also, Vg 1 is equal to the directional derivative Dn g of g in

the direction of the outer normal n to S. Thus, (1) becomes
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@ [ EvVg+vE-Vgdv=f[ED gdo.
v s

In a similar manner, by making an interchange of £ and g in the

above relation, we have

3 [f[ (VP E+Vg-TE)dv=[[gD fdo.
v S

Subtraction of (3) from (2) gives

@ f]] V2 g-gv2fava=(f (D g-gD £)do.
v S

This equation is known as the symmetric form of Green's Theorem.

6.13 Stokes' Theorem.

1.
2.
3.

S is a closed region on a surface.

C is the boundary of S.

2= (nl,nz,na) is the unit vector mormal to S on the
positive side.

The positive direction on C is that in which an observer
would travel to have the interior of S5 on his left.

T is the unit vector tangent to C in the positive direc-
tion. -

¥ 1s a vector field with continuous first derivatives in

the closed region S.

— [[a @xPHdo=[F-tas,
s

Proof:

c
where the integration around C is carried out in the

positive direction.

The theorem can be written, also, in the form
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F F F oF, JF,
42 R =) 4

2 _
@I oy G- e G e G

+b,dx, +b,dx

= [ (bydx +bydxy+bydxy) .

c

First, we will prove that

(2) f£ A+ (VXF u)dos é Fpdxp

in the case when S is a regular surface element and the positive
side of § is the side on which the unit normal vector n points in
the direction of increasing Xqe t 1s the unit tangent vector of
C and the region S' of the X%y plane is the region into which §
projects.

Now,

- JF ¥,
(3) fé R (UxF i) dos j£ 3. @, Jxl 4 5= L ao.

Suppose the equation of the surface is Xy = g(xl,xz). Then, on S,

we have Fl(xl,xz,x3(x1,x2)) = cl(xl,xz),

acl JFl aFl 3*3

(4 = +
) axz 4%, FEN axz .
¥,
Then, we substitute from this equation for 5;;— in equation (3),
2
and obtain
) Jfa-@xF u)ds=~f[n-3 1 ds
171 3 9x
S S 2
> 9%3 ¥y
+ ff ne (u 3 63 3;; ds

--I,+1,,
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where 11 and 12 are the two integrals on the right-hand side of
equation (5).

We will consider 11. We have D ° 33 dSs= n, d S =4d35S', where
d S' is the projection of d S on the X1X, plane. Since ¢, is a

function of Xy and X, only, we have

By Green's Theorem in the plane, we have

(6) I] = é' cl(xl,xz) d Xy = é'bl(xl,xz,x3(xl,x2)) d %y

= b, dxg .
c 1 1

Now, consider 12. The position vector of a point ; on S 1is

+ -> > >
X =X Uy + X, Uy + x3(x1,x2) ug .

Hence,
PR SN ¥
331 2 + ng u3, and
% 1
(7) I =!I?l.-"—_—- .
2 ) 3%y 9%,
ox >
However, the vector 32— is tangent at X to the curve of intersection
2

of S and a plane parallel to the XyXq plane. Thus, this vector is
tangent to S and is perpendicular to the unit normal vector 3, and
->
we have 1 X 0.
PLY)
Thus, equation (7) means I, = 0, and from equations (5) and (6),

we can conclude that the conclusion (2) is true,



If the positive side of S is so chogen that the unit normal vector

E4 points in the direction of decreasing Xqs the proof of

jf'ﬁ e VX F,G,)do = [/ F. d x, is similar to that above, the
S 171 C 1 1

only differences in the proof being that in the present case n,

is negative and the direction of integration around the curve C is
opposite to that in the proof above.

If the surface S is not a regular surface element, we divide it
into a number of regular surface elements Sk’ k=1,2,3,...,m, by
a number of curves Lk’ k=1,2,3,...,m. The proof above for (2)

applies to the regions Sk, k=1,2,3,...,m. If we apply (2) to
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these regions, and add, the line integrals over Lk’ k=1,2,3,...,mn,

cancel, and we have equation (2) is true for the region S.

In a manner similar to that employed above, we can prove
-> -+
8 [[ne @xF,u)do=][F,dx,
S c
and
-> >
f£ ne (Vx F3 u3) do = £ F3 d Xq

On the addition of equations (2) and (8), we have equation (1),

and our proof is complete.
6.14 Integration Formulae.

We have established Green's Theorem in E3 and Stoke's Theorem.

These theorems are integration formulae written in the form

(1 f[£V°de=f£3-?dc,

and
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2 [laxv Fado=[t-Fas.
8 C

Each of these formulae involves a vector field f, and (1) represents
a transformation from a triple integral to a surface integral, and
(2) represents a transformation from a surface integral to a line
integral. We will introduce, now, four other integration formulae

in the form of two theorems.

6.14.1 Theorem.
1. V is a closed region in E3 bounded by a surface S with
the unit outer normal n as in the case of Green's
Theorem in E3.
2. £ is a scalar field with continuous first derivatives
in V,
3. F is a vector field with continuous first derivatives

in V.
(3) VEdvVv=f[{nfdo, and
= i1 [32ac, m

(4) [[fvxFdvef[axbdo.
' s

Proof:
Let ¢ be a constant vector field. If, in equation (1) of this

-
section, we set f = f ¢, we have

(5) [[fve@Edveffun-fcdo.
v 5

However, V (£ 3) s VE o Z, since ¢ is a constant vector.
Then, equation (5) can be written

S+ {fffvedv-[fangdct=0.
v 5
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Since Z is a constant vector, then
[[Jvegdav-f[ngdc=o0,
v S

and thus we have equation (3).
To prove (4), we introduce, as in the proof of (3), the constant

vector field Z, but in equation (1) we replace ¥ by F x ¢ to obtain

6 [ffve@FxOHava=[fn: Fxedo.
v 5

Since ¢ is a constant vector, by the permutation theorem for scalar
triple products, we have
Ve @FxE e (VxF), and
-

B FxH=¢ @mxDH .

Thus, equation (6) can be written

e {fffvxFava-f[axFdol=o0.
v ]
Since ¢ is a constant vector, we can conclude that (4) is true.

6.14.2 Theorem.

1. S is a closed region lying on a surface and bounded by

a curve C.

2. n is the unit positive normal vector to S.

3.t is the unit positive tangent vector to C, as in the
case of Stoke's Theoren.
4., £ 1s a scalar field with continuous first derivatives

in S.

5. ? is a vector field with continuous first derivatives

in 8.
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(7) mxV)fdo=[Tfas
— fé {:
(8) [ ax V) xFdo=[ETxFas.
5 c

Proof:
To prove (7) and (8), we replace ¥ in equation (2) be £ @ and then

by ¥ x 3. The procedure follows that of the previous proof:
6.14.3 A Compact Form for the Integration Formulae.

The six integration formulae which we have derived may be written

very compactly in the form

(9 f[/fvkrdvs=[[n*tTdoO,
v S

(10) [f @xV)xrTdo=[TtxTas,
5 c

where T can denote a scalar field or a vector field, and the
asterisk has the following meanings: 1if T 1s a scalar field, then
% denotes the multiplication of a vector and a scalar; and if T
denotes a vector field, then * denotes either scalar or vector

multiplication.

6.15 1Irrotational Vectors.

A vector field f(xl,xz,x3) is irrotational in a region V in E3,

iff, everywhere in V, we have

(1) VxFa0.

Suppose ¢ is any scalar field with continuous second derivatives;
and let us write Fuv ¢,

Then,
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UxF=yxV¢p=0;

hence, a vector f defined as the gradient of a scalar field is
irrotational.
We will show that an irrotational vector field has the following
properties:
(a) Its integral around every reducible circuit in V is zero;
(b) When V is simply connected ¥ is the gradient of a scalar field.
To prove property (a), we will consider a general circuit in V
which is reducible; i.e., it can be contracted to a point without
leaving V. Suppose S is a surface which lies entirely in V and is
bounded by C. Let us assume F has continuous first derivatives,

then Stokes' Theorem gives

[FoTds=[[fa @xH do=0,
c 5

by (1).

To prove property (a), let X be a general point in V, and let ;o
be a given point. Also, let C' and C" be any two paths in V from
§; to ;. Property (a) informs us that the line integral of f from

-

x, to X is the same for paths C' and C" and hence has the same

value for all paths in V from ;5 to z. Thus, if we write
*
-.)
(2) ¢-£ir’-dse,
o

then ¢ depends only on the coordinates (xl,xz,x3) of X. If we take

the derivative of equation (2) with respect to S, we have

d dx
(3 '&%'f'a-s-.
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But %% is the directional derivative of ¢, and is equal to

Vo - 0% .
Hence, equation (3) can be written as (V ¢ -'f) . DS X = 0, and

since DS % is an arbitrary vector, then

4 F=v9,
and the proof is complete.

The function ¢ is called a scalar potential function.
6.16 Solenoidal Vectors.

We say a vector field F = f(xl,xz,x3) is solenocidal in a region V,
iff, everywhere in V we have
(1) V-F=o.
Suppose 3 is a vector field with continuous second derivatives,
and let us write

F=vxd.
Then, V+ ¥ =V « (Vx§) = 0.
We will show that if ¥ is any solenoidal field, there exists a
vector field $ such that ¥ = V x $.
In order to prove this result, we must solve the scalar equations

(2) F, =D_ ¢, ~D_ ¢,
1 X, 3 Xq 2

(3) Fz e Dx ¢1 -D ¢3:
(4) F,=D_ $, =D _ ¢y,
3 Xy 2 Xy 1

for ¢1, ¢2, and ¢3, where Fl’ F2' and F3 are given functions subject

to the condition



Let us choose ¢1 = 0. Then, from equations (3) and (4) by partial

integrations with respect to X1 we have

X
1
6) ¢, = / Fqd x, + Uy (%y,%5)
a
1

X
1
¢2 = - f F2 d Xy + w3(x2,x3) ’
a
1

where a, is a constant and wz and w3 are functions of x, and Xq
whose choices are arbitrary. To satisfy (2), we must have
*
F,=-f (@ F,+D F)dx,+D_ VY,-D_ ¥, .
1 8, Xy 2 Xq 3 1 X, 3 Xq 2

Using equation (5), we can write

F] d X +D w3 - st wz

X
F1 - j Di x
a; 1 2

= Fy(xy5%p,%5) - by(ay,xy,xq) + Py, ¥y - P, ¥, -

This equation is satisfied if we choose
"’2 =0,
X, ) )
1P3 - ! Fl(al’xZ’XS) d Xy s
a
2

where a, is a constant.

Then, we have

99
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¢1 = 0,
xl _ _
0] Fylapxpxy) d Xy,
%
X.l _ _ x2 _ _
¢3 = - £ Fz(xl,xz,x3) d xl + £ Fl (31,x2’x3) d xz ’
1 2

where all the integrations are partial integrations, and a, and a,
are constants.

The function $ is called a vector potential functiom.

In the proof above, we made several selections which were arbitrary,
and this indicates that the solenoidal vector field ¥ does not
possess an unique vector potential function. To understand this
fact, we let $ be one vector potential function corresponding to
the solenoidal vector field f, and let £ be any scalar field.

Then,

Ux 3+VE)=Vx$+VxVEaVxgs=F.

Thus, $ + V £ is a vector potential functionsy also, corresponding
to the vector field F.

1f F is any vector field having continuous second derivaties in

a region V, then it is possible to show that F can be expressed as
the sum of an irrotational vector and a solenoidal vector, although
we are not offering a proof of this result in the present investi-

gation,
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