Electronic Journal of Differential Equations, Vol. 2016 (2016), No. 17, pp. 1-14.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

Q-INTEGRAL EQUATIONS OF FRACTIONAL ORDERS

MOHAMED JLELI, MOHAMMAD MURSALEEN, BESSEM SAMET

ABSTRACT. The aim of this paper is to study the existence of solutions for a
class of g-integral equations of fractional orders. The techniques in this work
are based on the measure of non-compactness argument and a generalized
version of Darbo’s theorem. An example is presented to illustrate the obtained
result.

1. INTRODUCTION

In this paper, we are concerned with the following functional equation

F&z0m) [* @D (s dos
T,(a) /O(t as) (s, ())dq), tel, (L1)

where « > 1, ¢ € (0,1), I = [0,1], f,u : [0,1]] xR — R, a,b : I — I and
F:I xR xR — R. Equation (1.1)) can be written as

a(t) = F (t,z(a(t)), f(t, 2(b(t)) Igu(- x())(1), teL,

where I is the g-fractional integral of order o defined by (see [I])

2(t) = F(t,x(a(t)),

Ioh(t) = F;a) /O (t = g5)@ Dh(s) dys, ¢ € 0,1

Using a measure of non-compactness argument combined with a generalized
version of Darbo’s theorem, we provide sufficient conditions for the existence of at
least one solution to . We present also some examples to illustrate our obtained
result.

The measure of non-compactness argument was used by several authors to study
the existence of solutions for various classes of integral equations. As examples, we
refer the reader to Aghajani et al [2, 4] 5], Banas$ et al [10, 14} [T5], Banas and Goebel
[11], Banas and Rzepka [16], Bana$ and Martinon [I2], Caballero et al [20] 21}, 22],
Darwish [25], Cakan and Ozdemir [23], Dhage and Bellale [28], Mursaleen and
Mohiuddine [39], Mursaleen and Alotaibi [37], and the references therein. For
other applications of the measure of non-compactness concept, we refer to [13] [38].
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In [24], via a measure of non-compactness concept, Darwish obtained an existence
result for the singular integral equation

u(t) = f(t) + 20 / (““’y“” ds, te0,1],a>0.

t—s)l-«a
The above equation can be written in the form
y(t) = f@) +yOI%(,y())(t), te0,1],

where I% is the Riemann-Liouville fractional integral of order « defined by (see
411)

I°R(t) = 1)/:( o) s veo]

NG t—s)l—@
Following the above work, there has been a great interest in the study of functional
equations involving fractional integrals. In this direction, we refer the reader to
[3 9] 26], 27, 17, 18, [29] and the references therein.

The concept of g-calculus (quantum calculus) was introduced by Jackson (see
[33, 34]). This subject is rich in history and has several applications (see [30], [35]).
Fractional ¢-difference concept was initiated by Agarwal and by Al-Salam (see [1]
7). Because of the considerable progress in the study of fractional differential
equations, a great interest appeared from many authors in studying fractional g¢-
difference equations (see for examples [6, [7, BT, 32, [36] and the references therein).

The paper is organized as follows. In Section [2, we fix some notations that will
be used through this paper, we recall some basic tools on g-calculus and we collect
some basic definitions and facts on the measure of non-compactness concept. In
Section [3] we state and prove our main result. Next, we present an illustrative
example.

2. PRELIMINARIES

At first, we recall some concepts on fractional g-calculus and present additional
properties that will be used later. For more details, we refer to [I], 8, 40].

Let ¢ be a positive real number such that ¢ # 1. For = € R, the g-real number
[x]4 is defined by

1—-4"
[z]q = 1—q
The g¢-shifted factorial of real number x is defined by
k—1
(,9)o=1, (z,¢)k= H(l —zq¢'), k=1,2,...,00.
i=0
For (z,y) € R?, the g-analog of (z — y)* is defined by
k—1
(z— y)(O) =1, (z— y>(k) = H('T - qiy>7 k=1,2,...
i=0

For B € R, (z,y) € R? and z > 0,

—y)®) = 4P z —yq'
(x z H yqﬁ+l

Note that if y = 0, then z(?) = 28,
The following inequality (see [31]) will be used later.
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Lemma 2.1. If >0 and 0 <a <b<t, then
(t— b)(ﬁ) < (t— a)(ﬁ)_
The g-gamma function is given by

(1—gq)V
Ly(x) = Wa
We have the following property
Ly(z +1) = [z ().
Let f:[0,b] — R (b > 0) be a given function. The g-integral of the function f is

given by
t o)
- / F(s)dgs =t(1 =) 3 F(tq)g", te [0,b]
n=0

If ¢ € [0,b], we have
L

Lemma 2.2. If f:[0,1] — R is a continuous function, then

|/f dsy</|f Jdys, te[0,1].

Note that in general, if 0 < ¢; < t3 < 1 and f : [0,1] — R is a continuous

function, the inequality
| / f(s)d s| < / s)|dgs

is not satisfied. We remark that in many papers dealing with g-difference boundary
value problems, the use of such inequality yields wrong results. As a counter-
example, we refer the reader to [8, Page.12].

Let f :[0,1] — R be a given function. The fractional g-integral of order o > 0
of the function f is given by Iy f(t) = f(t) and

¢ {0,-1,-2,...}.

o 1 ! a—1
qu(t)_rq(a)/o (t —qs) @V f(s)dys, tel0,1], a>0.
Note that for o = 1, we have

L f(t) =1,f(t), telo,1].
If f=1, then )
L0 = a5
Now, we recall the notion of measure of non-compactness, which is the main tool
used in this paper.
Let E be a Banach space over R with respect to a certain norm || - ||. We denote
by Bg the set of all nonempty and bounded subsets of E.
A mapping o : Bg — [0,00) is a measure of non-compactness in E (see [13]) if
the following conditions are satisfied:
(i) for all M € Bg, we have

o(M) = 0 implies M is precompact;

t*, telo,1].
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(i) for every pair (M1, Mz) € Bg x Bg, we have
My, C My = o(M;) < o(Ms);
(iii) for every M € Bg,
o(M) =0o(M) = o(coM),
where oM denotes the closed convex hull of M;
(iv) for every pair (M7, M) € Bg x Bg and A € (0,1), we have
o(AM71 + (1 = XN)Mz) < Ao(M7) 4+ (1 — N)o(Ma);
(v) if {M,} is a sequence of closed and decreasing (w.r.t C) sets in Bg such
that o(M,,) — 0 as n — oo, then M, := NS, M,, is nonempty.
Let A be the set of functions 7 : [0,00) — [0, 00) such that

(1) n is a non-decreasing function;
(2) n is an upper semi-continuous function;
(3) n(s) < s, for all s > 0.
For our purpose, we need the following generalized version of Darbo’s theorem
(see [2]).

Lemma 2.3. Let D be a nonempty, bounded, closed and convex subset of a Banach
space E. Let T : D — D be a continuous mapping such that

o(TM) <n(o(M)), MCD,

where n € A and o is a measure of non-compactness in E. Then T has at least one
fixed point.

Lemma 2.4. Let n1,m2 € A and 7 € (0,1). Then the function v : [0,00) — [0, 00)
defined by

V(t) = max{nl (t)a 772(t)a Tt}a t>0
belongs to the set A.

Proof. Let (t,s) € R? be such that 0 <t < s. Since 71,72 are non-decreasing and
7 € (0,1), we have

ni(t) <mi(s) <~(s), i=1,2,
Tt < 18 < 7(s),

which yield v(¢) < 7(s). Therefore, v is a non-decreasing function. Now, for all
s > 0, we have 1;(s) < s (for i = 1,2) and 7s < s. Since y(s) € {m(s),n2(s), 7 s},
we obtain

~v(s) <s, s>0.

On the other hand, it is well-known that the maximum of finitely many upper
semi-continuous functions is upper semi-continuous. As consequence, the function
~ belongs to the set A. O

In what follows let E = C(I;R) be the set of real and continuous functions in
the compact set I. It is well-known that E is a Banach space with respect to the
norm

lz]| = max{|z(t)| : t € I}, =z €E.



EJDE-2016/17 Q-INTEGRAL EQUATIONS OF FRACTIONAL ORDERS 5

Now, let M € Bg be fixed. For (x,p) € M x (0,00), we denote by w(x,p) the
modulus of continuity of z; that is,

w(z, p) = sup{|x(t1) — x(t2)| : (t1,t2) € I x I, |t; —ta] < p}.
Further on let us define
w(M, p) =sup{w(x,p) : x € M}.
Define the mapping o : Bg — [0, 00) by
o(M) = pli%l+ w(M,p), M € Bg.

Then ¢ is a measure of non-compactness in E (see [I1]).

3. MAIN RESULT
Define the operator T on E = C(I;R) by

(Tz)(t) = F(t,gc(a(t))7 W/O (t —gqs) @ Du(s, z(s)) dqs), (x,t) e ExI.

We consider the assumption

(Al) The functions f,u:[0,1]] xR —>R,a,b: I - Tand F:[0,1]] xRxR—>R
are continuous.

Proposition 3.1. Under assumption (Al), the operator T maps E into itself.

Proof. From assumption (A1), we have just to show that the operator H defined
on E by

(Hz)(t) = /0 (t — qs) @ Vu(s,x(s)) dys, (z,t) €Ex T (3.1)

maps E into itself. To do this, let us fix € E. For all ¢ € I, we have

(H)(t) = / (t - )@ Dus, x(s)) dys
=t(1—q) > q"(t—q" ) Du(tq", x(tg"))
n=0

=t"(1—¢q) > q"(1—¢"H) Du(tq", x(tqg")).
n=0

On the other hand, since 0 < ¢"*! < 1, using Lemma [2.1] we have
(1 _ qn+1)(cx—1) < (1 _ O)(cx—l) -1

Then by the continuity of u and using the Weierstrass convergence theorem, we
obtain the desired result. [

We consider also the following assumptions.

(A2) There exist a constant Cr > 0 and a non-decreasing function ¢ : [0, 00) —
[0, 00) such that

|F(t,z,y)—F(t,z,w)| < op(lz—2|)+Crly—wl|, (t,z,y,2,w) € IXRxRxRxR.
(A3) There exists a constant C'y > 0 such that
|f(t,$)*f(t,y)|§0f|l’*y|, (taxay)EIXRXR'
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(A4) There exists a non-decreasing and continuous function ¢, : [0,00) — [0, 00)
such that

u(t,z) —ult,y)| < pullz —yl), (tz,y) € IXRXR, @u(t) <t, t >0,
u(t,0)=0, tel.
(A5) There exists 1o > 0 such that

Cr(Crro+ f*)pu(ro) <

ro) + F* + ,
SDF( 0) Fq(a—i—l) 10

where
F* =max{|F(t,0,0)| : ¢t € I} and f*=max{|f(t,0)]:t¢&I}.
Let the closed ball of center 0 and radius ry be denote by
B(0,r0) = {x € E: [lz]) < ro}.

Proposition 3.2. Under assumptions (A1)—(A5), the operator T maps B(0,7g)
into itself.

Proof. Let x € B(0,7). Using the considered assumptions, for all ¢t € I, we have

(T2)()

< |P(ta(att).
+ |F(t,0,0)]

< er(ota®)) + CpTEZ D) / *Dlu(s, 2(s))| dys + F*

sty I+ )

)

ft,2(0(t)))

04 /Ot(t —5) (s, a(s)) dgs ) — F(£,0,0)|

<or(lzl) +Cr

t
- / (t = g5) " Vlu(s, 2(s))| dgs + F*
0

(O FVellel) [ o= gy
(Crllzll + ) eulllzll)
Py(a+1)
(Cyro + ) pulro)
Ly(a+1)

< er(lzl) +Cr

<er(lzl) +Cr 4+ F

S(pF(To)—FCF +F*.

Therefore,

(Cyro + f7) pulro)
Fy(a+1)

Using the above inequality and assumption (A5), we obtain the desired result. O

ITz|| < pp(ro) + Cr +F*, x € B(0,r).

Proposition 3.3. Under assumptions (A1)—(A5), the operator T maps continu-

ously B(0,ro) into itself.
Proof. Define the operators 71,2 and 3 on E by
(na)(t) =t, (@1) €Ex1,
(y2x)(t) = x(a(t)), (x,t) eEXI,
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(y37)(t) = f(t,2(b(t))), (x,t) € ExI.
Obviously, 71 : E — E is continuous. Moreover, for all z,y € E, we have
[(r22)(t) = (v29) ()] = |z(a(t)) — yla(@®)| < lz —yll, tel,
which implies that

[ver — vyl < llz —yll, (z,y) €ExE.

Therefore, - is uniformly continuous on E. Similarly, for all z,y € E, for all t € I,
we have

[(y32) () — (vsy) ()] = | f (£, =(b(2))) — f(E, y(b(1)))]
< Crlz(b(t)) — y(b@))|| < Crllz = yll,
which implies
3z — syl < Clle —yll,  (z,y) € EXE.

Then 73 is also uniformly continuous on E. So, in order to prove that T is continuous
on B(0,7p), we only need to show that the operator H defined by is continuous
on B(0,rg). To do this, let us consider € > 0 and (z,y) € B(0,79) x B(0,rg) such
that || —y|| <e. For all t € I, we have

(Hx)(t)—(Hy)(t)=/O (t—QS)(”l)U(Sw(S))qu—/0 (t = as) " Duls, y(s)) dgs

=[}t—w%w4MMaxw»—u@w@»>%&

Set
uT0<5) = Sup{lu(t,m) - U(t,y)‘ (t € Ia (‘T>y) € [_TOaTO] X [—7"0,7"0], |.T - y| S 5}7
we obtain .
@ Uy (€

Hz)(t) — (Hy)(t) < ——up (e) < 22,

(H)(1) = (Hy)() < - (2) < 72
for all t € I. Therefore,

|Hz — Hy) < 2,
[a]q

Passing to the limit as ¢ — 0" and using the uniform continuity of u on the compact
set I X [—rg, 1], we obtain
€
lim Y& _
e—0t [alq

which completes the proof. (Il

To prove our main result, the following additional assumptions are needed.

(A6) The function ¢ : [0,00) — [0,00) is continuous and it satisfies pp(s) < s
for s > 0.
(A7) The function a : I — I satisfies

la(t) = a(s)] < @a(t = s]),  (t,s) € I x 1,

where @, : [0,00) — [0,00) is non-decreasing and lim; o+ p,(t) = 0.
(A8) The function b: I — I satisfies

[b(t) = b(s)| < pu(lt = sl),  (¢,8) € I x T,

where ¢y : [0, 00) — [0, 00) is non-decreasing and lim,; o+ ¢p(t) = 0.
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(A9) We suppose that

Fq(a + 1) Cr

— c <1
CFCf an Fq(()é)( fr0+f )

Our main result is the following.

Theorem 3.4. Under assumptions (A1)—(A9), Equation (1.1) has at least one
solution z* € C(I;R) satisfying ||z*|| < 7.

0< gOu(’I“o) <

Proof. From Proposition we know that T : B(0,7r9) — B(0,79) is a continuous
operator. Now, let M be a nonempty subset of B(0,79). Let p > 0, z € M and
(t1,t2) € I x I be such that |[t; — t2| < p. Without restriction of the generality, we
may assume that t; > t5. We have

[(Tz)(t1) — (T)(t2)]

= (e ntate), LD [ g0V 6)) )
— P (12 2(a), W / 12 - 49 u(s,2(s)) dys)
< |F (8, wafer)), L) / >u<s,z<s>>dqs) -
— P (t2.(a(t). “’ Hi, zb())) / @ Dy(s, 2(s)) dys )|
+ [P (12 2(a()). . “’ / b~ 43) @ Dus, 2(s)) dys)
— B (12, a(a(t). ’“‘2’ / Vs, (s)) dys )|

= (I)+ ({1).
e Estimate for (I). We have

HaO0D) [ a6 s
| <> a0t st

If tl’ tl |/ s)” 1)|u(s 2(s))| dqgs

< If(th (b( ))) . ((t)17 |+ |f 1,0 | (a 1) (|$(S)|)dq8
< (Cyla @)+ [)eull])
- Fy(a+1)

< Crllzll + f)eull])

B Lg(ar+1)

< (Cyro + f*)pu(ro)
h Fq(“"’ 1)

t

=D.

Set
C(F,0) =sup {|F(t,z,y) — F(s,z,y)|: (t,s) € I x I, |t — s| < p,
x € [=ro,70], Y € [—D,D]},
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we obtain
(I) < C(F,9). (3.3)

e Estimate for (IT). We have

(1) < pr(la(a(tn))  a(altz)))
c . a—1
+ g rtae) [0 a9 a) dys

~ ft 2 (b(t2))) / (b2 — g5) @ Vu(s, 2(s)) dgs

On the other hand,
lz(a(t1)) — z(a(t2))| < w(zoa,p),
which yields
pr(lz(a(ty)) — z(a(tz))]) < ¢rp(w(z o a,p)).

Now, we have

[F(enw00)) [ 1 =9 (s, a(0) dys
- z(b(ta " 5 — qs)@ Dy 5,%(8)) dgs
e a(b(t2)) |02 = 05 (s, 2(s)) dys
< |rtenatbe)) [0 -0 Vuls.at)dys

~ Fltanx(b(t) [ (1= a5) " Vuls.a()dys
]t 2)) [0 = a9 (s, a(e)) dys

St 200 [ 82450t 206) 5
\f(tla (b(t1))) — f(t27 (b(t2)))|w(l]2]])

t1
+ | f(te, z(b(t2)) |'/ 5) @ V(s 2(s)) dys

- [ Dt s
= (II1) + (IV).
Let us define
wy(ro, p) = sup{|f(t,z) — f(s,z)| : (t,s) € I x I, |t —s| < p, x € [—r0,70]}.
Then

(111 < 200 s a(b0)) = Fe, b))

# £ 1, 00002))  Fealbie))
_ [O4la(b(t1)) — 2(b(t2))] + 50, 0] 2u(r)
B [a]q
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[Crw(xob, p) +wi(ro, p)] ¢ulro)
[a]q .
Now, let us estimate (IV'). At first, we have
[f (b2, 2(b(t2)))] < | (t2, 2(b(t2))) = [f(t2,0)] + | f(£2,0)]
< Cyl(b(t2))| + f* < Cyro+ 7

Next, we have

\]/n(tlq5)011>u(s,z(s))dqs /ﬁb(tgqs)oll)u(s,x(s))dqs

= (1-9) Y ¢ (1 - "D |u(g ty, 2(q"h)) — t5ulg e, 2(q"t2))]
n=0

We can write
19 u(q"t1, 2(¢"t1)) — t3u(q"t2, 2(q"t2))]
< Ju(g"ty, w(q" ) — ulq"ty, 2(q"t2))|

+ [tTulq"t1, 2(q"t2)) — t3u(q t2, x(q"12))|

< eullz(g"t) — z(¢"t2)]) + 4,
< pu(w(z, p)) + A,

where

A, =sup {|N(r,s,2) =N (7,8, 2)| : (1,8,7',8") € I*, |1 — 7| < p,

|s —s'| < p, @ € [—ro,m0]}

and
N(7,s,z) = 7%u(s,z), (1,8,z) € I x I x R.

Then, we obtain

[t =0 Vutsale) dos — [t~ 05)* Duls,a() s
0 0
< pu(w(z, p)) + A4,

As consequence, we have
(IV) < (Cyro + ) (pu(w(z, p)) + Ap).
Using the above inequalities, we obtain

Cr ( [Cyw(xob,p) +wi(ro, p)lvu(ro)
)
)

(I1) < gr(w(x o a,p))

Fq o) [a]q
+(Cpro+ F)(pulwl(, p) + 4)).
Now, observe that from assumption (A7), we have
w(z oa,p) =sup{|z(a(t)) —z(a(s))] : (t,s) € I X I, [t — 5] < p}
< supflz(p) —z(@)] : (nv) € IX I, [n—v] < palp)}
= w(,pa(p))-
Similarly, from assumption (A8), we have

w(zob,p) < w(x,pp(p))
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Then

(1) < pr(w(z; a(p))) +

Cr ([wa(ﬂ%%(f?))+Wf(7‘07p)]¢u(7“0)
Ly(a) [alq (3.4)

+ (Crro+ F)@ulw(a, p) + 4p))-
Next, using (3.2)), (3.3)) and (3.4)), we obtain

o(Ta,p) € C(R.8) + or (e alp) + 5 (Fretate) ;}jm,p)m(m)

+ (Cpro+ ) (eulw(@, ) + 45)),
which yields

W(TM’ p) < C(F’ 5) + @F(w(M7 Qpa(p)))

Cr ([wa(M7 eo(p)) +wy(ro, p)lu(ro)
Ly(a) [a]q

+ (Cyro+ ) (puw(M.p)) + A,))-
Recall that from assumptions (A7)—(A8), we have

lm oq(t) = li t) =0.
Jim, a(t) = lim, ()

Then passing to the limit as p — 07 in the above inequality, we obtain

o(TM) < oo () + =0 (TN |y 4 0,0 00).

Lg(a) [alq
Therefore,
o(TM) <n(o(M)),
where
n(t) = max{pp(t), Lp.(t),Nt}, ¢=0,

with o Co

F rCy

L= T, (a )(CfT0+f ), N= m‘pu(TO)'

From assumption (A9) and Lemma [2.4] the function 5 belongs also to the set A.
Finally, applying Lemma we obtain the existence of at least one fixed point of
the operator T" in B(0,7(), which is a solution to (1.1)). O

We end the paper with the following illustrative example. Consider the integral
equation

(t) = 3—2 + % + [alq (; + ng))/o (t — gs)@D (2x+(522) dgs,  (3.5)

for t € I =[0,1], where @ > 1 and ¢g € (0,1). Observe that can be written in
the form (1.1]), where

a(t) =

t
F(t,x,y) = 32

T
( )*§+Zv (t,I)EIXR,

t, tel, bt)=t, tel,
z T a+1)y, (tz,y)elxRxR,
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u(t,z) = 1) (t,x) e I xR.

Now, let us check that the required assumptions by Theorem are satisfied.
e Assumption (A1l). It is trivial.
e Assumption (A2). For all (¢,z,y,2z,w) € I Xx R x R x R x R, we have

x z
|F(tax7y) _F(tasz)‘ = Z +Fq(a+1)y_ Z _Fq(a"" 1)’(1)’

o~
<
- 4
Then assumption (A2) is satisfied with

+ Lyl + D]y — wl.

@F(t) = ) t Z 07
Cr=T,(a+1).

e Assumption (A3). For all (¢t,z,y) € I x R x R, we have

F(ta) - fty) = - ul.

o

Then assumption (A3) is satisfied with Cy = 1.
e Assumption (A4). For all (¢t,z,y) € I x R x R, we have

lz =yl _ |z —y

Take @, (t) = 5, t > 0, assumption (A4) holds.

e Assumption (A5). At first, in our case, we have F* = 3% and f* = % Now, the
inequality
Cr(Cyro + f*)pu(ro)
F* <
SDF(TO) + + Fq(Oé + 1) = To
is equivalent to
1
%—4m+1§0.
The above inequality is satisfied for any r¢ € [475/15, 4+5ﬁ5].
e Assumptions (A6)—(A8) are trivial.
e Assumption (A9). The inequality
Fy(a+1)
0< 5 < Za\" 7
Pu(ro) CrCy
is equivalent to 0 < ry < 8. The inequality
Cr
——(Crro+ 7)< 1
Ly(a) d
is equivalent to
4
rg < —— — 2.
[a]q
A simple computation gives us that
4—+15 4 15 4
A B 0 0, 2 -9 £
2 2 [aq

for = 3/2 and ¢ = 1/2. Therefore, all the assumptions (A1)—(A9) are satisfied
for « = 3/2 and ¢ = 1/2. By Theorem we have the following result.
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Theorem 3.5. For (a,q) = (3/2,1/2), Equation (3.5) has at least one solution
z* € C(L;R).
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